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ABSTRACT

A steady-state security region is a set of real and reactive power

injections (load demands and power generations) for which the power flow
equations and the security &onstraints imposed by equipment operating
1fmits are satisfied. The problem of determining steady-state security
regions is formulated as one of finding sufficient conditions for the
existence of solutions to the power flow map within the security
constraint set. Explicit limits on real and reactive power injections
at each bus are obtained, such that if each injection 1ies within the
corresponding limits, the system is guaranteed to operate with security

constraints satisfied.
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1. INTRODUCTION

The steady-state operation of an electric power subply system
requires that the power supply and the load demand must be balanced.
This is described by a set of nonlinear equations known as the power
flow, or load flow, equations [1,2]. Furthermore, the system has to be
operated within the designed 1imits of the equipments. This is described
by a set of inequality constraints, sometimes referred to as the security
constraints. The fundamental problem in the steady-state analysis of
power systems is to determine, for a given set of load demand and
generation pattern, whether the system can be operated in such a way that
all the equipments are loaded within their security constraints. We

define a steady-state security region as a set of power injections (load

demands and power generations) for which the power flow equations and
the security constraints are satisfied. The concepts of steady state
security regions and dynamic security regions are used in our probosed
framework for probabi]isiic dynamic security assessment [3]. A method
for deriving dynamic security regions is presented in [4]. In this
paper an analytic approach for deriving steady-state security regions
is proposed and the resulting regions are presented.

The conventional approach to the steady-state analysis of power
systems is to solve the power flow equations numerically and then
check whether the security constraints are satisfied [5,6]. Recently
there have been some attempts using analytic approach to tackle the
problem. Hnylicza et al. [7] used the linearized (DC) power flow
equations to derive steady-state security regions with respect to a
set of given contingencies. Fischl and De Maio [8] have suggested a
scheme for identifying these regions. Dersin and Levis [9] have derived,

using mathematical programming duality, some characterizations of these
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regions. All these works are based on the DC load flow model. On the
other hand, Galiana and Banakar [10] have used the rectangular coordinates
of the power flow equations to derive linear and quadratic approximation
formulas for the characterizations of the steady-state security regions.
The work reported in this paper is based on the full-fledged power flow
model. The proposed approach is to formulate the problem as one of
determining the conditions for the existence of solutions to the power

flow equations in the set defined by the security constraints.

The formulation of the problem is presented in Sec. 2. The proposed
approach to solve the problem is outlined in Sec. 3. The results are
presented in Sec. 4. A simble example is given in Sec. 5. The proposed
approach has two steps. At the first step, two simpler existence-of-
solution problems using the approximate formulation of the decoupled
power flow equations are considered. Leray-Schauder fixed point theorem
and concepts from Circuit Theory are used in the derivation. The results
we obtain for the two simpler problems are utilized to derive results
for the original existence-of-solution problem using the full-fledged
power flow equations at the second step. The analytic tool used here
is the theory of the degree of mapping. The theory of degree has
previously been applied successfully to the investigation of the existence-
of-solution problems in nonlinear circuit theory [11-13]. It should
be noted that in our approach the decoupled power flow equations are
used merely as a stepping stone and the resulting steady-state security
regions are exact, without approximations.

Standard notation is used in this paper. Qk denotes the k-th
component of a vector Q, Yki denotes the ki-th é]ement of the matrix
Y, y_g_!” means Vi 5_V? for all i, and x := E means that x is defined

by the expression E.



2. FORMULATION
2.1. Power Flow Equations

The branches of a power network represent transmission lines,
transformers, etc., which are modeled as linear time-invariant RLC
elements. The nodes of the network other than the ground node are called
buses. They correspond to generation stations and load-center substations.
For steady-state analysis the network is considered as in sinusoidal
steady state.

Consider a power network with N+1 buses. Let [Y] denote the
(N+1) x (N+1) node (bus) admittance matrix of the network and Yki = Gy
+ jBki be its ki-th element. Using the standard models of transmission

lines and transformers [14, p. 189 and p. 122], we have'

Fact 1 G > 05 By <05 G5 <0 and Byj-2 0 for i # k.

