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1. Introduction

We are beginning to witness the realization that important aspects
of control system design can be expressed in terms of inequalities
[6,7,8] and, in particular, in terms of inequalities involving the
singula; values of transfer function matrices, such as the compensator-plant
transfer function matrix G(x,w)!, with x € ]&k denoting the design parameters
{1,2,3,4,5,23], For example,the requirement that the closed loop system
remain stable in the face of additive or multiplicative perturbations
of G(x,w, can be expressed in terms of singular value inequalities
[2,3,5]. Another example occurs in singular perturbation problems which
arise when a high order system is modeled by a low order model. The
stability of the high order system follows from that of the low order
system if certain singular value inequalities are satisfied [5].
Again, in [4] we find that the requirement for low semsitivity,in a
linear control system to additive output noise and parameter variations
can be expressed as a singular value inequality. Generally, these
inequalities have the form |

2(w) < o(x,0) < o(x,w) < u(w (1.1)

for all w € [mo,mf],

where o and ¢ are the smallest and largest singular values of an
appropriate transfer function matrix G(x,w), and 2(w), u(w) are
continuous, real valued functions. Unfortunately, before this work,
there were no known algorithms for solving such inequalities. The
reason for this is that the singular values of G(x, w) are not
continuously differentiable. In fact, they are not even differentiable

at multiplicity points.

! G(x,w) is a complex valued matrix.
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In genéral, one may wish to select a compensator vector x which
not only satisfies (1.1) but a number of other specification
inequalities as well (see e.g. [7,8,9]). Furthermore, it may be
desirable to minimize some cost while doing this. However, the main
stumbling block at present is. (1.1), and once we learn how to solve
(1.1), the extension of the algorithm to include additional sets of
nondifferentiable or differentiable inequalities and a cost for
optimization 1is quite straightforward. Because of this, to avoid
making the exposition more complex then is absolutely necessary, we
restrict ourselves to presenting an algorithm for solving the infinite
set of nondifferentiable inequalities (1.1). The algorithm consists
of two parts: a master outer approximation algorithm which
substitutes for (1.1) an infinite sequence of finite sets of non- °
differentiable inequalities, defined by a few points w € [mo, mf] and
a nondifferentiable optimization subalgorithm which solves these
inequalities. As can be seen from [ 9], the extemnsion of our algorithm
to the problem of miniﬁizing a cost subject to (1.1) and additiomal
inequalities merely requires a fairly straighforward extemsion of our

subalgorithm from the form of unconstrained optimization to that of

constrained optimization.

2. Continuity and Differentiability of Singular Values

Let G(x,w) be an m x m complex valued transfer function matrix, with

x EE]Rk

the design, or compensator, parameter vector to be selected,
and w the frequency variable. The following assumption will hold in

most design situations:



Assumption 2.1: There exists an open set X C IRk such that G : X x ]Rl

M XM

+C is analytic (componentwise). o

The relevant properties of the singular values © i(x,w),
i=1,2,..,m0 0f G(x,w) are easiest to establish by considering first

the eigenvalues yi(x,w), i=1,2,..,m of the symmetric matrix
A *
Q(x,») = G (x,9) G(x,w) (2.1)
We recall that the singular values are defined by

oi(x,m) 4 @i(x,w), i=1,2,..,m (2.2)

Assumption 2.2: The pairs (X, w), X € X, w € ]Rl, at which Q(x,0) has

multiple eigenvalues are isolated, i.e., for every such pair, there

1

exists an open neighborhood N;-J of (;,E) in X x R™ such that
’

(x,w) is the only pair in X x ]Rl at which Q has multiple

eigenvalues. "

Referring to [10] Ch. 6 Sec. 2, we see that in view of Assumption 2.1,
Assumption 2.2 will be satisfied, except for some pathological cases,

essentially always.

Proposition 2.1: Suppose that Assumption 2.1 holds. Then the eigenvalues

yi(x,m), i=12,..,0, of Q(x,0w) are locally Lipschitz continuous on

x x ml.
Proof: Let x, x' € X, w, w' € rt , and let
A .
8Q = Q(x ,w ') - Q(x,w) (2.3)



Then AQ is a symmetric matrix which can be decomposed into the form
4Q = I B, (2.4)

where P n is a symmetric matrix with at most two nonzero elements that

are equal to some element Aqk!. of AQ. It now follows from Wilkinson

[11], p. 41 and Parlett [12] Ch. 10 that
| 1(x w) - i(x'm')} <y |aq, , | for 1 = 1,2 m
TR Tyl S T e Ziesms (3.5)
?

with L € [0,1]. The proposition now follows from the differentiability
of Q(°,°). n

Consider the matrix Q(x,w). Let h ER®, v € ]Rlbe arbitrary. Whenever

1
sy Gewsh,y) & 2y Gerib,en) |, L g (2.6)

exists, we shall refer to it as a one dimensional derivative.

