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1. Intraduction

In recent years piecewise-linear autonomous (cf. e.g. [1-51) and
driven (cf. e.g. [6-8)) continuous dynamical systems (specifi-
cally with three variables) turned out to be an analytically
accessible rich class of systems. On the one hand, piecewise-
linear models are used to simplify more general nonlinear sys-—
tems yielding prototypes for their qualitative dynamical beha-
vior (cf. (9,181); on the other hand, this class of systems also
is directly applicable to some real physical devices, yielding

quantitative results (cf. (11,121).

The simplest three-variable models of interest containing
just two regions in state space (that is, two different linear
dynamics separated by a plane), can be treated using the theory
of Poincaré halfmaps [3], no matter whether the flow is of c*
or c! type, see [3,13] for examples. The system to be dis-
cussed in the present paper, taken from (5], possesses three
regions and hence two (parallel) separating planes. It repre-
sents already the most general example of a whole class of
piecewise-linear systems provided that the switching condition
is controlled by one variable alone. (This is because for models
containing more than three regions, the treatment of the inter-
mediate region as given here can be iterated.) We are going to
restrict our attention, however, to the three-region case. In
addition, we shall make use of the prototypic symmetry proper-

ties of the example system.
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In general, when the behavior of the system is governed.by
more than two different dynamics (three, in the present case), a
new type of state space region, not treated in the theory of
Poincare halfmaps, appears: The so called intermediate region,
being adjacent to two other regions. For a trajectory entering
this region, three ways Bf dynamical behavior are open in prin-
ciple. (1) It may remain there forever - if there is an at-
tracting steady state present inside that attracts the trajec-
tory fast enough (other types of limiting structures, like limit
cycles, of course cannot appear in a linear, non conservative
dynamics); (2) it may pass through (transfer) this region, even-
tually entering the third region; or, (3) it may instead return
to the region it came from. Both, the first and last type of '
solution may in general also appear for the leftmost and right-
most region, and hence can be treated employing Poincaré half-
maps. However, the second type of behavior is new. We shall de-

velop a formalism for characterizing it.

Let us, for a moment, faorget about the first kind of dyna-
mical behavior mentioned above, as it does not lead to any sort
of interesting structures (and, in our present problem, is found
for a set of initial conditions of measure zero only). We then
have to subdivide the sets of entry points into the intermediate
region into those points leading to exit points (for an exact
definition of regions, entry points, and exit points see ([141])

that are situated inside the other separating plane (via a

transferring trajectory), and into those belonging to returning

trajectories so that the corresponding exit point lies in the



-4 - : ‘November 29, 19835

-same plane. These two kinds of orbits induce two types of point
transformations (cf. [(15] Chapter 31) from one separating plane
into the other, or back into the same one, called transfer and

return maps.

Calculating the geometrical locus of all initial points of
touching trajectories [13,16] in the two separating planes, a
technique developed in the theory of Poincaré halfmaps, is again
the method of choice in order to determine the boundary between
the domains of the present (two) maps. Unfortunately this pro-
cedure does not take account of the case of switching dynamics,
meaning that additional selection rules {13] have to be intro-

duced in order to pick the physically meaningful solutions.

In this way by classifying the different types of curves
that subdivide the separating planes, a charting of the canoni-
cal parameter space of the dynamics of the intermediate region
can be achieved. This will give more insights into the condi-
- tions for the appearance of the double-scroll attractor found in
[S] as well as into other chaotic solutions found recently for

the same system [17]1 and a related model [181.

2. Formulation of the Problem

We are going to investigate the following three-variable, three-
region piecewise-linear system of ct (once continuously dif-

ferentiable) type:
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g—:=—a(f(u) + u - v
g%=u-v+w (1)
dw

l

[}
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with the piecewise—straight function

N — n, + n, for u<d.
f(u) = § nu for & <u<d, , (1a)
Neu + n, = ng for J,<u .

We leave the function f(u) undefined for wu=d. and
u=6., respectively, and (as in [14]) determine trajectories at
these u values by a limiting process. In the following only
the symmetrical case 0<é==6.=-6-, assumed in [S5], will be con-
sidered. Since f(-u)=-f(u) and since there is no other nonhomo-
geneous part at the right-hand side of (1), the whole dynamics
possesses the symmetry of the function f(u), i.e., is antisym-
metric with respect to the origin. This means that all geometri-
cal and dynamical structures of the state space (except for the
origin) have to appear twice (with inverted signs). Note that
the sﬁape of f(u), being continuous and antisymmetric, is al-

ready the most general possible one [191.

Adopting the notation of (131, we first of all find that

the state space T .is, like the function f(u), subdivided into

three parts (called regions):
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T- = ((U9v’w)'= U‘:—é} 9

Te 1= {(u,v,w)"i=-86<u< ) . (2)
and
T, 2= {(u,v,w)'i é<u ) S

with the two separating planes

S. 1= {(uyv,w) lu==6>
and 3
S, 1= {(u,v,w)Tiu= 83 ,

respectively.

The steady states of the three partial dynamics are easily

found to be located at

@)

3= 2o00y
k1= Tt (4a)

where

cf. [51. This immediately implies that Le is a real steady
state [201 for all values of the system parameters. The two
‘others (L. and L, are real steady states (located inside T.
or T.y respectively) for k>3 and are virtual steady astates
€201 otherwise. For ki< all three steady states '‘are located
inside T,, while for k<—6, L, (the steady state governing the
dynamics of T,) is found inside the region T. while L_ “(for

reasons of symmetry), is situated inside T,.
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For determining the domains of the transfer and return maps
inside the separating planes, only the dynamics of the interme—
diate region Te is relevant. In the following, we ' therefore
treat this region and its dynamics alone. As we are left with
just one dynamics, up till Section 4, we shall suppress the in-
dex "@" (indicating the pertinent dynamics) for the quantities

occuring (like the eigenvalues, for example).

Inside the region T,, the equation of motion can be writ-

ten as a homogeneous linear differential equation

d
Ty 1 B1 (5)

with the state vector 1l:=(u,v,w)’ and the dynamical matrix

-a{n,+1) a @ \.
B := 1 -1 1 (5a)

The eigenvalues - A, (i=1,2,3) of this matrix are solutions

of the characteristic equation
A - NtrB+ Amin|lB -detlB =808 , (6)

where the trace, the principal minors, and the determinant of

the matrix [B (all being invariants) are:
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trlB = —a(n+1)-1 = M + Xy + Ay '

minB = b+an, = Myt MA+ A, (6a)
and -
det B = —ab(n,+1) = A, : .

Equation (6) can be solved analytically using Cardano’s
formulas this procedure will, however, be omitted here since it
is standard and yields no new insights into the structure of the
problem. One set of parameter values leading to the double-
scroll attractor is given in (S]. For this set (a=9, b=142/7,
Ng=—5/7, and n,=-8/7; k=3/2), one real poéitive eigenvalue (),)
and two complex conjugate eigenvalues with negative real part
(A2,A;) are found for the dynamics of T,. Thus the steady state
Ly possesses saddle-focus character. We are going to take this

property as a prerequisite in our further discussion.

As to the eigenvectors of the dynamical matrix |B, they are

found to be

1

= | g—‘-rn,-!-l ‘ 7)
i1

A A
N, (a +n,+1)

The eigenvectors determine the transformation matrix
H 2= &', t%tD (8)

which diagonalizes IB:
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M v}
N:= H'EBEH=\0 » 0 ()

2 @ A

We left the eigenvectors unnormalized. So in the first row
of |H (which gives the transformation to the u variable,'the
one cantrolling the switching of the dynamics) only "1°'s" ap-
pear. This yields a more transparent representation of our sub-
sequent results. (See [13] for related expressions using norma-

lized eigenvectors.)

The equation of motion, written in diagonalized coordinates
(in k—-space, taking the eigenvectors (7) as a basis, with coor-

dinates x, vy, and z), then reads
X
d = 9 =
T (y)— dtk—_M_k . (1@)

As was shown in (133, the dynamics of the system can be
formulated in the space IRXL (rather than IRxC?, cf. also [211)
by introducing a new metrics and dropping the side condition
(z=y). Further on, by a nonsingular transformation of time
(stretching by a factor of iRe);!), the equation of motion in
reduced, diagonalized coordinates x and y (with xelR and

ve€C) becomes simply:

D.la.
X

and (11)
= (=-1+iw)y ,

R
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whereby the canonical parameters [131

9 (] 1
S D YU | = 1IMAgH
g : M! >0 and oG !m:! > 2 (11a)
were used.