. N N
Bl 2 2 By and G > 1 164l
i#k i#k

We assume that:
(A1) The network is connected

(A2) " The matrix [Y] is symmetric; in particular, By = Bik'++

Let Ek denote the bus voltage phasor of bus k and Sk = Pk + ij
denote the injected complex power at bus k. Let E and P be the vectors

of complex voltages and complex power injections, respectively. For

1'In our model, loads are represented by real and reactive power demands,
rather than shunt impedances.

*+This is true if there is no phase-shifting transformer in the system.



convenience, we introduce a diagonal matrix [E] = diag{E], E2, TN EN}.

Then we have
s" = [EXIIVIE (1)

where superscript * denotes complex conjugate. There are three types

of buses:

(i) Slack bus: a bus whose voltage magntidue and phase angle
are specified.
(i) PQ bus: a bus where the injected real and reactive power
are specified.
(iii) PV bus: a bus where the injected real power and the voltage
magnitude are specified.
Normally PQ buses are load buses and PV buses and the slack.bus
are generator buses. We let subscript O correspond to the slack bus,
subscripts {1,2,---NQ} correspond to PQ buses, and subscripts {NQ+1,~--,N}
correspond to PV buses. Let Ek = Vkejek and eki = ek - ei' We may

express (1) as

N

N

where V = (V,,V,, ¢V )T and 6 = (6,, 8,, *++0 )T are the unknown
- - 1272 NQ - 1 2 N
variables or the state variables, and g;=(01,-~-QN )T and P = (P],-o-PN)T
are the power injections. Equations (2) and (3) are known as the power
flow _equations [1,2,14]. For ease of later reference we represent
Eqs. (2) and (3) in the form
f(x) =y (4)




1.

where' x = (V,8) is the set of state variables and y = (Q,P) is the set

of power injections.

2.2. becoup]ed Power Flow Equations

Suppose that we make the following simplifying assumptions:
(SA1) The line resistances are negligible, i.e., G s = 0.
(SA2) The phase angles across the branches eki = ek - ei are small
so that the second and higher order terms in the series expansions of

sin eki and cos eki are negligible, i.e., cos O

R

1, sin eki = eki'

Then the power flow equations (2)(3) become

N
QW) 2= Ve X By Vs k

Q
K i=0

1,2,---NQ (5)

5 N
P = P (Y, 8) ==V 150 By Vi (8,-85) k= 1,2,00°N (6)

Equations (5) and (6) may be written in a compact matrix form

- [vl{[B]y+[B°]Y}=2Q (7)
B'(Nle=P (8)
where V° = (Vo, Yy ,1heeeYy)T, Q= (Qr'”QNQ)T’ P = (Py,PyeeePy) s the

ki-th element of [B] is Bys» k, i € {1,2,--'NQ} and the elements of
[8°] are By;, k € {1,0+Ng}, 1 € {0,Ng#1,+<-N}. [B'(V)] is an NxN
matrix whose elements are functions of V. The diagonal and off-diagonal

elements of [B'(V)] are

TIt is understood that x = (V,8) means x = (V],---VN ,e],o--eN)T.
Q



N

By, (V) = vk(ig0 B ;Vs) k= 1,2,2¢N (9)
i#k
Bri(¥) = -V, ViBy k # 1 (10)

k,i = 1,2,+¢<N

Equations (7) and (8) are called the decoupled power flow equations

[15,16].

2.3. Security Constraints
2.3.1. Voltage Magnitude Constraints

Operating limits are imposed on the voltage magnitudes of PQ buses,

Vevey (11)

Ry = (LY < v < V" (12)

2.3.2. Line Current Constraints
Thermal considerations 1imit the amount of current flowing through
transmission lines and transformers. The current Ij through branch j

connecting bus k and bus i may be approximated as follows:

I3 = Vi (BEg)

. je
= -3By; (Ve

Jjo.
-Vie ])

k

jo

: 38, . Y
-JBkinE (cos By * 3 sin g, - v;)

1]

. 95 .
“HBiiVie T (38
V.
where we used the approximations cos Oki = ] sin O i ® eki and vl-z 1 T
k

