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ABSTRACT

A method for deriving dynamic security regions of power systems is
developed. A power system operating state is defined to be dynamically
secure with respect to a given disturbance if the system, starting in
that state maintains transient stability after experiencing the disturbance.
Specifically, these are regions of pre-fault angles such that the post-
fault system is asymptotically stable. The proposed approach is to con-
struct affine approximations to the nonlinearities in the transient
stability model and then derive quadratic bounds on the errors between
the nonlinearities and their approximation. These are then used to derive

sufficient conditions for a polytope of operating states to be dvnamically

secure.



1. INTRODUCTION

Security of a power system refers to its robustness relative to a
set of imminent disturbances during operation [1]. In [2], a framework
for probabilistic dynamic security assessment was established using both
steady state and dynamic security regions. The problem of finding steady
state security regions, being sets of power system operating points which
satisfy the load flow and associated constraints, is dealt with in [3].
In this paper, a method of finding dynamic security regions is derived.

A power system operating state is defined to be dynamically secure
with respect to a given fault or disturbance if the system, starting in
that state and then undergoing that disturbance, is transiently stable.

A set of such states is called a dynamic security region. Loss of
transient stability corresponds to the system failing to maintain sychronism
in operation which is, of course, a severe breach of security.

The concept of power system security was introduced by Dy Liacco
[4]. He also established a framework for deterministic security assess-
ment, in which the robustness of the system is tested with respect to a
set of selected disturbances or contingencies. For each of these con-
tingencies, a digital simulation is performed to obtain the system
response [5,6,7]. This "scenario-study" approach is also traditionally
used in transmission system planning [8]. The salient feature of this
type of approach is that, because each scenario defines system configura-
tions and a trajectory, it is possible to perform the analysis using
load flow and transient stability programmes. One major difficulty with
this approach to dynamic security assessment is the on-line computational
burden. In our framework for probabilistic dynamic security assessment [2],

the use of regions of security operation in the state space of present



operations is advocated. It is intended that these regions be computed
off-1ine. Other proposed techniques for dynamic security assessment
include the use pattern recognition [9], Liapunov functions [9,10],
transient energy functions [11], transient energy margins [12] and
transient security indices [13,14].

In transient stability analysis, a power system is generally con-
sidered as undergoing two changes in configuration: from pre-fault to
fault-on and thence to post-fault. In the pre-fault confiquration, the
power system is in a steady state condition, 6. The fault occurs and
the system is then in the fault-on condition for a fixed time period,
during which the state of the system changes dynamically. The fault is
then cleared by protective relay systems operation, moving the system
to its post-fault configuration. The state of the system then changes
according to different dynamics, the initial condition of which is the
value of the fault-on state at the instance of fault clearing. If this
post-fault system is asymptotically stable to a post-fault equilibrium
operating point, ep, then the system is transiently stable. The fault-on
dynamics can be considered as a map D from the pre-fault operating con-
dition,0, to the dynamic state value at the instance of fault clearing.

The post fault equilibrium, 8_, depends on the pre-fault operating point,

p
8, via assumptions about the way in which the steady state value of the
power injections change with configuration (e.g. they remain constant).

A map ép can be defined so that §p(e) = ep. We assume that the post-
fault dynamics have been analysed using either Liapunov or transient
energy techniques to yield a regfon of attraction to ep. In other words,
if D(8) is in this region, then the post-fault system is asymptotically

stable to ep. Thus, we shall define a region L such that if (ep,D(e))

-3-



is in L, the post-fault system is asymptotically stable. In fact, if 6

is a pre-fault steady state such that (5p(e), D(8)) 1ies in L then 6 is

dynamically secure. The problem of finding a dynamic security region

is then to find a subset of the inverse image of L under the map defined
by (8,(6),0(8)).

Evaluating D at a particular 6 involves solving a set of nonlinear
differential equations representing the generator swing eauations and
the power flow equations of the fault-on transmission network. In the
classical "scenario study" approach, this is achieved using numerical
integration [15]. Various approximations for D have been proposed
[10,11], with the aim of reducing computation time. Analytic studies of
these approximations have not been reported. Evaluating ép(e), on the
other hand, requires solving a power flow, which is a set of nonlinear
algebraic equations [16]. The DC load flow [17] is a commonly used
approximation to the power flow.

Our approach in this paper is to construct affine approximations
to D and Ep, using the derivative values obtained from one numerical
simulation of the model. Quadratic bounds on the errors between the
nonlinear maps and their approximations are then found. The affine
nature of the approximations, and the quadratic form of the bounds are
used to derive sufficient conditions for a polytope of pre-fault operating
states to be dynamically secure.

The paper is organized as follows. In section 2, details of the
model are given. This model is a generalization of a large
variety of transient stability models to which Liapunov and transient
energy techniques have been applied. Further details of the approximation

and bound philosophy are given in section 3 as well as the fundamental



circuit theoretic lemma upon which most of the analysis is based. In
sections 4 and 5, the affine approximations and bounds for D and ep,
respectively, are derived. The sufficient conditions for a polytope to
be a dynamic security region are presented in section 6. In section 7,
we apply the preceding analysis to a slightly different transient event.
Here, we are considering the case of instantaneous changes in power
injection or of a single switching action on a line.

The notation used in this paper is standard. R, is the set
{z€R:z>0}. Ifx,y Ean, then the vector inequality x <y implies

the partial ordering relation X < Yy for all k = 1,...,n, where x

k
th .. . mxn
refers to the k™ component of x. Similarly, if AER™", then [A]ij
is the 1, jth entry of A, For x € R", Ixl denotes any norm on R",

n
while lxl; and Ixl_ denote kgllxkl and max{|x, | : k =1, «+¢, n}
respectively. B(x,A) is the set {z € R" : lz-xl < A} and B_(x,1) is
{z € R":Hz-xﬂm<g A}. The statement "x := E" implies that x is defined

by the expression E.

2. TRANSIENT STABILITY MODEL

2.1. General Features

The sequence of events considered for transient stability analysis
of power systems are the following. The power system is in steady state
prior to a balanced three phase fault occurring on the transmission net-
work. The fault is then cleared by the protective relay system. The
model for transient stability analysis therefore has three components:
pre-fault, fault-on and post-fault. The pre-fault system is in steady
state and is represented by power flow equations. The fault-on system
is represented by a differential equation corresponding to the generator

swing equations and the power flow equations of the transmission network
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with the faulted line [15]. The post-fault system is again a dynamic
system. The steady state condition of the post-fault system is represented
by power f]ow eguations. The stability of this system is represented by

a Liapunov region [18] or by a region established using transient energy
functions [11,19].

