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I. Introduction

One of the most important applications of feedback is to achieve
servoaction, that is, to obtain a system that tracks a given class of
signals and rejects a given class of external disturbances-with zero
asymptotic error. In the linear time-invariant multi-input multi-output
context, this problem has been studied extensively in the literature
[See, e.g., Cal. 1; Cal. 2, Chapt. 7; Des. 1; Dav. 1, etc.]. Recently,
Morari [Mor. 1] studied the problem of "integral control" of an
exponentially stable Iinear time-invariant‘Tulti-input multi-output
plant. He obtained a necessary and sufficient condition on the dc gain
matrix of the given plant, under which the unity-feedback system con-
sisting of the given plant and an integrator with a sufficiently small
coefficient is exp. stable and asymptotically tracks step inputs.

Since any realistic model of a physical system can be linear only
as a result of some approximations, it is important to investigate the
asymptotic tracking and disturbance rejection of nonlinear systems.

Many techniques have been proposed for the design of nonlinear systems
[Som. 1, Pec. 1, Sai. 1, Mey. 1, etc.] and specifically for tracking
and disturbance rejection [Des. 2, Sol. 1].

In this paper, we study tracking and disturbance rejection for a

class of nonlinear MIMO unity-feedback systems; namely, the system

S()J I-+K ) consisting of the given nonlinear plant A/ and the linear
proportxona] plus integral (PI) compensator<; I+K (see Fig. 2.1 below).
The main result of the paper is Theorem 2.1 which shows, roughly speaking,
that if the nonlinear plant )J is exp. stable and has a strictly
incrgasing dc steady-state input-output map, then a simple PI compensator
%-I-*K, with € > 0, K appropriately chosen, can be used to yield a

stable unity-feedback closed-loop system ]S(}/, %-I-*K). Furthermore,
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the system 1 (N, %-I-FK) asymptotically tracks reference inputs which
tend to constant vectors and asymptotically rejects disturbances which
tend to constant vectors.

The paper is organized as follows: In Section II, some basic
notations and definitions are introduced, general assumptions are given
and the main result (Theorem 2.1) is precisely stated. Theorem 2.1 is
established through Section III and Section IV. Section III studies
the special case where the compensator is a pure integrator. Based on
the result in Section III and a "loop transformation" technique,
Theorem 2.1 is proved in Section IV. Some concluding remarks are given

in Section V. Most proofs are given in Appendix A and Appendix B.

II. Problem Formulation and Main Result

I1.1. Basic Definitions and Notations

Throughout this paper, || denotes the Euclidean norms of R" and
of R™. For g: R™" - R", Dg(yo) € R™™ denotes the Frechet derivative
n m
of g evaluated at y,. For f:R" x R" = R", Dy f(xgs¥g) » (Dof(xysy,))s

denotes the derivative of f with respect to the first, (second, resp.)

variable evaluated at (x_,y,). A€ R ™ js said to be positive definite,

(positive semidefinite), iff ¥x € R", x # 6,, x'Ax > 0, (> 0, resp.);

note that A is not assumed to be symmetric. For B € R™N, 5[8] (c[B])

denotes the maximal (minimal, resp.) singular value of B. f(x) := x2-1

means that f(x) is defined to be the given RHS.

I1.2. The System 'S(N, € 1+K)

Consider the nonlinear multi-input multi-output unity-feedback

system ]S()I, %-I'+K) shown in Fig. 2.1, where N is the given nonlinear
plant, uq is the reference input, Uy and d0 are respectively the

plant-input disturbance and plant-output disturbance, € > 0, and K is a
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constant gain matrix. The nonlinear p1ant/V with input €5, state X,

and output n, is described by the following equations:
x(t) = f(x(t), ey(t)) (2.1a)
ny(t) = h(x(t)) (2.1b)

where t > 0, ez(t) e rRM, nz(t) € R™, and x(t) € R". Ve study the

asymptotic tracking and disturbance rejection of ]S(/V, % I+K).

I1.3. General Assumptions

-

We assume throughout that the nonlinear time-invariant plant N

satisfies the following assumptions:

(N.1) F:R" x R™->R" and h: R™ > R™ are ¢! functions, and
f(en, em) = 0> h(en) = B (This together with (N.4) below imply that
for every piecewise continuous input ez(-), for every initial condition

(Xgs tO), Eq. (2.1a) has a unique solution

tHS(ta tO’ XO’ ez(')) (2~3)
defined on [to, ©).)

(N.2) There exists a C]

function g : R™" > R"s.t. yerR™,

f(g,v) = o, iff g(v) = ¢ ; (2.4)
(N.3) The map hog: v h(g(v)) is a bijection of R™ onto R™;
(N.4) there exists M> 0 s.t. yve R™, yz € R",

D F(E,v) | < M (2.5a) 5 |Dyf(g,v)]| < M (2.5b)

IDh(E)| < M (2.5¢) 5 [Dg(v)]| <M (2.5d)
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(N.5) There exist ¢ >0, o > 0 s.t. ¥ constant input v € R", ¥xg € RrR",

-a(t-to)

Is(ts tys %55 v) = g(v)| < clx -g(v) e (2.6)

(N.6) hog is strictly increasing: there exists 8 > 0 s.t. Vv], vy € B%m,

[hg(vy) - ha(vp) 1T [vq-v,] 2 8 |vg=v,|? (2.7)

Comments
(a) Assumption (N.2) implies that for all constant inputs v € R™, the
nonlinear plant N has a unique equilibrium state x := g(v) which by

(N.5) is globally uniformly exponentially stable (uniform in the

constant input v). Since the read-out map h is continous and satisfies
(2.5¢c), for all constant inputs v, for all initial conditions (xo, to),

the corresponding plant output nz(t) tends exponentially to the constant

output hg(v). By (N.3), each such steady-state output hg(v) is achieved

by one and only one constant plant-input v.

