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ABSTRACT

Using Generalized Harmonic Analysis, we give a complete
description of parameter convergence in Model Reference Adap-
tive Control (MRAC) in terms of the spectrum of the exogenous
reference input signal. Roughly speaking, if the reference signal
"contains enough frequencies” then the parameter vector con-
verges to its correct value. If not, it converges to an easily

characterizable subspace in parameter space.

1. Problem Statement

In recent work [1,2,6] on continuous time model reference adaptive control, it has been
shown that under a suitable adaptive control law the output yp of the plant asymptotically tracks
the output y,, of a stable reference model, despite the fact that the parameter error vector may
not converge to zero (indeed, it may mot converge at all). Results that have appeared in the
literature on parameter error convergence [3,4,5,8] have established the exponential stability of
adaptive schemes under a certain persistent ezcitation (PE) condition. As is widely recognized
(e.g. in [9]) the drawback to this condition is that it applies to a certain vector of signals w(t)

appearing inside the nonlinear feedback loop around the unknown plant.

In earlier work [11] we remedied this shortfall by showing that the persistent excitation con-
dition can be moved from w to wy, a vector of signals analogous to w but appearing in the
linear, time invariant (LTI) model loop. Unlike w, wy is six.nply the output of a LTI system
driven by the reference signal r, and it is thus much easier to determine whether or not it is per-

sistently exciting.

In [11] we gave one simple condition which ensures that wy is PE:
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If the reference input r(¢) contains as many spectral lines as there are unkmown
parameters, then wy is PE and consequently the model-plant output error and the

parameter error converge exponentially to 0.

Note that a real reference signal with a spectral line at frequency v also has a spectral line at —».
Thus, for example, a reference signal with a (nonzero) average (DC) value and at least one other
spectral line will guarantee exponential convergence of the parameter error vector to zero in a
three parameter MRAC. Related results for the scheme of [6] have appeared in [13].

These results made precise the following intuitive argument: assuming the parameter vector
does converge (but perhaps to the wrong value) the plant loop is "asymptotically time-invariant”.
If the reference input r has spectral lines at frequencies v,, . . . ,v;, we expect yp will also; since
Yp — Yu, We "conclude” that the asymptotic closed loop plant transfer function matches the
model transfer function at ¢ = jvy, .. .,jv;. If k is large enough, this implies that the asymp-
totic closed loop transfer function i precisely the model transfer function so that the parameter

error converges to zero.

In this paper we pursue further this idea that the reference signal must be ”rich enough”,
that is, "contain enough frequencies” for the parameter error to converge to zero. We derive sim-
ple necessary and sufficient conditions on the reference input r for the parameter error to con-

verge to zero. Roughly speaking, the condition is:

A reference input r(t) results in parameter error convergence to zero unless its spec-
trum is concentrated on k < N lines, where N is the number of unknown parameters

in the adaptive scheme.

We will say precisely what we mean by spectrum in the sequel. The results have been announced
without proof in [12].

In §2 we briefly describe the MRAC system when the plant has relative degree one. In §3
we review the basic notions of Generalized Harmonic Analysis: autocovariance and spectral meas-
ure. In §4 we state and prove our main result on necessary and sufficient conditions for parame-

ter convergence.

In §5 we discuss partial convergence, i.e. behavior of the parameter error vector when w is
not PE. This will be the case when the reference signal has its spectrum concentrated on ¥ < N
lines, where N is the number of unknown parameters: then the parameter vector can be shown to
converge to an affine subspace of dimension N-k. The Partial Convergence Theorem of §5 also

implies the results of [3,4], but gives a greatly simplified proof.

In §6 we consider higher relative degree cases and show that the results of the previous sec-
tions hold, despite the more complicated control strategies. The appendix contains proofs of the
theorems of Generalized Harmonic Analysis used in the paper. Although some of these theorems



-3-

are analogous to results from the theory of wide-sense stationary stochastic processes, these proofs

are not, to our knowledge, in the literature.

