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Abstract

We study stability, parameter convergence and robustness aspects of
single input-single output model reference adaptive systems. We begin
by establishing a framework for studying parametrizable and unparametri-
zable uncertainty in the plant to be controlled. Using the standard
assumptions on the parametrizable part of the plant dynamics we give a
corrected proof (of Narendra, Lin and Valavani) of the stability of the
nominal adaptive scheme. Next, we give conditions on the exogenous input
to the adaptive loop, the reference signal, to guarantee exponential para-
meter and error convergence. Using our framework for studying unmodelled
(unparametrized) dynamics; we show how the model should be chosen, and
the update law modified (by a deadzone in the update law) to preserve
stability of the adaptive loop in the presence of output disturbances and
unmodelled dynamics. Finally, we compare adaptive and non-adaptive con-

trol and 1list directions of ongoing research.
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Section I. Introduction

Most currently used techniques for the design of control systems are
based on a good understanding of the plant under study and its environ-
ment. However, when the plant is too complex and the physical processes
in it are not fully understood these techniques need to be modified. A
common method of attacking the problem is to apply some system identifi-
cation technique to obtain a model of the process and its environment
from some input-output experiments. The controller design is then based
on the resulting model. Further, the parameters of the controller are
adjusted during the operation of the plant as the amount of data for
plant identification increases. For a number of PID controllers this
is in fact done manually - however, when the number of parameters is
larger than three or four, automatic adjustment is required. Adaptive
control refers to a procedure for automatically tuning controllers. Two
of the most popular schemes are self tuning regulators (STRs) and model
reference adaptive systems (MRAS). The design techniques, in theory, are
meant for unknown but fixed (i.e., time invariant) plants; in practice

they work for slowly-varying (in time) and unknown plants.

For STRs the starting point is a design method for a known plant.
Given that the plant is cncompletely known the parameters of the con-
troller cannot be determined. They are, instead, obtained from a recur-

sive parameter estimator. Since a separation between identification and

control is assumed - this is referred to as an indirect methodology for
adaptive control.
For MRAS, the starting point is a reference model which represents

the performance desired of the control system after feedback. If the



plant were known a suitable precompensator and feedback compensator
could be used to obtain the closed loop transfer function equal to that
of the model. Since the plant is unknown, one starts with an initial
guess for the parameter of the compensator. This initial guess is
updated (adapted) based on the error between the output of the model and
the closed-Toop plant when driven by a reference signal. The aim of the
adaptation is to drive the error between the model output and plant out-
put to zero. Since, no explicit separation between identification and
control is assumed - this is referred to as a direct control methodology.

In this paper we study in detail model reference adaptive systems
and their properties in regard to:

(1) Overall stability of the scheme,

(2) Convergence of the adaptive scheme - parameter and error con-
vergence,

(3) Properties of the possible 1imiting adaptive controllers, and

(4) Sensitivity of the adaptive scheme to plant output disturbances
and unmodelled (unparametrizable) dynamics.

The study of model reference adaptive systems is not new. They have
been studied extensively by Narendra and co workers [1,2,5,12], Morse [3],
Goodwin, Ramadge and Caines[4]. The papers [1,2,5] and Anderson [6],
Kreisselmeier [7] in particular give a complete solution to questions
(1), (2) and (3) above. Rohrs [10] discusses thoroughly the sensitivity
of MRAS to unmodelled dynamics and output disturbances and shows by way
of simulation evidence that unmodelled and unparametrized dynamics can
result in the loss of stability of the MRAS schemes discussed in [1,2,5].

Ioannou and Kokotovic [11,21] represent the unmodelled dynamics as being

singularly perturbed 'fast' or 'parasitic' dynamics and suggest a modi-

fication in the update law of [1,2,5] to ensure stability of the adaptive
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scheme. Narendra and Peterson [14], Kreisselmeier and Narendra [15]
suggest the inclusion of a dead zone in the update law of [1,2,5] to

preserve stability of the MRAS.

Our contribution and the layout of the paper is as follows: In
Section 2, we discuss concepts of structured (parametrizable) and unstruc-
tured (unparametrizable) uncertainty in the model of a plant to be con-
trolled. Such a discussion is novel in an adaptive control context. We
discuss here when it might be preferrable to use adaptive rather than
robust non-adaptive control as isused, say, in Doyle and Stein [18] or
Desoer and Gustafson [22]. We introduce the information needed about the
structured uncertainties in the plant to do adaptive control. Section 3
gives the controller structure and the parametrization of the plant un-
certainty through controller parameters. In Section 4 and Appendix 1 we

rederive a proof of stability and convergence of the error to zero for

the MRAS - while our proof is very similar to that of [2], we take this

opportunity to correct the errors in the proof of [2], (Lemmas 4 and

5 esp. of Section IV in [2]). In Section 5 we give explicit conditions

on the exogenous reference signal input into the adaptive system to
guarantee exponential convergence of the parameter error to zero.* The
conditions available in the literature [5,6,7] were in terms of the
sufficient richness of a certain signal inside the time-varying adaptive
loop and so were not explicitly verifiable. In Section6 we study robust-
ness aspects of adaptive control - we first survey briefly the results

in [15] to show that a deadzone in the parameter update law stabilizes the

MRAS system against output disturbances. We use this same machinery to

*These results were derived jointly with S. Boyd, see [23].



show a suitably chosen deadzone can also stabilize the adaptive sys-
tem against the effects of unmodelled dynamics. The price to be paid is
that the error between plant and model output does not converge to zero
but rather to a magnitude less than the size of the deadzone (off a set
of finite measure). We again compare the robustified adaptive con-
troller with a non-adaptive controller.

In Section 7, we discuss briefly the work in multivariable adaptive
control along with research directions for further work. - While the
present paper discusses only continuous time model reference adaptive
control, the modification of the resuits on stability and parameter con-
vergence for the discrete time case are procedural. The modification of
the robustness results to the discrete-time case are not easy or obvious

to this author (for lack of a good notion of unstructured uncertainty).

Section 2. Structured and Unstructured Uncertainty

In a large number of control systems design probliems, the designer
is not furnished with a detailed state space model of the plant to be
controlled either because it is too complex or because its dynamics are
incompletely understood. Consider first the kind of prior information
available to control a stable plant: by performing input-output experi-
ments (usually applying a succession of sinusoidal signals at the input),
the designer obtains a Bode diagram of the form shown in Figure 1.
Typically, an inspection of the Bode diagram shows that the data obtained
beyond a certain frequency, Wy is unreliable because the measurements
are poor, corrupted by noise, etc. What is available then is essentially
no phase information and only an 'envelope' of the magnitude response

beyond Wy The dashed lines in the magnitude and phase response



correspond to the assumption that there are no dynamics at frequencies
beyond Wy For frequencies below Wy it is easy to 'guess' the presence
of a zero in the neighborhood of wy (shown dashed in Fig. 1(a)), poles
in the neighborhood of Wy s Wy and pole pairs inthe neighborhood of Wy s
ws.

2.1. Model Reference Control Adpative and Non-Adaptive

To keep the design goal specific we will assume that the designers

goal is model following: the designer is furnished with a reference

model with transfer function ﬁ(s) € R(s) by the user and told to design

a control system so as to get the plant output denoted yP(t) to track

the model output, denoted yM(t), in response to reference signals r(t)
driving the model. This is shown pictorially in Figure 2. The controller
generates the input u(t) to the plant using yM(t), yP(t), r(t) so that
asymptotically the error between the plant and model, e](t) = yP(t)

- yM(t) -~ 0. Two options are available to the designer at this point:

(1) Non-adaptive Control. Here one uses as model for the plant a nominal

transfer function with a zero at s == Wy poles at s = - W, - W33 pole
pairs at s =-0, + jw4, S == 0g + jw5 (estimates for Wgs Wy are obtained
from the heights of the magnitude peaks in Figure la at Wy s “’5-)’ so as to
obtain a ‘'nominal' rational transfer function P(s) € R(s)

k|:,(s+w.l )

P(s) = (s+w2)(S+w3)(s+o4+jw4)(S+04-jw4)($+05"'jw5)(5+0’5'jw5) (2.1)

The gain kp in (2.1) is obtained from the nominal high frequency asymp-
tote of Fig. 1(a) (i.e., the dashed line). One then estimates the

mode11ing error due to inaccuracies inthe postulated pole-zero locations



and poor data and represents the plant transfer function as

P(s)01+0; (s)1 (2.2)

ﬁ](s) € R(s) is referred to as the multiplicative (loosely speaking

'percentage’) uncertainty and |G1(jw)l is typically as shown in Fig. 3
(see[18] for a good discussion of the form (2.2)). One treats ﬁ(s) as
the desired input-output transfer function for the control system over

the frequency range of the r(t). Then,one attempts to build a linear,

time-invariant controller of the form shown in Fig. 4, with feedforward
compensator C(s) ¢ R(s) and feedback compensator F(s) ¢ R(s) so that the

nominal closed loop transfer function
PC(1+PCF)! (2.3)

is equal to M over the range of reference inputs r(t). Further 6, F are

chosen so as to preserve stability in the presence of the unmodelled

dynamics represented by G] and reduce sensitivity of the actual closed

loop transfer function to the modelling errors represented by ﬁ]; i.e.,

if the actual closed transfer function is

PO+l C1+P (140 )EFT™T = (14D, (2.4)

then 6, ? are chosen so that ﬁz is smaller than 61 over the frequency

range of the reference signal, r(t).

