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ABSTRACT )

Consider a countable state controlled Markov chain whose tramsition
probability is specified up to an unknown parameter o taking values in
a compact metric space A. To each a is associated a prespecified
stationary control law ;(a). The adaptive control law selects at
each time t the control action ;(at,xt) where x, is the state and e,
is the maximum likelihood estimate of a. The asymptotic behavior of this
control scheme is investigated for the cases when the true parameter
value @ does or does not belong to A, and for the case when ¢ is chosen

to minimize an average cost criterion. The analysis uses an appropriate

extension of the notions of recurrence to non-stationary Markov chains.
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1. INTRODUCTION

We consider a controlled Markov chain {xn, n > 0}, characterized
by
(i) a countable state space S = {1,2,...},
(i1) A control parameter z(i), taking values in a compact separable
metric space Z(i), for each i in S,
(iii) An unknown parameter o taking values in a compact separable
metric space A,
(iv) and a function p(i,j;z,a), 1i,J €8S, z € 2(1), o € A, which is
the probability of transition from i to j when control z is used and if
a is the true parameter.

The following assumptions are made throughout; additional assumptions
will be made later as needed.
Al For each i,j (p(i,j;z,2) is continuous in z,a.
A2 The actual transition probabilities correspond to the parameter
value Gye We do not assume a priori that e is in A.
A3 If p(i,j;z',ao) = 0, then p(i,j;z,a) = 0 for z € 2(i), ¢ € A. 1If
p(i,j;z',ao) # 0, then there is € > 0, independent of i,j,z,a such that
£ < pU,i32,0) (L3201 < @7
A4 For any fixed yaiues of a €A and z(1) € Z(i), the Markov chain with
stationary probabilities p(i,j;z(i),a) has a single communicating class
which is positive recurrent.

A control law is any sequence of random variables {zn, n > 0} such
that
1) z S Z(xn),
(ii) z is measurable with respect to‘{I; = o(xo,...,xn).

i) Plx ., = k[ = plx kizhap).
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The framework above is intended to cover two situations. In the
first, {zn} is a deterministic sequence representing a known non-
stationarity of the Markov process {xn}. In the second, z is a
random variable chosen on the basis of the known history, Q;;l, of the
state process in such a way as to satisfy some performance criteriomn.
It is this second situation which will be addressed in Sectiomn 4.

Since this is the main motivation for our work we elaborate a little
more. More specifically, our interest is in adaptive control laws
which are constructed as follows. Suppose that for each a we are given
a control function Z(a) = [£(a,1),z(x,2),...] such that if o is the
true parameter then the sequence z = c(a,xn) results in a performance
which is satisfactory (or optimal for some criterion). Next let @ be
the estimate of % at time n obtained by some estimating scheme. The
adaptive control law given by this estimating scheme and the function

t is the random sequence z = c(an,xn), n > 0. Such an adaptive law
seem to have been rigorously first explored in the context of linear
systems by Zstram and Wittenmark [1] where it was called a self-tuning
regulator. A similar scheme for finite state Markov chains was studied
by Mandl [2] under the assumption @, € A. In [2] the control function
¢ was chosen to minimize the time average of the expected cost and

a class of estimators for a, were considered on the basis of "contrast"
functions. This class includes the maximum likelihood estimate (MLE).

Mandl established the a.s. convergence of @ to o, and of the time

0
average of the cost to the minimum, by imposing an additional condition

which in the case of MLE is the following: for any o # B in A, there

is i € S such that



[p(i,152,0),p(1,252,0),...] # [p(4,1;2,B),p(1,2;2,B),...] for all z € Z(1).
(1.1)
However such an "identifiability" condition may, in applicatioms, be

too restrictive as seen from the work on linear systems ([1,3], see also
the discussion in [4]) where (1.1) does not hold and it was observed
that the estimates need not converge and,even if they do, not necessarily
to the true value e

The problem we consider is essentially the same as Mandl's in a
more general setting: (i) S may be countable, (ii) (1.1) is relaxed,
and (iii) the control function I used to specify the adaptive law
is any arbitrary map so that no explicit reference to a cost function is
needed. (The case where S and A are both finite has been treated in
[4].) Our problem is less general than Mandl's in one sense, namely,
we restrict ourselves to MLE and do not consider other estimators.

The paper is organized as follows. Section 2 consists of results
on recurrence of controlled Markov chains. These results will be
used in Sections 3,4,5. Section 3 introduces the likelihood ratio and
the MLE for Markov chains and studies their asymptotic properties.
These results are applied to adaptive laws in Section 4 under the
assumption that g € A. The behavior of the MLE when 5 & A is
examined in Section 5. Some concluding remarks are collected in

Section 6.

2. RECURRENCE IN CONTROLLED MARKOV CHAINS
We begin with some definitioms.

Definition 2.1 Let {Ah, n > 0} be a sequence of random events and

{ICAn)} the corresponding indicator functions. The sequence {An} is

n
rare along a sample path w if lim-% 2: I(Ah)(w) = 0, and frequent
m=0

otherwise, i.e. 1if 1im~%-ZI(An)(w) > 0. {Ah} occurs almost always
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c C _ oo .
if {An} is rare, where An f Ah is the complement of A.n If {Ah} is
rare along all sample paths outside a set of zero probability it is

rare a.s. Frequent a.s. and almost always a.s. are similarly defined.

Definition 2.2 Let {yn} be a sequence of real numbers and y one of its

limit points. Then y* is a frequent limit point of {yn} if for every
neighborhood O of y*, the sequence of events {yn € 0} is frequent.
A limit point which is not frequent is rare.

The following lemma is useful to test whether a sequence is rare.
Lemma 2.1 Let {an} be a nonnegative sequence such that nt ii a + 0. For
e > 0 let ki be the number of terms in {al,...,an} larger than €. Then

n 1k; -~ 0. If {au} is bounded the converse also holds.