2. The Model Reference Adaptive System

To fix notation, we review the model reference adaptive system of Narendra, Valavani, et

al. [1,2]. The single input single output plant is assumed to be represented by a transfer function

N . ﬁp(8)
We(e) = kp 0) (2.1)

where fip, &,. are relatively prime monic polynomials of degree n-1, n respectively and kp is a

_scalar. The following are assumed known about the plant transfer function:
(A1) The degree of the polynomial dp, i.e. n, is known.
(A2) The sign of kp is known (say, + without loss of generality).
(A3) The transfer function Wp is assumed to be minimum phase, i.e. iip is Hurwitz.

The objective is to build a compensator so that the plant output asymptotically matches
that of a stable reference model Wy (s) with input r(¢) and output yy(¢) and transfer function

(2.2)

where ky > 0 and 1y, 3M are monic polynomials of degree n-1 and n, respectively (fiy and ﬁu
need not be relatively prime). If we denote the input and output of the plant u(t) and yp(¢),
respectively, the objective may be stated: find u(¢) so that yp(¢)- yx(¢)—0 as ¢ = co. By suit-
able prefiltering, if necessary, we may assume that the model Wu(a) is strictly positive real.

The scheme proposed by Narendra et al is shown in Figure 1. The dynamic compensator

blocks F; and F', are identical one input, (n-1) output systems, each with transfer function
(SI—Arlb; A€ Ru-lxn-l’ b eRn-l

where A is chosen so that its eigenvalues are the zeros of 7iy. We assume that the pair (A,b) is in

controllable canonical form so that

1

(ef-Ayth = 2| ° (2.3)
in(e) | .
81!-2

The parameters ¢ € R*™! in the precompensator block serve to tune the closed loop plant zeros,
d€R*, dy€R in the feedback compensator assign the closed loop plant poles. The parameter
¢o adjusts the overall gain of the closed loop plant. Thus, the vector of 2n adjustable parameters



denoted 4 is
0T = [co, ¢ 7, do, d7)
If the signal vector w € R*" is defined by
wT = [r, o7, yp, V@7 (2.4)
we see that the input to the plant is given by
vt =6Tw (2.5)

It may be verified that there is a unique constant #° € R?* such that when #=246°, the
transfer function of the plant plus controller equals Wy(2).t If r(¢) is bounded (an assumption we

‘henceforth make) it can be shown that under the parameter update law

0= -cyw = ~(gp - yy)w ‘ (2.6)

all signals in the loop, i.e. u, vV, v, yp, yy, are bounded, and in addition lim,_e,(¢)=0, that
is, the plant output matches the model output and thus our overall objective has been achieved.

However the convergence need not be exponential.

Despite the fact that ¢,(t)— 0, the parameter vector § does not necessarily converge to 9°
(it may not converge at all). Various authors [3-5] have established that e,(t)—0 and 8(t)—¢*
(i.e. the parameter error converges to 0) ezponentislly iff the signal vector w(t) is persistently

ezciting, (PE) that is, there are 5, @ >0 such that for all ¢ >0

s+§
J wwTdt > ol (2.7)
8

Since w(t) contains the signals v(!(¢), v®)(¢), yp(¢) generated inside the nonlinear plant loop,
translating the PE condition (2.7) on w into an equivalent condition on the exogenous reference
input r(¢) would seem difficult if even possible. This is precisely what we will now do. Amaz-

ingly enough, the condition is very simple when expressed in the frequency domain.

3. Review of Generalized Harmonic Analys!s
The integral (2.7) appearing in the definition of PE reminds one of an autocovariance.
Definition 3.1 (Autocovariance)s A function u:R,—R"™ is said to have autocovariance
R,(NER™ ™ iff
+T

fm [ w4+ 07 = Ryfo) (3.)

t Indeed 8° consista of kyy/kp and the coefficients of the polynomials ip—iiy and dp—dy.



with the limit uniform in g.

This concept is well known in the theory of timé series analysis. There is a strong analogy
between (3.1) and R;"Yr)=FEu(t)u(t+7) for v a wide sense stationary stochastic process.
Indeed, for a wide sense stationary ergodic process u(t,w), R,(rw) exists and is R3*™(r) for
almost all w. But we emphasize that an autocovariance is a completely deterministic notion. Its

relation to the notion of PE is simple:

Lemma 3.2 (PE lemma): Suppose w has autocovariance R,(7). Then w is PE iff R,(0)> 0.
Proof: The ”if” part is clear. Suppose now that w has an autocovariance R, and is PE. Let
¢ ER", ¢50. From (3.1) we have for all n

s4-né

f (wTec)?dt > —||c||2

Hence
im } Teldt > Zlell® (3.2)
o T < = é
Because w has an autocovariance,
1 T
hm rd f (wTe)dt = cTR,(0)c (3.3)

From (3.2) and (3.3) we conclude ¢TRy(0)c > a/dl|¢c]|?, thus Ro(0) > a/6> 0.