These three components are coupled together in the following fashion.
Suppose a pre-fault equilibrium angle is specified. Then the vector of
steady state power injections is determined by the pre-fault load flow
and is assumed to remain constant throughout the fault-on and post-fault
periods. Thus

(i) The fault-on dynamics contain a term in the pre-fault angle,
representing the dependency of the swing equations on the injections.

(ii) The initial condition of the fault-on dynamics is a linear
function of the pre-fault angle.

(iii) The post-fault network is asymptotically stable if the value
of the fault-on state at the time of fault clearing is in the Liapunov

stable region.
(iv) The post-fault equilibrium angle depends on the pre-fault

equilibrium angle via the constancy of steady state power.
(v) Finally, the Liapunov stable region depends on the post-fault
equilibrium angle [18].
The model is given in detail below. It can easily be seen that it
is a generalization of the models in [11,18,19] and thus represents a
wide range of transient stability formulations to which Liapunov or

transient energy techniques have been applied.

2.2 Prefault System

We assume the network has n busses, excluding the slack bus. The

steady state power injections, p €R", and the pre-fault equilibrium
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3 flow equations
angle, 8 GIR", are related by the decoupled real power q

(11,18,19,20].

| (1)
f (8) =p

T (2)
£,(6) = Ajg (A®)
nxg 2b zb
Hence, A0 €R ° and 90 :R 7 +R ” where

g (0) = (501 (91 9210) 305 (7 ) (3)

Further, g  is assumed to be twice continuously differentiable. The pre-
* 20
fault angle, 6, is said to be a stable equilibrium if the Jacobian,

f'(8), is positive definite. A justification of this definition is
0 b h

given in [18].
Remarks. 1. Although it is not assumed for the work in this paper,
Ao is generally a reduced node incidence matrix [21,p. 417]. In this
case, 20 is the number of branches in the network and the kth component
of 9y Written 9ok :R +R, gives the power flow in the kth branch as a
function of the angle difference across that branch. The decoupled
nature of 9, @S seen in equation 3, is equivalent to assumming no two
branches of the network are coupled. It has been shown [18,22] that
equation 1 cén then be interpreted as the node equations of a nonlinear
resistive network. We will have occasion to refer to this analogy.

2. Under the assumption of lossless transmission lines,

gok(ok) = Yksin(ck) where Yk s a positive real constant [8,ch 7]. .



2.3 Fault-on System

The fault occurs at time t = 0 and is cleared at time t = tF.
Suopose that the ore-fault equilibrium angle is 6. Then it is assumed
that the fault-on system at time t € [O,tF] can be represented by a

state vector x(t) €R™ given by the solution of
x(t) = E x(t) + fy(x(t)) + Ff, (9) x(0) = Go (4)

where £ €ER™™ F eR™" g eR™" and fy : R" = R"™ is Lipschitz contin-

uous and is given by

F4(%) = 849,(A%%) | (5)

mx!Ld SI,d !Ld
Hence, Bd and Ad €R and 94 :R ~ >R " such that

gd(c) = (9d1(0]),9d2(02).--.ugdzd(%d)) (6)

94 is also assumed tobe twice continuously differentiable.

Examining equation 4, it can be seen that the state at time t = te,

x(tF), is uniquely determined by 8. Thus, a map D : R" > R" is defined by
0(8) := x(tF) (7)

That is, D maps a pre-fault equilibrium angle into the corresponding

fault-on dynamic state at the instance of fault clearing.

Remarks: 1. Equation 4 can be seen to be a generalization of the
transient stability models used in [11,18 and 19]. Soecifically for the
case of the model of Bergen and Hill [18], the matrix Ad is composed of
the reduced node incidence matrix of the faulted network and some zero

blocks to remove the frequency terms in the state vector. Thus the term



gd(Agx(t)) is the vector of real power flows in the branches at time t.
fo(e) is the steady state value of the injected powers.

2. The generality‘of the model presented.in this section thus
allows for loads which vary dynamically in time [eg. 18]. However we
shall still require that the steady state values of the power injections

remain constant throughout the event. =

2.4 Post-Fault System

2.4.1 Equilibrium: It is assumed that the post-fault network also
has n busses, excluding the slack bus. In a fashion similar to the pre-
fault case, if ep €R" is the post-fault equilibrium angle and p eRr"

the steady state injections then
fleg) = p (8)

where fp : R" ~R" is the post-fault load flow function. It is assumed

to have the form

£(8) = Ag (Alo) (9)

nx4 2

L
=~ p . .
where Ap €R ~ and gp :RP>RP is twice continuously differentiable

with the form

gp(c) = (gp1(c]),gp2(02),...,gp2 (0, ) (10)

P P
The post-fault equilibrium angle, ep, is said to be stable if the

Jacobian, fé(ep), is positive definite.

2.4.2 Stability Set: We represent the post-fault dynamics by
defining a stability set L cR” x R" by the following property. Suppose

n . ~
ep €R" is a stable post-fault equilibrium and X €R™ is the initial



condition of the post-fault dynamical system (i.e. the post-fault

dynamical state at time t = tF). If
(8_,X) €L (11)
then the post-fault system is asymptotically stable.

Remarks: 1. The fault-on dynamic state at time t = tes x(tF), is, in
general, the initial condition for the post-fault dynamical system, ;.

2. It is more usual, when refering to Liapunov or transient energy
stability techniques for power systems, to calculate a set V(p) CRr"
with the property that if p €R" is the steady state post-fault injections

and £ €R" the post-fault initial dynamic state and if
% < V(p) (12)

then the post-fault system is asymptotically stable. That is, V(p) is a
domain of attraction [23, p.8] of the post-fault dynamical system to a
stable equilibrium when the injection is p. The stable equilibrium in

question will be the dynamic state corresponding to sp where ep is a

solution of the following nonlinear problem.

- \ . Cs . 13
fp(ep) p and fp(ep) is positive definite (13)

That there might be more than one such ap and that V(p) might consequently
be disconnected is immaterial to this discussion.

A region L can then be found using the following procedure. A set
I CR" is selected such that for each ep € I the Jacobian fé(eo) is

positive definite. Then L can be the union of the cartesian products of

ep and V(p) where p = fp(ep). That is,

-10-
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= U {8} xV(f(e (14)

L eer{ p} ( p( p))
P

In this fashion the state space of the problem is augmented to obtain a

single stability set. =

2.5 Problem Statement

We seek a set of dynamically secure pre-fault equilibrium angles.