P £ _l > _.1 + ...l _..1 = _E_ ks
roo z : a E : a 2 : € > 2 : € a no
{a <€} {a >€} {a >€}
m m m

Hence nflki + 0. Conversely, suppose an < M for all n and n-lkz -+ 0.
Then

1 1 1
3 2 %TT M Wty

a <e+ ¥l s €.
n {am<€} n n

{ang}
Since € > 0 is arbitrary, n-1 z a +=0., =®

Some properties of frequent limit points are collected below.
Lemma 2.2 Let {an} be a sequence in a compact metric space with metric
d. Then
i) The set A* of limit points of {an} is compact and a > A%, {i.e.
there is a sequence {a:} in A* such that d(an,ag) + 0.
%i) {an} has at least one frequent limit point.

iii) The set A** of frequent limit points is compact.

iv) For any open set 0 D A**, the sequence of events {an € 0} occurs almost

always.
Proof i) This is well known. ii) Let € > 0 and cover A* by finitely many

balls of radius ¢, say Bl""’Bml' Then {an} is eventually in
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UBi, and for at least ome i, say i = k, the sequence {an € Bk} is
frequent. Cover §k’ the closure of Bk’ by finitely many balls of

radius /2, say Bkl"”’Bkm « Then for some j the sequence

{an € Bk N Bkj} is frequent? Cover m by finitely many balls
or radius e/4. Continuing in this way we form a sequence of balls
with radius t-:/2n, n =1,2,... such that the sequence of events that
a, belongs to any of this spheres is frequent. By compactness the
centers of these balls have a limit pcint a* which it is easy to check
must be a frequent limit point of {an}. (1i1) Let a € A**, and 0 a
neighborhood of a. Then there are a* € A** and a neighborhood D* of a*
such that a* € 0% C 0. Since {an € 0%} is frequent so is the sequence
{at1 € 0}, hence a € A**, (iv) Let B = 0° N A*, Then B is compact
and B N A** = ¢, Let 01, 02 be disjoint open sets such that B C01,
 A%% C 02. For € > 0 let D]'.,...,D];l be balls of radius € which cover B.

Then D, = D! N O ""’Dm = D'L N 0, is a finite cover of B that does not

1 1 1 1
intersect A**, Now if {an € 0°} is frequent then so is {a, € Dk} for
some k. Proceeding exactly as in (ii) we can find a frequent limit

point in B. This contradicts B N A** = ¢, hence {an € 0°} is rare. =®

Lemma 2.3 Let {nk, k > 0} be a sequence of positive integers such that

E% méo I(m= o, for some k) > 0. Let fan} be a sequence in a
compact metric space. Then the subsequence {a_ , k > 0} has a limit
point which is a frequent limit of {an}.

Proof Let A* be the limit points of {ank}. For ¢ > 0, cover A* by
finitely many balls of radius ¢, say Bl’""Bm' Then a_ € UBi
eventually and by the assumption regarding {n.k} it follows that the

sequence {an e v Bi} is frequent. Proceeding as in the proof of Lemma 2.2

(ii) leads to the result. H



We can now define recurrence concepts for controlled Markov
chains.

Definition 2.3 A state i € S is said to be recurrent along a sample path

wif xn(w) = i infinitely often (i.o). If the sequence {xn'—‘i} is

frequent along w it is said to be positive recurrent along w; otherwise

it is null recurrent along w.

Lemma 2.4 Recall the assumptions Al-A4. If i € S is recurrent on a set
D of positive probability, then every state is recurrent a.s. on D.
Moreover, for any j,k in S such that p(j ,k;z,ao) > 0 for some (hence

all) z € Z(1), the events {xn=j,xn+l=k} occur i.o. a.s. on D.
n
Proof Suppose p(i,i';z,uo) > 0. The series zl(xm=i') and

n n
ZE{I(X;i'qu_l} = Zp(xm_l,i';zm_l,ao) converge or diverge

together (see [5,pp. 96-97].) The latter series diverges on D since

n n
Zp(xm_l,i';zm_l,ao) > min p(i,i';z,ao) EI(xm=i) and, by hypothesis,

2€2 (1)
n n
zl(xm=i) + ® on D. Hence EI(xm=i') diverges a.s. on D, i.e., i’
is recurrent a.s. on D. Now by A4 there is a single communicating
class. Hence for any £ € S there is a finite path of strictly
positive probability from i to £ so that a repeated application of the
preceding argument establishes the a.s. recurrence of £ on D. The
second part of the lemma is proved in a similar manner. H
Lemma 2.5 If 1 € S is positive recurrent on a set D of positive
probability, then every state is positive recurrent a.s. on D.
Moreover, for amy j,k in S such that p(j ,k;z,ao) >0 for z € Z(1),

the sequence {xn=j,x =k} is frequent a.s. on D.

o+l
Proof Suppose p(i,i';z,ao) > 0. By the Martingale Stability Theorem

([69 P 387]) ]



1 ,

5 Z[I(xm =1i") - EI(x; = i'lg 131 ~—Z[I(x =1 -p(x _;.i'5z  ;,05)]
+ 0 a.s.,

and so

Iim = Zl(x =1') 2 [min p(L,1'52,0))] 1im = Zl(x i) a.s.
Z(1)

By hypothesis, the expression on the right is strictly positive on D.
Hence 1i' is also positive recurrent a.s. on D. By arguing exactly as
in the proof of Lemma 2.4 the remaining results may be established. =H
The use of the word "recurrent" in Definition 2.3 is clearly
appropriate. Use of the phrases "positive recurrent" and "null
recurrent" is justified by the next result.
Lemma 2.6. For Markov chains with stationary transition probabilities
and a single communicating class the preceding definitions of positive

and null recurrence coincide with the usual omes.
bo) by
Proof For fixed i1 €8 let Yy =- 2: I(x =1) so y = nf I(x -i)]

Let T be the first time i is reached and Tk,

return time for i. If o is the number of visits to i up to time n,

k = 1,2,..., the kth

then
m mn+1
2: g;'<§%' 2: T
% k=0 n k=0
Now TO is finite a.s. and the Ty» k > 1, are independent and identically
distributed. By the strong law of large numbers, therefore,
m +1
n

1 & _ .1 -
1;il.mn Zrk-l:mmn 2 T Erla.s.,

-1
where the possibility Et., = « is included. Hence lim v, = (Erl)

1
n
a.s. Therefore lim Vo 0 iff Erl = o iff i is null recurrent in
either sense, and lim Yo > 0 iff Etl < o iff i is positive recurrent

in either sense. H



We now introduce a condition which bears a resemblance to the
notion of "tightness" of a family of distributionms.
Condition T There exists a null set N and for each € > 0 there exists
Je < = guch that m% 20 I(xm=i,i>Je) < ¢ for every sample path w & N.
The next result ismimmediate.
Lemma 2.7 (i) For a finite state Markov chain condition T is always
satisfied. (i1) For a Markov chain with stationary transition
probabilities positive recurrence implies condition T.
Lemma 2.8 Under condition T all states are positive recurrent a.s.
Proof Suppose i € S is null recurrent on a set D of positive probability.

n
By Lemma 2.5 all states are null recurrent a.s. on D i.e., n-l‘z:l(xméj) -0

a.s. on D for all j € S. Hence for any

= I(x =3, <J) == I(x = 3) -0 a.s. on D,
o0 ® - "ilao ®

so that condition T cannot Hold. n

To obtain a condition in terms of the transition probabilities
p(i,j;z,ao) which implies condition T we need the following. Let
t = [2(1),2z(2),...] with 2(i) € Z(1) be a fixed control function and
consider the control law {zn} with z = z(xn). Such a law {zn}, or
equivalently 7, will be called a stationary law. Consider the following
assumption.
A5 There is a finite number M such that for any stationary law 7, there
is a state s; such that the expected time to hit s; from any i in S is
bounded by M.