(2) Adaptive Control. The distinction is made in this methodology between

the two kinds of uncertainty present in the description of Fig. 1 - para-

metric or structured uncertainty in the pole-zero locations and inherent




or unstructured uncertainty beyond Wy - Rather than postulate a nominal

transfer function for the plant, the designer decides to identify the
pole zero locations on-line, i.e., during the operation of the plant.
This on-line 'tuning' corresponds to the reduction of structured uncer-
tainty during plant operation. The aim is to obtain asymptotically as
t + » is a match between ﬁ(s) and the controlled plant that is better
than in option 1 above for frequencies below Wye A key feature of this
on-line tuning approach is that the controller is generally non-linear
and time-varying. The added complexity of adaptive control is made
worthwhile when the performance achieved by non-adaptive control is
inadequate.

In summary, the plant model for adaptive control is given by
Pax(s)(1405(s)) (2.4)

where ﬁe*(s) stands for the plant indexed by the parameters 6*, for true
pole and zero locations and ﬁ3(s) is the unstructured uncertainty. The

difference between (2.2) and (2.4) lies in the fact that
03001 < 10,00 Vo (2.5)

with the inequality being strict at low frequencies, as shown for
example in Fig. 3. While 8™ are the parameters corresponding to true
pole and zero locations, these are apriori unknown and the aim of adap-
tive control is to obtain 6* from an initial guess 6.

When the plant is unstable, a frequency response curve as shown in
Fig. 1 can no longer be obtained, and a certain amount of off-line

identification or detailed modelling needs to be performed. As before,



however, the plant model will have better structured and unstructured

uncertainty and the design options will be the same as above. The
difference only arises in the representation of the uncertainty. In
option 1, the uncertainty was modelled as (see Eq. (2.2)) ﬁ(s)(1+ﬁ](s)),
with G](s) stable and with bounds on IG](jw)I. When the plant is
unstable, then since the nominal locations of the unstable poles may
not be chosen exactly G](s) may be an unstable transfer function.

For adaptive control, we require that all unstable poles of the

system be parametrized (of course their exact location is not essential)

so that the description for the uncertainty is still given by (2.4) i.e.
Po(s)(1+05(s))

where ﬁ3(s) is stable, even though ﬁe(s) is unstable.

Example

Consider a plant with 'true' transfer function with € small

and M > 0 large

1-M
(s=T+e)(s+M)

For non-adaptive control the nominal model is chosen to be P(s) ='§%T

so that

~ - 2+ -es-eM
by(s) = TrseTteem (2.6)

For adaptive control on the other hand the model ﬁe(s) of the form E%E

is chosen and



03(5) = égﬁ (2.7)

Note that (2.6) is unstable while (2.7) is not.

2.2. Prior Information for Adaptive Control

While there are several methods of adaptive control available, our
focus in this paper is on direct model reference adaptive control.

The plant to be controlled is of the form (2.4), i.e.,
Py(s)(1+05(s)). (2.4)

We make the parametrization more explicit; by writing the nominal plant

A

P, as

0

-

(s)

p(s)

k

D (2.8)

[= 1

where ﬁp(s), 3p(s) € R[s] are coprime, monic polynomials of degrees m and
n respectively. While the zeros of ﬁp and ap (the zeros and poles of
39(5) respectively) are not assumed to be known, we will assume that the

following reasonable information about 59 is known:
Al. The number of poles of ﬁe, i.e. n is known.

A2. The number of zeros of 56, i.e., m is known.

A3. The sign of the high frequency gain kp is known.

A4, ﬁe is minimum phase, i.e., the zeros of ﬁp 1ie in the open left
half plane (T_).

Comments

Assumptions 1, 2, 3 apply to the nominal plant P 3 but not necessarily
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to the plant of (2.4). In particular ﬁe(1+U) (the subscript 3 is dropped
for simplicity) can have many more stable poles and zeros than 56 (of the
example of Section 2.1). Further, the sign of the high frequency gain

of ﬁe(1+ﬁ) is usually indeterminate as indicated in Figure 1. Assumption
4 is the most stringent of the four assumptions and is needed since the
adaptive control procedure of Sections 3 and 4 uses asymptotic zero
cancellation.

The literature [2,3,4] 1ists assumptions 1 and 2 slightly differently:
it asks for knowledge of an upper bound on n and the exact relative degree
n-m of the plant. From the discussion of Section 2.1, the present form
of the assumptions is adequate.

In Sections 3, 4, 5 we will discuss the structure and convergence
properties of the error and parameters for the idealized model of the

plant with no unstructured uncertainty, i.e., we will assume, temporarily,

that the plant is modelled adequately as ﬁe with ﬁe satisfying (A1)-(A4).
These assumptions will be relaxed in Section 6 which studies robustness

aspects of adaptive control.

Section 3. Controller Structure

3.1. Problem Statement

The nominal plant transfer function P(s) € R(s) is described as in

Section 2.2 by

3>

ﬁ(s) = kPV P(S)

(3.1)

[= B

p(s)

where ﬁp(s), ap(s) € R[s] are monic, coprime polynomials of degree m, n
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respectively. The zeros of ﬁp are assumed to be in é_ and kP is un-
known but positive. The input and output of the plant are denoted u(t)
and yP(t) respectively.

The model M(s) represents the behavior expected from the plant

after a suitable controller has been found and has transfer function

ﬁ(s) =

Ky (3.2)
with aM(s) a monic, polynomial of degree n, HM(S) a monic polynomial of
degree r and kM a positive constant. It is assumed that HM and HM both
have zeros in é_. The input and output of the model are denoted r(t)
and yM(t) respectively.

The derivation of the model output from the plant output is given

by e](t) = yp(t) - yM(t). The aim of the adaptive control scheme is to
find u(t) so that el(t) +>0as t =+ e,

3.2. System Structure

The basic controller structure is shown in Fig. 5. The configura-
tion is similar to the non-adaptive scheme of Figure 4 with the F] block
playing the role of the precompensator E(s) and the F2 block that of the
feedback controller F(s). The precompensator is realized in feedback
form using an auxiliary signal generator with transfer function

n-1

(sI-A)'1b 61R"'1(s) with input u(t) and output v(])(t) ¢€R Here

AeRVTPMT and b e R™Y. The auxiliary signals vi1) are multiplied

=1 +5 form part of the input

by the (n-1) adaptive gains of c(t) ¢ R
u(t). The F2 block consists of a signal generator identical to that

in F] with input yP(t) and output v(z)(t) GIR"']. The auxiliary signals
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n-1

v(z)(t) are multiplied by the adaptive gains d(t) € R and the plant

output yp(t) by the adaptive gain do(t) to obtain the plant input

u(t) = cr + ch(l) +dy, + dTv(z) (3.3)
0 o’P
The adaptive controller structure should have enough degrees of

freedom to that with the time varying parameters c_, cT, d, dT set equal

0
to constant; and suitable choice of A, b the overall plant and controller
transfer function matches that of the specified model. This is verified

in Theorem 3.1 under the condition that the model has the same relative

degree as the plant. First, notice that A, b enter our calculations only

through the transfer function (sI-A)'1b so that we may assume without loss

of generality that A, b are in controllable form so that

B 1 j
(sI-A)"'b = A—(‘-)- s (3.4)
s .
;n-z

with K(s) = det(sI-A) € R(s). To keep the controller stable we will
insist on K(s) being Hurwitz: from (3.4), we note that the choice of

A, b is now equivalent to the choice of a stable K(s) € R(s).

Theorem 3.1

Given a model M of the form (3.2) and plant P of the form (3.1);
then so long as r = m, there exists a choice of c;, d: € R, c*, d*'e Rn'],
A(s) € R(s) and Hurwitz so that the closed loop transfer function of the

plant and controller equals M.

Proof: Verify that when the adaptive gains are constant with values
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. * x  * %
given by Cys € > do’ d the transfer function of the precompensation F]

is given by
A% A
1/(1-C (s)/A(s)) (3.5)
. ~k * * %* n_2 .
with C (s) = €l +Cys + ...+ C g (using (3.4)) and the transfer

function of the feedback controller F2 is given by
Ak ~
D (s)/A(s) (3.6)

* A * - A
where D (s) = doA(s) + d1 + ... 4 d:_]sn 2. Note that C*(s) has degree
Ak :
n-2 and D (s) degree (n-1). Using (3.5) and (3.6) we see that the closed

loop plant transfer function is given by

cgP(s)A(s))
A(s)-C*(s)-D*(s)P(s)

(3.7)

To show that the expression in (3.7) can be made equal to M for suitable
choice of A of degree n-1, D* of degree (n-2) we need the following

lemma.