TThis is true when per-unit system is used,
-7-



Hence

lel = lBk-i“VkHek - eil (13)
max
J

approximately in terms of the phase angle difference

Therefore the 1ine flow constraints IIjl < I.°" may be expressed

le, - 0. <8, Jj is a branch connecting buses k and i (14)
k i J
max
where §, = —Jd ——  We assume that:

B4 V]

T

We may use the incidence matrix A of the network and write (14) for

all the branches in the network in a vector inequality

S<Ale<s (14)

Let us denote the corresponding region in 6 by Re:

1= {8 ]| -5 <Al 6 < &} (15)

— — —

Rg

We are going to use the approximate expression (15) for line flow
constraints even when the full-fledged power flow equations are used.
The justification for this is that unlike the "hard" constraints on
power generation due to equipment Timitation that wiill be introduced
shortly, the line flow constraints are "soft" constraints for which

approximation is usually adequate.

2.3.3. Real Power Generation Constraints

Physical limitation imposes constraints on the amount of real
and reactive power that can be generated at PV buses, as well as the
slack bus. The real power constraints on PV buses are

-8-



+ 'l’oooN (]7)

plll(lﬁpkﬁpr k NQ
where pE and pr are,respectively the minimum and maximum real power
generation at bus k. The real power generation from the slack bus is

a function of (V, 8) so the constraints are of the form

Py < Po(V.8) < py (18)

where'pg and pg are, respectively, the minimum and maximum real power

generation at the slack bus. Let us denote the region in which (18) is

satisfied to be
Ry = {(V,8) | py < Py(Y,8) < po} )

2.3.4. Reactive Power Generation Constraints

The reactive power generation at the slack bus or a PV bus k is
N
Qe (V.8) := _ZO Vi Vs (Gy4sin 6, - Byscos 6,.) (20)
1=
k =0, NQ+1,--- N

The reactive power constraints may be expressed as

m

qk < Qk (_‘L’_e_) < ql;g

K=0, NQ+1,--- N (21)

where q? and qr are, respectively, the minimum and maximum reactive

power generation at bus k. Let us denote the region in which (21) is

satisfied as Rq

Ry += (0L8) | o < Q(¥,8) < as k = 0, Ng#l,eee N} (22)



2.3.5. Security Constraint Set
We call the constraints (11) (14) (18) and (21) the security

constraints, and the set R in (V,8)-space
R = (R xRg) N Ry MR, (23)

the security constraint set.

Sufficient conditions that guarantee R = Rv x Re are given in

Fact 2 below.

Fact 2. If conditions (C1) and (C2) below hold,
(C1) The reactive power genefation Timits qE and qr at the slack bus

and any PV bus k satisfy

p ‘ = M
q?(' < Qk(lM) - a',f and q';:I > Qk(l'“) + oy (24)
= + coe
k =0, NQ 1, N
where
N
M._ MM . _
o = -iZO Vi Vi {6 ssin aj + Bki(cos Gj 1)} (25)
i#k
N
m._ M M .
i#k

and we set v‘:.“ =V for i = 0, Ng+1, «=+ N in Egs. (25) (26).

Q
(C2) The real power generation limits pg and pg at the slack bus satisfy

*ﬁk(y) for k = 0, NQ+1,--° N is similarly defined as in Eq. (5).

-10-



N N M
P'Si(‘ }P;) + L™ and pgz(- I P +L
i=1 i=1
where N .
M M\2 m ,m
L .= (v,)= 6, + V, V. G, .cos 6.
Ly i Gt Lo L Vie Vi oS &
i#k
N N N
m.,_ m 2 M M
#
then R = Rv X Re.

(27)

(28)

(29)

Proof: Comparing Eq. (5) (for k = 0, NQ+1,-~- N) and Eq. (20), we have

Q(V.8)

Q) + o (V,8), Kk =0, Ng#l,eee N

where

N

i#k

N
ak(!,g) = iZO Ve Vs Gpysin e, - g Vi V By (cos O™ -1)
ik

It follows from Fact 1 that for any V € Ry and 8 €R
= ruM - r L
Q (V) < q (V) < Q (V")
Fact 1 and assumption (A3) imply that
m M -
-ak iak(l&) _<.°'k’ k =0, Nq’”:"' N