This is the familiar condition which guarantees the existence of
an optimal stationary law in Markov decision processes with the time
average cost criterion. (See, e.g. [7, pp. 147-148].) 1In [8],

Federgruen, Hordijk and Tijms have given many equivalent formulations of
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A5. 1In particular, a simple modification of their proof shows that under

Al-A5, A5 is equivalent to AS5',

AS' Let {w(i,z),i € S} be the invariant probabilities under the

stationary law Z and let pij () = P{x =J|X =i, ¢ is used}. Then

z pij(c) =w(j,z) uniformly in i,z for each j in S.
n

We can now obtain the following useful results.
Lemma 2.9 Under Al-AS5 the set of probability measures {n(i,z),i € S}

onS for t €2Z= 10 Z(i) is tight i.e. for € > 0 there exists J <=
i€s
such that 2 w(i,z) < ¢ for all ¢ € 2.
i<J
Proof 1It is easily seen that for each n,i,j p 1,3 .(¢) is continuous on Z.

Since, by AS', L ZPi .3 + w(j,z) for each j uniformly in i,z, therefore
7(j,z) is continuous in ¢ for each j. Hence for J < =, E 7(j,z) and
i<

Z 1(j,z) =1 - 2 m(j,z) are both continuous in . Now as J + =,
j>J j<J

z 7(3,2) deci'eases monotonically to zero. Since Z is compact under
3>3

the product topology, it follows by Dini's theorem that Z w(j,z) = O
i>J

as J » », uniformly in z. Hence lim sup z m(j,Z) = 0 and the result
J t j>J

follows. a
Lemma 2.10 Let c¢(i,j,z) be a continuous, nonnegative, bounded function

defined for (i,j,z) € S x § x Z2(i). Then, under Al-A5, for any control

law {zn},
n=1
lim-]—'Zc(x z )< max E_ c(x ,x z(x_)) a.s
a B *Xp+1°%m <z 4 m’ ml’ 7 T

where Eg denotes expectation with respect to the stationary probabilities
{r(i,2)}.

Proof This follows from well-known results treating c(+,°*,*) as the

reward function of a Markov decision process. H

-10-



Lemma 2.11 Under Al-AS5 condition T holds.

Proof By the Martingale Stability Theorem, for any j,

n-1
un Y (1 = 3,3 > D - EHIG = 3,0 > DT

n

] =0 a.s.

SO

—_ . — 1 .
o S1IGx =4,4>9 =Tm S5EIGx =34,5> DT )

—_ 1 B
= 1im = (x_,33z_,0,) < max Z m(i,3) Z:
ngngmezmao-cezﬁs B4

p(i,j;c(i),ao) a.s. (2.1)

The inequality in (2.1) follows from Lemma 2.10 by choosing

c(i,j,z) = 2: p(i,jsz,a ) As in the proof of Lemma 2.9 one can

3>J
show that
lim max 2, p(i,3; t(1),40) =0 for all i in S (2.2)
J t©t 3>J
From Lemma 2.9 there exists J1 such that
E ‘I'l'(i,;) <%€, CGZ.
i>J
1
From (2.2) there exists J2 such that
max max 3 p(L,3iT(1),0) <5 6 s0 X LD L e(L355(),a))
i<J, ©t 3>J 1 i€s i>J
1 2 2
ERDIRRLICHIND DN TC P TEOR o) F X T, <., z €.
1<Jl 3>J2 i>Jl

Using this estimate in (2.1) gives

— 1
lim =2 I(x = j,j > J,) < e a.s.

Let N_ be the null set where this inequality fails, and let

N =

7 CcCsgm

Ne/k’ Then condition T holds outside of N. =X
1
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Lemma 2.12 Suppose Al-A5 and let N be the null set on which condition

T fails. Let w & N. Suppose {nk,kgp} is a subsequence of the integers

such that
1 n-1
lim ;mgo I(m = o, for some k) = § > 0, (2.3)

Then there is i € S such that the sequence of events {m;nk for some k
and x =i, m>0} is frequent along w.

Proof Choose 0 < § < 8 and J < « such that
1in %z I(x_ = 3,3 > J) < § for w €N, (2.4)

Suppose, contrary to the assertion, that

n-1

1 - , 3 ~
> 20 I(m o for some k, X < J) »+ 0 along w.

Then

Red

-1

1K . -

5 2 I(m = n, for some k, x> J) = 6§ > 6, along w,
m=0

and, a fortiori, to

Tim 21 I =3,3>% >3 alonga,

thereby contradicting (2.4). =

These results form the basis of the proofs in subsequent sections.

3. LIKELIHOOD RATIOS

We recall from [9] some facts about likelihood ratios. Let (9,‘3’,9)
be a probability space, and P another probability on (QST). Then
there exists an integrable function A > 0 on (99’,?) called the

likelihood ratio of P to P and a set N with P(N) = 0 so that

-~

P(A) =f AdP + P(A NN), A €FF.
A
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A is also denoted by<%% . A is unique up to P-equivalence and N is
unique up to (P+§)—equivalence. Define the relations §'¢<P, PiP
respectively, by P(N) = 0, P(N) = 1 (or, equivalently A = 0 P-a.s.).
Let P = P mean P<<P and P<<D.

Let f;;;,ngp} be an increasing family of o-fields such that

§§r= c(U?J;). Let Pn, ﬁn be the restrictions of P, P to to g};.and
dP

n 5 5 =
let An = Fn . Then P<< P implies Pn << Pn' Also An = E{AI qn}l’—a-s- .
Thus {n,gn »P} is a martingale and Ay T A P-a.s.

In our problem Q is the set of all sequences {xn} in S and
%;; = o(xo,...,xn). Each a € A defines a probability measure Pa. It
is easy to check that

(¢4

dp n-1 p(xm,xm+l;zm,a)

0 w0 P(x X g 32,0 %)
n

An(a) =

From the above-quoted facts it follows that for each o € A there is a

@
function A(a) = dPaldP 0 such that An(a) + A(a) a.s. (with respect to
a

P9y,
p(x_,x .32 ;)
Lemma 3.1 On the set {A(a) > 0}, 0 2 xn+1.zn 3 1 a.s.
P X +13%,°%
A (@) p(x ,x .3z ,a)
Proof Simply note that ol n_otl n "

An(a) p(xn’xrt-i-l;zn’o"O)

Corollary 3.1 Suppose the Markov chain has stationary transition

probabilities and is recurrent. Then either A(az) = 0 a.s. and
a o
P> L P 0 or A(e) =1 a.s. and P* = p 0 in which case the transition

probabilities under «, @, are identical.