A stable pre-fault equilibrium angle, 9 E]Rn, is said to be dynamically
secure if the resulting dynamic state at fault clearing, D(8) EIRm, is
an asymptotically stable initial condition for the post-fault network.
Since the steady state power injection is assumed to remain constant in

time, it is sufficient that
D(8) € V(fy(8)) (15)
Thus, we define a dynamic security region in the pre-fault state space to be

a9y A gert: f1(0) is positive definite
and aep €R" such that

(1) (8, = £,(8)
(i1) f&(ep) is positive definite
(iii) (ep,D(s)) €L} (16)

In (2], a dynamic security set, Qd’ was defined in the space of injections.
This is the image of ﬁﬁ under the map, for (i.e.‘fo(ﬁa)) and is thus a
set of injectious such that for each p € Q40 there exists a dynamically
secure pre-fault stable equilibrium, 8 €R" such that p is the associated
injection (i.e. p = fo(e).)

In equation 16, the constraint "fo(e) = fp(ep)“ expresses the

assumption of constant steady state power. It will be shown below
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(section 5) that it locally defines an implicit function ép : u0 - R,

where l]o CR". That is, ¥8 € GO

£(8,(0)) = £,(2) (17)

so that §D maps a pre-fault equilibrium into a post-fault equilibrium
with the same injection.
A set of dynamically secure states would be (§DxD)'1(L), the inverse

image of L under the map 50 x D : Go +R" x R™ where
(8,x0)(s) = (8 (8),0(8)) (18)

Both 5p and D are nonlinear and no closed form expression for the inverse
operator is known. Evaluating éo and D at a particular point 8 involves
solving a nonlinear algebraic eqﬁation and a nonlinear differential
equation, respectively. In this paper, we develop a viable method for
finding a subset of the dynamic security region, (éoxD)'1(L) in the

space of pre-fault equilibrium angles.

3.  EXACT TAYLOR SERIES ANALYSIS

3.1 Solution Approach

The method developed in this paper for finding a dynamic security
region in the prefault anqgle space is based on expanding the nonlinear
maps D and ép in the above model about an operating point & to exact
three term Taylor series. The first two terms correspond to the linear-
ization of the maps D and 50. We then obtain bounds on the third terms
and use them to derive quad%atic bounds on the difference between D and
its linearization, and between ép and its linearization. In the final
part of our analysis we derive a condition under which a polytobe in the

pre-fault equilibrium angle space contains only dynamically secure angles.
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That is, the image of this polytope under §p x D lies in L. Verification
of this condition requires only evaluation of the linearized maps and the
quadratic bounds. Only one solution of the full nonlinear model, to
obtain the derivative values and the operatfon point, is required for

verification of the security of an entire polytope.

3.2 Linearization

The process of Taylor series expansion of the model is most easily
seen in the treatment of the map D. Suppose that 8 €R" is a stable pre-

fault equilibrium and x(:) is the corresponding fault-on trajectory i.e.
x = Ex + f4(x) + FF (8) x(0) =6 (19)

Suppose, in addition, that for vy EIR", xy(') is the fault-on trajectory

when the pre-fault angle is 8 + y, so that

x, = Ex + fy(x)) + Ffo(ory) x (0) = G(e+y)  (20)
Thus

D(e) = x(tg)  and  D(s+y) = x (tg) (21)
Defining

sY(t) = XY(t) - x(t) (22)

from equations 19 and 20 we obtain
e, = Ee, + fylxre ) - Fy(x) + FIf (6+y) - £ (3)]
aY(O) = Gy (23)

This can be re-written

&= [E+ fy(x)e, + FFL(8)Y + ry(t,y) + r (v) (0) = &y (24)

(O]

Y
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where

rq(tsy) = fd(X(t)+sY(t)) - falx(¢)) - f&(x(t))sy(t) (25)
and
roly) := FLf,(9+y) - fl8) - f(e)v] (26)

The terms rd(t,y) and ro(y), which are both functions of y and 3, are
the third terms in a three term Taylor series expansion of fd(x+eY) and
Ffo(e+y), respectively. They are thus given by [24, p.190]
1
ry(toy) = [O<1-x>f;<x(t>+xeY(t>>~(s (t),e (t))dA (27)

1
NORERIEVACIORIRT (28)

where the notation f"(o):(8,3) implies the second derivative of f
at a, evaluated as a bilinear operator at (8,8) [24, p.179]. If rd(t,Y)
and ro(y) are small, then the linear part equation 24 forms an

approximation. That is, EY(t) = eY(t) where

2, = I8+ Fy(0l2, + PR (e)y 2 (0) = 6 (29)

Thus €Y(t) is a linear function of y. In the language of small signal
analysis of nonlinear circuits [21, pp.91-95], EY(t) is the linearized
output perturbation when the input is y away from its quiescent value, 6.
(The input, in this case, is the initial condition).

Our approach is to bound rd(t,y) and Q)(y) using their specific
form as derived from equations 2,3, 5 and 6 and then to use the Bellman-
Gronwell Lemma [25, p.38] to thus obtain an upper bound on

“sy(tF) (tF)"' Since 0(8) + sY(tF) is affine in vy and

- &
Y

ID(o+y) -[0(8)+e (tp)i = 1€, (tg) - e (te)l (30)



we thus have an affine approximation and error bound. A similar but
more sophisticated approach is used to deal with the variation of the

post-fault equilibrium angle with the pre-fault equilibrium angle.

3.3 Bounding The Third Terms

rd(t,y) and 'b(Y) depend on eY(t) and y respectively in a very
complicated fashion., However, if, in equations 27 and 28, the points of
evaluation, x(t) + AeY(t) and 9 + \y, are ignored, these expressions
become quadratic in eY(t) and y. Thus, it makes sense to seek quadratic

bounds.

In order to consider both these terms simultaneously, as well as a
n; n
.. . . o . .
similar term in fo, a function f : R ' +R  is defined by

£(z) = Bg(A'z) (31) .

nixz noxz 2 2
where A €R », BER and g : R” - R” is given by

g(0) = (gy(07)595(05),...,9,(3,)) (32)

g is assumed to be twice continuously differentiable. It can be seen
that, by appropriate choice of Nis Ny %2, A, B and g that f generalizes

any matrix multiplied by fo’ fd of f The following lemma gives an

o’
upper bound on

1
I f(z+p) - f(z) - f'(z)el = Hfo (1-2)f"(z+rp) - (p,0)dAl (33)

Lemma 1:

Let £ E]Ri and define

" T
S(g) := {p€R " : -E<Ap <&} (34)

n.
Let z €ER 1, g = ATz and for each i € {1,...,2} let a, €R, such that

.}

a; > max{lgg(ci+51)[ N ;

< .
i i<

<
i —

vy
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For each j € {1,...,no}, let Qj be the diagonal £ x 2 matrix with i,ith

entry
1
? {[B]jilai

Under these conditions, ¥po € S(&)

(1) {jth component of f(z+p) - f(z) - f'(z)pl 5.oTAQjATp (35)
(2) If k, €R, such that
n

il <k i, we&R° (36)

then
. TyaaT

1f(z+o0) - f(z) - f'(z)ol < 0 AQA'D (37)

. o n;xn,
where 0 = k. ¥ Q. €R .

