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ABSTRACT

We present an application of the theory of Arnold diffusion to intercon-
nected power systems. Using a Hamiltonian formulation, we show that Arnold'
diffusion arises on certain energy levels of the swing equations model. The
occurrence of Arnold‘ diffusion entails complex non-periodic dynamics and
erratic transfer of energy between the subsystems. Conditipns under which
Arnold diffusion exists in the dynamics of the swing equations are found by
using the vectdr—Melnikov method. These conditions become analytically expli-
cit in the case when some of the subsystems undergo relatively small oscilla-
tions. Perturbation and parameter regions are found for which Arnold diffusion
occurs. These regions allow for a class of interesting systems from the point of

view of power systems engineering.
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1. Introduction

We apply the results on Arnold diffusion of Holmes and Marsden [28] (see also [1, section
4]) to power systems. We note that the results in fact apply to all systems of the forced pen-
dulum family such as interconnected power systems employing the swing equations model,
coupled Josephson junction circuits with negligible dissipation, a Josephson junction driven
by a direct current source (plus a small alternating current) coupled to two (respectively
one) nonlinear oscillators, and coupled mechanical pendulums. The precise calculations are

carried out here for a dynamical model of interconnected power systems.

In the dynamical behavior of a large interconnected power system, the question of tran-
sient stability is often considered. This concerns the system$ behavior following a sudden
fault (such as short circuit) or a large impact (such as lightning). The transient stability is
precisely the Lyapunov stability in a state space formulation of a simplified differential equa-
tions model possessing multiple equilibria. Let the dynamics be given by X= f(x) and let xg
be a stable equilibrium point which is presumably "closest" to the pre-fault equilibrium point
(zee [32,9]). The transient stability problem is to determine whether a given point in the
state space belongs to the region of stability of this stable equilibrium point. Thus the tran-
sient stability problem leads to an investigation of the region of stability of a given stable
equilibrium point [28,33,13,14,18]. Many studies of transient stability [28,33,13,14,18] have
been conducted exploiting a first integral of the differential equation as a Lyapunov (energy)

function.

Kopell and Washburn [29] were the first to show the presence of chaotic motion in the
classical swing equations model of power systems for a 2 degree of freedom system (3 gen-
erators). Their work is based on the original Melnikov method for vector fields (see Holmes
[24]) and the energy function was not exploited to locate the energy levels where chaos

resides.

Here we show the presence of Arnold diffusion in the (n = 3)-degree of freedom Hamil-

tonian system (with constraints) of the classical model. In the case when (n = 2) only hor-



seshoes are present. This case is analogous to the one obtained by Kopell and Washburn
except that we also specify the energy levels on which chaos resides, an advantage of exploit-

ing the energy function.

The paper is organized in the following way. In section 2 we summarize the key result of
Holmes and Marsden [28). Section 3 contains some motivation and the derivation of the swing
equations model. In section 4 we consider specific choices of parameter ranges to simplify
the model before applying the results of section 2. In this section we also study the Hamil-
tonian formulation of the swing equations. They form a 2n degree of freedom system with two
time-independent constraints. In section 5 we show that the conditions of section 2 can be
satisfied for a large choice of parameters. These conditions can be simplified if all but one of
the subsystems undergo small oscillations. This case is discussed in section 8. Conclusions

and suggestions for future work are collected in section 7.

2. Arnold Diffusion in Hamiltonian Systems

In this section we summarize the results of Holmes and Marsden [26] for Hamiltonian

systems with n-degrees of freedom {n = 3). These results extend the work of Arnold [11].

Problem Statement

Consider the unperturbed Hamiltonian system
H%q,p.%.y) = F(q,p) + G(X.¥). (2.1)

where F is a Hamiltonian which possesses a homoclinic orbit ( §,p ) associated with a hyper-
bolic saddle point qq,pg (one may similarly consider a heteroclinic orbit). Let h be the
energy constant of this orbit, i.e., F{g,p) = h. The parameters (q.p.X.y) are assumed to be
canonical coordinates on a 2(n+1)-dimensional symplectic manifold P; g and p are real and
=(Xp...,%X), ¥ = (¥ - .. .¥n) are n-vectors. We assume that in a certain region of the
state space a canonical transformation to actioh—angle coordinates (d,, ...,%,];. ... ,]1;) can

be found such that the system (2.1) takes the form



H%q,p.3.0) = F(a,p) + gGi(Ii) (2.2)
where Gy(0) =0 for all j

and

) = %% >0 for ;>0 (2.3)

i

Applying the reduction procedure (see Holmes and Marsden [25,28]), we solve H® = h for
In, thereby eliminating the action I,. We also replace the time variable by the 2n-periodic

angle ¥,,. Then the equations

GI(IJ) = hj

'l’j = Qj(lj)dn + 1’1(0). j=1l,..n-1 (2.4)
9Q=30: P=Po
describe an (n-1)-parameter family of invariant (n-1)-dimensional tori T(h;, ... .hy—;). Fora
fied set of h,, ... ,h,_;, the torus T(h,, ... ,h,_,) is connected to itself by the n-dimensional

hemoclinic manifold

Gy(Iy) = hy
9 = (I, + 9P, 1=sj=n-1 (2.5)
q=q(%, —=47). p=p(¥, —-¥y)

This manifold consists of the coincident stable and unstable manifolds of the torus

T(hy, ... hpy) Le.,
W(T(h, ... b)) = W(T(hy ... 0y y))

The perturbed problem considered here has the following form
n
H*(q.p,8.1) = F(a.p) + Y G(1) + pHY(q,p.8.1) (2.8)
t=1
where H! is 2sr-periodic in 4, . . . ,9¥, and u > 0. For sufficiently small u, KAM theory asserts

that (under non-resonance and non-degeneracy conditions given below) a positive measure
of the (n-1)-dimensional tori T(h,, ...,h,—;) persists (see Arnold [12, appendix 8]). We

denote these tori by T,,(hl. ...,hy ). Their corresponding stable and unstable manifolds



WG(T,,). respectively Wu(T“). are CK close, k = 1, to the unperturbed homoclinic manifold

W (T(byhpy)) = W(T(Ry0nhyy))

Let h > h be the total energy of the perturbed Hamiltonian H* of equation (2.8). Now

consider the n-parameter family of orbits filling the unperturbed homoclinic manifold. Let

(TR yeeBpdiendn) = (G(1).D(E.Q (1)L + BP0 Qn(Tn)t + B2],]p)

be the parameterization of these orbits and select one. Let [F,H‘} denote the (q,p) Poisson

bracket of F(q,p) and H!(q,p.9,.-....¥5.];.....]) evaluated on this orbit. Similarly let

1
[Ik.H‘] = - -Q-I:I— » k=1,--,n~1 be evaluated on the same orbit. Then define the Melnikov

Gy
vector M(3°) = (Ml' C e, Mn-l’Mn) by

My(s?,...,88h0h,, ... ,h,,) = f[lk,H1}dt. k=1,..,n-1 (2.7)

-0

and

M.(?....,88hh,,...,h,,):= }{F.H‘}dt.