Lemma 3.2
Given two coprime monic polynomials ﬁp, ap of degree m and n; and an
arbitrary monic polynomial X of degree 2n-1, there exist unique polyno-

mials T (monic) and R of degree (n-1) respectively so that

TdP + Rnp = X (3.8)

Proof: Since &P and ﬁp are coprime, it follows from the Euclidean

algorithm that there exist polynomials A of degree m-1 and B of degree
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n-1 (e.g., Jacobson [19])
An, + Bdj = 1. (3.9)

Multiplying both sides of (3.9) by X we have

ANAN AAN

XAn,, + XBd, = X. (3.10)

P

Dividing XA by ap we get

XR.-7+R (3.11)
where R is the remainder of degree < n-1. Rewrite (3.10) as
(XA-YdP)nP + (XB-YnP)dP = X. (3.12)

Using (3.11) we see that (3.12) is of the required form (3.8) since

XA-YnP==R‘has degree < n-1; thereby forcing ﬁﬁ-?ﬁp=:'f to have degree

< n-1. Further X monic implies that T is monic.

Uniqueness

If there exist other polynomials ?1 (monic) and §1 of degree (n-1)

so as to satisfy (3.8) we would have

(T-T])dP + (R-R])nP =0
so that — = - ——

with f—?1 of degree n-1, thereby contradicting the coprimeness of ﬁp,

p* o
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We will now use the lemma to show that for suitable choice of c;,

Ak Ak PN
C, D, A the expression of (3.7) can be made equal to

ny(s)
kMA_-_ (3.13)
dM(S)

where EM, SM are monic, Hurwitz polynomials of degree n, r respectively:
k

* A
Choose Co = 1gﬂ s and choose A to be any monic Hurwitz polynomial so
that EM divides A. Such a choise is always possible since EM has degree
r=m<n-1. Now, to apply the Lemma 3.2 choose
. dun

=)D

M
Verify that X is a monic polynomial of degree 2n-1. By Eq. (3.8) of

Lemma 3.2, there exist polynomials T and ﬁ of degree n-1, with f monic

so that
an an Ao
Td, + Rn, = P (3.14)
P P A
M
now choose

ﬁ*(s) = -R(s)
and
¢*(s) = -T(s) + As)

A A A%k
(D*(s) has degree n-1 since R is of degree n-1, C (s) has degree n-2
since it is the difference of two monic polynomials of degree n-1).

Verify now that the expression in (3.7) may be written as



* A A
CokP"PA

(A-C)d

= (3.16)
pD Mp

*

Using (3.14), (3.15) and cy = kM/kP we see that (3.16) is equal to

kMﬁM/aM as required. Once c;, A have been chosen, the choice of 6*, ﬁ
is unique by the Lemma 3.2. It follows that np divides K-C*. Also A
has been chosen so that HM divides A. In the instance that ﬁp and ﬁM
are of degree n-1 (the relative degree 1 case), A-c* = ﬁp and A = HM

so that equation (3.16) simplifies to

kv _ kv
A A% A
dP-D dM

~ A _ A%

nM - nP - C
and

~ ~ A%k

d -4 =9

P M

* *
so that the <5 and di are related affinely to the numerator and denomi-

nator coefficients of the plant transfer function. The relationship is

more complex when the relative degree is greater than 1.

3.3. The Error Equation

From the proof of Theorem 3.1, we see that if ﬁp and &P were known
the precompensator and feedback compensator could be chosen to obtain
model matching. Since ﬁP and ap are not known exactly, 6* and ﬁ* cannot
be obtained. The purpose of adaptive control is to start with an initial

guess for the parameter Cgs C> dO’ d and then modify the guess based on

-17-



the output error & = Yp - Yy~ We derive here the equation relating

2n

output error to parameter error. Define the parameter vector 6 ¢ R™" by

T

.
8' = [cqc ,do,dT] (3.17)

2n

and the signal vector w € R™ by

T T, (207

w = [r,v 2YpsV (3.18)

Now, for given choice of A let e* EZRZ" represent the value of the para-
meters required to obtain the model transfer function. Then the para-
meter error ¢ is defined to be e-e*. To obtain the error equation, let
cg(sI-AP)”]bP be a minimal realization of kpﬁp/ap. Then the equations

of the control system in state space form are

F).(P 1 I A, 0 0] FxP ) [ by |

= + u (3.19)
o1 o A ol vV b
L\'/(z)_ Lbcg 0 A _V(Z)J Lo |

Since u = eTw and 6 = 0%+, equation (3.19) can be written as

Fe N e T e ST i W PN, S
Xp Ap+d0chP : ch . de Xp bP (¢ w+c0r)
P +
g1 bdgeg 1 Mbc ' bd v b
i
v(2) bl 0, A v(2) 0
e - — P ! ] -t e - e J
A b

The output equation is
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Yp = [cP 0 0] rxp h (3.21)
—
c V(1)
R ,

The model can be similarly represented in non-minimal form (with suitable

choice of initial conditions) as

Yy | = Alxy | * blegr) | (3.22)
Gél) V&])
GéZ) v&Z)
- J - o
vy = & %y ] (3.23)
o
where A ¢ Rgn-2x3n-2, b, el e R3I2 4pe exactly the same matrices as in

(3.20), (3.21). Though the realization (3.22), (3.23) for M is non-

minimal it is easily verified to be detectable and stabilizable (i.e.,

no unstable modes are hidden). These facts will be useful in the stability
proofs of Section 4. Subtracting Eq. (3.22) from (3.20) and (3.23) from
(3.21) we get: with eT = [xg,v(l)T,v(z)T]- [x&,v&l),v&Z)T]

Re + bolw, e ¢ RO"2

e
(3.24)

~

ce.

n

€

Also it follows from Eqs. (3.22), (3.23) that
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~N

E(sI-A)']Bc; =M

so that the equation for the error e, may be drawn as in Figure 6 and
represented as

A k Pl
e = =z fieTw) =2 fi-(6w) (3.25)

%

=

In Eq. (3.25) ﬁ(¢Tw) is to be understood as the usual convolution between
the impulse response of M and ¢Tw. Further, the effect of the initial

condition is not explicit in Eq. (3.24).

3.3. The Update Law

We have shown that when the adaptive parameters 6 are not at the
*
desired values 6 the output error between plant and model is given by
kp .
ey = —E-M(s)-¢Tw.
M
what remains to be specified is a mechanism for starting from an initial
guess 8 of the parameter values and updating this on line so as to get
*
ey to tend to zero as t + «» and (if possible) 8 - 6 . This is referred
to as the update law. The update law is a formula for &, or equivalent

the parameter error é.

Section 4. The Stability Proofs and Choice of Updata Law

The basic controller structure will need to be modified slightly
during the course of this section. Rather than give the most general proof
immediately, we will give a simple stability proof for the case when the

relative degree of the plant i.e., n-m=1 (Section 4.1), when n-m=2
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(Section 4.2) and finally when n-m > 3 (Section 4.3).

4.1. The Relative Degree One Case

For the purpose of a stability proof we will need to assume that the

mode 1 ﬁ(s) is strictly positive rea].*- Superficially, and certainly

mathematically, this entails no loss of generality since given any stable,

minimum phase M(s) of relative degree 1 (which are the only models that
can be matched when the plant has relative degree 1 - see Theorem 3.1),
there exists a proper, but not strictly proper, stable and stably inver-
tible é(s) € R(s) wo that G(s)ﬁ(s) is strictly positive real, (for
example, a(s)'= ﬁ'](s)/s+1). By using é'](s) as prefilter for the refer-
ence signal r(t) we can change the model matching problem from one of
matching M(s) to one of matching the strictly positive real transfer
function G(s)M(s). (It is important to note that the prefilter G'l(s)

has not differentiators by choice of é(s) proper but not strictly proper;
also ﬁ'] is stable). The implications of assuming the model ﬁ to be posi-
tive real are considered in Section 6 when unmodelled dynamics are

present. We now have

Theorem 4.1

For the adaptive system of Figure 5, consider the update law
é = -e]w- (4.])

where 6 and w are defined in (3.17), (3.18) respectively. Then, provided

r(t) is bounded;

*A transfer function ﬁ(s) is said to be strictly positive real if for
some ¢ > 0 Re M(-etjw) >0 Y w €R.
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Tim e1(t) =0 (4.2)

tocee
Proof: Consider the error equations of (3.24), namely

& =Re + bo'w
N (3.24)
e, = ce
where E(sI-R)']B is a nonminimal but detectable and controllable realiza-
tion of the transfer function ;ﬁ M(s). Since M s strictly positive real
(SPR) and kP’ kM > 0; we have that E(sI-K)']b is SPR. Hence, by the PR
Lerma (see for example [25]), there exist positive definite matrices P,

Q such that
AP + PA =-Q
(4.3)

Ph = &',

Now consider the (time-varying) dynamical system

Re + bo'w

Me
it

(4.4)

S
[}]

-eqW
with Lyapunov function

V(e,) = eTpe + ¢T¢ (4.5)
Verify using Eqs. (4.3) that

V(e,4) = -e'qe < 0. (4.6)

Since Vﬁ; 0; we have that e(t), ¢#(t) are bounded. Recall that



eT(t) = [xg,v(l)T,v(z)T] [x v(])T (Z)T]. Further note that r(t)

bounded and the realization (3.22), (3.23) of the model is stable so that
Xy v§1), v&z) are bounded. Consequently [xl.‘;,v“)T (Z)T] is bounded.
From this it follows that wT = [r,v(])T,yP,v(z)T] is bounded. Using

this fact in Eqs. (4.4) we may conclude that e, ¢ are bounded (so that

e, ¢ are uniformly continuous). Now since V(e,$) > O we have that

j Vdt < o, (4.7)
0

Since V = -eTQe is uniformly continuous (e is uniformly continuous), as

a function of time, we have that

limy =0 =lime =0 (4.8)
{0 {00
From (3.24) above it follows that 1im e](t) = 0. o
o0

Remarks: (1) We have shown above that e(t), o(t), w(t), e(t), #(t) are
bounded and that 1im e(t) = 0. We see also from (4.4)

{0
1im ¢ =
£

and from (4.5), (4.6) that

lim v(e,$) = 1im ¢T¢ =
oo

o0

exists. Though ||¢(t)|| converges to (V )1/2

, we can say nothing about the
convergence of ¢(t) as t+= (leave alone about its convergence to zero).