Proposition 2.2: Suppose that Assumptions 2.1 and 2.2 are satisfied.

Consider the matrix Q(x,w). Then the bi-directional derivatives of

its eigenvalues, Syi(x,w;h,v) , 1 =1,2,...,myexist for all (x,w)
€X x ]Rl,(h,v) € IRk x IR]', and are continuous in (x,w) at all (x,w)

€EX x IRl at which Q(x,w) has distinct eigenvalues only.

k 1

Proof: Let (h,V) € R X R be arbitrary and consider the matrix

Q(x+Ah,wtAv) for A € €[-r,X] with X > O such that x + Ah € X for all

A €[-A,A]. Then the yi(A) Ayi(xl-i\h,uri-h), i=1,2,..,m, are the roots



of the characteristic polynomial
m n-1
f(A,y) =y + am_l(k)y + ...+ aO(A) 2.7

Where the ak()\) are analytic functions of A. It now follows from
algebraic function theory (see e.g. [10]), that if yi (0) is a simple

root, then there exists a J\i € (0,1] such that in all A € [-Ai,ki]

yi(A) = yi(O) + aix + ailz + teee (2.7a)

and hence that ayi ©)/3x = ai, and consequently,the one dimensional

derivative Gyi(x,w;h,v) = a—i- yi(x-i-kh,mkv)l)\ =0 exists. Next since
£OLYT()) 20,91 € [-A,0], (2.8)

we find that for A € (-J\i,ki)

i i
afg;ix ()\))_'_ %_g_ ()s,yi(l)) azugx)

0. (2.9)

Because yi(O) is a simple eigenvalue, it follows that -g—}fr (O,yi(o)) #0
and hence,from (2.9),8yi(0)/3>\ is seen to be a continuous function of
(x,w), which also proves the continuity of Gyi(x,w;h,v).

Now suppose that yi(O) is an eigenvalue of Q(x,w) of multiplicity
u>1, i.e. suppose that yi(O) = yi+1(0) = ,,, = yi+u-l(o). It then

follows from algebraic function theory that for some integer & € [1,u]

and all A € [-Ai,ki], with A € (0,% 1],

RO afkk/z (2.10)
k=0
Now, if & > 1, then yi(l) will be complex for some X € (—-Xi,li).

But yi(l) is an eigenvalue of a positive semi-definite matrix and



hence must be real. We therefore conclude that £ = 1 and hence that
i
Azségl exists. Consequently, Gyi(x,w;h,v) also exists. H
The fact that the partial derivatives of eigenvalues of a

symmetric, positive semi-definite matrix are not necessarily continuous

at multiplicity points is best seen from a simple example. Consider the

matrix
A£+¥ 1-x

Qx) = ! 1 (2.11)
Its eigenvalues yl(x), yz(x) are the roots of

[y - D] [y - =11 + @-xH? =0 (2.12)
and hence

7 = 122-> + Va-xh? + (’;—2)2 (2.13a)

¥ (x) = (xl+ %) -'-\[—x]‘)2 + (-’szi)2 (2.13b)

Setting x = (1,0), we get the double eigenvalue y1(§) = y2(§) =1,

A straightforward calculation shows that
Gyl @/ah =0, (yt@/ad) = 1.5,
(ay2(§3/3x1) = 2, (3y2(§3/axz) = -0.5.

Now, let x = (1,¢) with any € > O. Then
@y (=) /oxt = 1, (o (x)/ox” = 1.5,

Gyl @)/t = 1, @yjx) /" = 0.5,
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and we see that ayl(x)/ axl, ayl(x)/ axl are not continuous at x.