Thus, after an (in parameter space) local gauging process
€131, 8 is the growth factor in the direction of the real ei-
genvector while @ is the angular frequency of the focal motion

(with shrinking amplitude in positive time).

The two switching conditions tu!=0 read in X,y coordi-

nates:
x + 29 = +d , (12)

where the complex variable y was written as '7+i§ (7,f6tﬁ').
This (Eqs. 11 and 12) is our final representation of the prob-
lem. Only the equation of motion (11) together with the

switching condition (12) will be treated further on.

Let us now investigate how the dynamics of the system pro-
duces further geometrical structures inside the two separating
planes S;. For reasons of symmetry it suffices to treat just
one of these two planes. We are going to choose S.. (All re-
sults carry over to S, by a change of sign in all coordina-

tes.)
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In %,y coordinates, the separating plane S. is given by
(123 using the "-" sign: i.e., every point inside this plane is
characterized by its x and f coordinates, while the value of

7 is a linear function of x alone:
N-AR) = = =—m— ., (13

An analogous expression hofds true for the plane S, (with the

sign of d changed).

An additional geometrical property comes from the dynamics
of the system: it divides -the separating plane S. into two

halves:

52 1= Clu,v,w)"lu=-38, U, >0}
and . (14)
S. 1= {(u,vyw)Tiu=-0, u,<0> ,

Here G,. is the derivative of u with respect to t, taken

inside S.:

. :
| =¢x + 2Rel(~1+iw) (P (x)+if))

(15)
= (§+1)x +0 - 2wf .

In between these two halfplanes there is found a separating

straight line
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W. := C(u,v,w)Tiu==d, 0, =03 ; (16)
it can be written in x,f coordinates as

d + (¢+1)
§u(x) = —-—5——2& X (16a)

by setting the right-hand side of (15) equal to zero (cf. (131
for a related expression). Inside the halfplane S., trajecto-
ries élways crogs the separating plane from T. towards Tes
while inside S. the systems runs in the opposite direction.
Along the straight line W., and of course along W, too, the

trajectories are tangential to S. or S,; respectively.

The character of the u extrema of the trajectories along
the line W. can be determined by calculating the second deri-

vative of u with respect to t, along W..

Up- 2= 3] = 87 + 2Rel(~1+ia (.00 +i§,.(x))]
‘w,
(17)
= x ((§+1)*+a") + J(w+1) .
Hence there exists a point on W. with x coordinate
Ky = =S —=*L (18a)
b (g +1)7+a* ?
and § coordinate
—e2
§ o in,) = o Sstize) (18b)

= em—um
20 (g$+1)°+0*
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where the curvature of the trajectory at its extremal u value
vanishes (cf. ([22] for an analogoué result). At this point
(going along W.), the extremum changes its character. For X
values greater than Xw. the trajectories possess a minimum of
u at the points of W.y, while for smaller values of x we find

maxima of the 'u components on the orbits.

Since for any bounded initial point a unique solution of
the system exists, &ue to the C' character of the flow (the
derivatives with respect to t match inside the separating
planes §S,), the above results could be found by looking just at
the dynamics acting on Tey without considering the regions T.

and T,.

We are now in the position to define transfer and return
maps on the separating plane S.. A trajectory entering T, in
a point of S. may either leave this region again by crossing
the same separating plane (returning to T.) or by crossing the
other plane S§,, ever;;ual'ly entering T, (transferring). Hence
the dynamics of Te induces two different types of maps. A

transfer map (with range inside S,),
T: 8 =855 x,6)) — T, 5 (19a)

and a return map (with range inside S.),

R: 8l =85 6,6) > Rix, b . (19b)
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A concrete, implicit repl;esentation of these two maps can
be obtained by inserting the solution of the linear differential
equation (11) with initial point (x,m.(x)+if)7 in 8l into the
switching conditions, i.e., by calculating .the u component of

the trajectory with the above initial condition, namely,
ult) = xe%* + 2Rel (. (x)+iw)e™"™*1 (20)
and requiring’ 'u('rz)=;_0-c5 [13]. This yields:

xe®™ + 2Rel (. G)+ifre ™M) = d | . (21a)
and

xe’™ + 2Rel (00 +i§re Ty = -d (218

Equation (21a) is valid for the transfer map T while
(21b) is the one that applies for the return map ®. Note that
these equations differ only by the signs of d on the two

right-hand sides.

The two expressions (21a) and (21b) are scalar, transcen-—
dental implicit equations for the time at which the trajectory
fulfills the switching condition u=d or u=—5, respectively.

Thus

Tix,$) = xeST, (o) +ifre ™’
and N (22)
Rix,§) = xe®™, (g )+ifHre ™4™’

For finite values of the entry coordinates x and f, the

equations (21a) and (21ib) both vyield a countable infinity of
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negative solutions (T values) [161, but there are either no or
at most a finite number of solutions found on the positive half-
line [R’. This is a direct consequence of the "Lemma from Anal-
ysis", shown in the Appendix. To apply it, we just have to esti-
mate the exponentially decreasing amplitude of the oscillatory
_term by the constant 2Tl +f*  (that is the value at t=0)
and do an appropriate shift and rescaling of both time (by a'

factor of 1/%) and amplitude (by a factor of 1/x).

The only physically meaningful solution, for both x and
§ given, is the smallest positive solution found for either of
the two equations. This corresponds to the first time that the
trajectory with initial condition (x,ﬂ-(x)+if)' meets the re-
quirements of one of the switching conditions, provided there is
any positive solution at all present. Otherwise, the system is
attracted by the steady state L, and hence remains forever in-

side the region T,.

3.__The Damains of the Transfer and the Return Map
3.1. General Praoperties

I1f all (positive) solutions of the implicit equations (21ia) and
{(21b) could be found for arbitrary finite values of x and f.
it would be easy to determine the domains of the transfer and
return map, respectively, by just selecting the smallest posi- -

tive golution rof both equations. Unfortunately these
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transcendental equations cannot be solved analytically. So we
have to apply a different approach in order to obtain a result

in closed form.

Let us first discuss the properties of the statical and
dynamical manifolds C(13] that correspond to the dynamics of T,.
The stable manifold M, (meaning that perturbations off this
manifold are damped away by the dynamics of the system) of the
steady state Ly is spanned by the real eigenvector t' alone.
This manifold intersects the two separating planes S, in the

points h,=(x,,,0) ", with

Xeg 3= *+d (23a)
where the "+" applies for the intersection with 8, and the "-"
for the one with S.. This simple form is a consequence of (12)

(and hence the lack of normalisation of the eigenvectors).

The unstable manifold M, (unstable in the sense that per-
turbations off this manifold are amplified by the dynamics) is
the focal plane of the steady state L,. This manifold inter-—
sects khe two separating pfanes in two straight lines 23 cha-

racterized by x=@ ‘and M=%, or Ne-+ respectively, with

Neg 1= 2, (23b)
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cf. again (12).

The statical manifolds mentioned are limiting cases of more
general, so called dynamical mani folds M, cf. [131. These mani-
folds are constructed by taking all points ‘of all trajectories
(for positive and negative times) tha(; differ in their initial'
conditions by just a phase (of the initial y coordinate),
without considering the switching of dynamics, i.e., they are
confined to one dynamics. The geometric shapes of the dynamical
manifolds are logarithmic double-cones, with the one-dimensional
{in this case stable) manifold behaving as an axis of rotational
symmetry, and the two-dimensional (in this case unstable) mani-
fold being the separaﬁing plane between the two branches. By
construction, corresponding entry and exit points of the region
T, must be situated on the intersection curves of one of the
separating planes with the pertinent dynamical manifold. As
there are two sepgrating planes present for Tey however, both
intersecting this manifold, the dynamics need not map an entry
point into the same plane and hence onto the same intersection

curve, as it was the case for two-region systems [3,13].

Employing the classification used in €3), the types of in-
tersection curves appearing inside S. are fl-curves, Cartesian
leaves, and isolae with base lines, valid for the halfplane
x<@, while only Ql-curves appear for x>@. Inside the other sepa-

rating plane, S,, we find the same situation with the s.igns of

"X _interchanged. Again the curve cw?=¢+1 (131 inside the cano-

nical parameter space of the dynamics from Te marks the
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boundary for the appearance of complicated isolae ([3]. (For a
detailed discussion of complicated isolae and their importance

far the maps induced, see [13,221.)

Let us now investigate the implications of the structures
discussed obove for the solutions of the implicit equations

(21a) and (21ib). First of all we find:s

THEOREM 1 For x#@ there is at least one solution of either

(21a) or (21b) present inside the positive halfline R’. 0
PROGFE Due to the symmetry of the problem, we can assume X >

without loss of generality. In this case at least one solution

can be demonstrated.