Hence

G0 - o < Q(1,8) < (™ + ol

Condition (C1) thus implies (R xR ) CR

q
From the power flow equations (3), we obtain
N
fot L Py = HL2)

-11-
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K* k=0, NQ+1,°'° N

(30)

(31)

(32)

(33)

(34)

(35)



N N

) V V. G, .cos B, .
k=0 iZO k'i ki ki

,._
o~
|
-
@
o
n

? : ? ? (36)
G, * vV, V. G .cos 6 . 36
k=0 K Kk = 29 43¢ KT Ki ki
i#k

It follows from Fact 1 and assumption (A3) that for any V € RV and

g€ Re’ we have
L™ < L(v,8) < LM (37)

Hence condition (C2) implies (vaRe) c Rp. R

Throughout this paper, we consider cases where conditions (C1) and

(C2) are satisfied, hence

R=R (38)

v* Ry
2.4, Steady-State Security Regions

A steady-state security region Q__ is defined to be a set of power

ss
injections for which the power flow equations and the security constraints

are satisfied, i.e.,

Q. = {y: Ix€R3f(x) = y} | (39)
Note that the power flow map f depends on the system configuration.

Hence Q¢ is defined for a fixed system configuration [3].

3. OUTLINE OF THE PROPOSED APPROACH
The problem of finding a steady-state security region can be
expressed as a mathematical problem of determining the conditions for

the existence of a solution to the power flow equations, i.e.,

-12-



(P) Determine a set of power injections (Q,P) for which there exists
a solution to the power flow equatfons (2)-(3) that 1ies in the
security constraint set R.
The proposed approach to solve this problem has two steps:
(i) Two simpler problems are solved first, (ii) The results are then
used to solve the original problem (P). We first consider the simpler
model of the decoupled power flow equations. Because of the decoupling
of Q-V and P-¢ in the decoupled power flow equations (7)-(8), the

problem (P) is split into two, namely,

(P1) Determine a set of reactive power injections Q for which there
exists a solution V to the decoupled reactive power flow equations
(7) that lies in the voltage magnitude constraint set Ry-

(P2) Determine, for any Vin RV’ a set of real power injections P for
which there exists a solution § to the decoupled real power flow

equations (8) that lies in Ry

The problem (P1) is solved in Sec. 4.1. The mapping V~ Q is
nonlinear, Leray-Schauder fixed point theorem [17, p. 162] is used in
the derivation. The results are presented in Theorem 1. The problem
(P2) is solved in Sec. 4.2. The mapping 6+~ P is linear and has a
circuit-theoretic interpretation, hence concepts from Circuit Theory [18]
are used in the derivation. The results are presented in Theorems 2
and 3. These results (Theorem 1-3) are utilized to solve the problem
(P) in Sec. 4.3. A simple homotopy is constructed from the decoupled
power flow map to the power flow map and concepts from the degree
theory [17, pp. 147-164] are used in the derivation. The results are

presented in Theorems 4 and 5.

-13-



4. THE RESULTS

4.1. Existence of Secure Solution to Decoupled Reactive Power Flow
Equations

The problem (P1) is solved in this subsection. Lemma 1 below is

used to prove the results in Theorem 1.

Lemma 1. Let C be an open and bounded set in R" containing the origin
and g: C ~ R" be a continuous map. If for all x on the boundary of
C, denoted by 3C, there is a k such that X 70 and Xy gk(i) < 0, then
there exists a 5_* in the closure of C, denoted by C, that satisfies

a(x") =

Proof: Let h(x) = g(x) + x. We will show that the conditions in
Lemma 1 imply that h(x) has a fixed point.

The conditions in Lemma 1 can be restated as follows: ¥x € aC
Jk 2 X # 0 and xk{xk - hk(gg_)} > 0. This implies that ¥x € 3C,
{x-h(x)} + (A-1)x # 0 for A > 1, i.e., ¥x € 3C, h(x) # Ax for A > 1.

By Leray-Schauder theorem [17, p. 162], h(x) has a fixed point 3(_* in C.

n
Theorem 1.
If the reactive power injections Qk at the PQ buses satisfy
condition (C3) below,
(€3) B¥™ < < QM. k= 1,200 g (42)
then the decoupled reactive power flow equation (40) has asolution V
in the set Ry = (V| V" < v < v,
Vv Ng N
Proof: Letx, :=V, - —5— , and g (x) :=Q + Vk{1ZO V. Bk =NXQ+’| ViByi}-
lm‘lM vM V

—

}, which contains

The constraint set Ry becomes C = {x|—5— < x <

the origin.