Corollary 2.1l: Suppose that Assumptions 2.1 and 2.2 are satisfied that

yi(§, w) is a simple eigenvalue of Q(x,w), with x € X. Then there exists

an open neighborhood N— peln in X X Rl

Xy

of (x,w) such that V xyi(:i:,w) exists

and is continuous for all (x,w) € N_E
’

Proof: Since yi(;,m) is a simple eigenvalue of Q(x,w), all the partial
derivatives 3y (x,m)/ ij exist and are continuous for all (x,w) € N—;
9

Hence, by Theorem 9.16 in [13], V¥ iy (x,w) exists and is continuous for

all (x,w) € N;,E‘ : o

Referring to Bellman [l4] p. 60, we see that when yi(x,w) is a
distinct eigenvalue, then V xyj'(x,w) must be given by the formula

j . (x,0) '
vy (x,w) = - 2 v, (x w) ——J——x v, (x,0) (2.14)

where Q,j is the jth column of Q and v i(x,m) is the unit norm eigenvector
of Q(x,w, corresponding to yi(x,m). Formula (2.14) is very easy to

obtain formally, as follows:

[y (6,0)T - Qx,0)] v, (x,0) = 0. - (2.15)

Hence,

avi(x,w)

[y (x,w)I - Q(x,w)]

+ v 5,0 Ty, 0"
3Q, 4(x,w)

+ Z VJ(x w) %

j=1

= 0. (2.16)



Since ﬂvi(x,m)ﬂ 1 and vi(x,w)* is also a left eigenvector of Q(x,w),
(2.14) follows directly from (2.16) after premultiplication of (2.16)
by v i(x,m)*. The vy and ¢ N to which they correspond can be computed
simultaneously by means of a singular value decomposition algorithm,
such as [15].

Since the gradients V xyi(x,w) do not necessarily exist nor are
continuous at pairs (x,w) at which yi(x,w) is a multiple eigenvalue of
Q(x,w), an algorithm for solving eigenvalue inequalities has to make use

of generalized gradients and their relevant properties [16] which we

now summarize.
i
Definition 2.1. The generalized gradient 3 4 (x,w) is defined by

Bxyi(x,m) A co lim nyi(x-i-vi,w) (2.17)
1>

where v i + 0 is such that V xyi(x-l-v i) exists, and so denotes the convex hull.
)= {

Proposition 2.3: Suppose that Assumptions 2.1 and 2.2 hold. Then the

generalized gradients 9 xyi(x,m) i=1,2,..,m, of the eigenvalues

yi(x,w), i=1,2,..,m of Q(x,w), exist for all (x,0) € X x ]R]-'.

Furthermore, they are compact and upper semicontinuous (i.e.{x -*;,

3
g, €05 Gy ), 8pEIeE €3y Eulh.

Proof: Since by Proposition 2.1, the y 4 are locally Lipschitz continuous,

the desired result follows directly from [16]. n

Generalized Mean Value Theorem 2.1 [17]. Suppose that Assumptions 2.1

and 2.2 hold. Let yi(x,w) be defined as before. Then for any x', x"€ X,

w€ IRl, there exists a £ = z'+s(x"-x'), with s € (0,1), such that
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yi(X",w) - yi(x',m) = <g£. x" - x") (2.18)
with g, € 3_y (£,w) m
£ X e

This completes our collection of relevant results about the
yi(x,w) and we are now ready to proceed with the construction of an

algorithm for solving singular value inequalities.

3. An algorithm for singular value inequalities over a discrete set

of frequencies

We begin by developing an algorithm for solving singular value
inequalities at a set of frequencies. Thus, in this section, we
consider the problem of finding a vector x € Ilk such that the singular
valueslcl(x,w), oz(x,w), ey on(x,w) of a complex valued m x m transfer

function matrix G(x,w), satisfy inequalities of the form

Lw,) < ci(x,w ) £ u(w

5 5 j) for i = 1,2,..,m

j=12,..,7 (3.1)

Since there is no essential loss in generality and considerable
saving in detail, we shall develop first a version of the algorithm for

the simplest case of (3.1) viz.
L) < ot(x,0) < u(@, i=1,2,...,m, (3.3)

where u(;) = o is allowed. Since w is fixed in (3.3), we may obviously
drop it in our notation. Since yi(x) = Ui(x)z, and Gi(x) > 0 always, we

can substitute for (3.3), the equivalent set

52 < yi(x) < uz, i=1,2,.., m (3.4)



2
Now ’ for i = 1’2,000’m 1et
e =yl - o (3.5a)

and for i = m+1, ..., 2m, let

flax) = 22 - v ) (3.5b)