Define Ln(a) = fn An(a). Ln is the log-likelihood ratio.

Definition 3.1 For each w let @ = an(m) € A be such that

Ln(an) 3_Ln(a), a €A, @ is called the maximum likelihood estimate

-13-



(MLE) at time n. If the maximum value of Ln(a) is achieved at more than
one value, we assume that only one of these is chosen according to

some prescribed rule which ensures that a is g;;-measurable.

0 € A, then

Lemma 3.2 An(an) is a positive submartingale. If a
An(an) > 1 a.s. and

o
P 0{[An(an) + w] U [An(an) converges to a finite value]} = 1.

Proof The first statement can be verified directly. The second follows
from well-known convergence properties of positive submartingales
(see, e.g. [5, pp. 89-91]). =
For the remainder of this section assume that Al-A5 hold and % € A.
1

Lemma 3.3 =L (¢ ) - 0 a.s.
———— n n'n

Proof Ln(an) 3_Ln(ao) = 0. Hence
Ln 21 (a) >0 a.s. (3.1)

From Lemma 2.10, and for any fixed o in A, an appropriate choice of

the function c gives

— 1 ‘ . p(ik;Z(i),0)
lin 5 L,() < max gw(i,c)gp(i,k,«:(i),ao)zn P @0y 2

< 0 a.s., by Jensen's inequality.

Let A be a countable dense subset of A. By the preceding imequality
there is a null set N outside of which 1—:{5% Ln(a) < 0 for all o € A.
By Lemma 2.11 condition T holds outside a null set which, we may
assume, is included in N. Then for ¢ > 0 and w & N, there exists J

such that

o= 1 e
lim > L I(xm > J) < 8K (3.2)

where K > 0 is any number with K > |2n €| and € is as in A3. Fix o

in A. By continuity there exists & € A such that

~14-



p(i,k;z,a) E(i,kizzal £ (3.3)

|4 p(L,k;,2,a,) = 4n <20
for all i,k < J, and z € Z(i). Hence
= P(x 5% 32 50) p(x_,x_ 32 ,0)
1 1 ~ 1 iig g A m’ mtl
= -2 2 -9
|n Ln(a) n Ln(a)l Za ;Zi in p(x 5K q92 >0 ) o p(x X 132 ,ao)
o+l 0
p(x TN ,0) P(X ,X .32 ,0) _
=1 z |%n 0 mtl y " n (xm xm-I-I.Zm ) [I(xm<J or xm+1>J)
o P(X X nt13%n°% P %10 %m0

+I(xmidexmliJ)]}ie

using (3.2), (3.3). Since ¢ > 0 is arbitrary and lim % Ln(&) <0,

w &N it follows that
lim %Ln(a) < 0 for all ¢« € A and w € N. (3.4)

Now suppose there is w € N and € > 0 and a subsequence {a_ } of

{an(m)} such that

—L (@) > e for all k.

B P P

Since A is compact we may suppose ¢ -+ a*, Then, an argument similar

to the above may be employed to show that

T =1L (a*) > ¢,
r % ™

thereby contradicting (3.4). Hence it must be that 1_:15% Ln(an) <0
for w & N which, with (3.1), proves the assertion. X

Theorem 3.1 There is a null set N such that for all w € N and any
limit point a* of {a (w}, = L (a*) > 0.

Proof By Lemma 3.3 there is g null set Nl outside which n-an(an) -+ 0.
For each rational number r > 0 and integer J cover A by open sets

Or_l(_J),...,omr(J) such that if a, o' are in Orz(‘]) then

<15~



on RUsd32,0) o p(d,35z,0")

r
p(,332,0,) p(,332,0,) <gfori,jzJ, z€2(1)

(3.5)
(Here the left hand side is taken to be 0 if p(i,j;z,ao) = 0.) Following

Lemma 3.2, sup{A_(a) e € 0_,(} is a submartingale which converges to
a finite value or to 4= outside of a null set er(J) . Let

NZ = U er(J). By Lemma 2.11, condition T holds outside a null set
rJ

N3. Let N = Nl v N2 ) N3. Let w € N and a* be a limit point of {an(w)}.

p(x_,x .32 _,a) n-1
n’ n+l’ n
— . Then L_(a) = E: (a), and the
p(xn,xn_,_l,zn,ao) n A

Let Qn(a) = n

and the assertion would be proved if Qn(a.*) + 0. Suppose, in contradiction,
that there are € > 0 and a subsequence {nk,k > 0} with IQuk(a*)l > € for

all k. There are two possibilities.

Case 1 There exists J, such that max(xnk,xnk+l) < J; L.o.

Case 2 For every € > 0 and subsequence {nk} with [an(a*)[ > g, for every
Js max(xnk,x +1) > J eventually.

Suppose Case 1 occurs. Let r < e be rational and .J’2 such that

n-1

Tm 23 1=, >3 <& (3.6)

2) 8K
where K > I!Ln EI and € is as in A3. Let J = max(Jl,Jz). Suppose

a* € ork(J)’ and let &n € Orz(J) satisfy Ln(&n) > Ln(a), a € 01:2.(']) . Then
Qn(an) - I'nri-l(é’"n) - T"n(&n) = Ln-l-l(an-l-l) - I'n(&n)
= Qn(&n+1) + I'n(&n+1) - Ln(an) = Qn(&n-i-l)’
so
Qn(&n) = Ln+l(&n+l) - Ln(an) 2 Qo) (3.7

Since |Q (‘a*)l > e >r, it follows from (3.5) that an(&nk) > % or

an(& Y < - % In either case it follows from (3.7) that

{Ln(&n)} cannot converge to a finite value and so Ln(&n) + », Hence
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1. =1l gy <l - ,
lim = Ln(an) >0. But lim=>L (o) < lm o L () =0, by Lemma 3.3
Therefore

lim 11 (a.) = 0. (3.8)
n n' n
Now

n-
1im l% L (@) - L (a%)] iﬁ% Zl lQ (a) - Q (o*)|I(max(x ,x_)>)
n-1

2 IQm(&m) - Qm(a*)[I(maX(xm,xm1) < =<r

from (3.6) and (3.5). Since r is arbitrary, it follows from (3.8) that

1
-_— *) >
L (o*) - 0 as required.

1

+ 1im =
n

Now suppose Case 2 occurs. Let € > 0 such that IQn(a*)l > ¢ i.0.