(2) The asymptotic stability of the system (4.4) has been studied
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in [5,6,7]. For given w(t), the system (4.4) is a linear time varying
system. The linear time-varying system is uniformly asymptotically
stable (and equivalently exponentially stable) if iff § a, 8§ >0 such
that ¥ s € R,

s+§
J wildt > ol I ¢ REM2N (4.9)
S

The condition (4.9), is referred to as a sufficient richness condition;

since it requires that w(t) be uniformly exciting in all directions over
any interval of length §. The principal drawback of the condition (4.9)

2n inside the time-

is that is applies to a vector of signals w(t) € R
varying adaptive loop. In Section 5 we give conditions onthe exogenous
reference input r(t) so that w(t) satisfies (4.9).

(3) It is easy to verify that Theorem 4.1 still holds with the

update law of (4.1) replaced by
9 = "re-lw

where T' is any positive definite matrix. The corresponding Lyapunov func-

tion in the proof of Theorem (4.1) is V(e,$) = eTPe + ¢TF']¢, and so on.

4.2. The Relative Degree Two Case

When the model and plant have relative degree 2 (i.e., n-m=2), M
cannot be assumed positive real. We can however assume (using suitable
prefiltering, if necessary, as in Section 4.1) that there exists
C(s) = (s+§) with § > 0 such that ML is strictly positive real. The
adaptive scheme of Fig. 5 is modified by replacing each of the adaptive

~n

gains ei, viz.co, C, dO’ d, by the gains feiL , which in turn is given by
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Lo.L~' = 6; + o.L i=1, ..., 2n (4.10)

To obtain the new error model, define the signal vector

Tty = (0N, 0T 0Ty Ty,

Then, from reasoning completely analogous to that of Section 3.3, we

obtain that
e](t) = ————Tq;————— ¢ (4.11)

We now have

Theorem 4.2
For the adpative system of Fig. 5 modified by replacing each of the
ei(i=1,...,2n) by

as in Eq. (4.10), consider the update law

6 = -eqL, (4.12)
Then, provided r(t) is bounded,

lim e](t)

too

kpﬁ(s)f(s)
Proof: Follows exactly along the lines of Theorem 4.1 since ____F_—_—'

is SPR by choice of L. Thus for the nonminimal realization of ML g1ven

by the plant loop; the error equation (4.11), and the adaptive law (4.12)
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one writes down the same Lyapunov function V(e,$) and checks that V‘; 0.
To conclude that 1im V = 0 and hence 1im e](t) = 0, one needs to show

t t

that ¢(+) is bounded. This is established as follows

r(t) bounded = y('), vé])(-), v&z)(-) bounded (4.13)

e(t) bounded and (4.13) = yP(-), v(])(-), v(z)(-) bounded (4.74)
Now L~ stable and (4.14) = ¢(+) bounded.

Remark: (1) As before Theorem 4.2 does not establish anything about the
convergence of ¢ (and consequently 6).

(2) e(t), ¢(t) converge exponentially to zero iff the signal vector
z(t) satisfies the sufficient richness condition, i.e., 3 a, § > 0 such

that ¥ s € R+

S+§
[ zldt > ol I ¢ RZV2N
s .

4.3. The Relative Degree > 3 Case

As in Section 4.2, pick a Hurwitz polynomial L so that (M is sPR.
The trick used in Section 4.2 in order to obtain the SPR error transfer
function (4.11) is no longer possible since‘feif' depends on second (and
possibly higher) derivatives of ei. However, to obtain the same error

equation we could augment the model output by

Ko an ot n
o Mo’ 1 TeTw. (4.16)
M

In Eq. (4.16) the notation f'1w stands for each component of w (eIRZ")

filtered by f']. The difficulty in implementing (4.16) arises from the
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fact that kP is unknown. Consequently, we augment the model output not

by (4.16) but by

_oa Tp=1 #-1,.T
ya(t) = ML62n+](t)[e L '-L '8 Jw (4.17)
kp
with 62n+1(t) being a new adaptive parameter expected to converge to -
Ao Ae M
If [eTL 1-L ]eT]w were to be denoted £(t) the error equation would now
read
k AN T
"%, ML{o T+, 1€} (4.18)

where ¢2n+1 is the parameter error in 92n+1 given by

k
1--M

" 801" | (4.19)

¢2n+1 =

With this modification in hand it would appear from the same reasoning

as in Theorems 2.1, 4.2 that the adaptive laws

De
]
“S-e

I

- eyt
(4.20)

. kp-

emw1=‘2§¢aw1=eﬁ'

would yield el(t) +~0 as t » o Difficulty however arises in showing
that w(t) is bounded; w(t) would be bounded if yP(t) were bounded. By
assuming r(t) bounded we have that yM(t) is bounded, and e1(t) is bounded
by the Lyapunov function analysis. Now yP(t) = e](t) + yM(t) + ya(t);

so that in the absence of information about ya(t) we cannot conclude that
yp(t) is bounded. Further, even if we did conclude that e](t) +0 as

t + o3 we could not conclude that yM(t) -> yp(t) unless ya(t) + 0 as well.
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We will now show that the conlcusions yM(t) - yP(t), ya(t) + 0 as
t > = can be achieved if ¢ ¢ Lz. This in turn is assured if the aug-

mented error signal ya(t) is changed from (4.17) to

T

y,(t) = ﬁfezm(t){[eTf']-f']eT]w-ac ze,) (4.21)

where a > 0 is a positive number, along with the adaptive law (4.20),
the resulting error equation given in (4.21) is represented in Fig. 1
e (t) = -2 (L1 cwp, , cmoercTe) (4.22)
1 Ky FTPon+15T0 R © '
Note that no differentiators are used in the implementation of the control
law since ML is a proper rational function. The notation and preliminary

lemmas used in the proof of the following theorem are collected in

Appendix 1.

Theorem 4.3
The adaptive system of Section 4.3 with the error equation (4.22)
and the adaptive law (4.20) yields when the reference signal r(t) is

bounded that
Tim y, = Y. (4.23)
o M P

Kp ~n
Proof: Let (A1,b],c1) be a realization of FE ML which is SPR by choice
~ M
of L. The realization is given by

& = Ao + by (8Tc+y 800z 'E)

e1 = c]e
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By the PR lemma, there exist P, Q > 0 such that

T -
AP+ PA; = - Q
_ T

Now consider the Lyapunov function

: K
V(ex0sbpneq) = €'Pe + ¢Tp + i Vo1

with time derivative

V(e 9 9ppeq) =- elge - 2 e%cTc <0

It follows that e, ¢, ¢2n+1 are bounded and since jﬁdt < » that e'e L2

2

- [ d - * 2
and ez € L®. From the expression (4.20) for ¢, we conclude that ¢ ¢ L.

This fact is central to the remainder of the proof.

Recall that

yP = 69TW

A k A
fir + £ Mé
M

Tw

~ k AA A ~
fir -+ > ALLC o L1e (4.24)
M

By Lemma A.4 of Appendix 1
(LI = 072 + o(w) (4.25)

By Lemma A.3 of Appendix 1 w = O(yp) so that (4.25) is rewritten as
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[L76T03z = o7 + o(yp).
Also from (4.26) it follows that

g= [0 -6 w

]¢TLc - ¢ z

o(yp)

Using (4.26) and the fact that ﬁt is stable we get

. ko
yp = Mr + L fiCts

R }+0(yp)

=

We use (4.22) to evaluate

k k

P AA T _ AN T
'kg ML{¢p ¢} = e-l - m ML{¢2n+]€"0‘e]C z}
k AN .T
= e-l - m ML{¢2n+]E-0t-|¢ C}

(4.26)

(4.26)

(4.27)

(4.28)

Using (4.26) along with the fact that ¢2n+1 is bounded for the second

term on the R.H.S. of (4.28), and Lemma A.1 for the third we get

Kp an
-kf ML{¢Tc}
M

ey + o(yp) + olz)

e; +o(yp)
Using this in (4.27) we have that

.VP = ﬁr + o(yp)

Since r is bounded it follows that Yp is bounded and consequently w and
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z are bounded. This implies that V+0as t—+eso that e, e, ¢ >0

as t ~ . Note also that the inputs to the ML block, viz. (E']¢T-¢TE'])W

T

and agyg g tend to zero as t + «, the former by (4.26) and the latter

from ey > 0. Consequently Ya 0 as t + » and we have
.YM"'.YPaSt'*"" o

A particularly neat form of the adaptive control scheme of Fig. 7

a1

results from the choice of f =M In this case, L is not a polynomial,

of course, but a non-proper rational function. In this case ML = 1, the

augmented error signal ya(t) of (4.21) is replaced by

T

Yg = 92n+1{(eTM-MeT)w-ac ce]} (4.29)

with ¢ = Mw and the error equation of (4.22) is replaced by

K
_fp T
e =1 (8

c+¢2n+15-ae1cTc) (4.30)