We will need a few more simple lemmas concerning autocovariances. The proofs and a
more detailed discussion of Generalized Harmonic Analysis appear in the Appendix.
Lemma 3.3: R,(7) is a positive semidefinite function.

Thus, R, has a Bochner representation:
Ry() = [, (dv)

where S, is a positive semi-definite matrix of bounded measures, which is called the spectral
measure of u. If u is scalar valued, then S, is just a positive bounded measure; 2 S, ([w, wy]) can
then be interpreted as the average energy contained in u in the frequency band [wq, w,|. Thus, for
example, if a scalar valued u has a spectral line of amplitude a, at v, then S, has a point mass at
v of size | a,|2

Lemma 3.4 (Linear Filter lemma): Suppose u:R . — R" has autocovariance R,(7), its spectral
measure S,, and A is an m X n matrix of bounded measures. Then y = h#u has an autocovari-

ance R,. Its spectral measure is given by:

5,(dv) = H(jv)S,(dv)H(iv)’ (38)



In particular,
R,(0) = [H(jv)S.(dv)H(iv)* ©9)
where H(jv) is the Fourier transform of A.

The reader should note that these formulas are identical to those from the theory of stochas-
tic processes.
Lemma 3.5: If u—v € L? and u has an autocovariance R,, then v has autocovariance R,.

Thus transients of finite energy do not aflect the autocovariance of a signal.

We are now ready to prove our main result.

4. Necessary and Sufficient Conditions for Parameter Convergence

As in Boyd and Sastry [11], redraw Figure 1 as Figure 2 with the model represented in non-
minimal form as the plant with compensator and #==6*. The signal wy € R** in the model loop
is given by

wiy = [r, ofPT, yu, vfP7)

It is shown in [1,2] that w-wy €L,

Note that wy, is the output of a stable LTI system driven by r(t), its transfer function

1
Wi Wi (el-A)b
Wy
WM(OI —A)-l b

Qe) =

The only property of Q which we will need is that there is a constant invertible matrix M such
that

ér(a)M = m[&’“» ey JP(’)S"zvﬁP(’)r e :ﬁP(a)anl (4'1)

(This is shown in [11])
We now make the following assumption: r Aas an autocovariance. } Let the spectral meas-

ure of r be denoted S,. We will now derive an explicit formula for R,(0).

By lemmas 3.4 and 3.5 and the discussion above, wy, has an autocovariance, with spectral

measure

So,(dv) = Q(iV)S.(d1)Q(jv)’

t Not all r's have aatocovariances (e.g. r(¢)= coslog(1+ ¢)) but reasonable ones, whose general characteris-
tics do not change drastically over time, do.
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Since w -wy € L?, another application of lemma 3.5 shows that w has an autocovariance, its
spectral measure also given by

So(dv) = Qiv)S(4v)@Q(jv)*
and autocovariance at 0 given by

R,(0) = [Q(jv)5,(dv)Q(iv) (4.2)
By the PE lemma, then, we have:

wisPE if R,(0)= [Q(jv)$,(dv)@(jv)* >0 (4.3)

Main Theorem: w is PE iff the spectral measure of r is no¢ concentrated on £ < 2n points.