Since, the yi (x) are not continuously differentiable, there is no
advantage in treating them individually, as in Newton's method or in
a method of feasible directions, hence we define
v ) & max £, (3.6)
i1€2m
with 2m= {1,2,.., 2m}, which permits us to replace (3.4) by the

statement: find an x € X such that

Since the function ¥(.) is obviously not continuously differentiable,
it is necessary to introduce a smoothed out, "steepest descent
equivalent" rule for computing descent directions. To this end, for
any € > 0, we define?
_ A 1,
aew(_x) co U aef (x") (3.8)
1€ Ie(x')
x' €B(x,¢)
here, for a given d > 0,
IG") = {1€2m|f ") - vx') > -oe) (3.9)

2 To extend our treatment to more than one frequency w, all that needs
to be done is that more fi(:) need to be defimed.

3 It can be seen from the proofs to follow that we may have used Ip(x')
instead of I (x') in the definition of 3 y(x). However, the use of Ie(x')
is bound to fesult in better computationil behavior.
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compute he’ we could then easily define a convergent algorithm, patterned
on a phase I method of feasible directions (see [19]) which would
minimize Y(x) and hence, under mild assumptions, solve (3.7) in a finite
number of iterations. Unfortunately, it is impossible to compute hs’
and therefore we can only hope to construct an algorithm based on the
ideas presented so far, if we can construct,efficiently,suitable
approximations to he' We shall now describe such a process.

Suppose that 0 € QEW(x) and that we have a discrete approximation
Yk Cc 3Ew(x) to asw(x) (i.e. Y, contains a finite number of vectors).

k
By applying a standard quadratic programming algorithm, we can compute

h = Nr(Y) £ arg min {Inl|h € Yk} . (3.15)

Since Yk c aew(x), we must have ﬂhk“ 3_"h€“. Now, referring to Fig. la, -

suppose we find a 8 € 8ew(x) such that

3
(gk = s 1~ﬁ(> <0 (3.16)

and then form Yk+1 = {gk} L’Yk. We can now compute hk+1 = Nr(Yk+ ).
Clearly, ﬂheﬂ 5-"hk+1“ < ﬂhkﬂ. Furthermore, as is proved in [20],

this process cannot continue for an infinite number of k's, unless he = 0.
We now show that either hk is an adequate approximation to he or else a
g, as above can be constructed in a finite number of iterations. Thus, if

eln [
VO-TT By - 90 < - g Iyl < - (3.17)

we accept hk’ on the basis (¢f.(3.14)) that it is at least "half as
good" as he as a descent direction. If (3.17) does not hold, then

referring to Fig. 1b (since ¢ (+) is directionally differentiable because
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e e s d e s e a fhm g e - Semast a et s r——— Lo

i, , 1. w
3E ") = mepxt,e) ¥ G (3.10)

where afi_(x) = ayi(x) for i =1,2,..,mand 3f1(x) = {gl -g€ 3yi'm(x)}

for 1 = m+1,m+2,..,2m. Now, suppose that for some € > 0, 0 E 3 etb(x). Let

h, = Nr(3_v(x)) 4 arg min {Ih'l|n' € 3 ¥(x)} (3.11)

Then, for any A€ (O,e/ﬂheﬂ), we have (x-\h) € B(x,e) and, by the

generalized mean value theorem y(x-Ah) - Y(x)

= max {fi(x-Khe) - Pp(x)}

i
e  max (el x=2n ) - ¥}
1€ I (x-Ah_) €
€
= max ' {fi(x) - ¥(x) - X gé, he)} (3.12)

i€ Io(x-khe)

where gé € afi(x-sikhe), i=1,2,..,2m with si € (0,1). Now for
i=1,2,...,2m, (x—si)\he) € B(x—lhe,e) by construction and hence all the

gz € aew(x). Therefore, because of (3.11), we must have

(gé -h, b) > o0, 1=1,2,..,2m, (3.13)

i.e. (g, b) > I 1%, In addition, £1(x) - ¥(x) < 0 for all i.

Consequently, (3.12) yields

$G-3h) = p(x) <- Aln 1 (3.14)

for all A € [0, e/ﬂhe!].
Because 3_y(x) is upper semicontinuous, it follows Theorem 2,

p. 116 in [18], thatﬂhell is lower semicontinuous. If we could only

-11-



Step 2: If for j > O, an integer, such that Be/lhl < sj

< ¢/llnll, we have
3 gd y 2
Y(x=8"h) = ¥(x) < = 5 Inl< , (3.20)
set hk = h and go to End.