-

where the integrals above are required to be, in an appropriate sense, conditionally conver-
Tn
gent. That is, they mean lim f for suitable sequences S, T, = =.
n-veo
_sn

Consider the following conditions:

(C1) F possesses a homoclinic orbit (g(t),p(t)) connecting a saddle point (gg.pg) to itself. Let .

h be the energy of this orbit.
(C2) (L) =G((I) >0 for j=1,.,n.
(C3) The constants G(I;) =h;, j = 1,..,n are chosen such that the unperturbed frequencies

0y(L). - . ., 0a(1,) satisfy the non-degeneracy conditions (i.e., Qj(I;) #0, j=1,...,n) and

the non-resonance condition, i.e., the equation



n
Y k() =0, where k; are integers, implies k; = 0 for all 1<i =n.
i=1 .

(C4) The rnult.iple 2n-periodic Melnikov vector M : R® » R" has at least one transversal

zero, i.e., a point (492, . ..,9.0) such that
M@o,...,99 =0

and

det{DMw;". coa8R) =0,

where DM is the nxn Jacobian matrix of the vector M with respect to the initial phases

(s88,....,89).
We can now state the main result.
Theorem 2.1 [ Holmes & Marsden ]

If conditions {C1)-{C4) hold for the perturbed system (2.8) then, for u sufficiently small,
the perturbed stable and unstable manifolds W(T,,,) and W“(T”) of the perturbed torus T,
intersect transversally. Moreover, a finite transition chain of such tori T,i. . T,l: can be
chosen such that W“(T,j‘) ﬁ{W‘(T,’,“) and Wu(T,i:‘)mWi(T:,) ,1=jsk-1.

(H denotes transversality of the intersection) The transition chain of tori are responsi-
ble for the occurence of Arnold diffusion. Holmes and Marsden suggest that these transition

tori can survive certain positive and negative damping, employing a technique which they

had devoloped in [25].

An example which illustrates Theorem 2.1 is that of a simple pendulum linearly coupled
to two nonlinear oscillators.. Its perturbed Hamiltonian function can be written as follows
(with the two oscilators in action-angle variables ),

L L
2 2

Hr = E;' - cosq + G,(1,) + Gy(Ip) + (I;T) ((21,)%sing; ~ q)? + ((21,)%sin¥, — q)?

One shows that conditions (C1)-(C4) are satisfied for this systems by direct computation.



3. The mathematical model

We introduce the simplest model of a power system. The equations resemble a system of
differential equations describing a set of coupled pendulums with constant forcing. Recently
[8.10,16,17,32] this model has been subjected to serious theoretical analysis to assist in

understanding its dynamical behavior.

The model consists of three main components: generators, a transmission network and
loads (fig 1). We assume that the transmission network has (n+m) nodes numbered
1,...mn+1,...,n+m with 0 as a reference {datum). A generator is connzcted to each node 1

through n, while an impedance load is connected to every node (fig ).

We perform a standard network reduction on the network, retaining as nodes only the
internal nodes of the n generators. The swing equations which express the generator dynam-
ics under the assumptions of constant rotor winding fiux, constant raechanical torque, and

the absence of voltage regulaters are as follows (see [6,19,32] for de:ails).

161 =W —WR

dt
d _ . _

M,a-wi+Di Wy -Pn'd_Pei' 1= 1,...,1’1
where
My : inertia constant
Dy : damping constant
Pok constant mechanical power (torque) input
Pex : electrical power (torque) output demanded by the network
Ok : the angle of the internal complex voltage or the torque angle of the k** machine.
Wy the rotor angular velocity of the k* machine
WR ¢ the reference frequency of the power system (usually wy = 2780 rad/ sec)

The electrical power output is a function of the angle differences as follows,



n
Py := GiEf + ) EEYycos(®y — 6; + &), i=1,..,n
-';}
where Gy, Y, @ and E;, are all constants, defined as follows,

E : the magnitude of internal complex voltage {the magnitude of voltage behind the

transient reactance).

Yy the transfer admittance magnitude between internal nodes i and j.
By : the transfer admittance phase between internal nodes i and j.
Gy : the total admittance at the internal node of generator i.

Assume @ = % and assume also that the damping constants D; = 0.

If we define P; (:= Ppy; — G4Ef ) to be the exogenous specified mechanical input power and

denote the constant quantity EE;Yy =: y;;, then we may write the swing equations for machine

ias
31 = W) — WR (3.1.1)
Mirb, = P! - ilyu sin(d, - 51) (a-z_i)

™

We note that the system of equations (3.1), (3.2) describe an n-degree of freedomn Hamil-

tonian system with the energy function:

i=1

1 2 '
W -‘-ii -2-Mi(&)‘ - Og)z - EPiGi - ‘EjyijCOS(Gi - 6j)
=1 <
This energy function is Hamiltonian on the covering space R?®?, but only locally Hamiltonian

on the "true" space R®™XT™ where the 6:are considered modulo 2.

The energy function W has been utilized as a Lyapunov function to determine an esti-
mate of the region of attraction of a stable equilibrium point of the swing equations (see Wil-

lems [41], El-Abiad and Nagapan [18], Fouad [19], Pai [32]).

Assume that the mechanical power produced is totally absorbed by the network, i.e.,



2 Pl = 0. (3'3)

Summing up equations (3.2.i) gives

n . n
EM‘Qi = ZPj = 0.
i=1 i=1

Integrating with respect to time gives

iM,coi(t) =C, (constant) (3.4)

i=t
which when evaluated at the initial time t=0 equals

$Me(0) = C,.
i=1

Using equations (3.1) and the constraint (3.4), one obtains

gM!éi(t) =Cy - wnf:Mi- | (3.5)

fe=1
Let us define the total inertia of the system to be the sum of the individual inertias, i.e.,

n
M, = Z:Mi'
i=1

Integrating the constraint equation (3.5) with respect to time, we obtain

‘gu,-o,(t) = Cyt — (wgM)t + Cq. (3.8)

Rewriting the constraints (3.4) and (3.6) and replacing the constants by their values one gets

$Men(t) = 3 Mie(0) (3.7)
i=1 i=1
gMiai(t) = igMicacc» ¥ t[i_‘Z‘,lMiwt(O) —MwR] | (3.8)

Equations (3.7) and (3.8) are time-dependent constraints. We make a coordinate change to
transform these constraints to time-independent constraints, thus simplifying the system of
equations. These constraint equations reduce the space of the dynamical motion by one

degree of freedom or two dimensions, as is seen below.

Define the following transformation.



= 18
W By = Wy — ﬂ-zMjwj(O)
i=1
- 1 n 1 n
Gi - Bi = 61 +t WR — EjZleQj(O) - ﬁjZ\idej(O)
where we have employed the so called center-of-angle reference frame without transforming

to center-of-angle coordinates. Our transformation is analogous to the one utilized by Kopell

and Washburn [29] except for the factor of (1/ M).