Let 0 < § < £ and {n.k,k > 0} be the maximal subsequence such that

-1
—_1 2
lan(a*)I > 6. Let J be such that lim Y Z I(xm > J) < §. By hypothesis

there is only a finite number of k's such that max(x_ ,x +1) < J and

so [Qm(a*)II(max(xm,me_) < J) £ 6 eventually. Hence
n-1

o 21,0 <Tm s ¥ o (e¥ | L(max(x

m’xm-!-l) =D

. . |
+Imi Y | (%) | T(max(x_,x ) > D)

-1
—_—1 X
<§+2K1im 2 3 I(max(x ,x ) > J) < (1 + 2K)§,

where K is as before. It follows that lim % Ln(a*) =0, ®H

Corollary 3.2 There exists a null set N such that for every w € N,

p(xn,k;zn,a*)

n
p(xn,k,zn,ao)

€ > 0, and limit point a* of {an(m)}, the sequeuce{

for some k} is rare.

Proof For each a¢ € A let
p(xn,k;zn,a)

p(xn,k;zn,ao)

G‘n(a) = :és P(xn:k;zn9ao)2n
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(As usual, we set the last term to 0 if p(xn,k;zn,ao) = (Q,) It is

easy to show that Gn (¢) is continuous in «. Let

n-1

Bn(a) = Z Gm(u.).

By the Martingale Stability Theorem lim %[Ln(a) - Bn(a)] =0 a.s. Let

A be a countable dense subset of A and *Nl a null set outside which

lim -:'I[Ln(&) - Bn(&)] = 0 for every @ €A. Let N2 be the null set in

the statement of Theorem 3.1 and N3 the null set outside which condition

T holds. Let N = Nl Y N2 U N3. Let w € N and a* a limit point of

{an(m) }.

n-1
Let 6 > 0. Let J be such that 1im= 3, I(x > J) < 8. Define

. - 1,132,8) _ . p(i,ksz,0)
h(j_,g,z,a) = 4n %&gm lgs P(i,k,Z,ao)R.n p(i,k;Z,Go)

It is easy to see that h(i,j;z,a) is continuous in a, and let
d € A be such that |h(i,j;z,a*) - h(i,j;z,8)| < & for all i,j < J
and z € Z(i). Note that
¥
Ln(a) - Bn(a) = h(xm,xmﬂ;zm,a)
s0

. n-l
1in %{an(“*) - B_(o*) - [Ln(&) - Bn(&)]l = 1im %lz [h(x>x 52 50%)

~ —— l .
- h| (xm,xm'l;zn,a)]l < lim a bX |[h(xm,xnr|_1,zm,a*)

. ~ ey i . *
- h(xm,xm_l_l,zm,a)]I(max(xm,xm_‘_l) >J) |+ 1im S I I[h(xm,xm_'_l,zm,a )

- h(xm,xm_'_l;zm,a)]I(max(xm,xuﬁ_l) _<_J)|

<8k Tim = I I(max(x,x_;) > J) + 8 < (88 + D)8,

ot
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where K is as in the proof of Theorem 3.1. & > O being arbitrary, it

follows that
Lim %[Ln(u*) - B_(a*)] = lim %[Ln(&) - B (@] = 0.

By Theorem 3.1, this implies
n-1
1 _ py -
lim 2 B (a*) = lim = }; G (a%) =0
m=0
Now
p(x sk;z ,aq) P(x k52 ,04)

9
p(xm,k;zm,a) np(xm,k;zm,a)

-Gm(a*) =)1_3 P (xm,k;zn,a)
The result follows from the strict convexity of the function x 2n x,
Jensen's inequality and Lemma 2.1. H

The next result is an immediate corollary of the precéding result.
Theorem 3.2 Suppose the Markov chain {xn} has stationary transition
probabilities and is positive recurrent. Then there is a null set N
such that for every w € N, € > 0 and limit a* of {an(m)}, the transition
probabilities under a* and % coincide.

The application of Theorem 3.1 and Corollary 3.2 to adaptive

control appears in the next sectiom.

4. ADAPTIVE'CONTROL

Throughout this section it is assumed that Al-AS5 hold and g € A.
We also assume given for each a in A a stationary law
E(a) = [E(a,1),8(0,2),...]. The actual law is given by the adaptive
law z = &(an,xn), n > 0. The particular choice of £(a) is not
relevant in most of the subsequent discussion, but we shall consider
the interesting case when £(a) is chosen to minimize, assuming o is

n—
miy
the true parameter, the average cost of the form lim n & c(xm,xm+l,zm).
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In [4] we considered the case where A, S are both finite and the
following result was obtained which is stronger than what seems possible
in the more general setting considered here.

Theorem 4.1 [4] Under the scheme above, there exist a random variable
a* and a random time N < « a.s. such that for almost all w, an(w) = a*(w),
n > N(w) and p(i,5;5(a*(w),1),0%(w)) = p(1,5;6(a*(w),1),0y for 1,j in S.

Moreover, if £(a) minimizes the average cost under a, then the true

n-1
1
p—A = &
cost lim > E: c(x ,x r1°2 ) J(a*) a.s. where J(a) is the cost

corresponding to the statiomary law £(a).

Thus in the finite case the adaptive law in "stable™" in the sense

n-1
‘ -1
that the parameter estimate @ s and the average cost a Z c(xm,x m-l-l’zm)

converge. However, the limiting cost J(a*) may exceed J(ao) which is
the minimum ﬁossible cost. (For an example see [4].)

To see what is possible in the more general setting we need the
following definition.

Definition 4.1 For a sample path w, a limit point a* of {an(w)},

and a state i € S, the pair (i,a*) is said to be frequent if for each
neighborhood O of a*, the sequence of events {xn = i,an € 0} is frequent
along w.

Lemma 4.1 There is a null set N such that for every w & N and limit
point a* of {an(m)}, a* is a frequent limit point if and only if there
exist 1 € S such that (i,a*) is frequent along

Proof Sufficiency follows from Def. 4.1 and necessity from Lemma 2.12, X
Theorem 4.2 Suppose §(a,i) is continuous in o for each i. Then there
exists a null set N such that for every w & N, limit point a* of

{an(m)}, and i € S such that (i,a*) is frequent along w, the following
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relation holds: for all limit points a of {o (0)} and j €5,
P(1,138(a%,1),0) = p(1,3;8(a%,1),a,).