The boundary of C is the union of the boundary defined by each

M .m
V., -V
X- Let ac: and ac; be the boundaries defined by x, = k2 K and
v
_ k 'k .
X = =5 » respectively.

Consider any point x € aCZ. We have x, > 0 and

N

N
] M3 M
%2 = QLD Vil * UBg t L Vi)
i#k Q

Because By 20 for i # k (Fact 1), it follows that

N
N
M g M M
&) < Qe+ VLD Vi By * VB + D ViByg)
i=0 J-NQ+1
i#k
0 %M
= Qk - Qk(l ) : (43)

Condition (C3) and Eq. (43) imply that gk(g) <0 on ac:. Similarly
for any point x € 8C|'<, X < 0 and g, (x) > 0. Hence the conditions in

Lemma 1 are satisfied and Theorem 1 is thus proved. H

4.2. Existence of Secure Solution to Decoupled Real Power Flow Equations
Consider Problem (P2): Determine, for any V in Rv’ a set of real
power injections P = (P],Pz,...PN)T for which there exists a solution

8= (91,92,...6N)T to the decoupled real power flow equation

[B'(v)Jg = P (44)
in the constraint set

Re={g:-65AT5} (45)

«15=-



Lemmas 2 and 3 below provide some properties of the inverse of
the matrix [B'(V)] that are used in the proof of Theorems 2 and 3.

First we give a circuit-theoretic interpretation of [B'(V)].

Fact 3. Suppose that assumptions (A1) and (A2) hold. Consider a linear
resistive network of two-terminal elements having the same topology as
the power network and wish the conductance of branch ki being kaini’
then the node conductance matrix of this resistive network with the
slack bus as the datum is precisely [B'(V)]. Consequently, [B'(y)]

is nonsingular, det[B'(V)] > 0 and the elements of the inverse

[X(V)] := [8* (V)1 (46)
are nonnegative.
Lemma 2. X, . (V) < X, (V), i =1,2,...N

Proof: We use the resistive circuit interpretation of [B'(y)] for the
proof. Let us connect a current source across node k and the datum
with 1 unit of current flowing into node k. X, (V) is then the voltage
magnitude across this current source and in(y) = Xik(M) is the voltage
magnitude at node i. By the no gain property [18, pp. 777-778]

Xes (V) < X (V). ‘ m

Lemma 3. 1* >V implies ka(\_l_*) < X W)

Proof. ka(jD is the driving-point resistance of a network consisting
of two-terminal resistors with positive resistance. To increase V

to !f amounts to increasing the conductances of the branches from
ViVjBij to V:V;Bij. Let us increase the conductances of these branches
one at a time, the resulting driving-point resistance ka never increases.

%*
Hence at the end we have ka(y_) g_xkk(y). . R

-16~



We will first consider Problem (P2) for a solution in a hypercube

Rg inscribed inside Re and then enlarge the set of interest to R; by

by moving the hypercube along a given direction.

Let
.1
¢ :=min 5 6, (47)
j &
and define a hypercube Rg in Re as follows:
RO := {0:-¢1 < 8 < ¢} (48)

T

where 1 = (1,1,...1)". 1

We then define Re by moving Rg along the

direction of 1, i.e.,

Ry = {0:0=0"+tl, 0 erl, -1t (49)
where
pu:=min §. -¢ (50)
jes J
index set of branches that
S .s (51)
are incident with the slack bus
Clearly RO ¢ R1 C R, (See Fig. 1)
6 —"686—"9 : *

Theorem 2 below provides the 1imits on real power injections in
order to guarantee the existence of a solution to the decoupled real
power flow equations (44) in the hypercube Rg. Theorem 3 provides

the Timits on real power injections for Eq. (44) to have solutions in

1

the enlarged region Re.

Theorem 2.

