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1. Introduction:

The primary purpose of this paper is to propose mathematically rigorous tools for
analyzing the slow-drift instability in Model Reference Adaptive Control systems using
averaging analysis. There has been a great deal of excitement in the adaptive community
ever since Rohrs et al [18] (conference versions of this work have appeared since 1981)
announced the extreme sensitivity of stability proofs for Model Reference Adaptive Con-

trol schemes to the following assumptions:
(i)  Plant order known.
(ii)  Relative degree of the plant known.

While their work was extremely stimulating to the field, their analysis of the insta-
bility mechanism based either on an "Infinite-Gain" operator or on a "Linearized-Root
Locus type" analysis was not sufficiently rigorous or insightful. The first breakthrough in
this regard came in the work of Krause et al [9] (in very preliminary fashion) and Astrom
[1] (a conference version of his work appeared in 1984). who explained that the cause of
inslability was a lack of sufficiently rich input signals to (a) allow for parameter conver-
gence of the ‘nominal’ system; and (b) prevent drift of the parameters from a neighbor-
hood of the ‘true’ values due to unmodeled dynamics/output disturbance. In particular,
Astrom introduced techniques of averaging 1o the study of the evolution of the adaptive
svstems, by slowing down the parameter update law (1o a time scale slower than the plant
dynamics). The following work was a outgrowth of the results of: (1) Fu et al [5]. Bodson
et al [2] and Kosut [11], used averaging 1o get estimates of parameter convergence for the
nominal system; and (2) Kosut et al [12]. Riedle and Kokotovic [16]. studied instability
and stability boundaries for the disturbance free adaptive sysiem. Their work led to the
conclusion that reference input signal should have energy concentrated in a frequency

range where the closed loop transfer function Hg(p.s) (will be defined in the sequel) is
like SPR so as to assure stability.

In this paper, we take the analysis of [16] one step further. We develop general sta-
bility theorems for averaging in one and two-time scale system. We use them to give a
slightly more general instability theorem for (nonlinear) averaging which take into
account output disturbance terms. Moreover, we discuss the concept of "tuned plant
parameter values" and characterize it in terms of the frequency content of the reference
input.  Finally, we apply the results in detail 1o several specific cases of
stability/instability presented by Rohrs and others in simulation form. We would like to

emphasize that we view our contribution as largely tutorial and expository along with
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some new results.

The paper is organized in the following way: in sec2 and sec3, nonlinear version ins-
tability theorems for one-time scale and two-time scale systems respectively are proposed:
in sec4, conditions for instability of the Model Reference Adaptive System is derived:; in

secS. robustness issues is discussed.
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2. Instability Theorem For One Time Scale Systems
In this section, we consider differential equations of the form:
i=€f(t.x.€ x(0) = x, (2.1)

where x €R" £ 20, 0Se< ¢ and f piecewise continuous with respect to time. For
small €. the variation of x with time is slow, as compared to the rate of time variation of

J . The following definition will be useful in the sequel:
Definition: Average value of a function. Convergence function.

The function f (¢ .x .0) is said to have average value f,, (x ) if there exists a continu-
ous. strictly decreasing function {T') : R, — R, such that {T') = 0 as T = o and

I .;,.rjf(f,x,o)df—fm.(x) Il € ALT) - (2.2)
forallz,T 20.x €B,.
The function {T) is called the convergence function, and the system
X = €fan(xar) % (0) = x¢ (2.3)
is called the averaged system corresponding to (2.1).
Now we will make the following assumptions: let B, be a closed ball of radius / in
R".
(A1) x =0 is an equilibrium point of system (2.1), i.e. f (¢.0.0)= 0 for all z = 0.
f (¢ x .€) is Lipschitz in x, i.e.
N f@xpe)—=f(tx8) 11 €Ul lx;=x,11 (2.4)
forallz 20, x,.x,€B, and € < €.
(A2)  f(z.x.e)is Lipschitz in € linearly in x, i.e.
HfExe)=flx.e) Il Slhlixlllg—el (2.5)
forallt 20,x €B, and ¢,6€, € €.
(A3)  f.(0)=0and f, (x) is Lipschitz in x , i.e.
o) =falxa) 11 €L, 11 x;=x, 11 (2.6)
forall x,,x,€B8,.
(A4)  Letd(r.x)= f(z.x.0)~f, (x). so that d(¢ x) has zero average value. Assume
that the convergence function can be written as (7") | Ix | |, and that Q‘Lgxi)