For a trajectory sgtarting at the initial point

(x47-¢x)+if )7 we know from (20)
ui(@) = x + 29.(x) = =4 . (24)

Let us first treat the case x<9. If we choose

Inie (25)

t, = %

wim
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then, after the time t,y, the u component of the trajectory

arrives at

uct,) = xe®™+ 207 (x)coswt, - fsinwt,] . (26a)

The first term of (26a) now by construction has reached the
value x“=6 (Fig. 3), while the influence of the second (os-—
cillatory) term is still unknown. This term, however, certainly
vanishes at a time ¢t, inside the interval Ct,,t,+ﬁ703, so that

we find:
uity) = xe®t 3y xeS*=4 > =4 = w(@ . (26b)
Since u(t) is continuous everywhere, the intermediate
value theorem (Bolzano) applies, proving the existence of a T

with u(m)=d.

If now x3d, we can choose t,=@ and (26b) is now changed

to
ulty) = xS 3 x >4 > =8 = u(@® |, (27)
while all the other arguments carry through unchanged. a.E.D.
This theorem reflects the fact that Ley the steady state
at the origin of the state space, igvof saddle-focus type and

hence cannot attract any trajectory unless the system enters the

region T, inside the unstable manifold M, (characterized by
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x=0). Remains the question for which initial values of § the
latter possibility is realized, so that no positive solution,

neither of (21a) nor of (21b), exits.

Inside the unstable manifold M, all trajectories starting

in a point of Z. are of the form
y(t) = (R +ifre ™t | (28)
i.e., the orbits are shrinking exponential spirals. Writing them

in polar coordinates with R(t)=ily(t) i the radius and

X(t)=arg y(t) the phase of vy(t), we find:

R(t) = Ree™
and (29)

Xty = Xy + wt
where

Re 1= R(®) =Jyi+§?
and (29a)
Xe 3= X(@) = fr - arctani- .
-

We now need some results from (16) concerning the proper-
ties of flat spirals like (28). First of all the extremal u
values of the trajectories in question are found at the phases
];"=-arctanlba+2WH (maximum) and at X“.=?-arctanlﬂv+2ﬂn (mi-
nimdm), where n 1is any nonnegative integer. So an easy crite-
rion whether a trajectory can fulfill the switching conditions
(21a) is to calculate its maximal u value. This yields the

condition:
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ult,,) = R,y cosX,,, expl(-t,) > o (38)
with
to = Xeehe (30a)

It suffices to tFeat this case, since X.“ is always
smaller than X“. by a amount of 1. Hence for a flat shrinking
spiral, starting at an u value of -3, the switching condition

cannaot be fulfilled for positive times at u=—0 if it is not

satisfied at u=d4 for an earlier time; if, on the other hand,

~this is the case, the smallest solution of (21a) and (21b) has

already been found.

A critical situation is reached for an initial f=§.
leading to u(t,,)=d. For all possible initial points (from Z.)
with ~=f= smaller than this given one, no positive solution of
(2ta), and hence of (21b) too, appears, while for all absolute
values of f " greater than this given one, the entry points lead
to transferring trajectories, i.e., these points belong to (I

the domain of the transfer map 7.

A concrete calculation of the critical j value means to

solve the equation
Ult,,) = R, cosX.. exp(-t_) = & (31)

for R,. This, however, is impossible in closed form, since t_,

itself is (via X,, cf. (30a)) a function of R;. As was shown
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in [16], Ry is a fixed point of the function

-’ 2 2
F(R) = a exp(-% arctan——Te_) (32)
@ .
where
a = %'w’-&l exp(a%-(‘)'r-ar't:i:.an&%))~ . (32a)

This fixed point is stable for all values of w?*»@, as can

be tested immediately by the criterion, (161,

F (R) > R (33)
with
ko= 2= Yot (33a)
vyielding:s
- 2 A i 1
F (R) =R exp(zcﬂ-Zarctaqa)) ° (34)

Since B<w<®> one always finds @<arctani/w<f7/2, and hence the
numerical value of the exponential in (34) is greater than 1
for all possible values of &, proving stability of the fixed

point.

As far as the numerical properties are concerned, the above
mentioned fixed point algorithm converges rather fast. In addi-
tion, luckily ﬁ in all cases is contained inside the basin of

attraction of the fixed point, meaning that this point is an
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universal initial point for the fixed point iteration. If F'(IA?)
comes close to ﬁ itself, however, the speed of convergence
drops rapidly. (For this, analytically kﬁown, fixed point we
find dF(ﬁ)/dRz—l, i.e., it is indifferently. stable.) Due to the
fact that dF /dR<@ at all fixed points of the function F~
L1461, these points'are always approached on an alternating or-
bit. So the convergencé can be improved considerably (for small
values of @ up to a factor of 18* and more) and may be even

made possible in numerical practice, by using
Ries = F (R,) + d(R,-F (R,)) (35a)
for the fixed point iteration instead of the ordinary

Ries = F (R,) (35b)

formula.

The d in (35a) is a damping factor that should be taken from a

range of about 0.2 to 0.8 in order to obtain good results.

Now it is easy to determine the basin of attraction of the
saddle-focus Lg. One end point of this range is the intersec-
tion of Z. and W., vielding thé § value d&/2w, cf. (16a).
So the range in question is just the open interval (£qy9720)
(where §.==-'R§—1:_) on the straight line Z_.. Only for these
‘entry points with exactly vanishing x component (a structur-

ally unastable situation) the system remains forever inside T,
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converging towards the steady state L.

3.3. The Range x>0

After having classified the line 2. of the separating
plane S., let us now turn to values of x greater than zero.

For this portion we find:

OREM All entry points of T, situated inside §S. with
x>@ are initial points of transferring trajectories. L2 2
PROGF This proof is similar to that for Theorem 1. We have

to investigate the behavior of the u component of the trajec-
tory, i.e., the function u(t), cf. (20). Let us first suppose
the switching condition (21b) to be fulfilled for some T,. To
abbreviate the notation, we decompose u(t) into an exponen-
tially growing term e(t):=xe’*>0 and an oscillatﬁry term
ol{t)s=N(x)coswt-fsinut with an exponentially decreasing ampli-
tude af(t):=2e™>d. Then .at Tyy where (21b) is fulfilled, by

construction the following inequality holds trues

uity) = e(m) + a(ryo(r) = =4 = u(d
al{T)o(1) = =3 - el(1,) (36)

a(Ty)o(r) < -3

Now for tz=T,- W20 the amplitudes show a(t,)) >a(Ty)
while the oscillatory term just changes its sign o(t,)=-o(7;),

hence
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a(tpolt) > 9 . (37)

But since e(t)>3 for all values of t, to obtain u(t,) from
the left-hand side of (37) we have to add a positive quantity to
the product a(t,)o(t,). Hence u(t,) too is certainly greater
than 6. So, by -the intermediate value theorem there exists a
solution T, of (21a) inside the open interval (0,t,). This
shows that for initial points from the halfplane x>@, for every
positive solution T, of (21b) a corresponding positive solu-

tion of (21a) can be found that is smaller than T,-/w.,

If, on the other hand, there is no positive solution of
(21b) present, then the solution guaranteed by Theorem 1 (since

®#@) has to be a slution of (21a). Q.E.D.

This theorem shows that for x>@ the first positive solu-
tion of the equation lu(t)!=d always fulfills (21a), meaning
that no returning trajectories with initial X coordinates
greater than zero appear. It also reflects the fact that for the
upper half plane only ll-curves are found as intersections of

dynamical manifolds with S..

3.4. The Range x<@

Now, as the remaining main problem we have to treat the
portion of s? possessing x<@. There we cannot use the above

arguments J(with changed signs inside S.) because only the
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function el(t) is antisymmetric with respect to », whereas
a(t) behaves independently of x and ol(t) is a nonhomogene-

ous linear function of this initial coordinate.

Inside the mentioned portion of S. we meet both transfer-
ring and returning trajectories. To visuwalize this situation,
first imagine an entry point with x value less than x, (cf.
(1S5b)) and an initial § close to §.(x) (cf. (14b)). Since
the maximal u  value of a trajectory continuously depends on
the initial condition, there is a strip of entry points to the
left of the straight line W. leading to maximal u values of
the trajectories from the interval (-d,-d+&). Since these values

are less than 4, those initial points certainly give rise to

returning trajectories.