W¥ith this transformation and dropping the overbars we can summarize the autonomous

swing equations with constraints as follows:

&! = oy (3.9.i)
i n - .
My = P; - sz:yijsm(d‘, -6, l1=isn, (3.10.1)
=1
i

with the time-invariant constraints

f}M,zs, =0 (3.11)
i=1
n
iEMM =0 (3.12)
=1
and the energy (Hamiltonian) function
W _ n 1 2 n
= i_zl-a_Miwi - Z;Pidi -— g?yijCOS((si - 61) (3.13)

From the constraint equations (3.11) and (3.12) it is observed that the system can be
reduced by one degree of freedom. This procedure of eliminating a degree of freedom by
making use of a conservation law is a special case of the procedure of reduction; see Abra-

ham and Marsden [4, ch.4].

4. Perturbation and Scaling Parameters

We begin by choosing "transfer" parameters for the swing equations model.



4.1. Transfer susceptance parameters

10

Choose the coupling parameters yip Lj=12,...,n-1to be very small (i.e., weak cou-

pling) of order ¢ , £ > 0, (how small & must be, is determined later). Let (recall yy = yy)

YQ=8BH l<ijsn-1 i#j
and

Y = B lsisn-1.

Then our system of equations becomes
ék =Wy lsk=n

My = Pi-¢ 2 B“sm(di 61) - Bmsm(di n) l=i<n-1

]
. n—l -
Mpén =P, — 1{5 Bsin(8, — 6y)

with time-invariant constraints

-]
!
v

n
YMs =0, or 6=~
i=1

-}
|
(]

I
'Fl = ,Fls

n
Y Myey =0, or wy=-
i=1

W
-

and the Hamiltonian

1 1 n-1
Wc(dl. e BpBqs e v W) = >Mwf + 7 W2 — jz; Py6; — Pyo,

=1 12
-1 -1

- a?; Bjjcos(6; — 6;) — :E Bjncos(d; — 6y,)
< =1

4.2. The case of uncoupled machines

Consider the case ¢ = 0. This corresponds to machines 1,...,n—1 are connected to

machine n but not to each other. From (4.3), (4.4) and (4.5),

n-1 -1 M 2
wn(él. .. n_,,w,. o e 'Qn-l) = 1-21 EM}U] + M [ k&)k]

(4.1.)

(4.2.0)

(4.2.n)

(4.3)

(4.4)

(4.5)
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n-1 n-1 Mk
- 2 dej + P 2 Gk 2 BanOS 61 2 ﬁ-dk (4.6)
=1 k=1 *'n

Our next main concern is to evaluate the effect of the two states 6, and w, on the rest of the
system. These states are functions of the rest of the states subscripted 1, ...,n-1 via equa-

tions (4.3) and (4.4) and thus they produce the coupling of equation (4.8).

wp and dy shall be restricted to be periodic with small amplitude. This implies that the
coupling Hamiltonian of equation (4.8) shall be of the same small order and hence one
obtains the Hamiltonian formulation of Arnold diffusion as in section 2 (see also [26] and
[1]). In the power systems context this amounts to considering the effect of the largest

(infinite) machine on the system.

4.3. Determination of the Critical Set

We now locate the critical points of the energy function Wo They must satisfy the fol-

lowing equations.

aW dwn _
aW - . ddp il -
3, = = P, + Bjgsin(4; — 6,) + . 3, ][ P, 1§ Bsin(é; — 6,)|{ =0

n-1
Recall from section 2 that P, = -2 Pj , so we may write the critical set equations as follows,
!

oW Rt My :
et ; + —C) = o 4.7.
(M) Ea M, * (4.7.)

W’

M; -1
AL SN 5+ % My y o M P, —By,sin(s;—-6,)| = 0
a6, P, + Byysin(§; 2 i, k) nlx§( i ~Binsin(é; —6p)

(4.8.))

or in a matrix form
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oW

o) | _ |4 0 J -
aW' | o B =0
adj - Pj + Bjnsin(dj + & Mn 5k)

with the elements of 4 given by

Mj Mk . .
aﬁ:l"'ﬁ' and aﬂ‘:M— forall j,k and j#k.
n n

Similarly, the elements of Bare

M M ~
by=1+ & and by=—- forall j,k and j#k
M, M,

Therefore the 2(n—1)x2(n—-1) matrix
AO
0
is nonsingular with determinant > 1. Thus equations (4.7) and (4.8) are equivalent to the

following simpler conditions:

=0 (4.8.i)
P; — B;,sin(6; + 2 6k) 0, 1si=<n-l. (4.10.i)
n-1 M
Let =0+ Ly ok. and define
=1 M
n~1 M
AP =8P + -ﬁ"- 2 (4.11.3)
k=1 **n

to be the mod-(2) constant "angle” such that (4.10.i) is satisfied for all i = 1,...,n~1. Assume

that the point ((Af,0), i = 1,....n~1) is a local minimum of the energy function W’ (or a stable
point of the differential equation, see [8,16,37] for a detailed treatment of the critical set).

One can verify that every point of the critical set is non-degenerate (the Hessian matrix of
Wis nonsingular).

We remark that the Af,i=1,..,n—1, uniquely determine the 6f k=1,.,n-1, ie, the

matrix defining the linear map (6f,....65-;) -(A{ ...,A3,) of (4.11) is invertible.
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Let us now define as new state variables (.a..m.) where

a=(gy...,00), with oy =8 — 68 1<sk=<n-1, and
is the same as before. Then we rewrite the Hamiltonian as follows

@ = (@1 .. ng)

H(n.m) = 2 -Z—Mia)i + M l lM fdk]z

n-1
- 2 Pjai + P
i=1

2

k—l

cos(o; + 2 ak +Af) - COS(AS)]

— 2 Bm
k=1

i=1

with H(0,0) =0

4.4. The Choice of Constants (Parameters)

Suppose M;,-; < Mj,...,andM,_, < M,. Let us express this condition by introducing a

nonzero small parameter o such that

M

My -
Mn = a—g'. Mn—l = Mn-l’ and M’ = ?

where the overbarred quantities are of the same order ( 0(1) ) and M7 is large. Denote

l1€sisn-2

H’ 1<isn-2
= — i -
SRS
— M,

Hp-) = Qlipny = MT

Note that for an infinite machine (i.e., Myor M? » =), we have g -0, 1<i<n-1. We

further require that each “large"” machine is connected to the n-th machine via a "strong"”

line (see fig 2), i.e., we let

B
By= =, 1=<i=n—2 and Bp,,=5,,

Correspondingly let

P
Pn=?n, Pi= s

+ n—2.fin-1), and rewrite the Hamiltonian function as

l<si<n-2 and P, =P,

R |l

Let = (uy, ...
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H M“' [ n= 2
'a— F + ""Mn—-lﬁ’n—l + E'_l Z{U'k”k

n-2 P, P, [n=1
0y — Paoy0qy + —lkZ)l QU Ty

[ n-
—[cos(a,- + akz,‘lp,kak + AP) - cos(Af‘)]
=1

_ n-1
- Bn_,[cos(an_l + ), oy + AE_) — cos(A,’{_,)] (4.12)
k=1

One may observe from (4.12) that the coupling between subsystems 1,...,n—-1 is due to
the states 4; and w, of the n-th machine. That is, if My = = then the parameters
Mx =0, k =1,..,n-1 and one obtains the decoupled ('unperturbed’) Hamiltonian. For nota-

tional simplicity let uy = *++ =y o =y = u.