has zero average value with convergence function (7).
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(A5) Forsomeh <h. |llx,(¢)!1 €Ak on the time interval considered.
Theorem: (Instability of an Unaveraged One-Time Scale System)

If: the original system (2.1) and the averaged system (2.3) satisfy assumptions (A1)-
(A5) along with the additional assumption that there exists a continuously differentiable

decrescent function v (¢ x ) such that

(i) v(.0)=0.

(ii) v(z .x) > O for some x arbitrarily close to the origin.
(iii) Ilwlléklllxllforsomek,>0.

(iv)  the derivative of v (¢ .x) along the trajectory (2.3) satisfies
Vvinlt.x) 2 ekl lx 112 Q.7

for some k> > 0.
Then: the unaveraged system (2.1) is unstable provided € < ¢, for some € > 0.
Proof: It was shown in (F.B.S. {5]) that, under assumptions (A1)-(AS). there exists a
change of coordinates

x=z+ewdlt.z) (2.8)

such that

¢ Bt .2)
0z
for some £(€) € class K. Under this change of coordinates, it was shown that the system

(2.1) becomes

lewlt .z)ll &)z Il and 1] [l < &(e) (2.9)

Z=€fg(z)+eplt .z €) (2.10)
where p (¢ .z €) satisfies
Hpt.z.e) 1l SyYle)liz ] (2.11)

for some yY(€) € class k, € > 0 and for all € € ¢,.

By an Instability Theorem of Lyapunov [20]. the additional assumptions (i)-(iv)
guarantees that the averaged system is unstable. i.e. there exists an initial condition close
to the origin such that the state vector, starting from it. will be expelled from a nbhd of
the origin. The function v is now used to study the instability of the perturbed system
(2.10). The derivative of v (¢ .z ) along the trajectory (2.10) is given by

Vizaot .2) = vt .z)+ %(ep (rt.z.€) (2.12)



and using inequalities (2.7), (2.11)
Vit .z) Z ek iz 112 —eyle)k, 112112
= eal€) 1z 112 (2.13)

Where a{€) = k;~j{€)k ;. Let & < ¢ be such that of€) > O for all € < €. then, again by
Lyapunov Instability Theorem. the system (2.10), and hence the unaveraged system, are
unstable.

QED.

Comment: The continuously differentiable. decrescent f unction v that the Theorem
requires can be found. for example, if the averaged system (2.3) has the form

Xa = €AX,, (2.14)

where 4 €R"*" . 0o(A4) [) €2 = Band for all A €0(A ), Re(A)=0. In this case, the func-

tion v can be chosen as
vix)=x"Px (2.15)
where P, Q satisfy the Lyapunov equation
| ATP+PA=Q0>0 (2.16)

It was shown in [15] that at least one eigenvalue of P is > 0.
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3. Instability Theorem of Two-Time Scale System

The system of the form (2.1) studied is to be thought of as a one-time scale system
in that the entire state variable x is varying slowly in comparison with the rate of time
variation of the right hand side of the differential equation. In this section, we will study

averaging for the case when only some of the state variables are slowly varying.