(b) Assumption (N.6) holds [Ort. 1, p. 142] iff ¥v;, v, € R™
vID(hg) (v,)vy > Bv; |2 (2.8)
19ANGIVR IV 2 BV, .

(c) Consider the square linear time-invariant plant described by

X = Ax +Bu (2.9a)

y = Cx (2.9b)

where u(t) and y(t) € R™. The linear plant (2.9) satisfies (N.1)-(N.6)
if and only if A has all its eigenvalues in €_ and, with H(s) := C(sI-A)']B,

H(0) is positive definite. Morari showed that a pure integrator with a



sufficient small coefficient € can be used fcr the plant (2.9) with the
unity-feedback configuration to achieve asymptotic tracking of step inputs
if and only if A has all its eigenvalues in &_ and H(0) has all its
eigenvalues in E_,_. (The last condition does not imply but is implied .
by H(0) positive definite)

We assume for ]S(N s % 1 +K) that the reference inputs U and
disturbances Uss d0 satisfy the assumption |

(I.1) uy(*)s up(e), dg(+) € ¢! and HG], 62, 30 € R™ such that, as

t ->
- - - .
up (t) =y up (t) > o
< uz(t) - ﬁz R ar?d < \]Z(t) - em (2.10)
do(t) > d, dy(t) > e,
. \.
Note that (I.1) implies that u > 0 such that ¥t >0
lug(e)] <y Jup(t)| < w, and Jdp(t)] < . (2.11)

Since u](-) and d0(°) satisfy the same assumption (I.1), the effect
of do(-) on the closed-loop system ]S(N, % I +K) can be included in
u](-). Hence, from now on we assume do(t) =0._.

m ¢ |

For the system 1S(N R %I+K) shown in Fig. 2.1, let n(t) := EJ e](t')dt'

0
and choose (x(t), n(t)) as state variable. We assume that for all e > 0
and K € R™M the system 1 (N, —g— I +K) is reachable: more precisely,
for all states (xo, no), (x1, n]) € R" x R™, there exists inputs

ups U, € CT, with compact support, say [0,T], which take (x(0), n(0))

= (XO’ Tlo) to (x(T), n(T))= (x]9 n])~



II.4. The Main Result

Roughly speaking, we shall establish the following: Given the
nonlinear plant /V, which satisfies the smoothneés, stability and dc
steady-state assumptions (N.1)-(N.6), if the constant gain matrix K is

chosen positive semidefinite, and if |K| is small enough, then the PI

compensator %-I-PK, with ¢ > 0 small enough, yields stability and

asymptotic tracking of the closed-loop system ]S(}V, %-I-+K) for all

initial conditions and for all inputs and disturbances satisfying (I.1).

More precisely, we shall prove the following theorem.

Theorem 2.1.

Consider the nonlinear feedback system 1S(N, %—I-+K) where /v
satisfies (N.1)-(N.6). U.t.c., if

(i) kK € R™M js positive semidefinite; and

(ii) |K| is small enough, then there exists € > 0 such that, for

all ¢ € (0, £], for all initial conditions (x(0), n(0)) € R" x R™,

for all u1(-), uz(-), and do(-) satisfying (I.1), the corresponding
e1(~), es(+), x(+), and y,(+) are bounded and e;(t) > g as t >,

Comment. We establish Theorem 2.1 through the next two sections. In
Section iII, we study the tracking and disturbance rejection problem for
the system ‘SN, £1) (i.e., 'S(N, E1+K) with K = 6__) with a

3 S mxm
slightly more general class of reference inputs and disturbances. Based
on this result (Theorem 3.1), and the "loop transformation" technique,

Theorem 2.1 is proved in Section IV.

III. Integral Control - The System 1S(N, %-I)

In this section, we study the tracking and disturbance rejection

problem for the system ]S(}J, %-I) shown in Fig. 2.1, with K = emxm‘
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For convenience, let C denote the class of all continuous functions. Let

the assumptions (N.1)-(N.6) still hold but the class of reference inputs

and disturbances considered in this section be slightly more general than

those satisfying (I.1): for the system 1,S(N R % I), we assume that

u](-), u2(-), and do(-) satisfy

1 - = = m
(1.2) u](-), do(-) €C, ”2(') E€C andau], Uy, d0 € R" such that,
as t > o,

e -
u1(t) U
{ uy(t) = 62 , and Gz(t) -8

do(t) > &

.

We shall prove the following tracking and disturbance rejection result.