Step 3: Set £ =0, r=yu= e/lnl.

Step 4: Evaluate Vfi(x-uh) for i € Iy(x-#h) (perturbing u slightly, if

necessary to create distinct eigenvalues in this set) and set

dp(x-ph3h) =  max (ve(x-uh), h) (3.21)
i€ IO (x=-uh)

Step 5: If dy(x-uhsh) > - % Inl? go to Step 8. Else continue.
Step 6: If
Guh) - o) < - ¥ Inl? (3.22)
set 2 = u. Else set r = U,
Step 7: Set M = (2+4r)/2 and go to Step 4.
Step 8: Set
Y=YU {Vfi(x-uh)l
i€ Io(x-uh), dy(x-uh3h) = (Vfi(x-uh),h )} (3.23)

and go to Step 1.

Erld. n

In view of the preceeding discussion, the following result is

fairly obvious. For a proof, see [9,20,21,22].
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the yi(-) are one dimensionally differentiable) at the value of X €
- x 2
[o, e/ﬂhe"] at which ¥(x-Mh )-¥(x) = - 3 ﬂhk" , we must have a

- 2
directional derivative dq;(x-lhk;hk) > -% ﬂh.kﬂ . Now,

- i -
dy(x=-Ah, ;h ) = max _ df " (z-Ah, ;h ) (3.18)
. P
Since the wvalues of A at which the fi(-) are not differentiable are
isolated, we may assume that the Vfi(x-xh.k) exist for all 1 € Io(x- Thk)

(i.e. that these are all simple eigenvalues). Let
g € {Vfi(x-_l'hk) |1 € 15T, )}

be such that d\p(x-ihk;hk) = 8> hk) . Then we have that a) & € 3 ¥(x)
and b) dw(x-fhk;hk) = < 8 hk) > - % ﬂhkﬂz. But this implies that

(g by} < 3 I B2 < 2 In, 12 (3.19)

and hence that 8 satisfies (3.16). Consequently, if 0 € 3 etb(x), after

a finite number of augmentations of Yk

(3.17) holds. Because of the continuity of the dfi(x-kh;h) in A

» we obtain an h.k such that

(which follows from the series (2.7a), (2.10), we can find a Ak =\
and corresponding & which satisfies (3.16) in a finite number of
operations. We now present such a process in the form of

Subroutine 3.1:

Data: x€X, 8€ (0,1), e >0, v > 0; YC Se'w(x), a discrete subset; k,

an integer.

Step 1: Compute h = Nr(coY). If Inl S Ye, set by = h and go to End.
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Step 6: Set a1 = % " Bhk‘
Step 7: If lb(xk+1) < 0, stop. Else, set k = k + 1 and go to Step 1. R

Theorem 3.1: Suppose that O & aotb(x) for all x € X such that P(x) > O,
and that Algorithm 3.1 constructs a bounded sequence {xk} koo n X. If

{x.k} is infinite, then any accumulation point x* of {x,} satisfies

lb(x*) = 0.

* *
Proof: First, suppose that x is such that y(x ) > 0, so that
*
0 €& aow(x ). Then, because of the continuity of the fi(-) and the upper

semicontinuity of the ‘Afi(-), there exists an €, > O such that

1
*
o0& 3e v(x ). Since for all ¢ € [O,s:l],aew(x*) c asl\b(x*), there
1
* *
must exist an e = eolzi € [o, el], such that if he*(x*) = Nr (ae*w(x ).,

then “he*" >26 e* > ae*. Since uhe*(x) |l is lower semicontinuous

*
(h_y (x) 8 Nr(3_»¥(x))) there must exist a p- > O such that
* X
h )l > 6e” ¥ xEB(x,0) . (3.27)

Now, suppose that {xk}, as constructed by Algorithm 3.1 is infinite,
that x* is one of its limit points and that tj:(x*) > 0. Then we have:
a) w(xk) is a monotonically decreasing sequence. b) There exists a
subsequence {xk}k €x such that X E x* and hence there exists a k* such
that x_ € B(x",p") for all k €K, k > k™, with p" as in (3.27). Hence
for k €K, k > k*, Step 5 will be reached with e > e*, with e* as in
(3.27), and hence, from (3.20), (3.26) and (3.27), we must have, with

* L% * *
2 such that B~ § <1, that 2, < & for all k €K, k > k , so that

k

L
() = 90 <= B Ind?