The unperturbed Hamiltonian {u = 0) is

! =21 M 2P 2 B,
H(o 2 _ :lz; %i— wf - TZE ?i-a, E ;:—{cos(oi +AF) - cos(Af)] +
(4.15)

1 — -
‘E‘Hn—xﬁ’:f-x = Pp10p-1 — Bpy {005(0'1-1—1 +43) - COS(Aﬂ-l)]}

We note that the perturbation affects the critical set: the unperturbed system has the point
(AL, ....A31.0) as a critical point. But after perturbation this critical point is transformed to
the point (67, .. .,65-,,0) via equation (4.11). Thus it is necessary to use the Melnikov version

developed by Holmes and Marsden [28].

The perturbation parameter is 4 and the purpose of the parameter a is explained as fol-
lows. The unperturbed (i.e., & = 0) Hamiltonian system describes a system of pendulums with
constant forcing. The phase portrait of each of its subsystems is thoroughly discussed in
Andronov and Chaikin [7, p.293]. Under the assumptions that P;<B;, 1=j=n-1, one

obtains the phase portrait for each subsystem j as in fig (3).

The parameter a is selected to boost the energy values of the level curves of subsystem

i, 1 £i=n-2, compared to the energy values of the level curves of the subsystem n-1. More

-
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precisely let the energy constant of the separatrix (or homoclinic orbit) of subsystem n-1 be
h. Then one chooses a small enough such that the total (system’s) unperturbed Hamil-
tonian, with an energy constant h > h and h close to h, possesses solution curves which are
cross products of one homoclinic orbit (that of subsystem n-1) and (n-2) closed orbits (those

of subsystemi, 1 i < n-2).

As a consequence of this choice of parameters, the Hamiltonian system will satisfy the
first three conditions of section 2 (Le., (C1)-(C3) ). Also note that the combined subsystems

i, 1= i< n—-2 admit, implicitly, action-angle coordinates (see Arnold [12, pp. 285]).

We now scale the perturbed Hamiltonian H#?), (equation 4.12), by multiplying through
by (-%—-), where M;:1=<j=<n-1 are of the same order (0(1)) (for clarity, assume all M, are the
1

same). We expand in powers of the small perturbation parameter u to obtain the following

(expanded) Hamiltonian.

H = Y s of —po; — ﬁi[cos(aj + AP) - cos(A,’)]

+a

%“"&—1 ~Pn-19n-1 = ﬂn—l[cos(on-l +83.) - cos(AS—l)]]

2
+ap

n-—2
3Pt + Apaac
=1

n-2

3,0 + oy
1=1

n-8
+ aﬂr;i Bisin(a; + AF)

+ap.—;-

n-2
Y oy + agy,| + O(a? u?)
k=1

+ a®ufn -y sin{oyy + AS,)

:g“k + aan_,} + 0{ a3 u?) (4.14)
where py = P/ My, By = Bi/ My and so on.
At this point one may identify the subsystems as follows:
(A) The subsystem {(n-1),
aF(Un-l VW) = “(‘é—ﬁ’g—l = Pn-10n-1 — Bn1lcos(an, + AS;) — cos(a3_))])
(the Hamiltonian of a pendulum with constant forcing), which possesses the homoclinic orbit

denoted (&,—,,5,—;) and shown in fig(4). Let F'(7,_,.&,-,) = h.
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(B) For each i, i = 1,...,n~2, the subsystem(i)

1 .
Gy(opay) = '2—012 = PiG — By [GOS(Ui + AF) — cos(Af)
which is a nonlinear oscillator with amplitude-dependent frequencies (this is a property of
the closed orbits of a pendulum phase portrait (see fig 5 )). Denote a solution curve of the

oscillator i, which is a projection of a homoclinic orbit of the total unperturbed system on

the subspace i, by (;,&;).

1
(AB) Finally we identify the terms of order 4 as a perturbation energy function, H,

1 1 n-2 2 [n-a
H = o ’2 O+ Qwpy| + a[ Y Pn0; + A PrOn_y
=1
n-2 [

2
+a ’Zlﬁ!sm(ai + AF) [ 2 Ok + & 0p—)

+ a®Byysin(o,-, + AE_,) l Zak-i- QL Op— 1]

5. The Existence of Arnold Diffusion

We now investigate whether the conditions of section 2 can be verified. First one notes
that the solutions of each subsystem i, 1 <i<n-2, are all closed orbits. Thus the solutions of
the combined (n-2)-subsystems lie on (n-2) dimensional tori and a transforraation to action-
angle variables is possible. In fact for each subsystem i the action is

c’mu .BL
I(hy) = L f [z(hi + pyoy + Bicos(oy + Ai’)] doy (5.1.i)
"mln
where

hy:=hy —cos(Af) , by < —pi(m-AF) + Bicos(Bf)

h; is the energy constant such that Gy(auw) = b,

Oipna(0iy,) is the maximum (minimum) value of o; at which the energy level curve,

Giy(0y. @) = b, crosses the g;-axis.

If p; = 0, the integral {(5.1.i) may be transformed into an elliptic integral which can be

looked up in Integral Tables.
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Secondly, the frequencies {); of the closed orbits of each subsystemi, 1 £i< n-2, are
amplitude dependent. Therefore one may select energy constants Gi(ai.w,-) =h;, 1=i<n-2,
such that these frequencies are rationally independent. Thus the first three conditions of
section 2 ( (C1), (C2) and (C3) ) are clearly satisfied. Now we seek to satisfy condition (C4),

so we compute the Melnikov integrals.

Using the perturbed Hamiltonian H”, eqn. (4.14), and evaluating the integrals along a

homoclinic orbit (7}, . .. ,8,-1,8,, . . . ,&,-,). one obtains

ﬁ, = __/;[G,.Hl}dt = £ -0 [a( — Bicos(a; + Ai)i:‘;jﬁk + cxﬁn_x])

n-2

=1

+ aa[pn-x ~ Bn-15in(Gp—, + -l)] ]

+a

n-2
k;lak + 0‘35;1-1] [Pi — B;sin(g; + Ais)] dt

(5.2.1)
We note that only a product of the oscillators variables (subscripted i, 1si= n-2) with

the homoclinic orbit variables (subscripted (n-1)) would produce nonvanishing terms.