On the other hand we can choose :f% and simultaneously
the initial amplitude (being 2V1ﬁx)+§’ ) big enough such that
at ¢t,:=M"/2w the following condition

ulty) = xet1- 2> d (38)

is fulfilled. This equation can easily be solved for f,

yielding:

d—-x a3t -
ot 8TXe (38a)

)
“m
~
N
°
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Sinée the u maximum of the trajectories in general is not
located at the phase X, +7/2, all § fulfilling (38a) are cer-
tainly situated inside (7)) the domain of the transfer map J.
So we now have found-examples for both types of initial points
(leading to transferring and to returning trajectories, respec-

tively, cf. Fig. 9.

A similar argument can be used to show the following

THEOREM 3 - For x<@ all transferring trajectories intersect
the plane S, for a time T<2f/w. . _ el

This means that a solution that does not intersect S5, du-
ring the first turn around the stable manifold is a returning
trajectory. This theorem is again a consequence of the fact that

inside S, for x<@ only d-curves appear.

PROOGF Let the first u-maximum of the trajectory in question
be located at t,#2Mw. If there occurs no intersection during

this turn, i.e., u(t.)(é, then for the next maximum at t, we

find, due to the maximum property of u(t), o(t,) >0,
a(ty) < al(t,) R (39a)
We can therefore employ the Lemma of the Appendix to estimate

wuity) = e(t,) + alty)o(ty)) < e(t) + attpo(t) . (39b)
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This vields u(t,)(u(t,)(a. The above process may be iterated,

showing that all subsequent u maxima are smaller than d too.

Since x#@, Theorem 1 guarantees at least one solution. In the
present case, this must be a solution of (2ib), i.e., a re-

turning trajectory. Q.E.D.

The preceding arguments show how té find the boundary bet-
ween the domains of the transfer and the return map. A limiting
case is reached when the first u maximum of a trajectory ex-
actly reaches the value 5, i.e., when the trajectory touches
the plane S, in a point of the line. W,. These points are cer-
tainly maxima of the uw component of the trajectories since

their x values are less than zero and, on the other hand, X.

‘.is positive. So the trajectory has to fulfill (21a) while simul-

taneously the derivative of u with respect to t must vanish
at this point:

3 - 2L (. (x)+wf)coser + Wy (x)-f)sinuT] = @ . (40

¢ xe
Compare (15) for a similar condition on the initial points in-

side S..

Now we have to calculate the entry points that are initial
values for the last-mentioned type of orbits, called touching
trajectories. This procedure was developed in principle in
£16,22]1., Since we cannot analytically solve (2ia) alone, it is
also not possible to  solve it simultaneously with (4@); so we

have to adopt a different approach.



- 29 - November 29, 1985

First of all let us think of the whole state space being
governed by the dynamics of Te only; i.e., for the moment we
ignore the switching of dynamics. Secondly, we formulate an in-
verse problem. To do this let us look for the geometric locus of
all initial points of trajectories fulfilling the switching con-
dition u=é after a certain, fixed amount of time. For this

purpose we rewrite (21a) using the definittion of 7N.(x):

ST

xe'l - 2e"" [éﬁ‘-

5-coser + fsinwrl = é ’ (41)

and solve for f, yielding the function E,,(x) (being linear in

®)s

e T T
- e —coswr _ e +cosorT |
E’P(X) _ 2sinwT X 2sineT ° (42)

So the curves of equal mapping durations [16,221 are simply

straight lines inside the separating plane S..

Note that in contrast to the f.,(x) found in [16,221,
which reproduces the equation for W. as T goes to zero, here
the second term of the expression (42) diverges in the same 1li-
mit. This singularity reflects the fact that for finite values
of the initial coordinate f no transfer through the region T,
can happen in no time. However, if :f: itself goes to infini-
ty, written in cylindrical coordinates, it becomes clear that
the phase difference and hence the mapping time between the en-

try point and the exit point shrinks to zero.
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The lines f,,(x) are not parallel for different values of
T, i.e., they may intersect each other. Such an intersection
point (say of §;(x) and f,r‘(x)) means that the trajectory
starting there fulfills the switching condition (without actu-
ally switching through) -at time T; and thereafter at time T,.
Certainly the second solution, T,, is an artifact due to the as-
sumption of a homogeneous dynamics acting on the whole state
space. However, if we think of T, being the first and 7, the

gecond solution of (21a) and if we decrease the interval legth
AT 3= T, - T, , (43)

i.e., the time the trajectory runs inside the region T, under
the dynamiés of Tey, then in the 1limit for AT 0@ we find a
touching trajectory (cf. Fig. 7). So we have to calculate the
intersection points of the straight lines f,r(x) and f.,.,,.(x),

i.2., to solve the equation
§.00) = Froptx) ' (44)
and then take the limit s7—@ of this expression (cf. Fig. 8).

For x

reatr? the x component of the intersection point, we

find, using xg.=d:

™
« %" _cosar _ eV M cosw (T+aT)
TooT 2sinaT 2sinw(T+aT)

(45)
le'+cosar . e"”-ﬁ-cosw(rur) ] |
= Ne -

2sinwr 2sinw(T+4aT)
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This can be solved for Xr,/%e Yyielding:

Xpar _ ZrleT)

Xee  Ng(am) (46)
with
2:(8T) = sinw(T+sD (e'+coser) - siner(e ?+cose(T+s7))
and . . (46a)
Ny(aT) = sine(T+ar) (@M -cosem) - sineT(e® T -casu(T+om) .

Unfortunately both functions Z,(87) and N, LT) vanish
at the origin, so the expression for xrs1/%e 15 undefined as
‘AT goes to zero. Since both functions approach zero linearly,
the limit can, however, be taken regularly by using 1 'Hospital’s

rule, i.e., investigating the limits of the derivatives

Z(T) 1= limS—7,(am =w + eT@wcoseT-sine?) (47a)
ofoodA'r

and

ez 1i ‘?_ - (Set27T
n(r) 3 j-ig'dc‘rN"(on = ~w+ e

@wcoswur—-(¢+1)sinwr). (47b)
This quotient remains finite for T3>0 and hence yields an

analytical expression for the x components of the entry points

of touching trajectories:

Xp 3= 1im Xrar = Xee

s nir) " (48)

Now the f components ‘of these points are easily found by
inserting x, into (42). This is the main result of the present

paper: We have found a parameter representation of the boundary
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curve DP(T) in the (system independent) x,f representation of

the ‘plane 6GS.:
PeTy s= Gty E (x0T (49)

Comparing this to .an,aloguaus expressions for f_r(x,) in
16,221, we find only a different sign for the w and the
sinwT terms in the expression for z(T) while in n(T) only
the sign of the sinw?T term is changed. These changes of signs,
however, result in the existence or nonexistence of the limits
T—>0 and T—>=, For T—0 (48) diverges like (42). Expanding

n(T) at the origin up to second order yields
2
n(T) = - %o((g*-l)'*-w’) + 0™, (5@)

i.e., there is a second order singularity of x, at the origin.

This means that there is no finite entry point leading to a
touching i:rajectory with mapping time zero. This is an abvious
result, if we keep in mind that there is no transfer in no time
through T, for finite initial coordinateé. The other limiting
case, T —»», simply yields x —»0. This limit, however, is due to.
Theorem 3 not relevant for our problem since it describes tra-
jectories, running inside the focal plane M., that touch §,
after having crossed- it an infinite number of times. (These two
results are different from those found for an analogous problem

in [16,22]); there both limits exist and are relevant for the
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system behavior.)

Now it is interesting to recall the limiting behavior of
fTha), cf. (42), where we found that the second term diverges as

T->@. The first term, however, stays finite, so tha§

: o 8t 1
Llim 00 = 55 x = S=%e (S1)

This means that in the present limit the lines §,(x) tend to

be parallel to the boundary between S_

and S, i.e., to the

straight line W. of (14).

Although the behavior of the functions 2z (7T) and n{T)
(especially the induced pole structure of x,) is interesting in
its own right, we are going to restrict our discussion to the
physically relevant interval of 7T space. Due to Theorem 2 and
3 only T values smaller than 2%/« - and x values smaller
than zero belong to this range. So let us first find out, which
one of these two restrictions is more severe. It turns out that
the second condition selects the physically meaningful interval

cut of T space.

OREM 4 The function Xe changes its sign at some
<T <M/ew for the Ffirst time. For all T from the interval
(0,7,), the curve (") is smooth (C®™ and all its points are

situated inside the halfplane S°. L]
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This theorem therefore states tr\'a.t for the interval in
question all initial points of tbuching trajectories show x
values less than zero and are entry points of the region T,.
Meaning, the trajectories belonging to these initial points stay

inside T, for all ¢te(@,?.