Ik *
- st wex, k2t (3.28)
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Proposition 3.1: If O & 3€¢(x), then Subroutine 3.1 will construct an

hlc satisfying (3.20) in a finite number of iteratioms. a

We are finally ready to state an algorithm for solving the

problem of finding an x € X such that ¥(x) < O.

Algorithm 3.1:
Data: x,, € >0, a >0, 8 € (0,1), y>0,86>0 .

Step 0: set k = 0.
Step 1: Sete=¢ .
Step 2: For 1 € Ie(xk)’
1f fi(xk) corresponds to a simple eigenvalue of Q(xk), compute
g = Afi(xk) (3.24)

making use of the formula (2.14).

If fi(xk) corresponds to a multiple eigenvalue of Q(xk), compute
g, = VE (x,+) (3.25)
i *x
Where d is a randomly selected vector, with ldl < 0-9¢.
- € .

Set Y {gili I (%)}
Step 3: Transfer s Y, €, Y, k to subroutine 3.1 to compute hk’
Step 4: If ﬂhkﬂ < 6c, set ¢ = ¢/2 and go to Step 2. Else continue.
Step 5: Compute the smallest integer zk.z_o such that

gk, 2
vCo -8 Thy) - w(xk) -3 llhkll (3.26)
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2(w) < oi(x,w) <u(w), for i=1,2,..,n
w€ [mo, mf] (4.1a)

1

Where £,u: R~ = Ri are continuous functions and the ci(x,w) are the

singular values of a m x @ transfer function matrix G(x,w). As in the

preceeding section, we rewrite (4.1la) into the equivalent problem of

finding an x € X satisfying

f-(w)z f_yi(x,w) iu(m)z, for 1 = 1,2,..,m

w€ [wo, mf] . (4.1b)

where the yi(x,w) = c'i (x,w)z are the eigenvalues of the positive

semidefinite m x m matrix
A *
Q(x,w) = G(x,w) = G(x,w) G(x,w). (4.2)
As in section 3, we define again

trx,0) & yix,w) - w2, for i=1,2,..,m (4.3a)
and
fi(x,m) & Jl.(l.«))2 - yi-n(x,w), for i = m+l, w42, .., 2m. (4.3)

Next, we define

V0 & max  flx,w0) (4.4)
1€2m

Where 2m = 1,2,..,2m .

Finally, we define ¢ : X -+ Rl by
A
$(x) = max  P(x,w) (4.5)
w€Q .

with Q = [mo, wf]. We note that ¥(*,*) is continuous and hencesince

-18-



But (3.28) implies that w(xk) + = ® yhich, by continuity of ¢(°),

*
contradicts our assumption that y(x ) > 0. Hence we are done. x

An important assumption in Theorem 3.1 is that the sequence {xk}

constructed by Algorithm 3.1 is in X, the subset of ]Rk

in which the
transfer function G(x,&) matrix is componentwise analytic. If we assume
that for x & X,G(x,&) has a pole at ;:, then Y(X) = « and, provided an
upper bound on the singular values is included or, we see that the
Algorithm 3.1 will automatically avoid such points.

Finally, an important and rather obvious extension of Theorem 3.1

is as follows.

Corollary 3.1: Suppose that 0 & ao\p(x) for all x € X such that y(x) > O.
If Algorithm 3.1 comstructs a bounded sequence {x.k}, then this sequence

must be finite and its last element, say Xp satisfies tb(xﬁ) < 0. n

The assumptions in Theorem 3.1 and Corollary 3.1 that O & aow(x) for all
x € X such that y(x) > 0 (or Y(x) > 0) is totally analogous to a similar
assumption made in phase I methods of feasible directions (see [19]) and
is weaker than appropriate assumptions for Newton's method to work in
solving differentiable inequalities.

We are now ready to proceed to our final stage, namely the
construction of an algorithm for solving singular value inequalities

over a continuum of frequencies.

4. A Master Algorithm for Singular Value Inequalities Over a

Continuum of Frequencies.