The Melnikov integral measures the separation between the stable and unstable mani-
folds by measuring the energy differences along two curves which are, respectively, asymp-
totic to the invariant torus as t +» = and t + —=, Because these curves need not be close on
the torus, the limits of integration must be chosen carefully. Such terms arise from products
of oscillator variables in (5.2.i). These terms are zero when the appropriate limits are
chosen, and so may be omitted from (5.2.i) - see appendix A (A similar phenomena occurs in
the pendulum oscillator example of Holmes and Marsden [28] although they did not discuss

it]). Hence the integral of (5.2.i) above reduces to
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=
n
Ty
I
QN

(
%{Pi - B;sin(7; + Ais)]] Op-y + fx? {Pi - B;sin(@; + Ais)]an—l

Pt = fneisin(Gay + 0|5y at
One may divide by o? to obtain the Melnikov integral independent of the (scaling) param-

~
M

A
eter a. Letting Mi = —-i-.
a

A - [ 4
M = S { - E{[Pﬁ = Bisin(Ty((t ~ ) + Af)]] Tn-1(t)

+ [o1 = Bsin@ (0t — 1) + 89)]Gaes (0

= |Pr-1 = Bn-1 sin(G,_, (t) + Ag-l)]ai(ni(t -t)) }dt (5.3.1)
where the variables G, ; are periodic in t, and with (amplitude dependent) frequency (.

Note that G (()t) = -c;i—t-?i,(n,t). Similarly, along the sarie homoclinic orbit

('0"1. LY vb'_n_lnalu * s e czsn..l) one Con'lputes
o~ - N
Mn-l = f{F H }dt

= f = QWpy {az( = Bn-1005(Fp, + A7)

n-2
3. B + aFpg
k=1

'n-2
+ a? 121 Py —B; Sin(ﬁ‘j + AR |+ ol [pn-l ~Bp-15in(@,_; + A:—l)]

[n—2

+a? 2 Wx + an— ] x [Pn-l - ﬂn—l sin(?n_l + Al’?-l)] dt. (5.4)
k=1

As before, products of oscillator variables can be omitted and so only a product of variables

of subseripts {i = 1....n~2} and {n-1} contribute to the evaluation of the integrals. Hence the
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Melnikov integral reduces to

ﬁn--l = f{ -a® '&%[Pn—l - Bn-1 sin(Fy-; + Ag-l)] niz-ak
-0 k=1

fn-2

-al 2 [pj - By sin(ﬁj + Af‘)]'csn_l ]
=1

]dt

which shows that the Melnikov function can be made independent of ¢, (& does not affect the

n-2
+a? kgl(Pn-l = Bn-1 Sin(Tn-y + A1) Ty

aYs
A
transversal zeros), we therefore scale the Melnikov integral as follows. Let Mn_1 = N{:;‘ , SO
N n-2 % d o
Moot = % 1= 5] ones —Bacssin@ans + 02.0)] oul@t—4)
+{onct = Bu-1510(Fny + 831)|BlOLE — 1)
- [Pk — Bisin(@(Qu(t — ty) + A7) ]'&"n-x(t) ]dt (5.5)

We may now state the following result.

Theorem 5.1 : Let h > h be such that the subsystems i, 1 < i< n-2, possess closed orbits only.
If the Melnikov integrals defined by equations (5.3) and (5.5) possess at least one transversal
zero, then, for a sufficiently large machine M, (i.e., for u sufficiently small), Arnold diffusion

arises on the energy level h.

Following remark 4 on p. 872 of Holmes and Marsden [26] (which is due to Weinstein) it is
noted that transversal intersection of the perturbed stable and unstable manifolds of the
invariant tori occurs for almost all Hamiltonian vector fields. We note that our system has a
specific vector field even though there is a freedom to change parameters (e.g, Py Bje ete.).

Thus we must test explicitly if the Melnikov integral equations possess transversal zeros.

Remark: One may consider the Fourier expansion of the closed curves G},@,, k=1,...,n-2,

up to any integer J, as



B (tt)) ~ ,i, a,c0s(i0x(t ~E))

R éaj[ cos(jt) cos(jQt,) + sin(iQt) sin(i0,%)
=1
and

Fdle—td) = ;i: ~ itheaysin(i(t ~5)) :

J - - .
] jz:( —jank){sin(ijt) cos(ilcty) — sin(jty) cos(iMt) ]
=1
This expansion seems useful for computational purposes when the unperturbed solu-
tions @y, Ty are not available in a closed analytic form. Of course one should obtain an upper
bound on the error for this approximation to be meaningful. In the case when the amplitude

of the periodic solutions are very small one can approximate these solutions by the first

terms of the Fourier expansion, with some small error term. This is treated next.

6. A Restricted Case to Small Oscillations

If one requires that the solution orbits of each unperturbed subsystem i, 1 <i<n—2, is of
a sufficiently small order of :magnitude, then one can derive explicit conditions for a

transversal zero.

Consider the original Hamiltonian equation (eqn. 4.12) (before scaling in a). Assume
that a is sufficiently small and that the closed unperturbed solutions of each subsystem i,
1sisn-2,is of order a in magnitude, i.e., one may substitute ag; (respectively, aw; ) for

oy (respectively, «;) foralll<i<n-2. Let gy, px =g, k = 1,....n—2. After cancella-

tions and collections of terms we obtain.
n-2 n-2{ B,
H =a) -Lﬁim{" +a), —Lcos(A{’)aiz]
=1 2 =l 2
n-~2 __ n-1
+ o? 3 Bicos(AP) (0, ), paoy) + O(lu®)
i=1 k=1

n-1

1 =
+ 'é"Mn-lf"g-l - Pn—l[on—x + akz Moy
=1
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"‘n-t [COS(Un—l +473_,) —cos(As,;) “aa(:z-:llwk) sin(op-, +A3,) + 0(011#’)
=1

[n-1 2
+ 'é"“zMﬁ'l Zﬂ""k]
k=1

wherel =1 and s =2. We may write the Hamiltonian in a scaled form.

-2 ' -2 ' 2
H = anz Lwiz + anZ‘ [ﬂmcosA,"]gi-
=] 2 i=1 2 .

+ oS Bracos(A) (uor 3 ay) + O(ods®)
i=1 k=1

1 - n-1
+ E”f-l = Pp-1{On— + aukZ Ok
=1

‘ﬁn-l.n[ cos(oy—; +A3_;) —cos(A];) ‘az(l-":i:iﬂk) sin(oy— + 85-,) + O(alu®)

n-1
¥ %‘“2"‘[ ) "kr (8.1)
k=1
This formulation is particularly interesting since it resembles Arnold’s first example of

"Arnold diffusion” (see Arnold [11]). We shall show that the Hamiltonian, H# will meet all the

requirements of section 2.

One may consider u as a perturbation parameter which couples the Hamiltonian system,
and a as a small {(nonzero) parameter which measures the "size" of the neighborhood of the
stable equilibrium point of the decoupled (i = 0) subsystem i, 1 < i < n—2, within which solu-

tions are restricted.

For a fixed a > 0 set u = 0 to obtain the decoupled system. We note that the nonlinear

oscillators are amplitude dependent due to higher order terms in .
Again one may identify the subsystems as follows.

(@) the subsystem n-1 with Hamiltonian

1 -
F(Un-lvon—l) = '5‘05—1 = Pn-10n-; "ﬁn-l.n{cos(ffn—l +A3,) - COS(Ag-l)]

possesses a homoclinic orbit (@,-;,@p-, ) of energy level F(G,-; .@y-1) = h, and



(b) each subsystemi, i = 1,..,n—2, with Hamiltonian

G0y = a(E-of + (Bacos(df) %) +0(e)

is a nonlinear oscillator. Note that O(a®), which is independent of u, is responsible for the

amplitude dependent frequencies of which

[ﬂin'ms(bi")]’l ‘ )

is the first term of the Taylor expansion.