Theorem 3.1. _
Given that the nonlinear plant N satisfies (N.1)-(N.6), consider

the system 'S(A/, £ 1) shown in Fig. 2.1 with K = @ U.t.c.,

mxm*
Els'*' > 0 such that, for all € € (0, €*], for all (x(0), e2(0)) € R" x R",
for all u]('), u2(-) and d0(~) satisfying (I.2), the corresponding el(-),

e2(o), x(+) and y2(~) are bounded; furthermore, e](t) >0, as t >,

Comments

(a) Roughly speaking, the theorem says that given that the nonlinear
plant )« satisfies (N.1)-(N.6), a simple integrator %-I, with € > 0 small
enough, yields stability and asymptotic tracking of the closed-1oop
system ]S(/V, %—I), for all inputs and disturbances satigfying (1.2).

(b) Theorem 3.1 is a special case of Theorem 2.1 except that the class
of reference inputs u](-) and plant-output disturbance dy () is slightly

more general. (Compare I.1 with I.2).
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(c) From the stability and tracking point of view, the effect of uz(-)
on the closed-loop system ]S(A/, %-I) is equivalent to the effect of
adding the derivative Gz(c) to the reference input uj(+). Since
62(-) € C, and ﬁz(t) =6, we may assume, without loss of generality
that uz(t) z 6, and do(t) = 8- |
(d) In the following analysis, we first examine the case where the
reference input Uy is constant; by a change of variables and a change
of time scale, the problem is converted into a singular perturbation
framework.

Consider the nonlinear feedback system ]S()J, %-I), with
uo(t) = do(t) = 9> Uy €C and uy(t) ->G] as t - «; refer to Fig. 2.1,

with K = g, write the equations describing 'S, £ 1):
x(t) = f(x(t), ey(t)) (3.1a)
€,(t) = (uy(t) - h(x(t))) (3.1b)
¥p(t) = h(x(t)) ' (3.2)

with € >0, t >0, x(0) = Xg» and e2(0) = eyp. Let us shift the

origin to the equilibrium point: First define éz by
uy = hg(ez) (3.3a)

and then define the new variables E](t), éz(t) and X(t) by

Uy (t) := up (t) —G] (3.3b)
Ez(t) := e2(t)--é2 (3.3¢)
x(t) := x(t) - glep(t)) (3.3d)

Using x(t) and éz(t) as state variables, Egs. (3.1) become
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’ i = f(g(§2+52) +;(, é2+§2) - E'Dg(é2+§2)(hg(é2) ‘h(g(éz"'éz) +x))
- ¢Dg(E,%8,) i (3.52)
&, = e[hg(e,) - h(g(,+E,) + X)] + e-ii; (3.5b)

with t > 0, X(0) = Xq - g(ezo) and 52(0) = ey -éz. Assumptions (N.1)
and (N.4) imply that for all initial conditions and all piecewise
continuous u](-) Eqs. (3.1) have a unique solution on R, consequently,
by (3.3), the solution X(-) and éz(-) of (3.5) are uniquely defined on R_.

We study first the case where the reference input u](t) is constant,
i.e., u](t) = G] or equivalently ﬁ](t) = 6.3 and derive a stability and
tracking result.

Set ﬁ1(t) z 6, Egs. (3.5) become
% = £(g(8,48,) +X, 8, +8,) - €:Dg(8,4%,) (hg(3,) - h(9(3,#8,) +X))  (3.6a)
&, = e[hg(&,) - h(g(8,#8,) +%)] (3.6b)

It can be easily checked that (N.2), (N.3) and (3.3b) imply that
(i(i), éz(t)) = (en, em) is the unique equilibrium point of Eqs. (3.6).
Since h and g are continuous, (X(t), éz(t)) —>(en, em) as t >« implies
muj%u)+% L&,eﬁﬂ-+%ast+w.

Let t := et be the new "time scale," t is "slow time" compared to t.

Define the variables z(-) and w(+) by

z(t) = %(t) , w(t) := éz(t) (3.7)
Using 1, z, and w as new variables (hence z denotes %%-, etc.), rewrite
Egs. (3.6) as
ez = f(g(Eytw) +2, &, +w) -Dg(8,+w)[hg(&,) - h(g(E,+w) +2)] (3.8a)
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W= hg(éz) - h(g(éz+w) +2) (3.8b)

with z(0) = X(0), w(0) = 32(0), where we have used that E] = hg(éz).

Clearly, (z.,w) = (8 em) is the equilibrium point of Egs. (3.8). Since

n’

e >0, (z(t), w(t)) > (6, 8 ) as > iff (X(t), 8,(t)) ~ (e, 6,

m
as t >«. Note that Egs. (3.8) are in the form of standard singular
perturbation [Tih. 1, Bar. 1, Hab. 1, Kok. 1]: for ¢ << 1,z is the
"fast" variable and w is the slow variable. Note that Eqs. (3.6) and
Egs. (3.8) describe the same system but in a different time scale.