=

with g = (eTﬁ-ﬁeT)w. The adaptive law of (4.20) still yields that
e](t) >0 as t + = since the transfer function ML = 1 is positive real.
An interesting observation for this scheme is that the error equation
(4.30) has no dynamics. Theprice that one pays is more integrators in

the control law (since the degree of ﬁ']

> minimal degree polynomial L
needed to make ﬁf SPR). This form of the adaptive system is used in
Section 6. Note that (4.30) may be rewritten as

k
e = k—; (0 x40y, ,18)/ (14az ) (4.31)

In this case, we may replace the update law of (4.20) by
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1+ou;Tc
(4.32)

. €%
ol =TT

SRR EVM

replace the augmented output signal by

_ Te 6.7
Yq = 854 1(0 M-Mo ) (4.33)

_kpoo7
®1 7 %, (¢ 240y ,418) (4.34)

Note the resemblance of Eqs. (4.32), (4.34) to the schemes of Goodwin,

Ramadge and Caines [4].

. *
Section 5. Parameter Convergence

In the preceding section, we showed that the adaptive laws (4.1) (in
the relative degree 1 case), (4.12) (in the relative degree 2 case), and.
(4.20) (in the relative degree > 3 case) yield that e1(t) >0 as t >,
no matter what the reference signal, r(t) is. It was remarked that
nothing could be said about the convergence of 8(t), without further con-
ditions. It has been shown in [5,6,7] that both e](t), and the parameter
error 8(t) converge exponentially to zero iff a 8, a > 0 such that

¥Ys ¢ R+

S+4 T
f ww dt > al (5.1)
S

in the relative degree 1 case, and

*The results of this section were derived jointly with S. Boyd, see [23].
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s+§ T
J gg dt > al (5.2)
S

in the relative degree > 2 case. The conditions (5.1), (5.2) are referred

to as sufficient richness conditions on w, z. As is widely recognized,

the conditions (5.1) and (5.2) are not explicit since the signals w, ¢

are generated inside the time-varying plant loop. In this section, we

give explicit conditions on the reference signal input to the adaptive

loop to guarantee that e1(t), ¢(t) converge exponentially to zero. The
intuition for our results is as follows:

Consider, first, the case when r(t) is a step. In this case, if
the parameter error vector converges, it converges to a value such that
the (asymptotic) closed loop plant transfer function matches the model
transfer function at D.C. (0 rad./sec). This observation suggests the
following argument: assuming that the parameter vector does converge,
the plant loop is "asymptotically time-invariant.“ If the input r has

spectral lines at frequencies vqi, ..., vy We expect that Yp will also;

since Yp * Yy we "conclude" that the asymptotic closed loop plant trans-
fer function matches the model transfer function at s = jv], cee s ij.
If N is large enough, this implies that the asymptotic closed loop trans-
fer function is precisely the model transfer function so that the para-
meter error converges to zero. We make this intuition precise, for the
relative degree 1 case. The extensionof the following proof to the

higher relative degree cases is straightforward:

By way of notation we define the signal Wy eiRzn as
uy = e T2, (5.3)
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Wy is the vector of signals in the model loop corresponding to the vector
of signals, w in the plant Toop as shown in Fig. 8.

Recall now that in the proof of Theorem 4.1 we showed that

J Vdt = - J eTQedt < o (4.7)
0 0

thereby implying that e, defined by

T = [x] T T @)1y [x;’v(m (2)T] ¢ L2,

2 -
Consequently, we can conclude that W= Wy € L® (note that yP-yM-cP(xP-xM)).

2

We denote the L® norm of W=y, by HW(°)‘WM(')H2- It is easy to see from

the Lyapunov argument of Theorem 4.1 that
IWC- )y ()l < Ko L1800)=8" + xyy (0)-xp(0)1 + Iv¢ 1 (0)-vi o)y
+ v 0)-v{B o) (5.4)

Thus, a bound on the L2 norm of w(-)-wM(-) is obtained from prior bounds

on the parameter error, initial state errors. Also in the proof of

Theorem 4.1 we had that if r(t) was bounded,
IW(t)l5 liwy(t) <K, for all t.

The first step in our proof is to obtain from (5.1) and (5.4) a con-
dition on wM(t) for parameter convergence. The advantage of doing this
is that the vector of signals wM(t) is generated by a linear time-invari-

ant loop rather than by a linear time-varying loop.

Theorem 5.1

Suppose that |w(t)l, Iwy(t)]l < K; for all t, and W () -w ()M, < Ky
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Then, w(t) is sufficiently rich « wM(t) is sufficiently rich.

Proof: The argument is symmetric between w and Wy Hence, we only

prove =. w sufficiently rich implies that 3 a, § > 0 such that

VseR+,ze]R2"

S+§
zT[ I wadt]z:; asz (5.5)
3

Iterating on (5.5) p times, we get that ¥ p ¢ 2;

S+pé
z [J Tdt]z; apsz , (5.6)

Now, note that

T \2 T 2 _ T T T lven
(z'w)" - (z wM) =z (w-wM)z (W+WM)=§ 2 2+ 2K; - [lw-wyll
Hence,
s+pé s+pd
J (2'w)? - (2'wy)2dt < ZK]szJ - 1t (5.7)
s - s
By Cauchy Schwarz,
s+pé S+pé 1
[T Hwewgllae < (o) [~ Iwwyl? dt < ky(po)? (5.8)
s S

Using (5.8) in (5.7) and (5.6) we have that ¥ p € Z_

s+p6
zT[J Wy &dt]z > sz (op- ZK]KZ(pcS)]/2
s

Choose Py sufficiently large so that

.= 1/2
@ := apg - 2K]K2(p06) >

and define § = oS- Then, we have that ¥ s € R,
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Thus Wy is sufficiently rich. o
The second step consists of giving conditions on r(t) to ensure that

wM(t) is sufficiently rich. For this we need the following definition

(Wiener [8]).

Definition 5.2. A function u(t) :R, +>R" is said to have a spectral line

at frequency v of amplitude G(v) (# 0) e C" iff

s+T .
1 J u(t)e IVtat
s

converges to u(v) as T + =, uniformly in s. o

The following lemma is immediate:

Lemma 5.3

Let u(t), y(t) be the input and output respectively of an exponen-
tially stable, linear, time invariant system with transfer function f(s)
(and arbitrary initial condition). If u has a spectral line of frequency

v then so does y, with amplitude
y(v) = L(Evu(v) (5.8)

Remark: Since the initial condition contributes a decaying exponential
to y(t), it does not appear in (5.8).

The next lemma is key to our main result:

Lemma 5.4

N

Let x(t) € R" have spectral lines at frequencies Vis Vos cees Uy
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Further let {Q(\)1),§(v2),...§(vN)} be Tinearly independent in EN. Then,

x(t) is sufficiently rich i.e., J o, 8§ > 0 such that ¥ s

s+§ o
f xx dt > al (5.9)
S

Proof: Define the NxN matrix X(s,8) by

s+8 [ =jvqt
X(s,8) :=%I e it ] X' (t)dt
S .
L. .

and the N N matrix X0 which is the uniformlimit (in s) as T + < of X(s,8)

— -

X0 = ;<T(jv])

AT,
x (Jvy)

e -

By hypothesis, X[J is non-singular. Hence, for & sufficiently large

(> 6*, say) X(s,8) is invertible and

-1

IX(s,8)I ~ < znxon‘1 ¥ s.

Now for z ¢ R" and any v € R

s+§
?]S_ J (xTz)zdt =
s

s+ .
> %j xTze'J\’tdtlz (by Jensen's inequaﬁtyzs 10)
s .

Using (5.10) for Vs eees vy WE have
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S S
= % IX(s.8)z0®
N
.Z'% 1X(s,8)7 1172 for 6 > 6"
-1.-
> X512
* *
Equation (5.9) now holds with 6§ = § , —-—— ||X0 u o

We now use Lemmas 5.3, 5.4 to prove the main result of this section:

Theorem 5.5
Suppose r(t) has spectral lines at Vis Vos sees Voo Then wM(t)

is sufficiently rich.

Proof: Recall that w; = [r,vé])T,yM,v&Z)T]. The transfer function from

r(t) to wM(t) is given by

°on-2 & Ms"-2
"',?—,...,g's "y M’ﬁ". . ] (5 Tl)
n p

M L My "M

.