Proof From Def. 4.1 and Corollary 3.2,for € > 0 there is a subsequence

{nk} such that ¢ =+ a*, x =1, and
g p(x. ,33E(0. ,x_ ),a) gn p(1,i3E(a_ ,1),0)
O i - , e —| <.
n p(x_ ;j3€(a_ ,x_ ),a,) ¢n p(1,338(a_ ,1i),a -
m ey 0 w0

The result follows from the continuity of £(a,i). X

This result is clearly weak in comparison with Theorem 4.1. To
obtain stronger conclusions it is necessary to modify the adaptive
control law through randomization. We study two such schemes.
Randomization of control values

We impose another assumption.
A6.1 For any o # B in A, there exists i € S such that for every open

set 0 C Z(1) there exists z € Z(i) for which
[p(i,152z,0),p(1,252,0),...] # [p(i,1;2,8),p(1,2;2,B),...] (4.1)

It is worth comparing this assumption with Mandl's identifiability
assumption (1.1). Wheréas the latter requires that (4.1) holds for
all z € Z(i), A6.1 requires that it hold only for a dense subset of
Z(i). Suppose Z(i) is subset of R as is usually the case. Then for
o # B equality will hold in (4.1) for a set of z € R® of dimension
less than n and then A6.1 is likely to hold even when (1.1) does not.
Consider now the following random perturbation of the given

adaptive law £. For each i let My be a probability measure on %(i)
which assigns positive values to every open set. Pick €, > 0 small,

i

and for each z € Z(i) let B(i,z) be the open ball of radius € and

center z. Suppose at time n, an = o is the MLE and X = 1, Then the
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control z, is chosen from B(§(a,1)) by an independent experiment

corresponding to the restriction of By to the set B(E(a,i)). Let

= -
gjn o(xo,zo,...,xn,zn) and g}u_ c(xo,zo,...,xn,zn,xn+1). Then

Plx, = 310 = pixpd52 500), PGz, €c|GD = he ©

CMIRCIUICURIEINg)) 17t

C
for every open set C B(g(an+l’xn*1))’ The results obtained previously

continue to hold if we use g]n in place of‘EI;. The control law

{z } is called an {e;}-randomization of E.

Theorem 4.3 Under any {ei}-randomization of &, @ > o) a.s.

Proof Let Z(i) be a countable dense subset of Z(i) and(jéi the set of
all open balls in Z(i) with rational radii and center in Z(i). By the

Martingale Stability Theorem there exists a null set Nl outside which

1 n-1 .
lim = ) [I(z,, €B) - E{I(z_,, €B)|G1} = 0 (4.2)

for every i and B G‘ié(i). By Lemmas 2.8, 2.1l there is a null set
N2 outside which every state is positive recurrent. Finally let N3 be
the null set in Corollary 3.2.

Let w EN = N1 L’NZ L’N3 and let a* # N be a limit point of
{an(w)}. By A6.1 there is i € S such that for every open set 0 C Z(i)
there is z € 0 and j € S for which p(i,j;z,a%) # p(i,j;z,ao). Let
{nk,k > 0} be the maximal subsequence for which xnk(m) = i for every k.

By Lemma 2.8 the sequence {n = o, for some k} is frequent and so,

by Lemma 2.3, there is a subsequence {ﬁk} of {nk} and z* € Z(i) such that

along w
—1‘{“:1 -
E(x_ ,a~ ) = g(i,a~ ) »> z*, and lim = I(m = for some k) > O.
LA By n & T
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We can find M < @ and an open set 0 € Z(1i) such that z* € 0 C B(g(i,aﬁk)),

k > M. By A6.1 there are z € 0, j €S for which p(i,jsz,a%) # p(i,'j;i,ao).

~ N - = 1ep qk
By Al there exists B ECBi such that z € B C 0 and |2.n pg. j°: g ; | >6§>0
23J ey
0

for z € B. Now by (4.2)

n-1
1 B) = 1im & B '
lm mza:o Iz €B) = 1im = I E{I(z € B)|(_;}

> THm % uy (B) [y (BCE(L,0)) 17 (x, = 1 and B C B(E(1,0)))

n-1
5y T— 1 ~
> ui(B) 1lim = mgo I(m o, for some k) > 0

2n p(xn:j ;znae‘*)

n p(xn,j ;zn,ao)

Hence the sequence {

> 6} is frequent along w,

contradicting Corollary 3.2. =
Let c(i,j,z) be a nonnegative bounded cost function which is
continuous in z € Z(i) for each i,j. For every stationary ¢ € Z and

a € A, let

V(E,0) = 2 (1,0) Jp(d,358(1) ,0e(,1,5(0),
i 3

where {wa(i,z;)} are the stationary probabilites corresponding to the
transition probabilities {p(i,j;z(i),a)}. Thus V(z,a) is the cost
incurred by the control law z, = z;(xn) if o« is the true parameter.
Lemma 4.2 V(g,a) is continuous in ¢ for each a.

Proof As in the proof of Lemma 2.9 we see that nu(i,z;) is continuous
in ¢ for each i,a. Given § > 0, it follows from Lemma 2.9 and the

boundedness of ¢ that there exists J such that

J ©
v(z,0) > Z wa(i,c) Z: p(i,jsz(i),m)e(d,j,c(1)) > V(g,a) - &

= j=1
n

Now Z p(i,3;z(1),a) is continuous in Z and converges monotonically, hence
j=1

uniformly, to 1 as n + « and so, increasing J if necessary, we get
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J J
V(Z,a) 2 3w (1,8) 3 p(L,335(1),®e(d,3,T(1) > V(g,a) - 2§
i=1 j=1

The term in the middle is continuous in ¢ and since § > 0 is arbitrary it
follows that V(z,a) is continuocus as well. X

Suppose now that the given adaptive law £ is such that for each «,
V(E(a),a) = V(a) = min V(a,z).
€z

We wish to show that if {zn} is an {ei}-randomization of £ then its
cost can be made arbitrarily close to V(ao) by choosing g > 0
sufficiently small.

Theorem 4.4 Suppose V(g(ao),ao) < V(;,ao) when ¢ # E(ay) 1.e. E(ao) is
the unique optimal stationary control law. For any § > 0, there exists

e > 0 such that if {zn} is an {e}-randomization of £, then

-1
—1 X
V(ao) < lim m mz=o c(xm,xml,zm) 5V(a0) + 3§ a.s.

Proof By Lemma 4.2 there exists an open set O in Z with 6(&0) € 0 such

that V(ao) 5.V(a0,C) < V(ao) + & for £ €0, Since Z =1 Z(i) has the
i
product topology we may suppose that O has the form

m -]
O= g B() x 1 2z(1)
i=1 i=mt+l

for some m < » and where B(i) is a ball of radius & and center E(co,i).

Let {zn} be an {ec}-randomization of £. By Theorem 4.3, @ *a,a.s.

0
and so, from Lemma 4.2 and the uniqueness of g(ao) it follows that

g(an) > E(ao) a.s. Hence there exists a random time N < « a,s. such

that
g(an) €0, n >N a.s.