Before proving the theorem itself, we are going to show

some properties of the functions z(T) and n(7T).

LEMMA The functions z(7T) and n(T) have their first zeros
at T,<f/e and at T <2m/v, respectively, where TXT,. *un
PROOF _of the LEMMA For reasons of abbreviation we write:

Z(T) = W+ e (T) o,iT)
and (52)
n{T) = =U + e, (T) o, (1) '

where
e, (1) 1= e" ‘ .
v 0,(T) 3=&coseT - sin w? v
(52a)
e (T) 1= VT .
and .
0,{(T) :=wcoswr - ($+1)sinw? o

The behavior of both functions for T —>0 we already know.
There z(T) approaches the finite value 2«4, while n(T) vani-
shes to second order like -7/2 ((z+1)*+e*e, cf. (50). Thus the
first nonnegative zero of n(T) is already found. Unfortunately
the other zeros of the ‘i:wu functions cannot be obtained analyti-

cally, so we have to estimate (giving inequalities for) them.
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Let us rewrite the equations (52) to solve (z(r)=0 and
n{T)=8), by shifting the constant w term towards the right-
hand side, to obtain a more intuitive formulation of the equa-

tions:

e, (T) o, (T) = -w
and (33)
e {rT) o, (1) = w ,

Since the amplitudes of the oscillatory terms are growing
exponentially, for T—>® we know that the solutions of (53)

converge towards the solutions of the equations

0, (T) = @
and ’ (54)
0.{T) =0 .

These equations can be solved analytically and yield the

results:

Te = %(arctano + nf y N=0,1,2...
as well as : (55)

Ten = (‘-1’(.al"t:i:an;'"-T1 + nm , Nn=0,1,2... .

Note that at these values of T the products e, (1ro,(T)
and e,(T)o,(7), respectively, too vanish. Although we are in-
terested in the first positive zeros of the functions z(T) and
n{r), i.e., in the behavior for small_values of 1T, the above-

results will help us to estimate these sblutions aof (53).
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First let us show the existence of solutions of (53) inside
the intervals (8,7T/«) and (0@,27/w), respectively. We just have
to calculate the ascillatory terms at T="ao and T=27/4. There

we find

0l = , oD = -w

and (356)

) =~ , o0& =w ,

since at these points the two amplitude functions e, (T) and
e, (T) both show values greater than 1, we can estimate the

functions z((r) and n(T), so:

z(@) = 20w > @ and z("’{) = -o(e™-1) < @
as well as i57)

2w
n@ =@, nT) = —«(e”™+1) < 0, and n(Z0) = we®™-1) > 8 .

Hence the intermediate value theorem applies, proving the exist-
ence of solutions of (53) that are smaller than /a0 and 20/,

respecfively.

To obtain a better estimate for the solutions of (53), let
us have a look at the extremal values of 0, (T) and 0,(T).

They are found to be situated at

("T"arctan'!' + nﬂ) [ ﬂ=@,1,2 s e

Tur = i

S
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and (38)

1 $+1
Tew = SW-arctan™— + nM , N=B,1,2 ... .

The mentioned extremal values, of course, are shifted by a
distance of /2« from their corresponding zeros of o,(7) and
0. (T, respecti'vely. Since at these points the absolute values
of both products e,(T)o,(T) and e, (Mo, (1) are greater than
w, We can again employ the intermediate value theorem and obtain
(by looking at the first minimum of z(T) and the first maximum

of n(7)) the intervals where the solutions of (53) reside:

Ts € (éarctanu,é(arctano + '—r))

_ 2
and (59)
1 ) 1,37 G
Ta € (o (’ﬂ*ar‘ctang_‘_l) e (2"+arctang+l)) .

Since for finite positive values of § and @ the arctan
function always yields results from (@,7/2), the intersection of

the two intervals in (59) is empty and hence T/ >T,. Q.E.D.

Using the result of the Lemma;, we now can give a

PROOF aof THEOREM 4 Let us first look at the limiting beha-
vior of f.,(x.,) as 1T approaches zero. Inserting the expres-
sion for the limiting behavior of Xr (48,50) into equation

(42) yields in this limit:

X . 2( +1)
1 -
113 SO = lin [F’Zusm’w’)

1
+ q_;] Hge = (60)
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Hence §,(x,) diverges towards =-o as T goes to zero. This

vields one end of the limiting behavior of the boundary curve

Fir .

Since there is no zero of n(T) and no zero of sinarT
inside the open interval (@,T,) (T.<M/«), the functions xy (46)
and f,bg) (42) show no singularities on this interval and are

both smooth (in fact are C%).

In addition, due to the Lemma, there can be no change of
sign of the function x, prior to 7,, so at T=T, the curve
P¢ry leaves the halfplane x<@ for the first time, selecting

the physically meaningful branch of the curve, called ['.(7).

Remains to show that this branch of the curve is situated
inside 8., i.e., that for all positive values of T smaller
than T, the curve ) is situated to the left of the

straight line W. and hence the following condition

§pixp) < futx))
or equivalently
§0x,) - §utx,) < O (61)

is fulfilled. Inserting the results obtained so far (14b,42,and
48) and using the identity x”=é the left-hand side of (61)

may be written as:

FUT) 3= [6,(T) = (7 = £5(1)] x,, .
(62)
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%" —coswr _ §+1) z(T) _ eT*eoswr _ 1_|
2sinwT 2w/ n(T) 2sinwT 20| 7% ¢

‘The second and third term (£,(T) and F5(T)) of F(T) are

certainly positive for the interval in question and hence will

yield a negative contribution, while the influence of the first

term £,(T) is still unknown. For this fuction we define:s
£F(T) 120 e —wcoswT - ($+1)sinwT (63)
And so f,(T), the first term of F(T), can be written as

f () = AT 24m (64)

2wsinaor n{(P)

About the second factor (z(T)/n(T)) we already know that it
is negative for the interval kD,'T.) in question, while the sine
function in the denominator of the first factor is certainly
positive there, so let us investigate the behavior:of f(T).

Here we find at the origin

£ (0 =0 '
£°(0) = @ . (65)

£°(@) = wi@+D+dH
with "‘'" meaning the derivative with respect to T.

This shows that $(T) possesses a minimum at the origin.

Here again we can apply the Lemma from - the Appendix (after a



- 40 - ©  November 29, 1983

shifting of the phase and a rescaling of the amplitudes) finding
that all ‘subsequent minima of f(T) take values greater than
zero. Hence f(r) shows positive values for all 7T>@, it espe-

cially does not ‘change its sign inside the open interval (0,7,).

So far we have demonstrated that the three terms of the
function F(T) all separately yield negative contributions for
the range of 7T mentioned. This means that the whole function
only takes negative values inside the interval (0,T,); and hence

L(T) is situated completely inside the interior of S.. Q.E.D.

Note that in the function f,(r) for T-—>0 the factors
£(T) and n((7) céncel' {(except for  the sign) and hence the
first and second term of F(7T) both diverge only to first order
like -i/e7  (independently of the canonical parameter ¢),

yvielding in thigs limit:

2 1
lim F(T) = - + Nee ° (66)
oo 1 4 20]

3.9. Conclusion

By now, the domains of the transfer and return maps inside
‘the halfplane S have been demonstrated explicitly by calcu-
lating their boundaries. Thus we know that the halfplane of en-
try points is divided into three portions: (1) D(F) the domain

of the transfer map T . containing all points with x values
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greater than zero as well as the points of Z. to the left of
f. and the points of S. to the left of the curve F(T); i.e.,
those entry points of T, with absolute values of f, and hence
initial radius, big enough. (2) @R the domain of the return
map R containing the points with negative values of b in
between the curve [_(1) and the straight line W.. (3) The ba-
sin of attraction of the saddle-focus L4 (which, due to the
saddle character of the steady state, is just the § interval
(f.,J/2o) on ‘the straight line 2., so that it is of measure

zera inside the plane S)).

Note that f,,.z(x,.), the § value of the end point of
ﬂJT), is equal to §., the end point of the basin of attraction
of the steady state Lg. Thus it suffices to determine eithe}
f. - by the mentioned fixed point algorithm, for example - or

T,y using a root finder, like Newton's method, for example.

In practice f¢=§§(&}) can be calculated from T,, but on
the other hand T, cannot be found analytically from f.. So
the second way yields the result faster. However, computing both
quantities independently gives a good criterion for the consist-

ency of the calculations.