If in Eqs. (3.6), we let € = 0 and hence éz+52 = e,q» we have

X
|

= f(g(ezo) + X, 920)
(3.9)

€,(0) = eyp-e,

€

The system described by (3.10) with 0 treated as a fixed parameter is

called the "boundary-layer system" [Tih. 1, Bar. 1, Hab. 1, Kok. 1] of

the singularly perturbed system (3.8). Note that the boundary-layer
system is defined in the "fast" time scale t. '
Let o(-, ty io, v) denote the solution of (3.9) with € =V

starting with the initial condition (20, to). (3.10a)

It can be easily checked that Assumption (N.5) implies that, there

exist o >0 and ¢c > 0 -- see (2.6) -- such that

¥ (% v) €R" x R", ¥t >0, vt>t ,

0 —
-a(t-to)
lo(t, ty» %> V)| < clx | e (3.11)
If in Eqs. (3.8a) we set € = 0, then Egs. (3.8) reduce to
z = Gn
W= hg(e,) - hg(&,+w) - (3.12)
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The system (3.12) is the "reduced system" of the singularly perturbed

system (3.8) [Bar. 1, Hab. 1, Kok. 1]. Note that em is the equilibrium
point of (3.12).
Let w(-, T, wo) be the solution of (3.12) starting with (3.13)

Wo.

the initial condition w(ro)
Assumption (N.6) implies that the equilibrium point O of the
reduced system (3.12) is globally uniformly exp. stable: More precisely,

we have the following

Fact: There is a 8 > 0 such that the solution of (3.12) satisfies that
Vwo e RM, VTO >0, ¥t 2 T4
-B(t-1.)

(T tg> W)l < Iw | e 0 (3.14)
Proof: Let P:RM > R, be defined by P(w) = |w|2. The derivative

5(3 12) along the trajectory of (3.12) is given by
p (w) = 2w'w = 2[hg(&,) - hg(&,+w)]Tw
(3.12) 9\&, 2
2
< -28w| (3.15)

where we have used Assumption (N.6). From (3.15) and the definition of
P, we have that ¥w, € R", ¥r_ >0, ¥1 > Ty

’ad? (lu‘(T’ Tos wo)lz) < 'ZBIIP(T, TO’ Wo)lz

Hence, Vwo e rR", VTO >0, ¥t > Tye

-B(t-t.)
l'L’(T, TO, Wo)l < IWOI e 0
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Lemma 3.2. If the nonlinear plant‘/v satisfies the Assumptions (N.1)-(N.6),
then Je* > 0 such that ¥e € (0,e*], the equilibrium point (z(t), w(t))

= (en, em) of Egs. (3.8) is globally uniformly exp. stable.

Comments

(a) Lemma 3.2 implies that ¥e € (0,e* ], the equilibrium point

(%(t), éz(t)) = (en, em) of Eqs. (3.6) is globally uniformly exp. stable,
i.e., for 1 (N, %-I), for constant input u](r) = ﬁ], the equilibrium
point (g(éz), éz) is globally uniformly exp. stable

(b) Since u (t) = Gy i.e., Uy(t) = 6, from (a), V (X(0), &y(0)) ER" x R"
(or equivalently for any (x(0), e2(0)) e R" x RM, x%(t) - éz(t) =8,
as t > », Since h and g are continuous, e2(t)-* 52’ x(t) = g(éz),

yz(t) *-61, and e](t) >g aste (see (3.3)). In particular,

e;(+), ey(+), x(+), y,(+) are bounded on R,.

(c) The lemma is proved by showing that if € > 0 is small enough, then
there exists a Lyapunov function for the system (3.8), which leads to

the global uniform exp. stability of the equilibrium point. Similar
results on the stability of nonlinear singularly perturbed system are

also available in [Bar. 1], [Hab. 1], [Cho. 1].
Proof: See Appendix A.

Proof of Theorem 3.1: Let

X(t) 1= x(t) -g(8,) = X(t) + g(&,+8,(t)) - 9(&,) (3.17)

use' (X, §2) as state variable, rewrite Egs. (3.1) as

féz, ﬁ](-), and éz(o) are defined in (3.3).
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f(g(E,) + X, &, +&,) (3.18a)

XKde
n

(Dle
1

, = c[hg(8,) - h(g(&,) + K)]+ e Uy . (3.18b)

Clearly, with ﬁ](t) o, (en, em) is the equilibrium point of (3.18).

m
Now Lemma 3.2 implies that, with ﬁ](t) = qn,fﬂe* >0 s.t. ¥e € (0,e*],
for all (X(0), 62(0)), as t >, (x(t), éz(t)) ->(en, em) exponentially,
and since |X(t)-X(t)| = [g(éz+§2(t)) -g(éz)llg Mléz(t)l, we have that,
with E](t) = 8, the equilibrium point (en, em) of (3.18) is globally
uniformly exponentially stable. By (2.5), the RHS of (3.18) as a
function of (X, éz, 61) is globally Lipschitz continuous. A result of
Vidyasagar and Vannelli [Vid. 1, Cor. 1.1] states that if (X(0), 62(0))
= (6, 8.), then ¥e € (0,e*], for all f+) € C with U, (t) >e_as t >,
the corresponding (X(t), éz(t)) -*(en, sm) as t > . Therefore, for the
system ]S()J} %-I), for every u](') € C with u](t) *-ﬁ] as t = o, for
allt u2(-) and d0(~) satisfying (I.2), if (x(0), e2(0)) = (g(éz), éz),
(where éz = (hg)'](ﬁ])), then the corresponding e](-), e2(~), x(+) and
y2(°) are bounded and e](t) 6 (i.e., yz(t) -*ﬁ]) as t > ». Since the
system 1S()J, %—I) is time-invariant and is assumed to be reachable,++
we have that for the system ]S(ﬂ/, %-I), for all ¢ € (0,e*], for all
(x(0), e2(0)) € R" x R™, for all u](-), u2(-) and do(-) satisfying
(I.2), the corresponding e](-), ez(-), x(+) and yz(-) are bounded and

ei(t) >0 ast—>ew. .