Proof: Suppose first that S, is concentrated at vy, . . ., v, where ¥ < 2n. Then
~ ° A . k A . A -
Rv(o) = fQ(JV)Sr(d”)Q(J")’ = 2 Q(Jl’m)sf({um})Q(Jyn)‘
mam]

Being the sum of k < 2n dyads, R,(0) is singular so by (4.3) w is not PE.
Suppose now that w is not PE. Then by the PE lemma there is a nonzero ¢ € R2* such that
0= cTR,(0)c = [|Q(iv)*c|?S,(dv) (4.4)

Since | @(jv)*¢|? is continuous in v, (4.4) implies that @(j»)*c vanishes for all » in Supt(S,),
the support of S,. Thus for all v € Supt(S,),

0= Q(j»)*c = Q(v)’'M(M'¢) (4.5)

where M is the constant nonsingular matrix referred to in (4.1). If we let ¢ = M~'c and note that
dp(7v)in(7v) 740, (4.5) says for all v€ Supt(S,),

0 = Q(iv)*ME = a(jv)dp(iv)+ b(iv)ip(iv) (4.6)
where we define the polynomials a(s) and 5(s) by
. n-1 2n
s(s)= Y éne™?! b(s)= Y éno™" (4.7)
maml mamp
Now if Supt(S,) contains 2n or more points, (4.6) vanishes identically since its right hand side is
a polynomial of degree <2n, that is
dap + 55}» =0 (4.8)

But this contradicts coprimeness of dp and fip, since (4.8) implies #p/dp =-a/b and
38 < n-2< 3hip. So Supt(S,) must contain k < 2n points, and the Main theorem is proved.



4.1. Discussion
We have proved the following:-

Suppose the reference input r(¢) to the MRAC system of §2 has an autocovariance.
Then the model-nlant mismatch error yp -y, and the parameter error §-8° tend to 0
exponentially if and only if the spectral measure of r is not supported on k£ < 2n
points.

Thus in general, one has parameter convergence: only for very special reference signals (which

unfortunately sometimes include analytical favorites such as 1(t), cos(wt)) do we not have §—9°.

It is instructive to see how our previous [11] sufficient conditions on r(¢) it into the theory
-above. If r has an autocovariance and has 2n spectral lines, then its spectral measure S, has

point masses at the 2n frequencies. Thus
. R 2n s
R,(0) = [Q(i)S,(dv)Q(iv)’ 2 EQUW)&({V{})QUV’)' >0

since the vectors é(j v;) are linearly independent by the argument above.

The terms sufficiently rich (SR) and persistently ezciting (PE) have been used somewhat
interchangeably in the literature. We propose that PE refer to property (2.7) for a vector of sig-
nals, and that sufficient richness be a property of the reference signal (scalar valued). A vector
of signals is thus PE or not, but whether or not a reference signal is SR depends on the MRAC
being studied. More specifically it depends only on the number of unknown parameters in the
system, so we propose that a reference signal which results in a PE w in an N-parameter MRAC

be referred to as sufficiently rich of order N. We then have the following characterization:

If r has an autocovariance, then it is SR of order N iff the support of its spectral

measure S, contains at least N points.

Thus, for example, if r has any continuous spectrum (see Wiener [14] for examples of such r’s)
then r is SR of all orders.

5. Partial Convergence

If w is not PE, then the parameter error need not converge to zero (it may not converge at
all). In this case S, is concentrated on k < 2n frequencies vy, . ..,»;. Intuition suggests that
although # need not converge to 8°, it should converge to the set of #'s for which the closed-loop
plant matches the model at the frequencies 8 = jv,, . .., fv;. This is indeed the case.

Before stating the theorem, we discuss this idea more formally. Suppose that the parameter
vector @ is constant. Then the plant loop of the MRAC system is LTL: w is in this case Qr.
Since the input to the plant is u==0Tw, the overall closed loop plant transfer function is
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Wp(3)9T @(s). This transfer function matches Wyate=ju,...,jviff

We (i V:)Q G ”1)’ M(J v1)
(5.1)
Wp(iv:)QUi Vt)r Wi(jve)
Let us call the set of 8's for which (5.1) holds ©. Since §° € ©, we have
We(in)QUin)T
© = ¢° + Nullspace I (5.2)
We(ivi)Qlive)T

© thus has dimension 2n-k. In terms of the parameter error vector ¢ =60-0°, © has the simple

description
6€ee® ifi R,(0)p=0 (5.3)

We leave the verification of this to the reader; recall that here
t A 2 3
R,(0) = 2 Sv({Vm})Q(j”m)Q(JVm).
mam}

With this discussion in mind, we give
Partial Convergence Theorem:
Suppose that r is bounded. Then

lim Ry (0)¢(t) = 0 (5.4)

Remark: If Ry(0) > 0, then this theorem tells us nothing more than theorem 1: $—0. But if w is
not PE, the conclusion (5.4) can be interpreted as:

0(t)+© as t—o0

by which we mean dist(6(t),0)— 0, not 8(t)— é(co) for some 6{co) €. In particular, 4 need not
converge to any point as { — co.