(€) The coupling Hamiltonian is the following function of x and «
n—8 n-1
Hl =pH! =a?} uppcos(Af)o; 3, oy
_ i=1 k=1
- n-1 2 n-1 .
- aupn-lkZ oy + o .wkg Oy Bn-1nSin(on-; + A3-)
=1 =1

a1 P
+ %a"’ul Ny | + 0(cdu®)
k=1

wheres=2andl = 1.

We now compute the Melnikov integrals along a homoclinic orbit (@, . .

4

a)M, =

g

Gi.H‘] dt

\
(

-
=f?5,.

L

~ Bincos(Af ):2:3‘1: +o. |- l:i:f Bmcos(Af) ﬁi]

+ By [;n-l = Bu-1.05i0(Gn—y + Ag-l)]

+ (nil'f’k) (Bincos(aP) 7) ] dt
k=1

N N A

+s Opg)-

(6.2.i)

Integrals of products of oscillators (subscripted 1< i< n-2) vanish as before, so (8.2.i)

reduces to (see appendix A)

ml = z[(ﬁincos(Ais)) { - G0py + En—lai] + 5i{pn--l - Bn—l.nSin(En—l + Ag—l) ]]dt

Noting that o; = Asin(Qt) + O(a), first substitute in the Hamiltonian equation {6.1), then
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rewrite the Melnikov integral as

)

1 A ]{G,,Hl}dt

(Bincos(AP) {[ﬁn_lAicos(Qit)]; cos{)t; + [En_lA,sin(Q,t)]: s'inti]

I

L (

+| v, —%sinQ,t}dt coé(Oiti)
\

-

-

v

\

—Q‘A,cos(Q,)t]dt sin((4t;) (8.3.i)
where we have used

d _ _ e =
Et-.-ﬁi Op-1 = @ijOn— + 03@n—

and

Vi = —2(Bincos(Af)Tn—y + pn—1 — Bn-1aSin(Tp-y + AS,).

Similarly, one computes the following Melnikov integral

@M., =7 {F,H’}dt

-

i

[ @n-1- [ ~ Pn-1,n08(Ty—; + Ag—l)zgzak - ?gz(ﬁanOSAjs) j
+ Gn-l - ﬁn—l.nsm(?n-l + Ag-l)

n-1 _
- (kZ:lEk) +(Pn-1 — Ba-1asin(@yy + AS,)| dt (6.4)

which, with pn_:= py_) and B,_; := fp-n , reduces to (see appendix A)

-2 @
mn—l = '2 f [% {Pn—l = Bn-18in(@,, + A:—l)] Ox

k=1 -

= [pams = Bassin(zany + 20 ] - Bracos(ADT,-,7y ) at

by direct computations and noting that oyt ~ti) = Aicos(t —t,), one obtains



n-2

Mn—l =% [[pn—l = Bn-15in(Tn-; + 83-y) ]Ak°°50kt]:.°°snktk

k=1

+ ([pamt = Bassin(Eany + 82-1) [husinit] sintit

+ z[i {p,,_l - Ba-i510 (T + A,;‘_l)] QAysinOyt dthosttk
- z[__f:[p,,_, - BySin(By, + AT, ]QkA;costt dt]sin()ktk
- [i(ﬁlmcos(Aﬂ))Bn_l Akcos(th)dt] cos(Qty)

- [} (Bimcos(AF)) 8y -1 Ax Sin(ﬂkf-)dt] sin{Qyty) (6.5)

From appendix (A) and eqn. (8.3.i) one obtains
Mty = ay cosity + by sinyt (6.6.)

where ay;, b;; are nonzero constants for all except a discrete set of frequencies ;. Thus, M,
has isolated zeros in t; (two in each period 2(2)) Also at these (isolated) discrete zeros,

0
o,

=L # 0. Indeed, we set M, =0 in (8.6.i) to obtain

oty
tan(Qt) = - 311— (8.7.1)
Let us define sin(Qt)) = f?i—'ﬁ?]T Eqn (6.7.i) gives
Oty = — tan™Y( :—2—) + mod() (6.8.i)

Thus

aﬁl

(tx) = —a,QsinQity + Ob; cosity

am — () = Qil Vaf +bi| #0
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Therefore, for almost all frequencies Q;, Mi(t{) =0 and %t,—i(t;) # 0 on the set
{t,’aR [ (6.8.i) is satisﬁed] (6.9.i)

From appendix A and equation (8.5) it follows that

Bty bt ) = ﬁan_, 1e08(Dcty) + by sin(Qty) ' (8.10)

where 8p-1x» bp-1x are nonzero for all k, 1 < k< n-2.

To obtain a transversal zero for the (n-2)-vector § we observe that

m(tlu ceatng) = [MI- v -ﬁn—s-mn-l]t

has the Jacobian determinant

_F L) 11
det[DM]-g_;Il T (8.11)

This follows since Mk is a function only of t;, k = 1,...,n=3, hence the Jacobian matrix DM

is a lower triangular matrix. Thus, if a transversal zero t; of each M » k=1,..n-3 is substi-
tuted into (5.10), then one would only require that the Melnikov function of (6.10) possess a

transversal zero in the variable t,_,. In this way, (6.11) will be trivially satisfied and it then

follows that the vector ﬁ has a transversal zero.

To establish these claims, First substitute in (6.10) the transversal zeros t;,tz,...,t; g

of M., k=1,..n-3 and obtain

"23 an-1xPx1 = bn-1xa11
1
(afy + bf))*?

where we have used the following two equalities obtained from equation (6.7),

m!.\-l = an-l,n—zcosnn—ztn—z + by p-2Sinlly otp 5 + .
=1

ayy by

(af, + bg)

sin{Q,ty) = — and cos(Qty) = +

L L
2 2

(af, + bd)



Thus for M,,_l = 0, one requires

cosil, . 14 b ~by,.a _
[an-l.n—z bn—l.n—z]{ Qn at“ 2] kz: — %k1%n-1k k1%n-1k%
=1

o .
et (e, + b ?

Teking derivatives of (6.10) with respect to tn-a,
ofl., os{l; aty2
?t;a_ Qn-z[bn-l.n—z = an-l.n-zl [smﬂn —2tn-a

To ensure that (6.13) does not vanish, we require that

ICOSQn-ztn-a] k, an-l.n-z]

sinQy oty 5| ™ n—-1.n-2

where k,¢R, thus

Theorem 6.1 : If equations (8.12) and (8.14) are satisfied for some (ty—g) then, for a

(6.12)

(6.13)

(8.14)

sufficiently large n-th machine (M,), Arnold diffusion arises in the Hamiltonian system {6.1)

on every energy level h > h and h is near k.