For any V satisfying MT <V < VM, if the real power injections Pk

at the PQ and PV buses satisfy condition (C4) below

-17-



(ca) |Pk| E%

1
(52)
™)

X (0L

then the decoupled real power flow equation (44) has a solution 9 in Rg

Proof: Since 6 = [X(V)]P, we want to show

N
|k§] X-;k(y_)Pkl < ¢, 1 =1,2,...N

Consider
N N
BREMULAEREEMUILY (53)
? X, (V)P (54)
< A
= ko1 kk\= )l kl
¢ (55)

From (53) to (54) it is due to Lemmas 2 and 3. From (54) to (55) it is

due to condition (C4). H

Theorem 3.

power injections Pk, k =1,2,...N, satisfy condition (C5) below

(c8) (- —L—+tuvpg) <p < (¢

+ tuV™ B, ) (56)

m

X )

then the decoupled real power flow equation (44) has a solution 8 in
1

Re.

Proof: Let P':= P -tu[B'(¥)]1, We claim that P' satisfies (C4).
Indeed,

-18-



N
min B!.(V) = VIV.B (57)
VR, 351 kj k'07k0
RO (58)
max B .(y) =V, V.B
VR, 3T kj k"0"k0
Hence there exists a _e_o in Rg such that
(' (11 = P = P - tulB (VT (59)
or
8" (V1 +tuD) = P (60)
. 0 1
That is, (8 +tul) € Ry - m

4.3. Existence of Secure Solution to Power Flow Equations

We now tackle Problem (P) using the results (Theorems 1-3) we have

obtained for the decoupled power flow equations. Theorem 4 below, which

utilizes the results of Theorems 1 and 2, provides the limits on real
and reactive power injections in order to guarantee the existence of
a solution to the power flow equations (2)(3) in the constraint set

Rv X Rg, whereas Theorem 5, which utilizes the results of Theorems 1

and 3, provides the limits for a solution in Rv X R;. Each of them
defines a steady-state security region.

Theorems 4 and 5 are derived with the construction of a homotopy
[17, p. 135] from the approimate decoupled power flow map to the power
flow map and applying the homotopy invariance property of the degree
[17, pp. 156]to obtain conditions for the power flow equations to have
secure solutions. Fact 4 below is used for the evaluation of the

degree of the decoupled power flow map.



Fact 4. If assumptions (A4) and (A5) below, as well as assumption (A1),

are satisfied,

(A4) 2V, > Vi K= 1,2,...N, | (61)
(A8) G (Vy = Vs vy = W} for 1= 1,...,N and 1 # 3)
¥ my2
2= 3 BT k= 1,2, N, (62)
i=0,N#1

and the strict inequality holds for at least one k,Jr then the Jacobian
DG(V) of the decoupled reactive power flow map Qj') is nonsingular

for a1l V in Ry. Furthermore, det DQ(V) > 0 ¥V €R,.

Proof: Using the definition of 6k(y) in eq (5), the elements of the

Jacobian can be computed.

« : N

DQ (V) = -2B,,V, - .20 BiVys k= 152500000, (63)
1=
i#k

DGyi (W) = -ByiVis 1= Tu2seiiaNgs 17K (64)

Assumption (A1) implies that Q§ is irreducible [17, pp. 46-47].
Fact 1 and assumption (A4) implies that Dﬁkk(!) >0 and Daki(ED < 0.

We claim that the Jacobian is diagonally dominant. Consider

N
B, ; denotes B, + J
+ K O 1N

=20~



N

" Q .
IDQkk(l)l - 121 IDQki(l)l (65)
sty o
= -2B,,V, - B .V, - B,V 66
kk'k 329 kiTi o 45y TkiTk
ik
? ? (67)
> -B, V, - B.V.+ J BV 67
= "kk'k &y Tkivd i=0,NQ+1 ki'k
itk
N N
> B Ve - J B.Vi+ ) BV (68)
kk "k jop ki i=0,NQ+1 ki'k
izk
=L (v, =v™ v, =" for i =1,...N, and i # k)
vm k k k’ qi .i 90 00 Q
k
N
£ ) B (MA (69)
1=0,Ng+1
>0 . (70)

From (66) to (67) we used the fact -Byk Z’igo Byi- The inequality
from (67) to (68) is true because V € Rv‘ The ;zgt inequality from (69)
to (70) is due to assumption (A5). Hence DQ(M) is diagonally dominant
for all v in Rv’ and by assumption (A5) the strict inequality (70) holds
for at least one k. Therefore DQ(M) is nonsingular [17, pp. 48-49].