Consider the system:

i=€f (tx.y) x(0)= x, 3.1)

y=Ay+egxy) y0)=y, (3.2)

where x €R" is called the slow state,y € R™ is called the fast state. A € R™*™_ Then the
averaged system of the slow state is
x.al' = efar (xm') Xav (0) = X0 (3-3)
where f,. is defined as in section 2.
To validate the following derivation. we make the following assumptions:
(B1)  The functions f and g are piecewise continuous functions of time and continuous
functions of x and y. Moreover, f (£.,0,0)= 0, g(¢.0.0)= 0 for all ¢ 2 0 and for
some 13'14'15'16 2 0.
| lf (t ,xl.yl)—f (t Jz.yz)l | < l3| le —le | +l4| 'yl—yzl | (3.4)
| |g(t -xl-J’I)-g(t .xz.yz)' | 6 ls' lxl—le | +16' Iyl-yzl | (3.5)
forallz 20.x,,x,€B,,y,.y, €B,. Also assume that f (¢ .x.0) has continuous
and bounded partial derivatives with respect 1o x forallz 2 0and x €B,.
(B2)  fa(0).and f,, has continuous and bounded partial derivatives with respect to x
for all x € B, so that for some [,, 2 0
Ilfm,(xl)—fa.,(xz)llglm.llxl—lel (3.6)
for all x;,x, € B,,.
(B3) Letd(t.x)= f (t.x.0)—f, (x) satisfy the assumption (A4) in section 2.
(B4) A is Hurwitz.
(B5) Forsomeh <h, 1lx,(¢)!1 <k on the time interval considered.

The Theorem stated in the following concerns the instability of the system (3.1).
(3.2). It provides a sufficient condition under which the instability of the averaged system
(3.3) can imply that of the original system (3.1), (3.2).
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Theorem: (Instability of an Unaveraged Two-Time Scale System)

If: the original system (3.1). (3.2) and the averaged system (3.3) satisfy the assumptions
(B1)-(BS5) along with the assumption that there exists a continuously differentiable,
decrescent function v (¢ .x ) such that

(i) v(.0)= 0

(ii) v(t x) > 0 for some x arbitrarily close to the origin.
Gii) | 19%1 | Sk3llx Il for some k3> O.

(iv)  The derivative of v (¢ .x ) along the trajectory (3.3) satisfies
1}(33)(31)>€k4||x||2 (3.7)
for some k4 > 0.

Then: the unaveraged system (3.1), (3.2) is unstable provided € < ¢, for some €, > 0.

Proof: With the assumptions (i)-(iv) in effect. Lyapunov Instability Theorem shows that
the averaged system (3.3) is unstable. To study the instability of the system (3.1), (3.2).

we need to construct another decrescent function v :
viexy)=v@x)—ksyT Py (3.8)
where P satisfies
ATP+PA=—0 <0 (3.9)

and ¢,7 €£Q <g,/.49,.g,> 0.

In (F.BS. [S]). it was shown that, under assumptions (B1)-(BS). there exists a change

of coordinates
x=z+euwlt.z) (3.10)
such that the original system (3.1), (3.2) is transformed into
z=€f,(z)+epy(t.2.0+epy(t.z.y.€
y=Ay+eg(tx(z)y) (3.11)
where p (¢ .z .€) and p(z .z .y .€) satisfy
Hpi(tz.e)l | SEekglizli (3.12)
and
lpezy. el Sk 11yl (3.13)

' for some £(€) € class k and k¢. k4 > 0.



-8-

Clearly. v (¢ .z.y) > O for some (z,y) arbitrarily close to the origin ( i.e.let y =0
and use assumption (ii) ). Now, the differentiation of ¥ (¢.z,y) with respect to time along
the trajectoriesl of the perturbed system (3.11) can be shown to be bounded below by
using the assumption (iv) and the previous results similar to the derivation in (F.B.S), i.e.

Ve (t.z2.y)= Vet 2)+ksyTQy 2¢eksyT P gt.z.y)

1

3 3
€ kqk -
2 e(ko—&(€Mk 3k — 23 T €31k sp,) 112112
3 2
€’ kak
+(ksgp—2€k 5l qps— 23 T —€Skglspy) 1y 112
=eale) 11z112+g(e) I1yl12 (3.14)

During the derivation above, we use the fact that

||gx_z||s1+§(e)<z (3.15)

Note that a(€) =k, and ¢g(€) +k5q; as €= 0. Then, using a Lyapunov Instability
Theorem as before, we prove that the perturbed system (3.11) is unstable. Hence one can

easily prove that the original system (3.1) is unstable from (F.B.S. [5]).