(3) AﬁAT and AQJ.AT are positive semidefinite svmmetric matrices. =

Remarks: 1. The bounding technique in Lemma 1 can be interpreted as
follows, in the case where B = A is the reduced node incidence matrix
and f is the node admittance function of a nonlinear resistive circuit.
By bounding the voltage perturbations in each branch (equation 34),
1imits can be found for the branch current swings and hence for the node
current deviation (equation 35).

2. If f is a load flow function such as fo or fp, then S(£) can
be considered as a set of constraints on line angle deviations. These
naturally arise from line power flow constraints in the study of steady
state security [3].

3. 5 and Qj depend on z and &, but are independent of p. In the
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case where g. is a constant multiplying a sinusoid, the calculation of
i

a. is trivial.
! n

4. Values of kn for different norms on R - are available in
{26, p.170]. =
Proof

Consider o € S(£) and let & = ATp. Thus

-££8<¢
and f(z+o) - f(z) - f'(z)o

= B[g(o*8) - g(0) - g'(0)¢]

= 8 vec[g;(0;+3;) - g;(0;) - gi(0;)6,]

=B vec[6§ [; (1-3;)g5(o,#A;8,)dA, ] (38)

where the terminology vec(xi) means x, a vector in]Rz with ith component

X; . It follows that

ljth component of f(z+p) - f(z) - f'(z)o]

2 1
n 2
I [0(1-xi)|gi<oi+xiai)|dxi o
2
1, L2
< Z l[B]J1| 73 "%

aTojs = o'aqATo

which proves part (1) of the lemma. Part (2) follows immediately and
part (3) is true because Q and Qj are diagonal with non-negative entries.

q.e.d.
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4. THE FAULT-ON DYNAMICS MAP

The analysis of the fault-on dynamics is herein completed. Our
method does not require that a solution to the exact fault-on dynamics
(equation 19) be found. Instead, an approximate quiescent trajectory
can be found by replacing the nonlinear part of the dynamics, fd, with a
simpler term, ?d. This Tatter might be, for example, piecewise linear
[27] or any other functidn which approximates fd but renders the
differential equation easier to solve.

In section 3 (equations 19 and 20), x(-) and xY(') were defined to
be the trajectories of the fault-on dynamics corresponding to pre-fault
equilibria 6 and e‘+ Y, respectively. Now suppose %d : R™ > R™ is

Lipschitz continuous and that there exists e, G]R+ such that
sup{lify(z) - Fy(2)l : 2 €R™ < e, (39)

Thus, equation 19 remains unsolved and instead y(:), our approximation

for x(-), is found from
y(t) = Ey(t) + Fyy(t)) + FF (o) y(0) =68 (40)

In the spirit of equation 29, for each y €R", define EY(t) eR" for
t € [O,tF] by

£ (1) = [EFFy(y(£))IE () + Fi(o)y £ 0) =6y (41)

Note that the exact fault-on dynamics derivative, fé’ is used in this
linearization but that it is evaluated at the approximate quiescent
trajectory, y(t) and not at the exact value, x(t). Thus, we place no
restrictions on ;d other than equation 39 and those necessary to ensure

the existence and uniqueness of a solution to equation 40.
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Equation 41 has a closed form solution in terms of &(-,*), the
state transition matrix [25, p.63] associated with the matrix function
t > E+ fily(t)),

It is

EY(t) = ¥(t) v (42)

where ¥(t) €R™M is

t
v(t) := 6(t,0)G + JOQ(t,T)dT FF: (0) (43)

Note that ¥(-) depends only on y(-) and not on y. Our approximation for
D(e+y) is y(tF) + ?(tF)y and a bound on HxY(t) - [y(t)+¥(t)y]l is thus
sought.

To this end, we apply the Bellman-Gronwell lemma to obtain lemma 2
below. First, however, it is useful to make the following definitions.

For y €R", t €[0,t;], let

Paltay) o= Fyly(e)r(t)y) - fyly(t)) - Fily(t))w(t)y (44)

Comparing this to equation 25, we see that x(t) has been replaced by

y(t), and ey(t) by a linear approximation EY(t) = y(t)y. Also, let

kg 1= TED + kg (45)
where kf is the Lipschitz constant of fd.
Lemma 2:
For all t € [0,t.],
-1, kgt
uxY(t) - [y(t) + w(t)y]N < kg (e -1)(em+ur0(y)u)
t k (t-1)
+ f IR, (tle ¢ ar n
0
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Proof

From equations 19, 40 and 41, it is easily seen that

x, = (y4) = EDx, - ()] + Fylx) - Fylyss)

+ fd('Y) - fd(y) + rO(Y) + ?d(t:Y)
Integrating and taking norms yields
g ¢ g I
Bag(8) - (O, (0 < g [ D) - Dy(e)sz, (s

t
+ (e tIr (M)t + f I1#y(t.v) lde (46)
v 0
Applying the extended Bellman-Gronwell lemma [25, p.38] to equation 46
and integrating by parts, we get
t kd(t-T)
Ix_(t) - [y(t)+E ()] < J [e + Ir (y)I + 1f,(t,y)1] e dr
Y Y -lg = 0 d

whence the Temma follows

q.e.d.

Lemma 1 is now applied to convert the terms lr (y)I and H?d(T,Y)ﬂ in
Lemma 2 into quadratics in y. To achieve this, we need the following
definitions and assumptions.

%o
Let & EJR+ . Define

So(E) 1= {y €R" : -g < AEY < &} (47)
R(E.t) = {¥(t)y €R™ : -£ < Aly < £} = 9(t)s, (£) (48)
4
For each Eq eIR+ , let
§d(£d) = {z er" : —gd hY AgZ < Ed} (49)
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Assumption Al

d

2
For each t G[O,tF], there exists a n(t) €R_"~ such that

R(g,t) C §d(n(t)) (50)
That is, ¥t € [O,tF], ify € so(g) then EY(t) € §d(n(t)) n

Remark: If AZ is of rank n, then assumption Al is satisfied. This is
true because, if Ag is of rank n, So(g) is compact and its image under
the continuous map y = ¥(t)y, which is R(£,t), is also compact. Thus,
this latter set is bounded in R" and a n(t) EIR’Ld can thence be found so
that it is included in S'd(n(t)). In the case where A, is the reduced
node incidence of the pre-fault power system, it is sufficient for this
network to be connected [21, p.417]. n