In fact DQ(V) is an M-matrix [17, p. 55] and DQ(V) > 0. n

The difference between the power flow equations (2)-(3) and the

decoupled power flow equations (5)-(6) are given below:

N N
k=1,2,...N
! N e
Be(Lg) =+ ] ViViBicos Os+ B VicViBis (10 Byy-8y5)

-2]1- k = ],2,...N



We now introduce the error bounds of the approximation. Fact 5 below can

easily be checked by Fact 1 and assumption (A3).

Fact 5. For (V,0) € Ry X Ry

-a? g,ak(jbg) g_ar, k = 1,2,...NQ
-8 < B, (18) <8, k=1,2,...N
k_ k_s__‘ - k’ TEEE
where
M= ? VW6, .sin &, + B, (cos §,-1)}
o o Vi Gpysin j i (cos j
i#k (71)
k= 1,2,...N
N
MM, .
o == ) V, V.G .sin §,
k i=0 k"1 ki J (72)
i#k :
k = 1,2,...N
g := ? (™M cos 6, - VIR, . (sin 5.-6.)1 + (V)%
k 7 5 TTkUKIC®S O5 T il Pk 3% k’ kk
i#k (73)
k=1,2,...N
g := - ? oW, o+ WM (sin 5.-5.)1 - (V%
k *7 ik kUi T kK i"%; k! Kk
i#k (74)
k=1,2,...N
Theorem 4.

Let assumptions (A1-5), as well as conditions (C1) and (C2), hold.
If the reactive power injections Qk at the PQ buses satisfy condition

(C6) below

(c6) (™ +op < <G - ol k= 12,08 (75)
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and the real power injections Pk at the PQ and PV buses satisfy condition

(C7) below

9 1 M ¢ _ 1 L B
€7) -4 . * B <P <y - B, k=1,2,...N (76)
kk*= kk\L

then the power flow equations (2)-(3) have a solution (V,8) in the
security constraint set R defined in Eq. (23). In other words, Eqs. (75)

and (76) define a steady-state security region st'

Proof. Consider the decoupled power flow map

| o

F:(¥,8) ~ (Q(v.8), P(V 8)) (77)

We will construct a simple homotopy from the decoupled power flow map
F to the power flow map and apply the homotopy invariance property of
the degree [17, pp. 156] to prove the theorem.

First we claim that deg(F,vaRg,x) # 0 for any

y €a.. := {(Q,P)|Q satisfies (C5) and P satisfies (C6)} (78)

The Jacobian DF(v,8) of F is given by

DY) 0
DF(V.8) = (79)
*  [B'(V)]
It follows from Facts 3 and 4 that det DF(V,8) = det DQ(V) - det[B'(V)]
> 0. This, together with Theorems 1 and 2, and the definition of the
degree [17, pp. 147-160] establishes the claim.
We introduce the following homotopy H : ((V,8),t) - (HQ((y,g),t),

HP((y,g),t)) from F to the power flow map (Eqs. (2) and (3)):
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H((V,8),t) := F(V,8) + t G(V,8) 0<tx (80)

We claim that for any y € st’
H((V,8),t) #y,  t € (0,11, (V,8) € (R xR0) (83)

Consider the following two cases.

0
Case 1). (V,8) € B(vaRe) and V € 3R,

Suppose the boundary is defined by Vk = VE. We have on this

boundary

A & oM

Q(¥) > Q (V") (84)
On the other hand from Fact 5, for (V,8) € vaRg,

m M

-ock < ozk(l,ﬁ) hY ak . (85)
Consequently

HO((¥,8)5t) > G (™) - ol (86)

Condition (C6) and Eq, (86) establish our claim (83) for this case.
Similarly for Vk = V?.
Case 2). (V,8) € 3(R,xR)) and g € aRJ.