4. Criteria for the Appearance of the Double—-Scroll Attractor

After having characterized the behavior of the system inside the

intermediate state space region Te, let us finally discuss some
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criteria for the appearance of the double—-scroll attrac-
tor. Due to the symmetry of the problem it suffices to treat
Just one half of the state space; let us choose the one with u

values less then zero.

The attractor itself is well characterized in [35]1, so we
omit this task here. We just mention one fact: The two steady
gtates L. and L,, like L,, are of the saddle-focus type. The
‘character of the dynamics acting inside T. (and inside T, as
wéll), however, is of the opposite type to the dynamics of Ty
i.e., the real eigenvalue turns out to be negative while the
real part of the two complex conjugate eigenvalues is greater

than zero.

The first criterion for the appearance of the double-
scroll, as already mentioned above, is the reality of the steady
state L. (and, equivalently L), i.e., k>d (cf. (4ar).
Otherwise, if this steady state would be a virtual one, the only
possible type of intersection curves of the dynamical manifolds
from T. - with the separaéing plane S. would be Jl-curves.
Hence every trajectory entering T. would leave this region af-
ter more or less half a turn around the real eigenvector [131 of
L. and thus no scroll structure could be found inside this re-

gion.

Let us now apply the results of [13]1 to the dynamics acting
on T.. For the appearance of a scroll structure inside this re-

gion of state space a trajectory has to run several times around
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the unstable manifold (real eigenvector) of the steady state
L., i.e., its entry point must be situated either on a simple
isola corresponding to the dynamics of T., or on that portion
of a complicated isola that is not mapped to the other part of
thé same isola, situated inside the range of the halfmap. In
consequence the corresponding exit point is situated on the base

line belonging to the isola in question.

If the relaxation towards the focal plane of the steady
state is fast enough, as is the case in the example treated in
€31, where €.=20.74 was found (note that since we discuss dif-
ferent dynamics in the present Section, we add an ir.\dex H—w,
"a", or "+", respectively, to the quantities characterizing the
dynamics), all base lines are located very close to the inter-
section line of the focal plane of L. with S., called 3 __
(this is not to be confused with the Ze, belonging to the dy-

namics of T,). For this example the base lines are almost in-

“distinguishable from this intersection line (see Fig. 1@8). To

give a rough estimate of this fact we calculate the Cartesian
point x., [13) that is the limit of all maximum distances of
the base lines from the line Z_. This quantity turns out to be
(J—k)/(s-+l)=.46(<5-k), i.e., less than 5% of the distance that

the intersection point of the real eigenvector has from Z__.

So we can treat the question of exit points (with the cor-
responding entry points being situated on an isola) as an almost
"flat spiral problem“ £16]1 and calculate the interval of pos-—

sible exit points along : 2. (in close analogy to what we did
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for 2., calculating the basin of attraction of the steady
state Lg). Now it is not hard to find out whether this portion
of Z.. intersects (in a set theoretical se;wce) both the do-
mains of the trahsfer and the return map, or whether it inter-—
sects just one of them (cf. Fig. 10). This yields a sufficent
condition for the appearance of transferring trajectqries inside
a chaotic attractor. If, on the other hand, the mentioned por-
tion of Z_ does not intersect the domain of 'J‘, there may,
nevertheless, exist entry points of T, situated on {l-curves of
T. that lead to transferring trajectories of a chaotic attrac-

tor.

For the case of a slow relaxation towards the focal plane
inside the region T., the "flat gpiral exit points" are a poor
approximation ofAthe real system behavior and hence one has to
investigate the intersection of the image of all isolae with the
domains of the maps J and .ﬂ, respectively. This needs a-
little more effort. It can be done, however, by calculating the
Cartesian leaf, as a limiting case fo; isolae, with all its
boundaries inside S.. (This is shown in [22].) Thereafter one
has to take the intersection with the domains of the two point

transfomations, acting on T,.

As a last step let us, for a moment, think of the dynamics
of T., and hence the.structures determined by this dynamics, as
fixed. Then by varying 8§, and @, (the canonical .parameters
of the dynamics of T,) we can change the domains of the trans-

fer and return map to intersect the relevant exit points of T.
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(or not to do so, respectively). Calculating the limiting condi-
tions for such intersections yields relations between S, and
we. These relations lead to & chérting of the canonical parame-
ter space of the dynamics of Tey similar to the charts pre-
sented in [13,22]. A detailed discussion of this topic, however,

will be the subject of a subsequent paper ([231].

S. Discussion

In this paper we treated a piecewise-linear continuous dynamical
system showing the "piecewise-linear double-scroll" [S] (for a
topological equivalent nonlinear system cf. (24]) and other
types of chaotic attractors [17]). The special appeal of this‘
model is its being realized in Chua’s circuit [5] and hence an
experimentally easy to handle real life system (behaving almost
piecewise-linearly), Our aim was to obtain a better under-
standing of the appearance of chaotic solutions of this system
by means of dynamical stuctures present inside the intermediate
region of state space. (The contributions to the chaotic behav-
ior coming from the dynamics of the regions T. and T,, re-
spectively, can be described by means of Poincaré halfmaps

£221.)

The system in question is among the simplest of the piece-
wise-linear type. The switching of dynamics is controlled by
just one variable (u), and hence the boundaries of the different

regions of state space are two parallel, flat (so called
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separating) planes. In addition, the equation of motion is anti-
symmetric, so all statical and dynamical structures of the state
space, including the attractors, have to possess the same sym-
metry. This means that the mentioned structures either them-
-selves are antisymmetric with respect to the origin or appear

twice, like a pair of particle and antiparticle.

Nevertheless, as there are more than'two regions present in
state space, new problems, not treated in the literature until
now, arise. In the present case two different kinds of regions
have to be - distinguished. Tﬁe first type, the leftmost and
rightmost regions, 7. and T,, respectively, is well known from
fhe theory of Poincaré halfmaps: it is limited by one bbundary
only and hence the whole dynamics inside can be characterized by
the intersection of its dynamical manifolds with the single se-
parating plane present as was found. For the other type, the
intermediate reqgion, two boundaries exist, giving this region a
finite extension in one direction of state space. Here too, the
dynamics is described completely by the intersection curves of
the dynamical manifolds with the separating planes. These inter-—
section curves, however, are only partiaily physically meaning-
ful (and partially not). This is due to the fact that two
switching conditions are competing for the smallest solution,
i.e., the first time that the trajectory in question leaves the

region.

The two generic types of behavior inside the intermediate

region give rise to two different point transformations, which
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were called transfer and return maps, respectively. For the ex-
ample of the double-scroll attractor both maps are made use of
by a solution running inside the attractor. So, in addition to
the separating mechanisms that stem from the dynamics of the
-leftmost and rightmost regions T. and T,, respectively (221,
another separating and hence potentially chaos producing struc-
ture appears for the intermediate region T,. Two trajectories
having adjacent entry points into T, and being situated on
both sides of the curve T[@.(T) (i.e., inside the domains of
different maps) are separated very fast. While one solution re-
“turns to the region it came from, the other transfers the inter-
mediate region and eventually enters the third region of state
space. So after an interval of time of about 274, two adjacent
points are found at opposite ends of the attractor. This is an
excellent example for a "sensitive dependence on initial condi-
tions® ([25). If this mechanism is used by the trajectories
running inside the attractor, it readily gives rise to .a posi-

tive Lyapunov exponent [261.

The boundary between the domains of the two point transfor-
mations in question can be determined by bicking up the initial
points of touching trajectories. These special orbits, in the
case treated, eﬁter the region Te through one separating
plane, say.- S., and after about half a turn around the stable
manifold of the steady state fulfill the other switching condi-
tion at their maximum u 'values, i.e., at points of the
straight 1line W,, thus being transversal points. This means

that trajectories with the same initial x value as a touching
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trajectory and closely adjacent f values will either leave the
" region T;- close to the touching point or stay inside this re-
gion temporarily in order then eventuaily'to leave T, towards

T. again.

Al though fhe farmost biggest portion of the separating
plane S. is covered by JD(?'), the domain of the transfer map
T, for the present system also attractors were found without any
transferring solutions, cf. [17]. These solutions can in fact be
described by means of even simpler, two region, models. In this
case the separatrix’ in between the two symmetic attractors is
exactly of dimension two and can be calculated explicitly [271].
On the other hand it - is - also not hard to construct a system
without returning trajectories inside the attractor. The crucial
point is the matching of the different dynamics. There is just
one severe restriction on the interaction of the dynamics that
is due to the C' character of the flow, (leaviné the two lines
W, ‘invariant for the different dynamics), while the intersec-
tions of the statical manifoldslof the dynamics with the sepa-
rating planes are almost completely arbitrary. So by shifting
these structures relatively to each other, the character of the

attractor, if there is any at all present, can be determined.