IV. Asymptotic Tracking and Disturbance Rejection of']s(/V, §,1+ K)

In this section, we prove Theorem 2.1 based on Theorem 3.1 and the

"Toop transformation" technique. We first prove that the assumptions

TIn the derivation, w.1.0.g9., we assumed uz(t) = do(t) =9
H

m
See section II.3.
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(N.1)-(N.6) are "invariant" under sufficient small positive semidefinite
feedback K (Lemma 4.7 below). The proof proceeds by examining the
relation between the (proportional plus integral control) system
]S(}(, %-I-*K) and the (integral control plus Tocal constant output
feedback) system ]S(XI , %I), shown in Fig. 4.2 below.

For the given nonlinear p]ant)/ described by (2.1) and satisfying
(N.1)-(N.6) apply a constant output feedback K as in Fig. 4.1, and call
the resulting closed-loop system f?: it has input 82, state x, and

output Yo3 it is described by

X = f(x, & -Kn(x)) =: f(x, &) (4.1a)

Yy h(x) (4.1b)
For any v € R™, let 3(-, ty> Xgo v) be the solution of

x-= F(x,v), t>0 (4.2)

corresponding to the initial condition (xo,to). The following lemma

shows that if K is positive semidefinite and if [K| is small enough ,

then the resulting nonlinear plant N preserves the qualitative properties

(N.1) to (N.6) of N. More precisely, we have

Lemma 4.1. Let A satisfy (N.1)-(N.6). If K is positive semidefinite
and if |K| is small enough, then N satisfies the following assumptions

(N.1)-(N.6):

-~ ~ 'I ~

(N.1) f.,hec’, f(en, em) = 8, and h(en) =8

(N.2) ¥v € R™, f(g,v) = o, iff g(v) := g(I+th)-](v) = £,

1 e C] :

furthermore g := g(I+Khg)~

(N.3) the map v+~ hg(v) is a bijection of R™ onto R™;
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e

(N.4) there exists M > 0, s.t. Vvo € IRm, VE € ]Rn,

ID]:F(Es V0)| <ﬁ H IDZ¥(€’ V0)| < Fl

[Dh(g) | < M 5 |Dg(v,)| < M
(N.5) there exists & >0, &>0s.t. ¥WwER", ¥t >0, ¥x, € R",
Vt >t

-&(t-to)

|s(t, tys Xgs V) - a(v)] §E|x0-§(v)| e ;

0
(N.6) there exists B > 0 s.t. W],szlRm,
Thg(v) ~ha(v,) 1 Tvy = v,] > Blvg - v, |2

givy) -nhgiv, 17 Ved 2RIV =Vol -

Comment: hg is the dc steady-state I/0 map of the nonlinear system}(

shown in Fig. 4.1.

Proof of Lemma 4.1: See Appendix B.

An immediate consequence of Lemma 4.1 is the following.

Lemma 4.2: Given that the nonlinear plant A satisfies (N.1)-(N.6),
consider the systen 'S(N, S 1) shown in Fig. 4.2, where A/ is defined in
Egs. (4.1). U.t.c. if K is positive semidefinite and if |K| is small
enough, then J ¢ > 0 such that for all € € (0,e], for all (x(O),'éZ(O))
€ R" x R™, for all G](-), Gz(-) and do(-) satisfying (I1.2), the
corresponding 81(-), 82(-), x(+) and y,(+) (see Fig. 4.2) are bounded

and E](t) >0, as t >

-~

Proof: From Lemma 4.1, N satisfies (N.1)-(N.6). The proof can be
constructed using exactly the same techniques as those in the proof of

Theorem 3.1. o



Consider the system ]S(N, -:— I +K), (see Fig. 2.1) with do(t) = 0

and write the equations ¥
X = f(x,e,) (4.5a)
€,)7= Uy +n +K(u1-h(x)) (4.5b)
n = e(u;=h(x)) (4.5¢)
¥, = hx) | (4.50)

Let 32 := e2+Kh(x), rewrite the equations (4.5) as

x = f(x, & -Kh(x)) = f(x,&,) (4.6a)
. u, K

e, = -eh(x) + e(u] t— -?-) (4.6b)
Y, = h(x) (4.6¢)

Note that Eqs. (4.6) describe the system ]S(N, % I) with reference

input 31 = oup t % 62 + ;— K G], and disturbances Gz(t) = do(t) = 0,

So, use Lemma 4.2, to obtain the following

Proof of Theorem 2.1: Since u;(+) and u,(-) satisfy (I.1), G](-) EC
and ﬁ](t) ->G] as t > «. By Lemma 4.2, 8](-) := u](-)+(62(-)+Kﬁ](-))/s
- ¥o(+)s 32(-) = ez(-) * Ky,(+)s x(+) and y,(+) are bounded and