[x(V)] is a nonsingular linear map, therefore, it maps the (relative)
interior of a convex set onto the (relative) interior of a convex set

L —} is mapped by [X(V)]
Xe (V)
0

into a subset of Re by Theorem 2. Consequently the points on the

[19, p. 44]. The convex set {P:[P] 5.%

boundary of Rg are necessarily mapped to the boundary or the exterior

0
)

of the set {P: [P, | < }, i.e., for g € aR

and VER_,
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P (1,0)] > & —! (87)
K (L)

On the other hand from Fact 5, for (V.8) € R xR0,

-gf < 8,(1,0) < 8 (88)
Hence
P [} 1 m
H ((V,8),t) > - B 89
or
P ¢ 1 M
H ((V,8),t) < - + B (90)

Condition (C7) and Eqs. (89) (90) establish our claim (83) for this case.-

By homotopy invariance property of the degree [17, pp. 156], we have
deg(F+G, vaRg, Y) # 0 for any y € st’ Theorem 4 then follows from the
Kronecker theorem [17, pp. 161]. =

If we use the results from Theorem 3 instead of Theorem 2, we obtain

the following characterization of a steady-state security region.

Theorem 5.
Let assumptions (A1-5), as well as conditions (C1) and (C2), hold.
If the reactive power injections Qk at the PQ buses satisfy conditions

(C6) below

(c8) Q™ +op <0 < QM +af k=12, (91)

and the real power injections Pk at the PQ and PV buses satisfy condition

(C8) below
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_9 1 M M ] 1 m m
(c8) - § mo T B VBro B < P < W T o BV VoBro * By
X, (V") X, (V")
kk*— kk\ =
for some t € [-1, 1], k=1,2,...N (92)

then the power flow equations (2)-(3) have a solution (V,8) in the
security constraint set R defined in Eq. (23). In other words, Eqs. (91)

and (92) define a steady-state security region.

5. EXAMPLE

The foliowing simple example illustrates the fact that the numbers
one obtains by applying the results of this paper are reasonable.

Consider a power system consisting of a generator connected to a
load through a transmission line with impedance z = 0.001 + jO.1 (Fig. 2).

Let R, = {V;]0.95 < V, < 1.05}. Ry = {6,]-0.1745 < &, < 0.1745},

1 6
Rq = 10V7587)[-0.7 < QVy+89) < 0.7}, Ry = {(V1,04)]0 < Py(vy,89) < 1.0},

and V0 = 1. ,
For this example, we have 5](V¥) = 0.525, 6](VT) = -0.475,
50(VT) = -0.5, GO(VT) = 0.5, ¢ = 0.0873, ag = 0.1778, ag = 0.0182,
a? = 0.1778, a? = 0.0182, ¢/X11(VT) = 0.8293, B? = 0.262, BT = 0.0243,
LM = 0.0232, and L™ = 0.

Ciearly assumption (A5) is satisfied, because 6](v?) = -0.475

> B, (V1% = -9.02. The condition (C1) is satisfied:

M. 5 M M _ ,
ap = 0.7 > Gy(V}) + of = -0.3222
qy = -0.7 < Qy(V]) - of = 0.4818.

The condition (C6) requires that the reactive power injection Q1

lies within the limits:

-0.2972 < Q] < 0.5068
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The condition (C7) requires that the reai power injection P, lies with
in the limits:
-0.8031 < P] < 0.8050

In order to satisfy condition (C2), the foilowing inequalities must hold,

P1 <0

P, > -0.9768

Therefore a steady state security region is defined by

Qg = t(P],Q])|-0.8031 < P.l < 0, -0.2972 < Q.| < 0.5068}.

6. CONCLUSION

In this paper we have posed the problem of determining the
steady-state security regions as one of finding sufficient conditions
for the existence of solutions to the power flow map within the security
constraint set. We look for conditions that are easy to check. The
results which we obtain are expressed in terms of limits on real and
reactive power injections at each bus. In other words, the steady-state
security regions that we have obtained are hyperboxes in R". The
assumptions (A1-5) we impose on the system are not restrictive at ali.
The conditions that define the regions may be conservative, however, we
believe that the proposed approach has the potential to yield improved

resuits.
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Figure Captions

Fig. 1.. A two-dimensional example to illustrate the regions

0 -l
Ry Ry € Ry

Fig. 2. Example of a two-bus system.
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