We now turn to our problem in its most general form, namely, find an

x € X such that

-17-



which is why the term "outer approximation" is used for the set on the
left. The Master Algorithm below, makes use of a double subscripted

} which must satisfy the following hypotheses:

sequence {ejk k>3

H1: Cxk = 0 for all k and ejk > 0 for all k > j, (4

.11a)

H2: ejkfej as k+ (4.11b)

H3: Ej\ 0 as j + . (4.11c)

There is some skill involved in selecting a sequence {e k} which

3

is particularly well matched to one's problem. However, a good rule of

thumb is to keep the €,, as large as possible for as long as possible

jk
since this results in the smallest sets of finite inequalities that

must be solved at each iteration of the Master Algorithm. A particular

example of such a sequence {sjk} is given by e,, = 100 [(j1:1)1/10
1 .,1/10, , _
_(m 1, k=0,1,2,..., and j < k.

ik

Finally, if we wish to be sure that Algorithm 3.1 will solve the
finite sets of inequalities to be constructed by the Master Algorithm,

we must make the following assumption.

Assumption 4.1: For any finite subset Qk C qQ, for every x € X such

that max y(x,w) >0,
w€ Qk

0&co U 3wo(x,w) s (4.

w€ S'Lk(x)

where

Qk(x) & {w'eﬂklw(x,m') = max Y(x,0')} . (4.

wEQk

-20-
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Q is a fixed compact set, by the Maximum Theorem p. 116 in [18], 4(°) 1is
also continuous. Thus, the problem we wish to solve, can be stated as

that of finding an ;c € X such that
$x) <0, (4.6)

We propose to solve (4.6) by decomposing this problem into an
infinite sequence of finite sets of inequalities which need to be solved
only approximately by Algorithm 3.1. Our method is extracted from the
outer approximations metho&s proposed for infinitely constrained
optimization problem in [23].

First, we must introduce an acceptable scheme for approximately
evaluating ¢(x). Let & : N ~+ I (with N, = {0,1,2,3,...}) be such
that 2(k) + = monotonically as k + = and, for k € m+, let-

W=

2, & tolw=u_ +3 T,ftr)g' §=1,2,..,000)) (4.7)
and let
4,0 & max_ ¥(x,0) (4.8)
w eﬂk

Obviously, ¢k(x) is always computable in a finite number of operations
(assuming that the c::l computations are finite). Also, given any compact

set C CX,

|¢k(x) - ¢(x)| +0ask+=, 4.9)
uniformly in C. Note also that

Ax|e, ) <0} 2 {x]¢(x) < 0}, (4.10)

-19-



Proof: We distinguish between two cases. First suppose that the
Master Algorithm jams up, cycling between Steps 2 and 3 and generates

an infinite sequence xko = xko+l B --—-, ,1i.e., X = xko

k
for all 3_ko. Then we must have ¢k(xk°) <0 for all k > k and
hence, ¢(x, ) < O.

xko

Next, suppose the sequence {xk} was constructed without jamming
up in the loop defined by Steps 2 and 3, and suppose that % LS ;.
For the sake of contradiction, suppose that 4¢(x) > O. Hence, since by
K -

continuity ¢(x,) + ¢(x) and l¢k(xk) - ¢(x.k)| + 0 as k + », and

€ j \ 0, by construction, there must exist a jo such that

j(.:v:j) > éx)/2 > € > €4k (4.16)

¢
for all j € K such that j g;jo and k > j. Since by construction of x and
2, VGq,w) <0 for all w €9, and ws € 9 for all j €K, j>j, and

k > j, we must have

¥oy,w,) <0 for all § €K, § 2 3,

and k > j + 1. (4.17)

Now, Q is compact and hence Y(°,w) is continuous, uniformly in w € Q.

Therefore we must have
Iw(xk,wj) - w(xj,wj)l +0, (4.18)

as j + =, with j, k €K and k > j+1. But (4.17) and (4.18) imply that

lim ¢, (x

’ 4.19
jEij)f_o ( )

which, in turn, implies that 1lim ¢(xj) < 0. Hence since xj 1S x and ¢(-)
JEK
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We are now ready to introduce the

Master Algorithm 4.1

Data: A set of discrete frequencies QOC Q and a double subscripted
sequence {sjk}k> j satisfying (4.11la) - (4.1lc). A function

L: N N such that P.(k)fw as k > =,
Step O: Set k = O.
gtég_l: Compute by means of Algorithm 3.1 an x, such that

'b(xk,w) < 0 for all w Eﬂk. (4.14)
Step 2: Compute ¢k(xk) and an w, € ;Zk such that w(xk,mk) = b (%) .
Step 3: If tbk(xk) <0, set x, ., = X, set k = k+1 and go to Step 2.
Step 4: Construct

Qg = {9}V {wj € le\b(xj,wj) LI }. (4.15)
Set k = k+1 and to to Step 1. B

Examining (4.15) we see the advantage in keeping the ¢ ik as large
as possible for as long as possible: this results in the largest
. removal of points wj from Qk in the construction of szk +1° It should
also be noted that a good thing can be overdone and it is best to

adjust the € ik sequence interactively, as the computation progresses.