Proof: Since ¢ and w are bounded, find K such that ||¢(¢)]], J|w(¢)|| < K.

Let € > 0 be given. We will find Ty such that for t> T, ||R(0)¢(¢)]| < e.

First choose T, large enough that for all s,

s+l'1
R,(O)-Tll- { w(z)w(z)’a” < —E" (5.5)

Thus for all ¢
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t+T,

$TEIR(OE) - #0)7 = [ wlrdo()drolt)| < 5 (5)

From our update law $=é=-wel; since ¢, —0, we conclude &(t)—»o as ¢t —oo. The
hypothesis r bounded implies that ¢(¢t)Tw(t)— 0 (see [1]). Now find T, so that for ¢t > T,,

()T () < = (5.7a)
and
3 €

le(e)ll < KT, (5.7b)

“Then for ¢ > To,

Ty 4T, :
¢(¢)7— f w(r)w(r)rdm&(t)- 5= f ()T w(r)w()T §(r)dr (5.8a)
47,

—- .f w(r)T(#(t) - #()w () T(4(t)+ o(r))dr §- (5.8b)

using (5.7b). From (5.7a) we conclude that for ¢ > T,

4T,

f HnT u(u(n)Ts(ndr| < = (5.9)

“l

From (5.6), (5.8), and (5.9) we have for t > Ty

6(¢)TRo(0)8(2)] < €
which completes the proof of the Partial Convergence Theorem.

Remark 1: The proof relies only on the assumptions (5.7), which state, roughly speaking, that the
parameter error eventually becomes orthogonal to w and that the updating slows down. These are
nearly universal properties of adaptive systems, so this theorem actually applies quite generally,
not just to Narendra's scheme. For example, it applies to all of the schemes described in
Goodwin et al [10].

Remark 2: While the 2n-k dimensional set © to which () converges depends only on the fre-
quencies vy, . . . ,v; and not on the average powers S,({r1}), - . . , S;({v1}) contained in the refer-
ence signal at those frequencies, the rate of convergence of 9 to © depends on both.

Remark 3: As mentioned above, if w is PE then R,(0) > 0 and consequently this theorem yields
the original parameter convergence results of [3,4]: uniform, asymptotic convergence of ¢ to zero

(and consequently exponential convergence). This proof, however, is considerably simpler than
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the original proofs.

6. Plant Relative Degree >2

The scheme of §2 needs to be modified [1] when the relative degree of the plant to be con-
trolled is >2, i.e. the plant has the transfer function (2.1) with 7ip, dp relatively prime monic
polynomials of degree m, n respectively. In addition to the assumptions (A1)-(A3) we add the
new assumption (A4):
(A4) The relative degree of the plant, i.e. (r—m), is known.

The model has the form (2.2) with the difference that /i, has degree m. The objective of the

“adaptive control is as before: to get ey = yp - yxs to converge to zero as ¢ — co.

Although the control scheme in this case is considerably more complicated, we will show

that the necessary and sufficient conditions for exponential parameter error convergence to zero

are identical to those given in §4 for the relative degree one case: namely, that Sup¢(S,) contain

at least 2n points.

8.1. The Relative Degree 2 Case

Consider first the scheme of Figure 1 with the diflerence that A is chosen exponentially
stable so that its eigenvalues (there are n-1 of them) include the zeros of sy, (there are m of
them). It may again be verified that there is a unique constant ° € R?* such that when §=46*
the transfer function of the plant plus controller equals Wy(s). The relationship between 8* and
the coeflicients of Ap and dp is more complex in this case than in §2. In this case since Wy has
relative degree 2 it cannot be chosen positive real; however, we may assume (using suitable
prefiltering, if necessary) that there is L (2)=(2+ ) with §> O such that Wy L is strictly posi-
tive real.