2
For each t € [0,t.], we define p(t) ER ¢ by

o(t) := Aly(t) (51)
and, for each i € {1,...,R,d}, let bi(t) €R, such that

b, (t) > max{[gy;(p,(t)+z;)] ¢ -n;(t) < z; < n.(t)} (52)
Let Qd(t) be the 2, x %, diagonal matrix with i,ith entry

1 m
7 L 1Balylbs(0).

j= 9 mx2

.. T 0 > 0 . s

Similarly, let o := Aoe €R " and B := FA0 €R . For each i in
{1,...,20}, let c; €R,_ such that

c; 3max{|g;1.(o1.+z1.)|: -5y 2z, < &) (53)

. 1 m .
Let Q, be the &, x &, diagonal matrix with i,ith entry = ¥ | [B]..|c..
551 Jithi
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Theorem 1
Under assumption Al and if kn is a norm bound described in the

hypothesis of lemma 1, then ¥y € Sy(E), ¥t € [O,tF]

Ix (t) - Dy(t)+e(t)y]0 g,YTNd(t)Y + ey(t)

where
Ng(t) =k I; W(r)TAde(T)AgW(r)ekd(t-T)dT
+ knk;‘(ekdt-1)Aoqug
and
e4(t) = k;](ekdt-l)eco

Further, Nd(t) is positive semidefinite symmetric in R™".

Remarks: 1. The proof is immediate from lemmas 1 and 2.
2. A consequence of this theorem is that, under these conditions,

¥y € 8 (&)
ID(+y) - Dy(te) + w(tlyIl < yINg(t)y + ey(ty) (54)

That is, the error between the approximate state at the fault switching
time and the exact state is less than YTNd(tF)Y + ed(tF).

3. The approximation y(-) can also be chosen as an approximate
solution to equation 19 rather than as the solution of a differential
equation. We only insist that y(-) be continuously differentiable and
that y(0) = Go. It might be obtained using approximate numerical
integration or as some convenient form, such as a sinusoidal waveform [11].

In this case, ?d is defined on the set {y(t) : t € [0,t.]} by
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fy(1)) := y(t) - Ey(t) - Ff (0) | (55)

and e, by
sup{If(y(t)) - Fly(e))l : t € [0,t.]} < e (56)
The results of this section would then remain unchanged. H

5. PRE-FAULT TO POST-FAULT EQUILIBRIUM MAP

In this section, the dependency of the post-fault equilibrium angle
on the pre-fault equilibrium angle is studied. The objective is to repro-
duce the above approach, dealing now with the equilibrium map. That is,
we aim to find a linear approximation for the perturbation in the post-
fault equilibrium when the pre-fault equilibrium is disturbed y from its
quiescentvalue 8 and a bound on the error involved in this approximation.
Recall that the pre-fault and post-fault equilibrium angles are coupled

by the constancy of power assumption.
*

P
fault and post-fault equilibria with the same steady state power injec-

Specifically, suppose 8 and o eR" are respectively stable pre-

tions. That is
f(6)) = £ (6) (57
p'O/ = To'® )

*
We seek a cpY €R" such that ¢ + y and ep + ¢Y are pre- and post-fault

equilibria with the same injections. That is
£ (67+9.) = F (%) 58
olBpte ) = f (B+y (58)

We first find a Tocalmap ¢ : v ~ ¢Y using the implicit function theorem

[24, p.270]. Define o : R" x R" -+ R" by

8(v,0) := f (8 %e) - f,(e+y) (59)
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Thus,

A(0,0) = 0 (60)
and

3 _ arfa¥

35 4(0,0) = f1(8)) (61)

% *
Since ep is a stable equilibrium, fé(ep) is symmetric positive definite
and thus nonsingular. Hence, there exists Uo and up, neighborhoods of
zero inIRn, and a twice continuously differentiable map ¢ : uo > up with

the properties that
graph(4) = {(v,¢) € Uy x Uy : A(y,¢) = 0} (62)

and
g | - ] '] ! 2
§'(0) = [f(8 )1 'y (e) (63)

Thus ¢ can be expressed as a function of vy in a neighborhood of zero and
vy + [fé(e;)]’]fé(e)y is a best linear approximation to that function in
that neighborhood.

Note the equation 62 also establishes the existence of the map

-~

ép 2 Uy >R" referred to in section 2 (see equation 17). ép and ¢ are

related by
*
8 (9+y) = 6 + 9 yy € u (64)
J(8+7) = 0+ 3(v) .
Further,
i ={ety : yE U} (65)
) 0

Our method does not require an exact solution of equation 57 for

%* *
the post-fault equilibrium angle ep. Suppose that ep is unknown and,
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instead, ep eRr" has been calculated such that

I7,(6,) - fole)l, < e (66)

m

where en is some positive parameter. In practice, this corresponds to

terminating some iterative solution scheme for equation 57 when the power
mismatch, ﬂfp(ep) - f,(8)l,; is sufficiently small. Defining

:= f'(6) and J_ := f'(8 67

Jo 3= fol8) and 3 2= (8 ) (67)

* -
our approximation for ep + ¢Y is now 6_ + Jp1

P
* _'l
I(e_+ - +
(GP ¢Y) (ep JP

Joy)Hwis now sought. The technique used is to pose the
above as an existence problem. To achieve this, some definitions and

JOY, so that a bound on

assumptions are required.

Assumption A2

AD is of rank n
Remarks: In the case where Ap is the reduced node incidence matrix

of the post-fault network and this network is connected, then part (i)

of the assumption is valid [21, p.417].

u
L R -
Let £ €R,, &, €R,” and 8 ER,. Define
S,(6) = (Y €R" : £ <Ay < €) (68)
n T
- - 69
Sy(8) = (§ €R" : - <A S <E] (69)

From Lemma 1, there exists positive semi-definite symmetric matrices

N0 and Np in Rnxn such that
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T

I£,(6+y) - £,(8) - Fi(8)yl < v'NyY ¥, € 5,(8) (70)

I£(0+¢) - £ (8) - (8 )olh < qudi) VeSS (e) (1)

Note use of the 1-norm here.

For each NS {1,...,2p}, let A?j =R" be the jth column of A_. Let

p
T p
= <
Apep R

Assumption A3

vje{1,...,2
J p}

m1n{ng(o +z |z | < g + BHA?jH (72)
)=
Remark: If g' (c ) >0 for all j € {1, ..,z }, then, by the continuously

pJ
differentiable nature of gpj( +), there exists a E €R p and a B GIR
such that assumption A3 is valid. ng(OJ) > 0 is a sufficient condition,
under assumption A2, for ep to be a stable equilibrium. This follows

from

f(8,) = Ag:(o )A; (73)

In the case where gpj is a positive constant multiplying the sin function [18],
it is sufficient that the magnitude of the angle difference across each
transmission 1ine is less than w/2. This latter condition usually arises

in steady state security studies from thermal 1imits on power flow.
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For each j € {1,...,£D}, we define dj €R, by

in{q" 2. .+ glAP .| 74
0 < dj §_m1n{qu(0j+zj) .|zJ|_§ EpJ + 8 _JH} (74)

Let M be the zp X 20 diagonal matrix with j,jth entry [M]jj = dj' Let

o E]R+ be such that

0<a g.min{zTApMAgz dlzll = 1} (75)

Remarks 1. Such an a exist since, under assumption A2, Ap ; is positive

definite.