By Lemma 2.10 it follows that
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n-1

1 H
1lim c(xm,xml,zm) < 22103 V(ao,c) < V(ao) + 8.

n

Randomization of parameter estimates

We consider an alternative perturbation of the given adaptive
law £. For the finite case a similar randomization is proposed in [10].
We replace A6.1 by the following.
A6.2 For every o # B in A and i in S and every neighborhood 0 of o

there is an open set 0 C 0 such that for every a € 0,

[p(1,1;8(2,D,0) ,p(1,238(3,2,0,...] # [P(L1,13E(a,1),8),0(1,23E(%52) s8) 5er.]

Let v be a probability measure on A which assigns positive values
to every open set. Pick vy > 0 small and let B(a) denote the ball of
radius y and center a. Let an be the MLE and X the state at time n.
Then the control z, is chosen to be z, = E(&n,xn) where &n is selected
from B(an) by an independent experiment corresponding to the restriction
of v to B(an). We call the control law {zn} a y-randomization of &.
Theorem 4.5 Under {zn}, aq is the only frequent limit point of {a }
almost surely.

Proof Let N be the null set in Lemma 2.12 and Corollary 3.2, and let
w & N. Suppose a* # % is a frequent limit point of {an(w)}. Then
the sequence {an(w) € B(o*)} is frequent and let {nk,k > 0} be the
maximal subsequence such that ank € B(a*) for all k. By Lemma 2.12

there is 1 € S and a subsequence {ﬁk} of {nk} such that along w

n~-1
. -/ 1 ~
X~ =1, and lim = Z: I(m = n, for some k) > 0
e , b=y

Proceeding from here on as in the proof of Theorem 4.2 we can show
fn P(x sJsz_,a%)
n n | N 5}

g p(x 5352 59, |

that for some § > 0 and j € S, the sequence {

is frequent along w, contradicting Corollary 3.2. X
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Suppose now that V(£(a),a) = V(a) as in Theorem 4.4.
Theorem 4.6 Suppose g(ao) is the unique optimal statiomary control
law under @,. For any § > 0 there exists y > O such that if {zn} is a

y-randomization of £, then

-1
—1 X
V(ap) < lim < m2=0 e(x,x 1,2 ) <V(ay) + 8

Proof The proof is virtually identical to that of Theorem 4.4 with
Theorem 4.5 taking the place of Theorem 4.3, and with the additional
feature that the contribution to the average cost due to rare limit
points of {an(m)} vanish asympotically due to Lemma 2.2 (iv) and the
converse in Lemma 2.1. H

We close this section with the remark that A6.l1 may be replaced b§
A6.3 which is more similar to A6.2.
A6.3 For every ¢ # B in A and i in S and every neighborhood O of
£E(a,1i) there exists z € Z(1) for which (4.1) holds.

A heuristic discussion of A6.1-A6.3 is deferred till Section 6.

5. INADEQUATE PARAMETER SETS
So far most of the results were derived under the assumption
aq € A. In Section 3, a crucial role is played by this assumption in
the proof of Lemma 3.2 where we use the fact that An(an) Z_An(ao) =1>0.

This observation motivates the following definition.

Definition 5.1 The parameter set A is adequate if P{A(a) = 0 for all

¢} = 0, or equivalently, if P{sup A(a) > 0} = 1; otherwise A is
[s ]

inadequate.
Evidently if % € A then A is adequate. The following results

are proved along the same lines as in Section 3.
Theorem 5.1 If A is adequate then Theorem 3.1 and Corollary 3.2

continus to hold.
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Corollary 5.1 If A is inadequate then the conclusions of Theorem 3.1

and Corollary 3.2 hold outside the set N = {mlA(a,m) = 0 for all al.
(Note that P(N) > 0.)

From now on we consider the case when A is inadequate. Suppose
initially that there are no control parameters so that o merely
indexes a stationary transition probability p(i,j;c). Suppose further
that under each a all states are positive recurrent. Then it is easy
to establish the following result which states that the MLE o
converges to a subset of A consisting of parameter values which are
"closest" to % in a well-defined sense.

Theorem 5.2 @ converges almost surely to the subset of parameter

values which maximize

= . pU,j30)
D(a) ?wao(i) ?p(i,j ,ao)zn DL ‘“o)

where {ﬂao(i)} are the invariant probabilities corresponding to
{p(1,350p 1.

The case when the transition probabilities do depend om a control
parameter, discussed next, is considerably more complicated. For
simplicity we assume that Z(i) = {zi,z;,...,zi} contains L elements.
The general case can be worked out in a similar way though the details
are cumbersome.

Let Al-A5 hold and let N be the set on which condition T fails.

N is null by Lemma 2.11. Let w & N and let

n-1
. 1
q.n(i’:bz) = 'E' 20 I(xm = i’xm-l-l = j’zm = zi)-
m=

Then 0 < q <1 and 2: qn(i,j,z) = 1. Thus q defines a (random)
i,3,2

probability measures on triples (i,j,%). Let oy = {qn(i,j,z)} denote
the vector with components qn(i,j,l). We think of p, as an element of

the normed space 2.
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Lemma 5.1 Suppose w & N. Then the % closure of the sequence

{pn(m)} is compact, and each of its limit points is itself a probability.
The set of frequent limit points of {pn(m)} is compact and for any

open neighborhood 0 of this set the sequence {pn(w) & 0} is rare.

Proof Considered as a subset of [0,1]°° with product topology the

set {pn} has compact closure. Let p* = {q*(i,j,%)} be such that
1lim an(i,j,z) = q*(i,j,2) for each i,j,2.
k .

Clearly q*(i,j,%) > 0. By Lemma 2.11 for € > 0 there exists Je and Ke

such that, along w,

nk
a ) I(x >J) <&, k>K
m=0

and so, for k > Ks,
e L
1> 2 2 an(i,j ,2) > 1-¢ (5.1)

From this it follows that
J

4 L
1> Y Y q*(i,3,2) > 1-e (5.2)
ij=1 =1

(5.1), (5.2) imply that pnk converges to p* in £ and that p* is a
probability. The remaining assertions now follow from Lemma 2.2. H

Corollary 5.2 If c(i,j,2) is any bounded function then

lim 2 c(i,j,l)an(i,j,z) = z c(i,j,.?.)q*(i,j,z).
k ij2 ij2

As before let {w(i,z)} denote the invariant probabilities under
the stationary law £ € Z. TLet qc(i,j,l) = n(i,c)p(i,j;;(i),aO)I(c(i) = zi).
Let q = {qc(i,j,z)}. Consider G = {qCIC € z} as a subset of 2&_.