Now, modify the scheme of Figure 1 by replacing each of the gains 4,, i.e. ¢,, d,, ¢, d, with
the gains L 9, which in turn are given by
Lo, L =0, + 6,L7 i=1..2n (6.1)
We now define the signal vector
¢T(¢) A [L7r, LD, L7yp, [716@) (6.2)
Then

§= -

yields that e,(¢)—+0 as ¢ — co provided r(¢) is bounded. The persistent excitation condition for

exponential parameter and error convergence is on the signal vector ((t) of (6.2): there are



a, §> 0 such that for all 2 >0,
S48
Jd)(e)Tdt > al (6.3)

s
Now, define the analogous signal vector for the model
T = (L7, L0y DT, Ly, £70fP7)
i.e. ¢y is obtained by filtering each component of wy, through the stable system with transfer
function L.

Suppose now that r has an autocovariance. ¢y is the output of a LTI filter driven by r, so
/it has an autocovariance; since ¢- i € L? (see [1)), ¢ has an autocovariance identical to that of

¢n. In fact
R{0) = [ILjv)l*Q(i )5, (dv)Q(iv)’

Thus R {0) > 0 if and only if R,(0)> 0 and hence the necessary and sufficient conditions on r for

exponential parameter convergence are exactly the same as in the relative degree one case.

6.2. Relative Degree >3

As in §6.1, pick a Hurwitz polynominal L so that LW, is strictly positive real. The trick .
used in §6.1, namely, to replace each 4; by L 8;L", is no longer possible since £ 8; L depends on
second (and possibly higher) derivatives of §;. To obtain a positive real error equation we retain

the configuration of Figure 1 and attempt to augment the model output by

2 Wy LT - LT (6.4)
M

The difficulty in implementing (6.4) arises from the fact that kp is unknown. Consequently the
model output is augmented, not by (6.4) but by

WieL 020 4r($)0TL-L70T|w (6.5)

k
with 03,4, being a new adaptive parameter expected to converge to k—P-. To obtain ¢€ L2 and
M

prove stability of the augmented scheme we also add an additional quadratic term as shown in
Figure 3 to (6.5) to get

Wil fnprlt) {(a’ﬁ"-ﬁ"o’)w + a;rm} (6.6)

where @ > 0 and ¢ is as defined in (6.2). If £ is defined to be (7L~ L~'6T)w then the update law

0= —ey§
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O2p41 = €1§
yields that as ¢t — 00, e;(t) — 0, that is yy — yp.

For the scheme of Figure 3, there are 2n+ 1 parameters to be considered and the sufficient

richness condition for parameter convergence reads: there are a, 6 > 0 such that for all ¢ >0,

s

[ [sau = o (67)

where £ 2(8TL*-L9T)w. However, condition (6.7) can never be satisfied since £— 0 as ¢ — 0o
as pointed out by Anderson et al [13]. From the preceding discussion, it follows that the addition
of the new parameter #,,..; in the augmented output signal is what causes this difficulty. If k, is

“known, of course, 02,1, £ are unnecessary and the parameter convergence condition (6.7) reduces
to (6.3) which is satisfied if r(¢) is sufficiently rich of order >2n.

When kp is unknown, and when r(t) is SR of order > 2n it follows that the autocovariance
at zero of the signal vector [¢7, £]T is given by
d0) o
0 0 € R2n+1x2a+1 (6.8)
with R {0)>0. By the Partial Convergence Theorem of §5, it follows that the parameter error
converges to the null space of the matrix in (6.8). Thus all dut the (2n+ 1)th parameter errors

converge to zero. But the (2n+ 1)th parameter is inconsequential since it is the gain parameter

associated with the augmented model output y,.

7. Concluding Remarks

We have shown that a complete description of parameter convergence can be given in terms

of the spectrum of the reference input signal.
Specifically, regardless of the relative degree,

[1] The parameter error ¢ converges exponentially to zero if and only if Supt(S,) contains at
least 2n points.

[2] If Supt(S,) contains only k¥ < 2n points, then ¢ need not converge to zero. Instead it con-
verges to a subspace of dimension 2n-k. This subspace corresponds precisely to the aet of

parameter values for which the closed loop plant matches the model at the frequencies con-
tained in Supt(S,).
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Appendix: Generali-:d Harmonic Analysis

The first careful treatment of the notion cf ~utocovariance was Wiener's Generalized Har-
monic Analysis [14]. The idea is well known in the theory of time-series analysis (see e.g. Koop-
mans [15]), and is usually presented in the context of stochastic processes. We have been unable
to find a clear modern discussion of autocovariances which does not make use of the connection
with wide sense stationary stochastic processes. Since the proofs of the various lemmas we used

are neither difficult nor long, we give them here.