2. In the case where Ap is the reduced node incidence matrix of the

post-fault network, there exists a simple technique for calculating a.

Consider an electrical network with graph described by Ap and with jth

branch conductance dj >0. Fork=1, ses, n, let
-1
o1k T T k .
o = (1) (Awas) 1 (76)

h

where lF is the k* standard unit basis vector in R". o is then the

voltage at node k when a unit element source is connected to node k and
all other nodes are left unconnected. Then

. T T, . _ RS B e
min{z ApMApz :hzll =1} = m’"ﬂuk k=1, , n} (77)

This result can be derived from simple linear circuit theory considerations.

T

Equations (76) and (77) remain valid when ApMAp is a Stieltjes matrix

[28, p. 54] with a diagonally dominant inverse. =

Let NS be the positive semidefinite symmetric n x n matrix

N := % (0 3= g7t

7
. opppJo+N) (78)

(s}

and ey €R, be given by
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Further let SSC R" be defined by

S 1= J310 8 (6) Nsy(8) N (z€R" : 2

s 0 “p~p*°p NgZ < B - e} (80)

Here, it is implicitly assumed that 8 > e.

Theorem 2
Under assumptions A2 and A3, for each y € Ss’ there exists a unique

¢ €R" satisfying
*
(1) F(8,%0) = fo(6+y) (81)

and

* -
(2) Do +0) - (e+3T10 )1 < 4Ty + e (82)

S

Also, v‘e‘p E!—R'w(ep-!-J;] l‘)(gp) is positive definite and thus

* — *
fé(ep+¢) is positive definite. That is, ep and ep + ¢ are stable post-

fault equilibria. o

T,
JOY,Y NSY+eS), f

Proof

Fix vy in S, and define h : R" ~R" by

n(u) := £ (6 w7 grh) - folory) (83)
and Tet
B := YTNSY + e (84)

We seek to prove that h has a zero inside the closed ball §;(O,B). For

suppose there exists afi€ B_(0,8) such that h({i) = 0. Then

f (e +J']

2(6,+07 10 v4) = £ (o+y) (85)
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Defining

A -1
=9 +1J
¢ P

J 6 + 1
p of "~ T H

and substituting into equation 85, we get
£ (0.+6) = f(o+y)
p'Op*®) = Tol¥y

and, from equation 86,

1

* N
l - - I =1yl
(0549) - (0,437 9gv)1, = 100 < 8

Equations 87 and 88 are the existence part of the theorem.

(86)

(87)

(88)

Thus, we need

to establish the existence of a zero of h in B _(0,B8). This is achieved

using the following variant of the Leray-Schauder fixed point theorem.

Existence Theorem [28, n.163]

Let C be an open and bounded subset of]Rn, and h

tinuous. If there exists a u € T such that
(u-3)Ti(u) > 0 ¥u € ac

then h(1) = 0 for some p € T.
It is thus sufficient to establish that
whiy) >0 Y3yl =g

From equation 83, it can be seen that
wTh(u) = v(u) + ulw)

where

1

2T -1 -
v(u) e= W LF (800, Jovhu) - (8 +d

p™p Jov)]
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=
~~
=
—
!

= 0 + - Jd.yl
H [fp( o*p JOY) fol®) p(ep)dp Jovl

W [Fg(ety) - £o(8) = Fo(e)] +ullf (8)) - Fo(0)]  (93)

Our strategy is to obtain an upper bound on |w(u)| and a lower bound on
v(n) for all u such that lul =g, and thus show that the sum of these two
terms is positive.

First, we address the v term. Consider u €R" such that lul_= 8 and

2
define & and 6§ €ER P by

§ 1= Aly (94)
p

Vv . AT -1

G 1= Ap(8+3013gY) (95)

1

From equation 80, J; Joy € Sp(gp) so that ¥j € {1,...,2._},

v Y
.- O, . . IAF
o oJI < ng and |5J| < B A'J ] (96)

Further, since YTNSY < B - e., we get that

S

0i3i§ (97)

We conclude from equations 96 and 97 that ¥x € [0,1]

Vv D
S5 + Aéj S [oj - p - 3HA ‘P s + g + BHA ﬂ]] (98)
Thus,
viu) = 6 [gp(3+ ) - g.(3)] (99a)
)
P o (I
= - d 99b
321 3 Io b (850585 )dn, (99b)
)
P 2
s d. 99¢
2 jZ] 6J dJ ( )
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= §'M§ (99d)
CTh T
e AMA (99¢)
2
> allull? (99f)
= oB? (99g)

Equation 99b follows from the decoupled nature of gp(see equation 10) and
an exact two term Taylor series expansion [24, p.190] for gpj(¥j+6.).
The validity of equation 99c can be seen from equations 74 and 98. The
inequality in 99f follows from equation (75).

We now obtain a lower bound on the w term, using Holder's

inequality. Let p €R" 3 Iyl =g. Then

XCRIE v

-1
M + - -
[w(u)| < Il fp(e J-' y) fp(ep) fo (8,095 9,

P po

+ Il IF (8+y) - £ (0) - £1(6)¥l,
+ Il I (0)) - £, (0)] (100)

Since vy € J;]JDSP(ED) N So(g), from equations (70) and (71) and from
equation (66) '

) < YT 0 W ooy + vTgy + e (101)

Thus, from equations(78),(79), (84) and (99g), Yu € ]RnIBIIulloo =g
lw(u)| < o8’ < v(n) (102)

and it follows that uTh(u).Z 0, and the existence part of the theorem
is thereby proved.
We establish uniqueness by showing that there exists a v > 0 such

that V@p €B_(0 +° Y y,e+{)'),fr')(5p) is positive definite. For then it

P p o
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follows that fp is injective<n1§;(6p+d;]Joy,B) [28, p.143] and thence

that ¢ in the theorem is unique.