We note that equations (6.12) and (8.14) are in fact satisfied by discrete values of t_,

If one requires that the sum in (8.12) vanishes, one obtains the following condition,

[cOSQn—ztn—e] ke [ by_y1n-2 ]

sinQy _pty, o ~8&p-1,n-2

where k; is a nonzero real constant. Then equation (8.13) becomes

65;{:1 = kgﬂn-a[(bn_l_n_a)z + (an-l,n-z)zl .0

Therefore a sufficient condition for the Melnikov vector ﬁ[ to possess a transversal zero is

nf:" ) bn-1x — brian_x

L
k=t (af +bf)?

or equivalently (using equation (6.12) )

=0

tan(Qy-atyg) = - p2t22,

We state the following

n-1,n-23

(44)

(BB)
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Corollary: If equation (AA), (or (BB)), holds, then for sufficiently large machine {M,), Arnold

diffusion arises in the Hamiltonian system (6.1) on infinitely many energy levels h > h.

7. Conclusions

Theorems 5.1 and 6.1 can be extended to the case when the small parameter ¢ (see sec-
tion 4.) is nonzero. This is possible as long as ¢ is in the order of u? (ie., O(z) = O(u?)) and
thus it will have no effect on the existence of trar;sversal zeros. This follows since the Melni-
kov method respects only the first terms of a perturbed solution expansion in a power series
in u.

‘Our results ensure the presence of horseshoes (and hence chaotic orbits) in the special
case of the two degree of freedom swing equations (three machines). This is similar to the

case considered by Kopell and Washburn [29].

Holmes and Marsden [28] have developed a technique which may be employed to show
that, on certain energy surfaces, Arnold diffusion can survive suitable positive and negative
damping perturbations. It would be interesting to see if this technique can be applied in the

case of the linear damping of the swing equations (i.e., D; # 0).
We finally summarize our conclusions and suggestions for future work in the following.

(A) Theoretical work: (1) In Melnikov integrals for n degree of freedom systems terms due
only to products of oscillators may arise. These terms are not a measure of the separation
between stable and unstable manifolds. They, rather, measure asynchronous distance
between the oscillators. This phenomena, found by the present authors, needs to be explored
more systematically.

(2) The Melnikov approach can be extended to consider more terms in the approximation of
the separation between the stable and unstable manifolds. This seems appropriate from
applications point of view since it is tuned for computations.

(3) Allowing for certain positive and negative damping in the theory of Arnold diffusion has

been mentioned in Holmes and Marsden [25,268]. The affects of damping needs to be explored
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for the case of the classical model of power systems.

(B) Applicétions: (1) Many model systems in the physical sciences and engineering exist
which satisfy the conditions of the theorems on chaotic behavior or Arnold diffusion. One
needs to test for the presence of complicated dynamics of these models. For example, a
study of the Josephson junction circuit (with negligible damping) can be conducted on simi-

lar lines to our approach.

(2) Computer simulations would verify the presence of complex irrugular dynamics in
the swing equations under the conditions provided in section 4. Moreover they would display
these dynamics for possible further studies. In the case of periodic but not necessarily small

oscillators, tests can be conducted computationally,
(3) The effects of a small amount of damping should be stidied. This allows for a more
realistic modeling of many engineering systems.

(4) For large perturbations (large u) one can get many other effects, such as collision of
non-resonant tori (see [1] and the references thérein). The systematic exploration of these

would be useful for many engineering systems in general and power systems in specific.

B. Appendix A

The simplification of the Melnikov integrals
for small amplitude oscillations

We perform explicit calculations to first show that the integrals of a product of variables
of oscillators over the infinite integral domain vanish. Second we show that integrals of pro-
ducts of oscillator variables with the homoclinic orbit variables (subscripted n-1) result in

equations (6.8.i) and (8.10).
Equation (6.8.i) Case 1 Products of Oscillator Variables

From equation (6.2.i) we note that the products of oscillator variables are composed of

the following basic integral.



¥ = [B(t-t)m (-t at (A1)

where the bar denotes the unperturbed solutions given by

afy(t) = a A cost + O(a?)

a@i(t) = ~aAQ;sinQit + 0(a?)
where «a is sufficiently small. Perform a change of integration variables on (A.1) and obtain

¥ = [o(r+t—t)o(r) dr
Fori=k, ty=4 and so

¥ = ]Ei(‘r)’a"k(r) dr = f -Aﬁﬂk Sin(QkT)COS(QkT)dT

—

= Ckz%sin(znkf)dr = }‘153 925 {cos(L) —cos( -L)] =0
Note that we have substituted the first terms of the expressions for the unperturbed solu-
tions. The error terms, O(a®) are included in the higher order terms that do not affect the
Melnikov integrals. To see this. first substitute the small oscillation variables in the Hamil-
tonian function and thus the O(a?) term will be collected with the higher order terms. Now

revrite the Melnikov integrals.

Eork=i let t’ =t —t;, then

L
¥ = f - AAQSInO (T + t) cos(Qyr) dr
1

'**““fkmkg+ngr+nﬁ]+mn«k QQT+Qqﬂh

To obtain conditional convergence and for a fixed i and k, write

om

lim

L=

L
Qi+Qk I-'L

. cos[(Q; — Q)T + O] L, }

{cmﬁm+ngr+mq]

0 -
Let



¥, = cos[(ni('): 2](3):; + Qity'] I-I:L
and
¥y = cos[(( (-); 213: + Qit;'] L,

We claim that there is a sequence L, of values of L converging to = such that ¥ = 0.

To see this, write

¥, = ﬁﬁ;{cos[(ﬂi + () L]lcosQity” — sin[(Q + Oy)]sinOyt;

- [cos[ —(Q + Q) L)cosOyt;” — sin[ —(Qy + Oy ) L] sinQ,tf]}

= z-(-ri—ok—){-ZSin[(Qi + O ) L] sinﬂjt{]
Similarly

¥y = W_lm-{cos[(ﬂi - () L]cosyt;” — sin[(Q; - Oy)) sin?),-t,-'

- [cos[ — (0 — Q) L]lcosQyt;” — sin[ - (0 ~ Oy ) L] sinﬁiti']}

=5 1 0 {-2sin[(0, -0, )L] sinﬂihi‘].

Then consider
¥= (0 + Q) (0 -0 )¥

= A[(Q, — ) sin[(Q; + Q) L] + (O + Ok) sin{ (4 - Q) L]]sinQ,ti'
¥ = AsinQ;t; [(O, - 0) [si.nQiL cos( L + cosQ,L sianL]
+(0; + Oy) {sinQ,L cos{} L. — cosQiLsianL]}

¥ = Asin(yt, {sinQiLc osQL (Q; — O + 0 + Oy )

30
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+ cosQLsinQ L{Q; — O — 0 - Oy )}

=2A sinQ,t,'[Q, (sinQiL cosy L) — Oy ( cosQ;Lsin(y L) }
Consider the quantity in braces

[Qi sinQjL cos(Qy L. = Q) cosQ;L, sianL}

which we equate with zero and obtain

%:i tan{;L).