(s) [,

1:>hz>
o=

™

Since the plant is minimum phase and the model is exponentially stable

Q(s) in (5.11) is exponentially stable. Simplifying (5.11) we have

rol

AT

a A A ~ -
8T = n-2 n 2]

M ppM d k n ..k ns
a3 [ v dp> ps”"’dp kp"p"M’ pp2et 2 Np"p

pPPpM (5.12)

k_n
K

The (n+1)th entry of 6 has numerator polynomial SPHM with HM of degree
(n-1). Further the first entry of 6 has numerator polynomial ﬁpaM with

EM of degree n. Compare these terms with the last (n-1) entries of



8, viz. N_, N.Sse..,n S . Using constant row operations then we can

Wy = (T")T . [d,....d s"2 4 ...,np n- z,ﬁpsn ],nps ]

2nx2n

for some T ¢ R » a non-singular matrix. It follows that w,, is suffi-

M
ciently rich iff w is sufficiently rich. By Lemma 5.3, w has spectral

Tines at Vis VoseessVoo of amplitude

1

(0507 = e [ (3v; ) 8 o) (920 (i),
n, (3v; )dy(dv;)
..,ﬁp(jvi)(jvi)"] for i =1,2, ..., 2n. (5.13)

By Lemma 5.4 if the Q (v ) are linearly independent, Wy is sufficiently

rich. If they were not ] a row vector [B: Y], B e R"” ] T eiRn+] such
that
~ A n
[8:v]| wi(vi) | =0 (5.14)
. M1
~T
_wM(vZn)_J
Using (5.13) and defining 8(s) = Byt Bys+ ...+ en_]s“'z;
;(s) = y1+yzs+...+yn+]sn, we may write (5.14) as
B(s)dp(s) + Y(s)np(s) =0 at s = jvl, cees jVZn (5.15)

The polynomial in (5.15) has degree (2n-1) so we conclude that it is
identically zero and

Yn L]

&,
. p

"
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N

Since ﬁp, dp are coprime by assumption, the zeros of § must include

those of ﬁp. But this is impossible since § has degree n-2 and ﬁp has
degree n-1. This establishes the contradiction and proves that the

ﬁM(vi) are linearly independent and shows that W is sufficiently rich. o

Comments

(1) We have shown that when r(t) has spectral lines at jv], jvz,
cees jvzn that wM(t) and consequently w(t) are sufficiently rich, thereby
yielding parameter convergence.

(2) r(t) need not be almost periodic E9] to satisfy the conditions
of Theorem 5.5. Also the strength of the spectral lines at Vi s eees Voo
appear only in an estimate of the rateof exponential convergence.

(3) An estimate for the rate of convergence of the parameter and
output error would proceed as follows: use the estimates of Lemma 5.4 to
obtain the a,8 in the definition of sufficient richness for Wy Then use
prior bounds on parameter error and initial error to bound the L2 norm
nw(-)-wM(-)uz. Now, use Theorem 3.1 to find the o and § in the definition
of sufficient richness for w. Then use the techniques of [6] to obtain a
(conservative!) rate of convergence estimate.

(4) For the higher relative degree cases the proof is a minor modi-
fication of the above - the statement of the result is exactly the same:
when r(t) has 2n spectral lines, then Wy and consequently gy are suffi-
ciently rich. Since c(-)—cM(-) € Lz, z is also sufficiently rich yield-

ing exponential output error and parameter error convergence.

Section 6. Robustness Issues in Adaptive Control

The development of Sections 3, 4 and t assumed that the plant,

-40-



given by ﬁe had no unstructured uncertainty and satisfied the assumptions
Al1-A4. These assumptions are, as expected, dubious in practice. In this
section we remove these assumptions and explicitly take into account
unmodelled dynamics. Some of the machinery we need is developed in
Section 6.1 which deals with the robustness of the adaptive system to

output disturbances.

6.1. Robustness to Qutput Disturbances

In Section 4, we saw that the parameter update laws always read, as
¢ = et (6.1)

with ¢, the vector of parameter errors, e the error signal between the

plant and model output and ¢ a vector of signals derived from r, Yp- The

formula (6.1) shows that adaptation ceases when ey 0. Consider a
scenario in which adaptation is complete, i.e., e = 0; when a distur-
bance signal enters the output of the plant. This will cause parameter
value to change from their converged values resulting in further error

e and potential loss of stability as has been verified in several simu-
lation studies [10,11,15]. We would 1ike adaptive laws to be robustified
to output disturbances - guarantee boundedness of Y10 in the presence
of some output disturbance in the plant. The price we shall pay is that

the output error e will be non-zero as t - ». The basic idea is simple:

turn off the adaptation when the error is smaller than some small con-

stant. The details are as follows.
In Figure 9, we have redrawn the adaptive loop of Figure 7, along

with a disturbance term v](t) at the plant output so that

= gl
Yp = POW + vy, (6.2)
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with ]v](t)| < A for all t. Note that the signal w is derived from r
and the (new) Yp of equation (6.2). To derive the error equation we

wewrite (6.2) using the techniques of Section 3.3

k

yp = fir + k—;(ﬁ¢Tw+V) (6.3)
with
fi, ¢
v = 3(1- =), (6.4)
P A

The transformation is shown pictorially in Fig. 10. Note that the trans-
fer functionof Eq. (6.4) is proper and stable. Given that |v1(t)| <A
for all t; then, it follows that

IV(t)I.E‘AO

for some AO which depends on the unknown parameters of the plant through

Ak
dependence on C and kp. Since the transfer function

A AR k. n.d ~ ~k
-+ = s LA(s)-C {s)] (6.5)
P A P nPdM A(s)

is stable; prior bounds on parameter values of the plant could be used

to obtain an estimate of the L~ frequency norm of (6.5); which is an
estimate of the ratio AO/A. The details of this procedure are not
insightful and yield extremely conservative bounds. HWe feel that the

size of the bound AO is best decided by the control engineer in a specific

application. Of course from the discussion following Eq. (3.16) it
™
~simplified. When both the (nominal) plant and the model have relative

follows that HP divides KAE* and divides A so that (6.5) can be
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degree 1 then, as in Section 3.2 we have that EM = K, ﬁp =A-C and

(6.5) simplifies to

k
(6.6)

Qol >
= (o

512

Equation (6.6) illustrates the point that the estimate By of the distur-

bance v depends on the choice of the model in an essential way, since

~

dp (jw) l

s (6.7)
dy(Jw)

A < A sup l
0= w

3P(jw) in (6.7) above is not known; however, from prior parameter
bounds (6.7) can be estimated. Equation (6.7) could also be
sharpened if the disturbances v(t) were localized in a small frequency
range.

The adaptive system that we will study is the one described at the
end of Section 4, corresponding to the choice L= ﬁ']. The error equation
in this case is given by

e =53(¢T+¢ £) (6.8)
17 %y ST N+ y

and with update law

-
|

= -e]c/(1+acTt;)

$2n+] = ‘e]g/(]+aCT€)

we have that e](t) +0 as t - » for bounded r. With the output distur-

bance included, (6.8) is modified to
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Kp 7T
e] = F’\E(q) C+¢2n+]€+v) (6-]0)

the update law (6.9) cannot even guarantee that Yp is bounded. However,

when (6.9) is modified to

¢ = - G]C/T+acTc for le]| > 8yt 8
: = T
¢2n+] = - e]£/1+0'vc ¢ for le-|| > AO + 6 (6.11)
4.73(52“4.] = 04 for |e1| < Ao + 4

(for some & > 0) we show that the adaptive system yields Yp bounded and

other desirable properties. The adaptation has a deadzone of size Aoig;

i.e., no adaptation takes place when we cannot distinguish between the

error signal and the disturbance.

For the error system (6.10) with update law (6.11) consider the

Lyapunov function

V(8209p47) =3 010 + 3 0501 (6.12)

Then we have

T T .
16,6 )z'kP . (¢ C+¢2n+1€2£? T02n15*Y)  hen ley| > 4
2n+1 kM 1+GCTC

o*d

when |e | < 85+8

1]
o

(6.13)

From (6.13) we have that V(¢,¢2n_]):§ 0 and that ¢, ¢, are bounded.
Consequently ¢, $2n+1 are also bounded. Let @) = {t: |e]|<:A0+6} and

2 = {t: |e]|3;A0+6}, be the time intervals of no adaptation and adaptation
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respectively. Then

— dt < = (6.14)
2 kM 1+acTc

JGJth - ‘J kp (014, 18)(6 Ly 1E4Y)
0 Q

For ease of notation in what follows we define ¢, 7 ¢ R2M1 o6

ﬁ-bT = [¢Ts¢2n+]] and ET = [CTag]- Then

k

ey = Eﬁ ($T§+v]) (6.10)
and
.. kg 3T=y(2T=
V(o) = ¢ P L C)($ cHv) when |e | > A+8
M T+oz g
(6.13)
=0 when |e1|_§ Bg*s
Using the inequalities
2V, +8
§ 12Tz -T- 0" |2T-,-
7553 l¢'2+v| < [ ¢ £V, |0'2+v| for t € g,
in Eq. (6.14) we obtain
(37%) (3"zv)?
J 3 dt <« and J T dt < = (6.15)
% 140z 8 Mt

Now

=0 for t € Q].

so that ¢ ¢ L2, which is key to the following theorem.
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Theorem 6.1

1

The adaptive system of Fig. 7 with L = ﬁ' , error equation (6.8) and

the modified adaptive law (6.11) yields that Yp is bounded when ris bounded.