Lemma 5.2 There exists a null set N such that if w & N then every limit

point of {pn} belongs to the convex hull of G.

=28~



Proof Let cr(i,j,l), r=1,2,... be a countable dense set of functions
in & and N a null set such that for w & N, and every r

n—l

l:l.m- 2 e (x,x 1,2 < m;ézx 2 (4, c)Z}p(i,j 2L ap)e_(1,3,8(8).

(5.3)
Such a null set N exists by Lemma 2.10. Augment N if necessary so

that Lemma 5.1 applies. Let w & N and suppose pnk converges to p* along

w. Then by Corollary 5.2, for every r

E c (isj 2)q*(i,j,2) = lim Z c (i:j:l) (isj’z)
%

ij2 k ij2
cun Lt X ( 2 1 (1,3,2(1),ap)
= o 3 O 122 < max 2 m( c)Zp 23,8(1) 0
kk 10 s
* e (1,3,5(1)) = max 3 e (1,3,0)g(1,3,2) (5.4)

e€C 132

Now G is a compact subset of and hence so is its convex hull. If
{q*(1,3,2)} does not lie in the convex hull of G, by the separation

theorem there exists c. such that for all q

> ¢ (1,30 [a%(1,3,8) - a(4,3,8)] > 0
132

contradicting (5.3). =
Lemma 5.3 Let N be as in Lemma 5.1 and w & N. Suppose p converges
to p* along w. Let p~ , k > 0 be another subsequence such that

Inkfnkl < M < » for all k. Then pﬁk also‘converges to p* along w.

Proof For any i,j,%, if n, Z-ﬁk’

an(ij L) - quk(i.J,l)l <:—I(x =ix ., =3z = z;) <

m
Thus I (1,3,2) - q~ (i,j,l)l f_M(—--l— .,—) + 0 as k » o, =
oy By By

To describe the asymptotic behavior of {pn} we need another concept.

Let {an,n > 0} be a sequence in a metric space. Let 6, O be open sets

with 0 CO0 CoO. Let

-29-



mk(é) = min{n > mk-l(a) Ian_l 3 a,an € 0}

be the kth time a_ enters 0 after leaving it. Let
n,(0) = min{n > m (0)|a_ € o},
2,(0) = max{n < mk(a') - 1la €0}

We say that {an} drifts slowly if for any open sets O, 0 with 0C0C 0,

the sequences {n = nk(O) for some k} and {n = zk(o) for some k} are both )
rare.

Theorem 5.3 There exists a null set N such that if w & N then {pn(w)}

drifts slowly considered as a sequence in £_.

Proof Let N be as in Lemma 5.1 and w € N. Let O, 0 be open sets in

L with dcodcC 0, and define 2k’ m.s O as previously with a = pn(m).

We shall only show that the sequence {n = % for some k} is rare, the

proof of the other half of the assertion being similar. We may suppose

o € 0 for infinitely many k because otherwise there is nothing to

prove. We claim first that
m - & > as k>o, (5.5)
For, suppose in contradiction that there is a subsequence ki’ with
o= Ay <M< = for all i.

i i
Now, by Lemma 5.1, there exists a subsequence, denoted again by {ki} such

that

3

1lim p = p* and lim p = 5.
i mki i zki y

Clearly p* € Oand p €02 6 so that p* # p contradicting Lemma 5.3.
Thus (5.4) must hold.

R S
Now zk*1 >m > Rk and so (5.5) implies lim zk 0. Let

k(m) = max{kllk < m}. Then
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k(m)
I(Li = zk for some k)

1 & 1
-n-ZI(i=£ for some k) <
i=1 i=1

k = k(@)
='E£El—-+ Oasm+», H
% (m)
In summary the results of this section show that when % E A
(more precisely, when A is inadequate) and for any control law, the
relative frequencies, Pn? of the various state and control combinatioms,
converges to a tight set of probabilities which is the convex hull
of the set G of invariant probabilities under all stationary control
laws. The sequence P, DAY, however, drift slowly.
In [4] we have given an example which shows that p, may not
converge almost surely. In that example, z = E(an,xn) is an adaptive
law constructed in such a way that, as P begins to converge to some p*
and hence o to some a*, the corresponding control values z, = g(a*,xn)
are such that the likelihood ratio is maximized at some other parameter
value a # a* and so e begins to drift slowly to a. But at &, the control
values E(&,xn) are such that the likelihood ratio is maximized at a*.
Thus the MLE e keeps switching more and more slowly between a* and a.
The following conjecture seems plausible
Conjecture - For a«,8 in A define

. p(i,j;z(a,i),B)
M(a,B) = ;?n(i,c(cnZj,“p(i,j,c(a,i),ao)m PTG e

Then a sufficient condition for the MLE a to converge a.s. to some

A-valued random variable is

M(a,a) > M(a,B) (5.6)

for all a,B8 € A such that o # 8.
If true, the above conjecture suggests the following choice of
t(a) for each o. Choose z(a), from among the strategies that are near-

optimal under &, to make (5.6) hold for as many 8 # o as possible. This
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is a manifestation of the trade-off between identification and optimality
considerations in the choice of inputs. Thus the control in the
adaptive scheme fulfills a dual purpose — to ensure good convergence
properties for the estimates (with, of course, convergence to the true
parameter value if possible) and to satisfy the optimality criteria as
closely as possible. Clearly, this discussion is only heuristic and

much needs to be done.

6. DISCUSSION

The approach adopted here puts greater emphasis on "time domain"
or sample path behavior and many of the concepts introduced can be
seen as analogs of certain ensemble concepts, viz., rare events are
analogs of null sets,.condition T is an analog of tightness etc. The
reduced dependence on ensemble averages makes this approach more suitable
for non-stationary processes which are asymptotically well-behaved.

Many of the concepts introduced in Section 2, such as recurrence
and positive recurrence, can be extended to more general spaces such as
an arbitrary Borel state space, and it seems reasonable to expect that
similar results will hold.

Assumptions A6.1, A6.2 and A6.3 have the common objective of
overcoming the limitations of Theorem 4.2 which says that at the
limiting values of the parameter estimates, the frequent limits of
control values are such that these control values cannot distinguish
between different limits of the parameter estimates. This cannot
occur if for each a # ao we use frequently a control to distinguish
between ¢ and %y. This can be achieved, as in A6.1 and A6.3, by a
small randomization if for each a the set of control values which cannot
distinguish between a and @, is "thin" i.e. has empty interior.

A6.2 permits an analogous randomization in parameter space. The
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latter appears more appealing for practical problems even though the
result is slightly weaker.

The case when %, & A is practically important since models used
for identification and control are approximations of the true system.

The results presented here are very incomplete and much needs to be done.
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