A simple sketch of these functions shows that there exist a sequence L, of time, Ly -+ =,

tan(QL) =

values at which the equality holds. (Rational independence of the frequencies is sufficient

for the existence of this sequence).
Case 2 A product of a homoclinic and oscillator variables

The basic product components of the Melnikov integral (8.2.i) are as follows

Bi(T—t;) Gy (T)dT (A.2a)

ft

Bp-1(7) G(T—t)dT (A.2b)

Ty

iﬁ,(‘r—t,) Ba1{T) dT - (A.2¢c)

where ; is the initial phase.

(A.2c) = lim {‘a (r=t)Bna()] iy - d‘r]
Low l i n-1 L I i“n-1

Noting that {imﬁn_,( +L) = 0 (the velocity component of the saddle of the homoclinic orbit

equals zero), then

L.
(A.z.c) = 11.3.2'}{ - ;{51511_1d1'}
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. . " L L d " —
=lim - {[wl(‘r"ti ) (7)) — ._/;a‘;a"i(""'tx ) Un—x("')d"']
Again the first limit goes to zero. First note that

T ~4) = ~AQsin(Q(r ~t/))

= Bi(7) cos(Oty) + Q7 (7) sinOyty
and

77 —t) = Aeos(@r—t)) = [5(7) cos(@) + F-5(r) sin(Ot)

where we neglested the error terms which do not affect the Melnikov integrals. Then the first

term of (A.2c) becomes

M+t
}..ifgﬁn-l(‘r) ar-t) | L= -0f %;iﬂﬁ”"(f) o=t | g, Y
: 0

M L ]
= BlllﬂA‘{ cos{M) Gp( —%t'l—) —~ n(

~M+t

o ) cos( -M)]

. o Mty oM+t
-‘1‘1_.1’1_{&&[%—1( o )-Un—l(T)

where we wrote Ajcos()r for (7). Note that 7,_, is the component of the homoclinic orbit

cosM (A.3)

such that

%li_l:nuan-l( M) = Opy( £) = (T —24831),

where the saddle point is (7 —2A2_,,0), and hence (A.3) vanishes. Therefore,
Td _ .
(A2e) = [ =BT ~t) Bni(r)dT = —0F [B(7—t) Tay(r)dr

= -0f (A.2a).
Thus the basic terms are those of (A.2a) and (A.2b).

The integral of (A.2b) is treated the same way,

JBa-iT)F(r-t) d7 = hmBy (1) Tl = 4) | _‘ii



= [Tua()B(T-t)dr (A.4)
where the first term vanishes (see A.3) and hence (A.4) reduces to (the negative of) the

integral in (A.2a). Thus

(A.2a) = } BT ~t") Tpi(7)dT = {} Tp-1(7) ai(f)dr] cosQty

+ {mfa,._, (r) -ai(r)dr] sinQ;
where each integral in the braces is well-defined and is a nonzero constant for all except a

discrete set of (), (see Kopell and Washburn [29] or Holmes and Marsden [27]).

.Collecting terms and noting that the coefficients of these integrals are different due to

the different parameters M;, B; etc., one obtains the following

My(t)) = ay, cosQyty’ + by, sinQity
where a;; and b;, are nonzero constants for all except a discrete set of ().
Egnation (6.10)

The terms of the integrand of equation (6.4) are composed of the following expressions.

L bt =Bt 50Ty + 831) |7y |  (AS.a)
f;{pn-x ~Bn-1.n8in(Gn~; + A3) ]ﬁk l1<sk=n-2 (A.5.b)
On—10k l1<k<n-2 “ (A.5.c)
[Pact =Ba-t.a5i0(@acs + 83-) ey (A.5.)
[pn—l ~Bn-1nSin(Tp + A—l)]wk = (dn-1) @y (A5.e)

We first consider the terms with vanishing integrals over the infinite domains; namely

(A.5.a) and -(A.5.d).

Consider the integral of (A.5.a) and perform integration by parts.



f ';“ Pn-1—Bn-1nSin(Ty_; + AS.,) ]an—l ar
= %‘1_1"2 { Fn1(T) [Pn-l = Bn-1.25in( Ty, (1) + AR )]

L
- '-/L. {pn‘l =Bn-1.05i0(T,,(7) + A3, )]E’n-l(f) d‘T}

The first term vanishes as N » = since - [

Ben oot = BaosaSin(Ts(N) + A2,)] = lim B,y () =,
where @,_;(+=) is a component of the saddle
(a-1(£=) , Bp-1(£2)) = (Taoy(£=),0).
Thus the term of eqn (A.5.a) is the same (except for a minus sign) as the term of eqn (A.5.&).

Consider now the integral of (A.5.d)
f[Pn~! = Bn-108in(Gy, + An, )]_G-’n-l(‘r)d‘r

e - - 1.
=[G a(7)Tp-(r)dr = Slim B, A7) | § =0,
That is, the 'kinetic ' energy at the saddle, referenced to itself, is equals to zero. Hence the

terms of (A.5.a) and (A.5.d) produce vanishing integrals.

The term of egn.(A.5.c) is the same as the one in equation (A.4). The terms of (A.5.b) and

(A.5.e) are the same if one performs integration by parts on {A.5.e).

Thus it is left only to consider the term (A.5.b) for a given k, 1 < k < n-2,
L4 ] d . _ _
J(A5b)dr= S "&T[Pn-x =Bn-15I0(Tp-; + AZ, )]Uk(t —ty)dt

Tal. 1.

i‘a‘t— [A) —I]Uk(t —tk) dt.
Noting that
Tt —ti) = AycosOy(t —ty)

= Ak{cosﬂktk cos{t, + siansiantk]

then the integral becomes



- -
Jasb)dr= A S ;—t( ) cosltdt oty

Td :
+ | Ay i Ei?(wn..l)sm(')ktdt:J sin(ty
We note that no cancellations between the intergal terms in eqn. (6.4) can occur since the

coefficients of the integrals are different for different parameters. Define

-

813 = A [ S (@aa(t) JcosDytat

and

Td . .
boetx = A f Tt (@n-1(t) ) sinOytdt
where ap-1x and bp_; i are well-defined and vanish only for a set of discrete values of (3. This

follows from the analyticity of the integrals in () with the rate of acceleration term (i.e.,

g4
dt

Holmes ar.d Marsden [27]).

@n-1(t)) is nonvanishing along the homoclinic orbit (see Kopell and Washburn [29] or
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Figure Captions
Fig 1 | A sémple power system; generators, transmission network, and loads.
Fig 2 The power system diagram {our model).
Fig 3 The phase portrait of a pendulum with constant forcing.
Fig 4 A homoclinic orbit ( subsystem n-1). -
Fig 5 Closed orbits of a pendulum ( subsystemi, 1<i= n-2).
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Fig. 1. A sample power system; generators, transmission network,

and loads.
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Fig, 2 The power system diagram (our model).
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Fig. 3 The phase portrait of a pendulum with constant forcing.
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Fig. 4 A homoclinic orbit of a pendulum
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Fig. 5. Closed orbits of a pendulum (subsystemi, 1 <i=< n=2).