We should mention that the analogy between autocovariance and stochastic autocovariance
meantioned in §3 is not complete- for example the limit in the definition of R, makes the proof of
the linear filter lemma trickier than the proof of its stochastic analog (which is little more than

| interchanging integrals and expectation via the Fubini theorem), and there is no stochastic analog
of lemma 3.5.

For the remainder of this section we assume that u:R . — R" has autocovariance R,. Note

that the integral (3.1) in the definition of autocovariance makes sense if and only if u is locally

square integrable, i.e. u €LZ,.
Lemma 3.3: R, is a positive semi-definite function.

Proofs Suppose 7, . .. ,7x€R, ¢y, ...,cx € C*. We must show

2e'Ry(rj-1i)e; 2 0 (A1)

5

Define the scalar valued function v by:

v(t) A zx: cru(t+ 1)

=1
Then forall T >0

1 T
0 < =[flv(e)*at (A2)

Ty

T 1,-+T
=Y’ l[u(t-i- r)u(t+7,) dtle; = e/’ L J u(t)u(t+ r;-n) dtle, (A3)
1, To 1,J T L

Since u has an autocovariance, as T — co (A3) converges to

Y 'Ry (r,-7)e;

15
From (A2) we see that (A3) is nonnegative, so (A1) follows.

Proposition Al implies that R, is the transform of a positive semi-definite matrix S, of

bounded measures, that is
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Ru() = [e5,(dv) (A4)

(This is the matrix analog of Bochner’s theorem). S, is symmetric, both in v and as a matrix,

gince Ry(7) is a real symmetric matrix.

Lemma 3.4 (Linear Filter Lemma): Suppose that y = h#u, where A is an m Xn matrix of

bounded measures. Then y has an autocovariance R, given by
R,(r) = [ [Mdm)B, (r n-rph(dr)T (AS)
and spectral measure S, given by
5,(dv) = H(jv)S.(dv)H(jv)" (A6)

'Proof: We first establish that y has an autocovariance:

s+ T .
F j' y()y(t+7)Tdt (a7)
s+T
= .;., [ [h(dn)u(c-n)] [u(t+ r-rg)’k(drg)r]dt (A8)

For each T, the integrals in (A8) exist absolutely so we may change the order of integration:

-1 +T

= ffk(dr,) LT f u(t)s(t+ 4 n-r) T dt|h(d )T (A9)

s-1y
The bracketed expression in (A9) converges to R,(r+ r,-7;) as T — oo, uniformly in s. Further-
more the bracketed expression in (A9) is bounded as a function of T, &, 7, and 7, for T > 1,

since by Cauchy-Schwarz*

s-n+7T s+ T
1 )T L 2
T .'L u(t)u(t+~ n-r)Tdt| < "sgng["u(I)" dt < oo (A10)

So by dominated convergence (A9) converges, uniformly in s, as T — oo, to

[ [h@n)R (r+ n-r)h(d )T (A11)

y thus has an autocovariance, given by (Al11). This establishes (A5); to finish the proof, we sub-
stitute the Bochner integral for R, in (A11):

Ry = [ [ndn) [+, (dv)h(dr)T (A12)

oThe restriction T 2> 1 is required if 4 is not bounded but only in L.
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= fe“"[f e“’I”h(dr,)] 5,(dv) [{e"’f"h(dr,)]' (A13)
{since all the measures are finite) |
= [¢"H(jv)S,(dV)H(jv)* (a14)
(A14) is the Bochner representation of R, so
5,(dv) = H(jv)S(d)H(v)" (A15)
establishing the linear filter lemma.
Lemma 3.5 (Translent Lemma): Suppose e{¢)=u(t)-v(¢)€L? (and u has autocovariance
R,). Then v also has autocovariance R,.
Prooft
s+ T “+T
-,},- J wtoutt+nTar - LT f o(eyote+ nTar (A16)
s :