Proof: Case 1. t ¢ @ fort>t;. In this case |$Ti+v|_§ by for t > t,
and éTZ is bounded. Further,

k N A
Yp = PfpTwtv) + fir (6.16)

=

Also as inthe proof of Theorem 4.3, ¢ ¢ L2 implies that

foTw = ¢z + o(w)

= olg + o(yp) (6.17)

(since w = O(yp)). Also £ = o(yp) as before and we have:¢T; = éTE + o(yp).
Using this fact along with (6.17) in (6.16) we conclude that Yp is bounded.

This implies that Ya ™ 0 as t +« and

Case 2. t ¢ 2 for t > t,. From Eq. (6.15) we have

T=\2
A P

Igz T+z'¢

Also since [[4]l is bounded and ||l < M,[izll + My, it follows that
($TE)2/1+;T; is uniformly continuous on Qz and we have

—
e
3

[}
o
]
1
—
]
L]

o(z) (6.18)
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2

Also ¢ € L° yields (6.17) again, i.e.

fioTw = o + o(yp) (6.17)
and

£ = oyp)- (6.19)

Conbining (6.19) and (6.18) we get ¢Tc = o(cg) + o(yP) = o(yP). Using
this in (6.17) we get for Yp

Kp A
¥p = o(yp) +k—Mv + Mr

thereby guaranteeing that Yp is bounded.

Case 3. Both o and Q, are unbounded sets. The estimates (6.17), (6.19)

still stand. Further, we have

T
lo'z| < 284¥8  t €

¢T§ = O(yp) t ¢ 92 from (6.18,6-]9).
Combining these estimates and using them in (6.16) yields that Yp is

bounded. o

Remarks: (1) We have shown that the modified adaptive law yields that
the signals Yps Ws T £ are bounded.

(2) In Case 1, i.e. t ¢ & for t > ty we showed that
1im Iyp-yMI < A0+6. In the other cases we cannot guarantee that the
gq:ference between Yp and Yn is asymptotically less than the size of
the deadzone, without further information about the nature of the dis-

turbance. However, the following remark can be made: since |g]l < A,

for some A,
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i.e., V is bounded away from zero when adaptation does take place. Con-

sequently, the measure of set 92 has to be finite; i.e., adaptation
ceases on all but a set of finite measure and |yp-yM| < AytS except on

the finite measure set 92'

6.2. Robustness to Unstructured Uncertainty

In this section we revert to the description in Section 2 of the
plant model incorporating both structured and unstructured uncertainty,
i.e., the plant model is given as in (3.4) by the rational transfer

function ﬁa(s):
P_(s) = P(1+u) (6.20)

where the transfer function P satisfies the assumptions Al, A2, A3 and
A4, U is stable and the magnitude bound on Iﬁ(jw)l is known. To derive
the error equation for the adaptive system constructed using P as the

actual plant model, we use the techniques of Section 3.3, to get

Yp = B(1+0)0"w
A ~ (C -A)d k D n k
= (140) { gt ) (v 1E 4Tw) (6.21)
(C -A)dp -k D n (1+U) M

as shown pictorially in Fig. 11. Define ﬁ](s) by the equation

A ~ (C ‘A)d k D nP
(C -A)d -kp D nP(1+U)
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U1 has the interpretation of being the closed-1oop unmodelled dynamics
resulting from the open-loop unmodelled dynamics U. Now a short calcu-

lation yields the error equation for the adaptive system in this case to

be
k k
P or=T= P an T
e MU]r + — M ML 'z + — kM MU1¢
Ko an_t. k
=L M3TZ + MUjr + -2 MU 0Tw (6.23)
k 1 Ky 1
M M
kP AA
The idea now is to treat MU1r + — o MU]¢ w as a disturbance and to estab-
M

lish a bound AO on it. Once this is done, a deadzone of size AO can be

used to obtain the conclusions of Section 6.1 above. Also, as in Section

6.1 above the choice of L = ﬁ']

will be made. The most important step in
establishing the bound AO is obtaining a bound on ﬁl(jw). We first

establish conditions under which 61 is stable.

Proposition 6.2

The closed loop uncertainty transfer function G] is stable if the
model M and the adaptive system are chosen so that

1U(3w)| < | ———— (6.24)
koM(3u)D” (jw)

Proof: The explicit expression for 31 from (6.22) is

* A A
) U(C-R)d,
u; = (6.25)
(€ —A)dp %)) nP(1+u)

Now from the results of Doyle and Stein [18] ﬁ1 is stable iff the non-

adaptive loop of Fig. 11 is stable. This in turn is guaranteed when
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X KA o
10 < -2 A . By Ty s = 4 (6.26)
dP C -A A

Since by choice of 6* and ﬁ*

v = anPA
do(C-R)-konoD
piv ~f)=KpMp
we have that (6.26) is equivalent to (6.24). o

Remarks: (1) It appears that in order to check Condition (6.24), the
parameters d:, kP need to be known. However, prior bounds on these para-
meters are adequate to verify this condition.

(2) We remarked in Section 3 that the only restrictions regarding
the choice of the model M are that it be stable, minimum phase and have
the same relative degree as P. Now, we see that the choice of the model
ﬁ is also restricted by the condition that it satisfy (6.24). Consider,
for example, the case when ﬁ, P both have relative degree 1. From Sec-
tion 3.2, we have A= ﬁM and ﬁ* = ap-&M so that (6.24) simplifies to

dy ()
kp(dp(Jw)-dy(3w))

1003w | < | (6.27)

(3) The right hand side of (6.24) is asymptotically of the form
119%2:2 ; so that |U(jw)| < ﬁL-ijln'm. Thus, the relative degree
p]ac:s a bound on the rate of Zrowth of U that can be tolerated by the
adaptive system. o

Once condition (6.24) has been verified, we can estimate G1(j®) from

Eq. (6.25). It is easy to see that for high frequencies (asymptotically
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as w > «) ﬁl(jm) = ((jw) and for low frequencies when

) dp(C-1)
U << ] = A A%
kpnPD
that
OkM  a* 2
6, = —E - {=4) (6.29)
af A

As before, prior bounds on the plant parameters are used to obtain
bounds on 31(jm). We use these bounds along with bounds on the reference
signal spectrum r(jw) to estimate the disturbance term ﬁﬁ1r in (6.23).
Typically, the frequency content of r is in the low frequencies where
ﬁ] is small so that ﬁﬁ]r is small. From prior parameter bounds we estab-
1ish also bounds on ¢ in the second term (the Lyapunov argument guarantees
that ¢ decreases along trajectories). Further as in Section 5, prior
parameter bounds on w can be established by first calculating Wy (as in
Fig. 8) and the error bound W=Wy .- Since the frequency content of ¢Tw is
unknown apriori we have

| ;E ﬁﬁ]¢Tw|=; sup| ;E ﬁ(jw)ﬁ](jw)|5UP|¢TWl
M w M t
By this reasoning, a bound on the disturbance term is obtained and treated

using a deadzone as in Section 6.1.

Section 6.3. Comparison Between Adaptive and Non-adaptive Schemes

We have discussed one method of robustifying the model reference
adaptive scheme to unmodelled dynamics - namely, a deadzone in the para-

meter update law. The crux of the method lay in neglecting the model-plant
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mismatch error signal when it was comparable to the "noise" generated by
output disturbances and unmodelled dynamics. The price to be paid is
that we are no longer guaranteed convergence of the error to zero but
only to the interior of the deadzone (off a time period of finite mea-
sure). We discussed techniques for estimating the size of the deadzone.
Typically, estimates of the kind given in the previous section will be
too conservative (because of their generality). In an application the
designer would pick a deadzone - depending on his estimate of the "noise"
in the error signal - such an estimate could be obtained in the initial
time period of the transient in adaptation when the error is large. Now,
however, if a robust, non-adaptive control methodology, say, of the form
suggested in [22] (using a nominal model for the plant), could give model
matching to an accuracy greater than the size of the deadzone, then, of
course, tﬁe choice of feedback law is the non-adaptive one.

Other techniques for robustifying adaptive schemes have been suggested:
[11,21] suggest the use of a forgetting factor in the update law (say,
§ = -ae-e];); [26] suggests that when the nominal adaptive loop is expo-
nentially stable (i.e., when the reference signal is sufficiently rich -
has sufficiently many spectral lines), its stability is robust to the
presence of unmodelled dynamics. The analytic details of these approaches

to robustness are as yet incomplete.

Section 7. Concluding Remarks

We have given in this paper a corrected set of stability proofs to
the adaptive schemes of [1], [2], explicit conditions on the reference
signal for parameter convergence and a framework to discuss the sensiti-

vity of adaptive systems to unmodelled dynamics. The use of a deadzone
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to suppress the effects of unmodelled dynamics was considered in Section
6. It is clear that further work needs to be done in understanding the
role of unmodelled dymamics in adaptive control, along lines considered
by other researchers - Ioannou and Kokotovic [11,21], Anderson, Kosut and
others [20,26].

The present paper is devoted entirely to single input-single output
systems. For multi-input, multi-output systems, parametrization of the
plant to be adaptively controlled is well understood only when the Hermite
form of the plant is diagonal (see e.g., [27,28,4]). In these cases the
adaptive scheme of the present paper can be modified to obtain a scheme
where the controlled plant matches a model chosen to have a stable Hermite
form identical to that of the plant. As is expected questions of sensi-
tivity and robustness of those schemes are much more complicated. Further
work is necessary both in the area of parametrization and robustness

properties of multiinput-multioutput systems.
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Appendix
Proof of Stability of the Adaptive Scheme when Relative Degree > 3

Preliminary Definitions

We will need to compare the asymptotic magnitudes of time signals.
For this we develop some notation. Let x(-) ¢ L:e and y(-) € L;e (the
extended L spaces with x(t) ¢ Rn, y(t) € R™ for all t (see [24]).