To conclude, the results presented here concerning the pro-
"perties of the transfer -and return maps are completely indepen-
dent of the special -example system and the parameters chosen.
They are valid for all piecewise-linear dynamical systems pos-

sessing intermediate regions with a steady state of saddle-focus
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type and the discussed symmetry properties. Thus our results
provide an universal tool for the treatment of a whole class of

dynamical systems.
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Appendi x

Here we show some propertioes of functions that -are the sum of
an exponential and an oscillatory term. This kind of functions

appears several times in this paper (20, 47, and &3).

LEMMA from Analysis For positive values of its argument, the
function
F(t) = e* + asinwt (A. 1)

possesses either no or a finite even number of zeros and extrema
(counted including degeneracies). The pﬁase shift of subsequent
zeros or extrema, respectively, grows monotonically in absolute

value. %

PROGFE We assume a>a and w>@; the case a<o can be
treated similarly by shifting the phase by -7 and rescaling
the amplitude with e?"‘; for w<@ one finds a sin-ot=-asinut

so that the above procedure goes through again.

First we show that for positive values of t there is at
most a finite number of disjoint intervals of length 27/ that
contain zeros of F(t). At t=t_,.:=ln a, the exponential reaches
the value of the amplitude a of the sine and hence there can
be no zero of F(t) for values greater than t,,. So all roots
of F(t) are sgsituated inside the interval (@,1ln al. Since a

is finite this interval can be covered completely by a finite
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union of disjoint intervals of length 2f/¢.

In the following it suffices to look at the interval
(0,2f/«1. All the subsequent intervals of this length can be
treated by shifting t for 2N/« and rescaling the amplitude

a by a factor of e?%,

For 0<t<{fM/ev both terms of F(t) are positive so there
can be no zero inside this interval. Hence a first negative cri-

terion for the existence of a zero of F(t) is

tew $ &, ag e . (A.2)

In this case, no zero can occur since for all subsequent values
of t the maximal absolute value of the sine cannot compensate
for the exponential. On the other hand a positive criterion

t..' >/ L] a .>’ e 9’ (A. 3)
2e ’

Here, the intermediate value theorem assures a zero inside the

interval (/¢ ,3T/2¢] since

”Ilv

oI

F(

and : (A.4)

3n
Figg) = 8™ _. a¢ 0 .

-
]

L0

v
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For tean€(NM/0w 3IMM/2¢/)y, no criterion exists. However, if
there is a zero of F(t) present, it must be situated inside

(/e gt o) s

The possible orders of the zeros of F(t) are easily found
by looking at a power series expansion of this function at a
zero. Let us assume a zero’'at t=t,; then (as all functions that

appear are analytical)

1

F(t) F(ty) + F’(t,)) (t-t,) + EF"(t.)(t—t.)a + eae

(e"+a sinwt,) + (e“+awcoswt,) (t-t,) (A.S)

+ %(e"-af»’ sinet,) (t-t,)? + ...

By construction the first term vanishes (F(t,)=0), implying:
e = -asinwt, . (A.5a)

If the zero is of order two, the second term too must be

equal to zero. As a criterion for this type of zero we abtain

Elo—-

t, arctanw . (AR.Sh)

For the third term we find, using the above results:

F (ty) = —a(1+dd)sinat,

= —afi+a* # 0 .

(A.Sc)
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As this term cannot vanish unless a=0, the highest possi-

ble arder of zeros that may appear in F(t) is twa.

To see that the roots of F(t) always appear in pairs we
again employ the intermediate value theorem. First of all we
find that F(T/e)=e"“>@. Let the first zero of F(t) be situ-
ated at f/w<t,<3M/20, and let us, for a moment, assume this
zero to be of first order. Then F’(t,)<@, meaning that there is
an open interval (t,,t:) with F(t)<@ for all values of t be-
longing to this interval. For t=2Ts, however, we know
F(2/e)=e*™>8, so the intermediate value theorem guarantees the
existence of another first order zero at t,, present in the in-

terval (t},2/«). Since F’'(t,)>d, this is the last zero in this

interval.

Now it is easy to see also that there is no other zero pre-
sent inside (t,,t;). We just have to investigate the behavior of
the derivative of F(t). For NAU<t<2Wﬁ? and hence for
te(t,,t)), the derivatives of both the siﬁe and the exponential
are stricly increasing, so the curvature of F(t) is always
positive for this region. This excludes another pair of =zeros

inside the interval in question.

Let us now estimate the deviation of the zeros of F(t)
from the corresponding zeros of the pure sine function. To this

end we write the equation F(t)=0 as
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arcsin(- 2—) . (A.6)

This shows that when picking the pertinent branch of the
arcsine fqnction, the zeros of F(t) showing negative slope
will appear retarded (aﬁd those with positive slope advanced)
compared to the ieros of the pure sine function. In either case
the absolute value of the argument of the arcsine for subsequent
zeros of F(t) increases and so does, due to the monotone be-
havior of the arcsine, the absolute value of the deviation

(phase shift).

This shows that only the last zero of F(t) can be of se-
cond order. In this case the sum of the absolute values of the
shifts corresponding to ¢, and t, vyields exactly f/w. So
the two first order zeros coalesce. This can only happen inside
the interval (/& ,3n72«), yielding t..<3m/2v¢, and hence there

are no further zeros present

The behavior of the derivative of F(t) can be investi-

gated in a completely analogous fashion. Here we have to treat

the function
F'(t) = @' + awcoswat . (A.7)

It can be brought into the form of (A.1) by introducing a

new amplitude a‘s:=wa and shifting the t axis by an amount of

-m/2e (i.e., rescaling the amplitude by a factor of €&"** and
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"converting the cosine into a sine). This procedure neither adds
nor removes -any zero of the function. Thereafter all arguments

" carry through unchanged. @.E.D.

Acknowl edgment.

This work was supported by the DFG.



- 56 - November 29, 1983

References

[1] O.E. Rissler, The gluing-together principle and chaos, in
Nonlinear Problems of Analysis in Geometry and Mechanics,
M. Atteia, D. Bancel, and I. Gumowski, Editors, Pitman,

Boston, 1981, pp. S@-55.

£2] C.T. Sparrow, Chaos in a three dimensional single loop
feedback system with a piecewise linear feedback function,

J. Math. Anal. Appl., 83 (1981), pp. 275-291.

£31 B. Uehleke and O.E. Réssler, Complicated Poincaré half-
maps in a linear system, Z. Naturforsch., 3Ba (1983), pp.

1187-1113.

£4] C. Kahlert and 0.E. Rissler, Chaos as a limit in a boun-
dary value problem, Z. Naturforsch., 39a (1984), pp. 1200-

1203.

£31] T. Matsumoto, L.0. Chua and M. Komuro, A chaotic attractor

from Chua‘s circuit, IEEE Trans. Circuits Syst., Vol.CAs--32,
pp. 797-818, August, 1985.

L61 R.W. ‘Rollins and E.R. Hunt, Exactly solvable model of a
physical system exhibiting universal chaotic behavior,



L7131

8l

£?1

€101

111

€121

€131

£141

- 97 - November 29, 1985

J.N. Schulman, Chaos in piecewise-linear systems, Phys.

T. Matsumoto, L.0. Chua, and S. Tanaka, Simplest chaotic

. nonautonomous circuit, Phys. Rev. A, 3@ (1984), pp. 1155-

1157.

L. Danziger and G.L. Elmergreen, The thyroid-pituitary
homeostatic mechanism, Bull. Math. Biol., 18 (1956), pp.

1-13.

J. Rinzel and J.B. Keller, Traveling wave solutions of a
nerve conduction equation, BRiophys. J., 13 (1973), pp.

1313-1337."°

J.M.T. Thompson, Complex dynamics of compliant off-shore

structures, Proc. R. Soc. Lond., A387 (1983), pp. 407-427.

G.—-Q. Zhong and F. Ayrom, Experimental confirmation of
chaos from Chua‘s circuit, Int. J. Circuit Theory and Ap-

plications, 13 (1985, pp. 93-98.

C. Kahlert and O.E. Rossler, Analytical properties of
Poincaré halfmaps in a class of piecewise-linnear dynami-

cal systems, Z. Naturforsch., 4@a (1985), pp. 1011-1025.

C. Kahlert, Existence and uniqueness of solutions of

piecewise-defined dynamical systems, submitted to Z.