E](t) > 6, as t >, Therefore, for the system TS(A, % I+K),

e](-) = u1(-) -yz(-), e2(-), x(*) and yz(-) are bounded. Since

G](t) > B Gz(t) =8, and E](t) >, as t >, and since

t
TRecall that n := eJ e](t')dt’.
0

-16-



ey = € - (u2+Ku1)/s, e](t) >g as t > H

V. Concluding Remarks

In this paper, we study tracking and disturbance rejection of a
class of nonlinear time-invariant systems with proportional plus integral
(PI) compensator. The basic assumptions on the plant -- exponential
stability and monotonicity of the dc steady-state input-output map --
are satisfied by typical chemical process (with appropriate choices
of inputs and outputs). We have shown that, for a large class of
nonlinear plants, a simple PI controller (which is commonly used in
process control) can be used to achieve closed-loop stability, asymptotic
tracking for inputs which tend to constant vector and asymptotic

disturbance rejection for disturbances which tend to constant vectors.
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Appendix A

Proof of Lemma 3.2

We first construct Lyapunov functions for the boundary-layer system
(3.10) and for the reduced system (3.12), then we show that if € > 0 is
small enough, then the sum of these two functions is a Lyapunov function

of the system (3.8). We proceed with the following lemma.

Lemma A.1: With ¢(,,+,+) and y(+,+,+) defined in (3.10a) and (3.13),
Ja, >0 such that ¥r >0, ¥z€R", weR",

G.-'T
D38(7,0,2,W)| < oy e (A.1)
(11'['
|D4¢(T,0,Z,W)l <o e (A.2)
a]'r
|D3w(T,0,w)| fope (A.3)
Proof:
From (3.10), we have
T
o(t,0,z,w) =z + J f(g(w) +¢(t',0,z,w), g(w)) dr' (A.4)
0

Hence

D5(t,0,2,w) = I+r D f(g(w) +(t",0,2,w), g(w)) * Dy (t',0,2,w) dt
0

(A.5)
By taking norms on both sides of (A.5) and using (2.5) we obtain,
T
[Dy(t,0,z,w)| < 1 + Me|Dy(T',0,2,w)| dt (A.6)
Hence, ¥ (7,z,w) € R x R" x R™,
105(1,0,2,w)| < €' (A.7)
Ineq. (A.2) and (A.3) can be similarly established. ‘ o
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a,+2a a]+28
Let y be a positive integer and y > max( 7% ' 28

aqs o B are defined in Lemma A.1, (2.6), and (2.7) respectively.

), where

Following [Bar. 1], let

U(w) := J lw(T,O,W)le dt . (A.8)
0 .
Lemma A.2 below summarizes the properties of U(-).

Lemma A.2: The function U:R™ > R, defined in (A.8) satisfies the
following properties:

2y
2 5 y(w) > 2y 1 (A.9)

(a) yw € R"
Mt 4y

’ 2YB [wl

(b) 0(3 12)(w), the derivative of U along the trajectory of (3.12)

satisfies
y 2
Uz.a2)®) = -1wl®, v e R (A.10)

Ja, >0, s.t. WER",

|0U(w) | < e fw|?Y! (A.11)

Proof:

U(w) = Jo lo(z',0,w) | 2Ydr® 5_[ w|2Y 28T g0 < (A.12)
0

1
7ve "

T
Since by (3.12) w(t,0,w) =w + JO [hg(éz) -hg(éz+w(r',0,w))] de', we
obtain using (2.5) and (3.14)

[p(t,00W) | > [w] - JO max [D(hg)(n) |- 4" .0.w) |d"

n
T M1 T2
2l = [ M0 o 2l - [ W e

Therefore, for 0 < 7 5_—l§ >
2M
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lw(t,0,w) | Z.l%l
Consequently,
Eﬁ? 2 1 |w|2Y
U(w) zj lw(t',0,w)|Ydr' > — (A.13)
0 oM 4Y

Assertion (a) follows from (A.12) and (A.13).

Taking Timits as At \ 0, we obtain successively

0(3.12)0) = Tim{U(v(At,0,w)) - U(w)]/at

Hmtjolw(r,o,wmt,o,w))|ZYdr ; jo lo(t,0,u) | 2Var]/at

00

]im[J' Iw(T"'At,O,W) |2YdT - Jo I‘P(T 90 sW) IZYdT]/At

0
im[- J lp(7,0,w) |2Varl/at
0

2
- |w|Y

since ¥(0,0,w) = w. This proves (b).

From (A.8),
DU(W) = JOOO YI‘D(T,O,W)IZ(Y-])'2'11)(T,0,W)T‘D3W(T,0,W) dt (A.]4)

Therefore, by (3.14) and (A.3),

IDU(W)I < J 2‘Y|WI2(Y-] )e"Z(Y"')BT. Wle-BT'|D3w(T,O,W) IdT
0

Ct'l'['
dt (A.15)

< J 2YlW|2Y-]'e-(2Y-])BT'a] e
0

2R+

25 the integral in (A.15) is finite and

Since vy >

2yo,
1 2vy-1 2y-1
[DU(w) | < ZTIea; lwjeY! = a, W] Y
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Similarly referring to (3.10a) and (3.11), we define V:R" x R™

-*IR+ by
V(z,w) := JO |¢(T,0,Z,W)|2Ydt (A.16)

The following lemma can be proved using the same techniques as in the

proof of Lemma A.2.