R -1
Consider B_ := 6_ + J
onsider p P P

12] < 8. As used in equation 99c, we have ¥j € {1,...,2p}

Joy + 2 + 7 where 2, 7 €R" such that

9.5 &+ (AP )T2) > d; > 0 (103)

Since each g&i is continuous, there exists a “j > 0 such that whenever

llzllc’° < v,

J
- (aP \Ts P T3
(5. +(AP, + . >
ng(Xj (AP)'2 + (A°)'2) > 0 (104)
- = -1
Defining v := min{v;,...,v, } > 0, we get that whenever epéiBw(ep+Jp JgYs
B+v), the diagonal matrix gé(AE@b) has strictly positive diagonal entries.
Since Ap is full rank, the Jacobian
- Tx o7
f'(6.) =A_g' (A6 )A 105
1(8,) = A ol (ATE AT (105)
is positive definite [21, p.768]
q.e.d

6.  POLYTOPES OF DYNAMIC SECURITY: SHORT-CIRCUIT FAULT

In this section, the results of sections 4 and 5 are used to derive
a sufficient condition for a polytope inR" to contain only dynamically
secure pre-fault equilibrium angles. These results are first presented
in summary form.

From theorem 1, we have a convex set Sd C]Rn, ey €R, and a positive

semidefinite symmetric matrix N e R™" such that ¥y € Sy
ID(o+y) - (y+en)l < v'Ngy + e (106)

Note that for simplicity we have not shown explicitly the dependency on
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t and it is understood that the appropriate functions are evaluated at
t=t (eg. Nd=Nd(tF),W=?(tF)). Further, we have renamed SO(E) as Sy.
From theorem 2, there exists a convex set SS Can, eg €R, and a

positive semidefinite symmetric matrix NS €R™ such that ¥y € SS

18,(8+v) - (8, +kV)I_ < Yoy + e (107)
Note that here

vo_ =1 nxn

K := Jp J, ER (108)

Recall from section 2 that a stability set L CR" x R™ was defined,
in terms of the abéve notation, by the following relation.

If y €84S, and (5p(6+y),0(6+y)) € L then 8 + vy is a dynamically
secure pre-fault equilibrium. The following theorem gives a sufficient
condition for a polytope of pre-fault angles to be mapped by 50 x D

into L.

Theorem 3
Assume L is convex. Suppose @ is a polytope in R" such that for

each vertex y of Q,
B (68 +K{,9TN_f+e ) x B(y+¥$,5N fte ) C L | (109)
mpY’YSYS YTEYSY NyYTey

Then, ¥y €@ N 53 N S,

(6p(e+y), D(e+y)) € L (110)

and hence 8 + y is a dynamically secure pre-fault angle. In other words,

if we define the set addition @+ {8} by {8 + vy : y € Q}, then

(sgns.na) + {8} €7y (111)
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Remark: Here, B refers to the closed ball using the arbitrary norm of
sections 3 and 4 while B_ is defined using the infinity norm as in

section 5. o

Proof

Let v € Q and w, €'§(0,YT

Novteg) and wy € §w(0,yTNdy+ed).~ It is
then sufficient to show that (ep+Ky+ws,y+Wy+wd) € L. Let {?J}?=] be the

m vertices of Q. Then there exists A >0, j=1,...,m such that

g LN (112)
A; =1 and y= ) A4 112
=1 =1 J
For j = 1,...,m,let
ac; = (3TN §34e_ and q,. = (99)Th gT%e (113)
sj s s dj ° d d
lw_ 1l llw 1
o= s @ a4
Tg :® %]P and T4 T ? (114)
AsQ_ s A:Qys
j='| J'sd J:] J d‘J
W °='W_JW_ w_ and @, = WJ'W W (115)

Since the matrices NS and Nd are positive semidefinite symmetric, the

maps z - zTNSz +e_and z ~ zT

s Ngz + ¢4 of R” * R are convex [29, p.27].

Thus, by Jensen's inequality [29, p.25],
m
T
9 <y NSY t e z
; m (116)
0 <y WNgr+egs J.Z *19;

~

so that T, and T4 € [0,1]. Thus for j = 1,...,m
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(ep‘l'KY +qusjws ,y+‘PY quded)
— J - Aj
€ Bw(ep+K? ,qu) X B(y+%y,qdj) clL (117)

It then follows from the convexity of L that

i . .
1 A58 HETTaa Ry 10y 0,) € L (118)
J:.'
1.e.
(6p+Ky+wS,y+Wy+wd) €L (119)
g.e.d.

7.  POLYTOPES OF DYNAMIC SECURITY: STEP CHANGES IN INJECTION AND LINE
SWITCHING

7.1 Introduction

In this section, the above analysis is modified to handle the second
major type of transient stability event, a step change in the injections.
In this case, there is no fault-on period. Instead, the steady-state
injections change instantaneously at time t = 0 from their constant pre-
fault value to their constant post-fault value. This represents the
situations of an instantaneous generator outage or repair, and a switching
in or out of a block of load. Also, since we do not insist that the pre-
fault and post-fault load flow functions be the same, this can also
represent a line switching action, in which case the difference between
pre-fault and post-fault steady state injections is zero.

The model for this type of events is a special case of the previous
model, given in section 2 (i.e. with tF=0) with one minor modification

(i.e. the steady state injections are no longer the same for pre-fault
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and post-fault.) The analysis required to derive a sufficient

condition for dynamic security of a polytope of pre-fault angles for this
situation differs from the above in a minor fashion. Thus, after
establishing the model, we state the two theorems which are the analogues
of theorems 2 and 3. No proofs are given, as these can be done by

inspection of the proofs of the latter two theorems.

7.2 The Model

The pre-fault and post-fault models are precisely as they are stated
in sections 2.2 and 2.4. That is, there is fo’ the pfe-fault Toad flow
function and fp, the post-fault load flow function given by equations
1,2,3 and by equations 8,9,10 respectively. Also, we have a region L
given by equation 11, representing the post-fault dynamics. The
difference is in the way that these two models are coupled together. We
do not assume constancy of steady state injected power, nor do the fault-
on dynamics couple these two, as there are no fault-on dynamics. Instead,
they are coupled as follows.

Suppose § eR" is the ore-fault equilibrium angle, so that the pre-

fault injection is fb(e). Then the steady-state value of the post-fault

power injections, pp eR" is given by

(120)

(=)

p, = Wf,(e) +

p

where W € R™" and p €R" are fixed by the nature of the event. Thus,

the corresponding post-fault equilibrium angle, 6 G]Rn, is given by a

P
solution (if one exists) of

fo(8y) = W (8) + P
(121)

and fé(ep) is positive definite
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The post-fault steady state injection is an affine function of the
pre-fault injection.

The way in which the choice of W and O can represent the different
types of transient stability events in as follows.