151

(161

€171

181

£19]

(281

€211

- 388 - November 29, 1985

Naturforsch., 198S5.

N. Minorsky, Nonlinear Oscillations, Robert E. Krieger

Publishing Company, Huntington, 1974.

C. Kahlert, Infinite Nonperiodic Wavetrains in a Class of
Reaction-Diffusion—-Equations - Analytical Properties of
Poincaré Halfmaps (in German), Ph.D. Thesis, University of

Tibingen, 1984.

T. Matsumoto, L.0. Chua and M. Komuro, Bifurcation pheno-

mena in a third arder electrical circuit, preprint 198S.
F. Ayrom, personal communication, 198S.

L.0O. Chua and R.L.P. Ying, Canonical piecewise-linear
analysis, IEEE Trans. Circuits Syst., CAS 3@ (1983), pp.
125-140.

C. Kahlert and 0.E. Réssler, Finite wavetrains in a one-
dimensional medium, Z. Naturforsch., 3Ba (1983), pp. 648-
667,

M.W. Hirsch and S. Smale, Differential Equations, Dynami-
cal Systems, and Linear Algebra, Academic Press, New York,

1974.



£221

€233

€241

€251

(261

£271

- 39 - November 29, 1985

C. Kahlert, The chaos-producing mechanism in Poincaré

hal fmaps, in preparation.

C. Kahlert, The composition of Poincaré halfmaps and cha-

otic attractors, in preparation.

0.E. Rossler, Continuous Chaos, in Synergetics - A Work-
shop, H. Haken, Editor, Springer Verlag, Berlin, 1977, pp.
184-197.

D. Ruelle, Sensitive dependence on initial conditions and
turbulent behavior of dynamical systems, in Bifurcation
Theory and its Applications in Scientific Disciplines, O.
Gurel and 0O.E. Réssler, Editors, Ann. New York Acad. of

Sci., 316 (1979), pp. 408-414.

V.1, Oseledec, A multiplicative ergodic theorem. Lyapunov
characteristic number for dynamical systems, Trans. Moscow

Math. Soc, 19 (19468), pp. 197.

C. Kahlert, A manifold separating the basins of two cha-

otic attractors, in preparation.



- &8 - November 29, 1985

Captians

Figure 1 Numerical integration of  Equation (1) for
T = «o 25@. The trajectory shown runs inside the attractor.
One sees that sometimes it changes from one scroll to the other
(tranferring the intermediate region bounded by the two planes
S. and S5,) and sometimes it enters the intermediate region in
order to only return towards the same scroll. System parameters:
a=9, b=142/7, ne = -5/7, n, = -8/7, d=1. Axes for the
state space plot: u=-2,.2 .. 2.2, v=-0.4.. 0.4,
w=-3,25 .. 3.25. Axes for the time plots: u= -2.2 .. 2.4,

v = -0.4 ) 0-45' w = "3.25 os 3.5’ T = 0 s 230'

Figure 2 Geometry of the separating plane &S, in a x,f
representation. The sets of entry (S)) and exit points (S]) of
the region T, are indicated as well as the two straight lines
Z. (see text of next Section) and- W, (which includes the
point x,). Parameters: ¢=1, =1, d=1. Axes: x = —1 .. 1,

§ = -1 .. 1.

Figure 3 ‘A dynémical manifold M, truncated by the two sepa-
rating planes S. and S,. For the example shown, the branch of
M having positive x values, i.e., the branch above the un-
stable manifold M,, intersects S, in an isola plus its cor-
responding base line, while an fl-curve is found for the inter-
section with the plane S.. For values of x less then :zero,
the opposite holds true. Parameters: ¢=1, W = 2, d=1. Axes:

X = -@.25 L] 1-25, 7 = -1-125 .o -625’ j = -1a25 L) 1'25- Here
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and in the following figures visualizing the state space the
~origin is indicated by ' a "X" while an "0" marks the positi—
ons of the points he (being the intersection points of the
stable manifold M, with the separating planes S, and S., re-

spectively).

Figure 4 Three trajectories running inside the unstable ma-
nifold M,. The touching trajectory is the limiting case. For
absolute values of the initial _f greater than f., the trajec-
tory leaves T, entering T,, while for smaller absolute values
of f the trajectaory is attracted by the steady state L,. Note
that no t;ajectqry can return to the region T.. Parameters:

©=7.5, d=1, r, = 1.66(=t.1r)), r, = 1.51, ry = 1.36(=0.9r).

Figure 5 Examples for a transferring and a returning trajec-
tory with initial points being from S.. Parameters: ¢ =1,
@=2, d=1. Axes: x =-1.25.. 1.25, % = -1.125 .. 1.125,
f = -2.9 .. 8.9. Initial coordinates for the transferring tra-
Jectory: xe = X,.+0.375, f“ = f*(x")—0.3; and for the returning

trajectory: %, = 0.1, f, =’f*(x~)-0.5.

Figurg & Example of a touching trajectory also showing two
other orbits starting at the same x value but having closely
adjacent values of the initial f. Parameters: ¢ =1, &= 2,
d=1. Axes: x = -1.5 .. 1, 9= -1 .. 1.25, §=-2 .. 1. Initial
b values for all three trajectories: x, = -8.281. For the
ﬁouching, transferring, and returning trajectory, respectively,
the initial f  values are: §g = -1.62, £, = §,, -0.25,

fo =£., +0.25.
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Figure 7 Schematic representation of trajectories running
inside the region 7T, under the dynamics of Tge For 4T—0

these orbits necessarily approach a touching trajectory.

Figure 8 The lines of equal mapping duration ﬂix) in the
®<@ portion of the separating plane S. for T= 0.1 .. T/,
with increment 0T = B8.02346. Since AT 1is rather small, the
intersection points of these lines virtually coincide with entry
points of touching trajectories (cf. text). Parameters: § = 1,

w = 1,0 =1, Axes: x = -2 .. 8.2, §=-8 .. 1.

Figure 92 Partition of the separating plane S.. The curve I
is the geometic locus of all initial points of touching trajec-
tories. Only the portion of this curve with x values less than
zero (I.) vyields physically meaningful results and is plotted.
Parameters: €=1,  @w =1, d=1, Axes: X = -2 .. 0.2,

§=-8..1.

Figure 10 The plane &S, (u==-1) in a vy,w representation
(original ccordinates).

(a) The solid portions of the dashed straight lines Z, and
Z_ are the basin of attraction of the steady state L, and the
"flat gpiral exit points" of T. (cf. text), respectively. For
‘a continuation (run for 300 units of time) of the soution shown
in Fig. 1 the entry points of the region T, are indicated by
an i while a b & is used for the exit points. Axes:

V=—053 ae 1,N=@.- 205n
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(b) Poincaré cross section showing the exit points of T,. Axes:
v=-08.3 .. 0.2, w=0 .. 1.2.

(c) One-dimensional map for the v component of the entry
points of Te being situated almost exactly on the straight
line Z_.. Axes: v, = -0 .. 8.5, v, =0 .. 8.5. The points of

(b) and <(c) were obtained simultanecusly simulating the system

for 8080 units of time.



g B

Double—Scroll

| | M " m '1 VHRIHE_E' M N | Mm
| U =

i v Y | 4 " I 1 I i

—
=
et

2. VARIABLE

An|“udLu.uhud.nL1Jh|Jn
U WWHJ””FHF!””IHPHHIWIH

3. VARIABLE




Kahlevt § Chuea .F"f" S




Maﬁéwf 3 C’ltu.av 7133 |




Trg. &

kaklet & Chaa

e e — —— — —— — — — — —

. — — —— - aome]




Kahlevt & Chua  #rg.§




Kablat & Chua v'?/‘g.é




kak(&vé ﬁ C“fﬁa. F"Z- 7'2

_—
S &
L
s
~ A
VvV
o
il
< i1




Kaklevt & Chua Frg. §

N
N
_

==—F ot ST [
= PR 7 !
‘3’ Ff s
45;3 4
ZZZ,
2222
s,
//41
2793
Z. e
T

——“"-—"

—.

—

—_—

—
—

.--"'"—---

=

=

—

e

—_—

N

|

—
e

,,_,



Kahlewt & Chua ‘7:1“9- q |




b(ahlw{' £ C'lma. Fe'g. 10 a

w
\\ //
IR W /
\\ - /
'y
S- St
XXX 1 ;
L ox : £
’>‘<x - / \Zo—
X0 / \\
X A
&mw'// [_\ 0\




Knllot R Cuus Frg 1O bc




	Copyright noticE 1985
	ERL-85-101