Define their truncated norms by

x|y := i;g Ix(t)],
lyly == sup |y(1)].
<t

Both |x|t, [ylt are monotone non-decreasing functions of time.

Def. 1. y =0(x) if J B(+) continuous with B(t) +~ 0 as t + =, such

that y(t) = g(t)x(t).

Def. 2. y =0(x) if J M a constant such that

I.Ylt = Mlxlt'

Def. 3. y ~ x (equivalent) if y = 0(x) and x = 0(y).

Definition 1, 2, 3 compare the asymptotic magnitudes of x, y. To

get a feel for these definitions consider

L, = Tim |y[, and L_ = lim Iylt (A.1)
(with L_ < L+)

L, and L_ are extended real valued (with L_ < L+). The following table
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shows the relation between L_, L_ and the Defs. 1-3 when x(+) and y(-)

are both continuous

Ly L_ Conclusions
0 0 y =0o(x), y = 0(x)
*
Finite 0 y = 0(x)
Finite Finite y ~x
) Finite x = 0(y)
w ® x =o0(y), x = 0(y)
© 0 No conclusion

Remarks: 1. The table is symmetric about the y ~ x entry; except for
the case when L+ = and L_ = 0 when nothing can be said about x, y in
terms of Def. 1, 2, 3.

2. Note that y = o(x) =y = 0(x) and x = o(y) = x = 0(y) when x, y

are continuous.

Lemma A.1

Let x(-) ¢ L1 U Lz, z(+) € L © both be scalar functions and ﬁ(s)
be the rational transfer function of a strictly proper, exponentially
stable linear system. Qenote by y(+) the output of this system when the
input is x(+)z(+). Then,

y = o(z) (A.2)

Proof: Let h(t) be the convolution kernel corresponding to ﬁ(s). Then

*
Finite is to be interpreted as finite, non-zero in the table.
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1

h(-) € L' and

t
y(t) = jo h(t-t)x(x)g (x)dt (A.3)

(Initial conditions will contribute a decaying exponential to (A.3) which

will not affect asymptotic conclusions like those of (A.2). From (A.3)

we have

ot
ly(t)]| < |C|t IO |h(t-t)x(t)|dr.

Since ﬁ(s) is exponentially stable and x(-) ¢ L] U L2, we have

t
fo |[h(t-t)x(t)|dt + 0 as t + o,

This establishes A.2. o
Lemma A.2 establishes conditions under which the input x of a mini-
mum phase (not necessarily stable) linear system is O(y), with y the out-

put of the linear system:

Lemma A.2
Let x(+), y(<) be the input and output respectively on a single
input-single output, proper minimum phase transfer function ﬁ(s) with

*
zero initial condition. Letx(+) ¢ L% satisfy

x = 0(x) (A.3)
Then
x = 0(y) (A.4)

*We assume this for simplicity of proof alone. It is easy to see from
the proof that this assumption is unnecessary.

-56-



Proof: Write H = ﬁ1ﬁ2 where ﬁ] has the same number of poles and zeros and
ﬁz only has poles. Define Xy = ﬁz(s)x; then y = ﬁ](s)x1. Since ﬁ{1 is

proper and stable;
X = 0(y) (A.5)

The proposition is trivial if x is bounded so we assume that x is un-
bounded. Let ti be a sequence + ». We will show that it is impossible

to have

Tim |xq |, /ix], =0 (A.6)
fow 1 EE

We will assume that x(ti) > 0 (this is possible since x is unbounded).

Now we show that (A.6) implies that for § sufficiently small

Tim |x4 | /1x| =0 (A.7)
o R
This follows from (A.3) which guarantees that i] = O(X]) so that
3 C1sCps > 0, independent of i (by the Bellman Gronwall lemma),
c21x|ti > x(t) > c]lxlti
T € [ti’ti+6] (A.8)

‘:z|"1|ti > (] > e lxg e

We now establish a contradiction to (A.7). Note that

ti+A
xy(£+) = xq(t;) + L; (& +4-7)x (1 )dr

Further, since hz(t) the convolution kernel corresponding to ﬁz(s) is
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>0 for t small enough (due to the fact that Hz(s) only has poles) we
have that

xq(t;+a) > x1(ti) + c]c3|x|ti
A
with 3 = IO hz(r)dr >0 for A small. This yields

%4 |
1 ti+A . xl(ti+A) x](ti) . CqC3

>

= = C
|x|ti+A lxlti+A colxly 2
1

so that
|x1|ti+A CqC3
Tim > < >0
tro  |x 2

l =
ti+A

contradicting (A.7).

1xq1 — %1
Thus, L_ = lim—-L #0and L, = T —L>L_#0
te x|, te |x|y '

From the table we see that when L+ # 0and L_ # 0 the only possibilities
that remain are x ~ Xq Or x = 0(x1) or x = o(x]) (which implies x = O(x])).
At any rate, L_+0,L_:t0=x= O(x]). Combining this with (A.5) we

obtain (A.4). o

Lemma A.3

In the adaptive scheme (for relative degree > 3) of Section 4,

u, v(”, v2) - 0(yp) (A.9)

Proof: Since v(z) = (sI-A)'] byp and v(]) = (sI-A)']bu, with A



exponentially stable we have that

v(z) = O(yp) and v(]) = 0(u) (A.10)

To prove (A.9) it needs to be shown that u = O(yp). By reasoning as in

the preceding lemma, we will prove this by establishing that there is no
sequence ti 4+ « such that

Tim |y, | = 0. (A.11)
jooo P

Jul
t;

Consider,

u-= eTw +r

(A.12)
The lemma is trivial if u is bounded, so assume that u is unbounded.

Now, r is bounded and 8 is bounded. Since (A.11) holds along the sequence

{t;} we have that |y,|, = o(|ul, ) and by (A.10) that |v(2)| = 0(|ult;).
i P ti ti ti i
Hence (A.12) yields that
jul, = o(lvMie,) (A.13)
i

Thus, for some component 10 of v(1), we have that

Julg, = 0(1vi g )

Now, since

Ve 4y

we have that
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(1) (1)
195, = 001y I,
Further,
(2)- "
vi (1) =it
0 0

Since P has no zeros in the right half plane we have from Lemma A.2 that

for the sequence {ti}

lvgz)
lim 10
o0

2
ig It

This establishes a contradiction as follows: By assumption (A.11),
Iyplt /|u|t -+ 0, which 1mp11es by (A.10) that |v(2)|t /|u|t + 0. Now
by (A 13), we have that |v |t /|vs ])lt +0 as i 2 w, =

To prove Lemma A.4 we need the f011ow1ng preliminaries concerning
C(s): For simplicity we will assume that E(s) is a polynomial and has
only real zeros, i.e.,

L(s) =

I (s+a;) (A.14)
1

=S

1

with a; > 0 (the following development can be repeated with only minor

changes in notation when L has complex zeros. Recall that f(s) is Hurwitz

and define
r
Ai(s) = T (s+a;), i=0,1, , 4-1
j=i+1

Then if z(t) is a ¢" function,
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[0z = [o™- J A VoA, Tz (A.15)
: i=0

neglecting the effects of exponentially decaying initial conditions.

The proof of (A.15) follows by recursion on

1,7 _ T 1 T
s¥a, ¢ (sta )z = ¢ + st ¢ & (A.16)

Lemma A.4 '
With L defined as in (A.14), and w(t) = E(S)C(t)’ w(-) € ng and

o € L2, we have
(L7 16™C1z = o7c + o(w) (A.17)
Proof: From (A.15) we h-ve

Ae A r-]/\_ el A A

(T3 = 0'c - ] Ai]¢TAi+1(S)L Hsm(t) (A.18)
i=0

Now

~ A_'[ _
and ﬂ;] is stable for i = 0, ..., r-1. Using the fact that $ € L2 and

Lemma A.1 we have that

ﬁ;léﬁi+1f'1w = o(w) i=0, ..., r=1
Using this in (A.18) establishes (A.17). o

Remark: Lemma A.4 was derived for the case when f(s) was a Hurwitz

polynomial with real roots. It is straightforward, though notationally
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cumbersome, to verify that when f(s) is a (improper) rational function

with Hurwitz numerator and denominator (possibly with complex zeros)

Lemma A.4 still holds.
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Bode plots of the system to be controlled.

Model following control system.

Typical plot of multiplicative uncertainty |G1(jm)|, |ﬁ3(jw)[
for adaptive control.

Non-adaptive controller structure.

Basic adaptive controller structure.

Error equation for the basic adaptive system.

Schematic of adaptive system when relative degree > 3.

The adaptive system of Figure 5 with a new representation for
the model.

The adaptive loop of Figure 7 with an output disturbance Vy-
Showing the procedure for factoring the disturbance v1(t) out
of the adaptive loop.

Showing the procedure for finding the effect of the unmodelled

dynamics on the adaptive loop.
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