s+ T +T s+T
=% f e(t)u(t+n)Tat + o f w()e(t+n)Tdt + T f e(t)e(t+7)7dt

s+T 1/2 “+T 1/2

1 1 2 1 1 2 R ETIRTY
< gyllellf [ e+ |+ Zllellsfp [l + ez (ar)

using the Cauchy-Schwarz inequality. The two bracketed expressions in (A17) converge uni-
formly in & as T — co to TraceR,(0), so we conclude that the entire expression (A17), and thus
(A16), converges to zero, uniformly in 8, as T — 0. Thus
s+T
—;-,-f v(¢)o(t+7)Tdt = R,(r) as T—oo
s

uniformly in ¢, and lemma 3.5 i3 proved. Remerk: Actually the hypothesis can be weakened to

R, =0, that is, e has zero gverage energy.



-17-

8. References

1]

2l

[81

[4]

[51

[6]

7]

(8]

(9}

10}

1]

[12)

[13]

[14]
18]

K. S. Narendra and L. S. Valavani, Stable Adaptive Controller Design- Direct Control,
IEEE Trans. Autom. Control 23 (1978) p570-583.

K. S. Narendra, Y.-M. Lin, and L. S. Valavani, Stable Adaptive Controller Design, Part II:
Proof of Stability, IEEE Trans. Autom. Control 25 (1980) p440-448.

A. P. Morgan and K. S. Narendra, On the Uniform Asymptotic Stability of Certain Linear
Non-autonomous Differential Equations, SIAM J. Control Optim. 15 (1977) p5-24.

B. D. O. Anderson, Exponential Stability of Linear Equations Arising in Adaptive
Identification, JEEE Trans. Autom. Control 22 (1977) p83-88.

G. Kriesselmeier, Adaptive Observers with Exponential Rate of Convergence, JEEE Trans.
Autom. Control 22 (1977) p2-9.

A. S. Morse, Global Stability of Parameter-Adaptive Control Systems, IEEE Trans. Autom.
Control 25 (1980) p433-440.

K. S. Narendra and Y.-H. Lin, Stable Discrete Adaptive Control, IEEE Trans. Autom. Con-
trol 25 (1980) p456-461.

J. S.-C. Yuan and W. M. Wonham, Probing Signals for Model Reference Identification,
IEEE Trans. Autom. Control 22 (1977) p530-538.

B. D. O. Anderson and C. R. Johnson, Exponential Convergence of Adaptive Identification
and Control Algorithms, Automatics 18 (1982) p1-13.

G. C. Goodwin, P. J. Ramadge, and P. E. Caines, Discrete Time Multivariable Adaptive
Control, IEEE Trans. Autom. Control 25 (1980) p449-456.

S. Boyd and S. Sastry, On Parameter Convergence in Adaptive Control, Systems and Con-
trol Letters vol. 3 (1983) p311-319.

S. Boyd and S. Sastry, Necessary and Sufficient Conditions for Parameter Convergence in
Adaptive Control, Proc. of 1984 American Control Conference, San Diego, June 1984.

S. Dasgupta, B. D. O. Anderson, and A. C. Tsoi, Input Conditions for Continuous Time
Adaptive System Problems, Proc. IEEE Conf. on Decision and Control, San Antonio,
Texas, Dec. 1983, p211-216.

N. Wiener, Generalized Harmonic Analysis, Acta Mathematica, vol. 55, (1930) p117-258.
L. H. Koopmans, The Spectral Analysis of Time Series, Academic Press, 1974.



-18-

Figure Captions
Figure 1: The adaptive system for the relative degree oze case.
Figure 2: The adaptive system of Figure 1 with a new representation for the model.

Figure 8: Modification of the adaptive scheme when the relative degree >3.



PLANT

Fig. |




O

MODEL
LOOP

PLANT
LOOP

u
2 B ’{ PLANT
| R
(sI-AVb (sI-A)™"b
(1) (2)
-@<= M Vu
\_/
2\ ¥
&
Ye
z ‘[ o PLANT -
Fi | (sI-A)D F2 |(sI-A)"b




YMm

TA-I

-1
8L w-Low

Fig. 3



	Copyright notice 1984
	ERL-84-25