Theorem 4.1: Suppose that Assumptions 2.1, 2.2 and 4.1 are satisfied.
Let {xk}:=0 be any sequence constructed by the Master Algorithm &4.1.

Then any accumulation point ;t of {xk}:go satisfies \p(;) < 0.
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is continuous, we must have ¢(x) < O. But this contradicts our hypothesis

and hence we are done. -

Although we are not able to establish that the cardinality of the
sets Qk remains bounded, computational experience leads one to expect
the set Qk to be small and to stay small, and hence the computation of
the X is not too difficult. The computation of W is further

facilitated by using X, as an initial point for Algorithm 3.1.

5. Conclusion:

We have shown that distributed singular value inequalities can be
solved by combining concepts of outer approximations with those of
nondifferentiable optimization. The algorithm is usable as presented.
However, since it is the first algorithm for this class of prgblems, we
expect with time to evolve more efficient versions which make greater

use of the properties of singular values.
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FOOTNOTES
! 6(x,w) is a complex valued matrix.

2 To extend our treatment to more than one frequency w, all that needs

to be done is that more fi(') will need to be defined.

3 It can be seen from the proofs to follow that we may have used Io(x')
instead of Ia(x') in the definition of asw(x). However, the use of Ie(x')

is bound to result in better computational behavior.
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and let LE be a matrix of orthonormal eigenvectors associated with the

i
eigenvalues £ (x) of Q(x). Finally, let E be a diagonal matrix

e (x-uh,h)
J* 99
whose elements are the ordered eigenvalues of e (x-Xh)|Aau LL.

Then
Ae(x-mh,h) z Ee(x-uh,h) (A3)

Thus, rather than performing a full singular value decomposition at

x-ph we only need to perform of singular value decomposition for the much
smaller matrix U:g—?; ("'Ah)l}@a Us' Furthermore, if V is a matrix of
eigenvectors for this smaller matrix, then the required eigenvectors for
the gradient formulas are the columns of the matrix LL\L We note that
whereas the calculation of eigenvectors in the vicinity of multiple
singular values by SVD is highly ill conditioned, the above described

process can be expected to be quite well conditioned.
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Appendix: Computational Aspects of Subroutine 3.1

We shall now examine some of the computational aspects of subroutine
(3.1). First, since in step 5, the test dy(x-mh;h) > - %ﬂhnz is used,
the next h computed in step 1 (say, hl)will satisfy, approximately, "hlﬂ
< %ﬂhﬂ. Obviously this process is not likely to go on for more than a
few iterations when nNr(aetp(x)) is comparable to the "diameter" of that
set. As ﬂNr(aew(x))ﬂ goes to zero, progressively more work would be
required. However, since we are not minimizing ¥(x) but only looking for
an x such that P(x) < 0, it can be expected that the work spent in Subrou-
tine 3.1 will never be excessive. It is possible to decrease this work
even further at the expense of risking to accept a somewhat worse direction
by replacing the factor-% in (3.20), (3.22) and (3.26) by 0.1, say, and
the factor % in Step 5, by 0.15, say, which results in the successive
vector h produced in step 1 of Subroutine 3.1 to drop in length by a

factor of approximately 0.15, (i.e. “hnewn < 0.150n . .1,

old
Next, it has been pointed out to us by Prof. W. Kahan, of ﬁhe
Department of Electrical Engineering and Computer Sciences, University of
California, Berkeley, that the computation required in (3.21) can be
carried out approximately without performing a full singular value de-
composition, thus resulting in considerable savings. This suggestion is
based on the observation that for £ small,
d (x-mh;h) * max dfi(x-uh;h) (A1)
i€ Ie (x)
and that the directional derivatives dfi(x-mh;h), i€ Ie (x) are approximately

given by the following formula: Let

A, Ge-mhsh) & diag(df’ Ge-mh;h)) (A2)
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