(i) Partial generator outage or repair and switching a block of
load of fixed size. This is the event where pre-fault and post-fault
injections differ by a constant amount, p, independently of 6. Thus,
W is set equal to the n x n identity matrix. If, for example, a generator
connected to node j were to loose 50 MW of its capacity at time t = 0
then p is the vector of all zeros éxcept at the jth entry which is -50

and, then,

p, = fo(8) + P (122)

P

Note that the range of © is restricted in order that the jth entry of
pp does not become negative thereby representing a load.

(i1) Total outage of a generating station or load at a node. This
is the event where the post-fault injection at the node at which the
fault occurs is fixed independently of the pre-fault injections. Thus,
supposing the fault occurs at the jth node, W is the diagonal n x n matrix
with zero in the j,jth position and unity in all other diagonal entries.
A1l entries of p are zero except, possibly the jth, which contains the
post-fault value of the injection at the jth node.

(i11) Line switching. Here, W is the n x n identity matrix and 9 is

zero, so that

p, = fo(e) (123)

P

The significant feature of this model is the difference between Ap and Ao'

=4
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The second way in which the pre-fault and post-fault models are
coupled is that the initial condition for the post-fault dynamical system
in uniquely determined by the pre-fault equilibrium. As before, we use
the function D : R" +R™ but, now, because te = 0 we assume that D is

the linear function
D(8) = Ge (124)

where 6 €R™" is the "selector" matrix.
The problem of finding regions of the pre-fault equilibrium space

which are dynamically secure can then be stated as seeking subsets of

ﬁd = (s eR" : fé(e) is positive definite and

3 8, €R" such that

(1) fp(ep) = Wf (e) +p
(ii) f;)(ep) is positive definite
(i11) (o,.D(e)) € L} (125)

This differs from ?z'd in equation 16 only in condition (i) and in that D
is a linear function. Thus, the philosophy of the the analysis remains
unchanged. However, since D is linear, the work of section 4 is no
longer required, and we need only concentrate on the pre-fault to post-
fault equilibrium map. It can easily be seen using the same process with
which the existence of 6p was established (equation 59 et. seq.) that
there exists a 'ép : ﬁo +>R" where ﬁo is an open set of R" such that

veeﬁo

f (8 (8)) = Wf (8) +p (126)

-38-



Defining ép X D in the same fashion as equation 18, the problem is to
find subsets of (§pr)'](L). The process of linearizing ép about a
quiescent 8, finding quadratic error bounds and then using these to give
sufficient conditions for a polytope to be mapped by ep X D into L is

now derived from the above work.

7.3 Results

First, the analysis of section 5 is modified for these types of
events. We maintain almost all the definitions of section 5 and make
only the following alterations to e; and ep. Let 8 €ER". We assume

there exists a e; €R" such that
£ (6)) = WE(6) + P (127)
pop’ T o P

but, as before, we do not expect to know it exactly. Instead, we assume

that we have a ep €R" such that
llfp(ep) - [ufy(e)+pll, < e (128)

where ém is some positive parameter. It is assumed that these values of

*

ep and ep are used in all other subsequent definitions. The following

additional definitions are made. Let 30 e RN be
J = uf! (o) (129)

c

and No be the positive semidefinite n x n matrix, derived from Lemma 1,

such that
. TS
Iuf (o+y) - Wf (8) - WF (0)yly < v Ny ¥y € 5,(€) (130)

Remark: 1In Temma 1, we let B = WA and A = A_to obtain ﬁo = AQAT.

)=
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Let NS be the positive semidefinite n x n matrix

9 .=l Ty 715 &+ §
Ny i= 5 Qgapna iy * i) (131)
and es eIR+ be
s :=1la (132)
S a m

Further, Tlet §s CR" be defined by

A - l\-] n . ~ A
S i= dg Jpsp(gp) N SO(E) N{z€R : zNz<B-e} (133)

Theorem 3

e e—

Under assumptions A2 and A3, for each y € §s there exists a unique

¢ €R" such that
%* ~
+ =k + +
(1) f (8,+0) = WF(6+y) + p

and

1 T

* 21 ~
(2) Mo r0) = (8 + g I, < ¥INy + &

P S

- =" -1a Ta .~ -\ . . -
e ]
Also, ve, Béep+dp JoYsv Novte ), fp(ep) is positive definite and thus
* _ %*
fé(ep+¢) is positive definite. That is, ep and ep + ¢ are stable post-
fault equilibria. o

Remarks: If we define ?O : R" - R" by

7 (8) = WF (@) + (134)

then this theorem can be proved in precisely the same fashion as

, @ and

theorem 2 by changing fo’ Jo’ N, N m

9’ s
85, respectively whenever they occur. Note that eqution 83 becomes

s em and e to fo’ Jo’ No, NS
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h(u) := f (8 +J-]5 yHu) - ?0(6+Y)

pPPp p o

-]/\ A
+ .’. - + -
fp(ep Jp JoY u) Ufo(e v) - p (135)

and, thus equation 93 becomes

T -1 . -1
win) = u [fp(6p+dp v - fp(ep) - fp(ep)Jp J vl

WTLHF (8+) - HF_(6) - WF:(8)y]

-+

T ~
WTIf (8,) - HE (e) - 5] (136)

The analysis is completed by setting Nd and ey to zero in theorem 3.
The following definition is required in addition to those already made

in this section. Let

~>
[}
[«

J (137)

Theorem 5
Assume L is convex. Suppose Q is a convex polytope in R" such that

for each vertex ¥ of @
§w(ep+ﬁ§,§Tﬁs§T+és) x {Go + Gy} C L
Then, ¥y € Q N §d
(8,(6+y),D(6+y)) € v

and hence 6 + vy is a dynamically secure pre-fault angle
(i.e. (3;02) + {8} € Q) n
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8. CONCLUSION

Two classes of transient stability events were considered in this
pnaper. Cne is short circuit faults ona transmission 1ines and the other is sudden
changes in injection or line switching actions. We have given the analysis
required to design an algorithm for finding dynamic security regions
in the pre-fault state space. The proposed approach was to linearize
the maps representing the fault-on dynamics (in the former class) and
the dependency of the post-fau]t.equilibrium on the pre-fault equilibrium
(both classes) about a quiescent pre-fault equilibrium angle. Bounds on
the difference between the nonlinear maps and their affine approximations
were then found. A sufficient condition for a polytope of pre-fault
angles to be a dynamic security region was then derived, using the con-
vexity of L, the affine nature of the approximations and the quadratic
plus constant nature of the bounds. The proposed approach is fairly
general and represents the first attempt to treat the problem rigorously.

The computational scheme herein suggested requires that the full
nonlinear model be approximately solved once only after the quiescent
values. Calculation of the bounds and checking sufficient conditions are
straightforward numerical procedures. The actual design of an algorithm

for computing dynamic security regions is outside the scope of this paper.
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