Lemma A.3: The function V:R" x R™ > R, defined by (A.16) satisfies

the following conditions:

2Y 2y
n m ¢C 2Y 1 |z[.
(a) V (z,w) ER" x R", e [z]T > V(z,w) > 5ie W (A.17)

where M > 0, o > 0 and ¢ > 0 are given in (2.5) and (2.5);

(b) \7(3 10)° the derivative of V along the trajectory of (3.10) satisfies
that ¥ (z,w) € R" x R™,

2
V(3.10)(z:%) = -lz] i | (A.18)
(c) 30&3 > 0 such that ¥ (z,w) € R" x R™,
2y-1
IDV(zsw) | < aglz] (A.19)
2y-1
1D,V(zsw) | < aglz] (A.20)
Now consider the function L :R" x R™ - 1R+ defined by

L{z,w) = V(z,w) + U(w) (A.21)

The derivative of L along the trajectory of (3.8) is given by

-21-



L (3,8)(2m) = DyV(z.) L (5(a(Epm) +2,8,#4 ) - Dg(E,m)
* [hg(e,) - h(g(e,+w) +2)1}

+ [D,V(z,w) +DU(w)1[hg(%,) - h(g(2, ) +2)] (A.22)

By adding and substracting DU(w)[hg(éz) -hg(éz+w)] to (A.22), and by
using (A.10), (A.18), (2.5c) and (2.5d), we have

I:(3:8)(Z’W) = - ]E IZIZY'D]V(ZsW) Dg(éz"'w) [hg(éz) -h(g(é2+w) +2)]
+ D,V(z,w)[hg(e,) - h(g(e,*w) +2)]
+ DU(w)[hg(e,) - hg(ey*w) +hg(e,) - h(g(e,+w) +2)

- hg(e,) +hg(e,*w)]

< - l— |z|2Y + lD]V(ZsW) -M'M(|Z|+M|WI)

+ (DN (z,w) | M+ ([z]+Mw]) = [w]ZY + [DUCw) | M |z| (A.23)
Using (A.11), (A.19) and (A.20) in (A.23), we have
£(3.8)(z,w) = --% |z|2Y + a3M2|z|27-+a3M3|z|2Y']|w|-ra3M|z|2Y-+a3M2|z|27'1[w|
- WP +a MY [z
Hence for some constant By> Bos B3 > 0,
3.8) (M) < (By =) 2% 48,125 | +84)2] w2V - jw]?Y
= LBy =) 1212 +8, 127" w +8, 2 W]V -5 [w]P"]

. _21; |z|2Y-;_ |w|2Y (A.24)
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Now, there existsJr

(z,w) € R" x RrR",

e* >0 s.t, for all € € (0,e*], for all

2y-1 2y-1 1 2
(8, - ) 12127 +8, 1212 ] +84 12| P11 WY < 0 (8.25)

Consequently, for all ¢ € (0,e*],

. Ty 12
L(3.8)(zW) < - 215 |z]°Y - 5 [w|Y (A.26)

We have shown that (i) for some constant a1, a, > 0,
a, (12127 + [wI?Y) < Lzw) < ay(]2]2Y + w|?Y) - (nan)
and (i) 41 >e* >0 s.t. for all ¢ € (0,e*]

Lia.8)(2W) < = % (1212 + w]2) (A.28)

<- -2;—2 L(z,w) (A.29)
Let (&(-, ty z,w), ¥(-, tys z,w)) be the solution of (3.8) corresponding
to the initial condition (z(to), w(to)) = (zo,wo). By using (A.27) and
(A.29) we obtain that Ve € (0,e*],

[6(tatgazgamo) |+ [B(tatouzoum )| < 2+(ap/ag) 2V (w12, 1) exp - (t-t )/ (4a,y)]

This shows that ¥e € (0,e*], the equilibrium point (en,em) of (3.8) is

globally uniformly exp. stable.

Let y := 1wl » the left hand side of (A.25) can be written as

-% yzY) lzle and the polynomial 8,y +83y27']

y2Y has a global maximum in IR+.

~N| —
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Appendix B

Proof of Lemma 4.1

1

(i) From (4.1a), the function f € C' as the composition of two ¢!

functions. Also f(en,em) = f(en, em-Kh(en)) =0 Thus (N.1) is

n
satisfied.

~

(i1) Claim: If |K| < 1/M%, then N satisfies (N.2) and (N.3).

From (2.5), we have ¥v € R™, |ng(v)| = |hg(v) - hg(eﬁ)l < M2|v|2
and hence |(I+khg)(v)| > |v| - [K| M|v| = (1-[K|M®)|v]. Since
|K|°M2 < 1, (I+Khg) is a proper C] function. Now by (2.5), ¥v € R™,

|1 +D(Khg) (v)1] > (1-|K|M2) , (8.1)

hence the matrix I +D(Khg)(v) is nonsingular, Vv € R™. By the global
inverse function theorem [Pal. 1, Wu. 1], the map (I-*th)'] is a ¢!
bijection of R™ onto R™. Finally, by (N.3), and since h, g E'C],

the map v = hg(v) = hg(I +th)'1(v) is a C] bijection of R™ onto R™.
Thus (N.3) is established.

Consider

f(£,v) = f(E,v-Kn(E)) = o, , (B.2)

g:R™ = R" defined in (N.2) is a C' injection by (N.2) and (N.3),
hence (B.2) holds if and only if

£ = g(v-kh(g)) = g7'(g) = v-Kn(g) =: v,
< v-th(vl) vy o® (I+th)'](v) = vy
o £ =g(I+Kkhg) T (v) = 3(v) . (.3)

+A continuous map is said to be proper iff the inverse image of every
compact set is compact.
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Note that § is a C1 map.

~

(ii) Claim: If |K| < 1/M%, then N satisfies (N.4).

Since |K| < 1/M2, by (ii), (I+Kng)™! is well-defined. Now
¥ (vq5v:E) € R™ x R™ x R", we obtain using standard differential

calculus [Die. 1, pp. 148-154]:

ID‘I;(E’VO)I ID]f(E,VO-Kh(E)) + sz(E,VO'Kh(E)) ¢ ('KDh(E))I

< [0y f(&,v -Kn(E)) | + [D,F(E,v-Kh(E)) | |KDN(E)|

<.M + Mz.

K| by (2.5a-c)

0, F(&.v,) | = [D,f(E,v -Kn(g))-I] <M by (2.5b)

We have shown in (ii) that, with ¢(+) := (I +Khg)(-), ¥v € R™,

1- KM < [Do(v)| <1+ [K|M2 (B.4)
hence

weR" 067 (6(v))] < 17(1-]K|M?) (8.5)
i.e.,

w e R", D67 (w)] < 1/(1-|k|ME) , (8.6)

since ¢ is a bijection of R™ onto R™. Consequently, ¥v € lRm,

108(v)| = [Dlgeo™ ) (V)] < 10g(6™  (v)) |- 106~ (V)| < W/ (1-[K|M2) (B.7)

(iv) Claim: If |K| is small enough, then N satisfies (ﬁ.5).

Consider the system (4.2) with v € R™, Tet vy = (1 +th)']v.

Define X := x-g(vI) = x-g(I+th)'1(v), and write Eq. (4.2) as
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Xie
[}

f(g(v]) + X, V"Kh(g(V])'+§))

flg(vq) + X, (I +Knhg)v; - Kh(g(v,) +X)]

XKie
n

flglvy) +X, vq) + af(%,vq) (8.8)

where Af(i,v]) = f[g(v]) +X, (I +th)v] -Kh(g(v]) +%)]
By (2.5¢c),

Flglvy) +%,v;)

|8F(%,v1) | < MIK] [hg(v;) - hlg(v;) +2)]

< WK [x] (8.9)
We know by (N.5) that ’lv1 € R" the equilibrium point X = en of the
system
% = fg(vy) + % vy) (B.10)

is globally uniformly exp. stable uniform in the constant input Vis

i.e., Jc >0, a>0s.t. ¥%(0) € R", yvv. € R™, ¥t > 0

1

%(t)] < c|x(0)| ™t

By a converse stability theorem [Hah. 1, p. 273], 3 Lyapunov function
V:R" > R, satisfying

1) Jy,>v; >0 s.t. ¥RER", 1 %12 < (%) iY2|>”<l2 : (8.17a)
Y kv ] o~ 2 ~

2) Vigagy®) < -7 IXI°, vk eR"; (B.11b)

3) JA>0 s.t. WweER", |DV(x)] < AlX] . (B.11c)

Now for the sj/stem (B.8), use the same Lyapunov function V, then
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<Zle

(8.8) (%) = [DV(X)ILF(g(vy) +, v) + AF(X, vq)]

<- 2 X2+ [DVR)| - |6F(R, vy)] by (B.11b)
<- % (%12 + 2 KM [xI1% by (B.9) and (B.11c)
= (A]K| + M -2 [%|2

. 1 N o ~12
So if |K| < —a then V(B.B)(x) < - c]|x| for some ¢; > 0.

Consequently, if .|K| < —1—2- » the equilibrium point X = 6_ of (4.2) is
2)M

globally uniformly exp. stable [Kra. 1, p. 60], thus N satisfies (KI.S).

(v) Claim: If K is positive semidefinite and |K]| < iz- then

T

Eé >0s.t. Vv, v, € R™ v D(h§)(vo)v > élvlz.

Let A(v]) = D(hg)(v]), then for vy o= (I+th)']vo,
D(hg) (vy) = Alvy)(T+KA(v;))™! = (A(vy)™ +K)7T. (B.12)

Also hg : R™ -> R™ is a C] bijection which by (2.7) and (2.5) satisfies
v, € R",

M2 > [D(hg)(vy)| = IA(v;)| 28>0 and olA(v))] > 8 (B.13)

Let v, := A(v])'1v » then

VA = vy ATy = v A Y, > Blvg|? (8.14)
Now [vgl = [A(v))™'V] > ofA(v;) 71T - |v]
= |v[-1/6IA(v))] > [vI/M by (2.5)
So  v! A(v])']v > (B/M4)|v|2 (B.15)

Then Yv, Vo € ]Rm with Vi defined above,
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vTD(h§)(v0)v

v

= VA e KN

vz(A(v])'] + K)Tv2

T -1
Vo A(v]) Vo

v

(/M%) v, |

2
B 2
> = ( ) vl
el

1
-]+M

by (B.12)

. . -1 -1
with v, = (A(v]) +K) v
since K is positive semidefine

by (B.15)

3 .
E— vIZ by (8.13)

(M2+8)
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Figure Captions

Fig. 2.1. The system ]S(N, % I+K), where N is described by (2.1).
Fig. 4.1. The nonlinear plant N .
Fig. 4.2. The system ]S(N~, % I).
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