Mixed-Time Scale System:
In adaptive control. a frequently encountered Two-Time Scale system has the follow-
ing form:

x=€ef (txy) (3.16)

y=Ay+h(tx)+egt.x.y) (3.17)

As shown in (F.BS. [5]). the system (3.16). (3.17) can be transformed into the system
(3.1). (3.2) through the use of the coordinate change

y=y—=vi(tx) (3.18)

where v'(z .x ) is defined to be
4
v x)= fe“‘("")h(f.x)d‘r (3.19)
0

The averaged system of (3.16). (3.17) will exist if the following limits exist uniformly in



t and x, i.e.

t+T
folx)= lim % [ flrxv(rx)dr (3.20)

The Theorem above.is applicable to this case with one more condition:
(B6) h(t.0)=0forallr 20 and | Iig-xi)-ll Sk forallt 20, x €B, and some

finite positive k.

This new assumption implies that v (¢ ,0) = 0 and

vt .x) )
[ A < 2
EY (3.22)

forallt 20,x €B, and some k > 0.

4. Application to Model Reference Adaptive Control in The Presence of Unmodelled
Dynamics and Output Disturbances

We apply the averaging result of section 3 to the Model Reference Adaptive Control
System for the relative degree one case where the plant has unmodelled dynamics as well
as output disturbance. Before we proceed further, we intend to concretize the tuned model

concept of the reference [10].

In the sequel. we will assume that the plant has stable multiplicative unmodelled

dynamics which are described by
p=p (1+L) (4.1)

where p° is the nominal plant transfer function and L is a stable (perturbation) transfer
function. If the adjustable parameters are frozen. then the adaptive system is merely a
LTI system which is characterized by model transfer function M and the closed loop

plant transfer function Hg(p.s). For the Narendra-Valavani Scheme [14)], it was shown
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that there exists a § € R%" such that

Hy(p's)= M(s) (4.2)

We now introduce some useful notation:

M(s)=k,,,:—:g—; p'(:)=k,:—:g—; (4.3)
0 =lco .¢’7.do . LT (4.9)
and
é'(s)=s""+c1's"'2+ SR - (4.5)
5'(;)= s"4d) 5" o dr L +dy ng(s) (4.6)
Here ¢’ 7 stands for [c,",...,c,4 ] whiled'” stands for[d,".... dyg' ]

Using this notation. we express Hy(p.s) in terms of the model transfer function

M (s ) and the true parameters:

_ co | 1+L(s)
Hoe(ps)= M(S)co, T=20) ] 4.7
where
d - -
As)= Ls) ’(‘;Zf’)”(’) ] ,j:§j§ S a1+ L6 ABED g
and

AC(s)=C(s)=C'(s) AD(s)= D(s)=D"(s) (4.9)

Suppose that L satisfies
I1+L(jw) | <l (4.10)

l: dn(jw) '

31d,(jw)—d,,(jo) | (4.11)

IL(jw) ! <

for all @, then there exists a subset 7(8° ) contained in R?", such that

1!d, (o, (jw) :

1AC W)l < =1 i
AC(jw)l TG (4.12)
Id (i) !
. 1 1d,(jw)
1AD(jw)l < W:T: (4.13)

for all @ € R and the closed loop plant transfer function H¢(p .s ) remains stable whenever
0em(@) ( m(6)=D since & €m(6') ). Moreover, the difference between the two
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outputs yg and ys (= yp ). namely egt ). can be evaluated through the difference of

transfer functions, i.e.

Hfps)=Hy(p.s)= M(s)E(s) (4.14)
where
EG)= 216+ 2% 4 a0s)) (4.15)
Co Co
Thus
[S.dv)= [1IMGNEGY 1128, (dv) (4.17)

where S, (d v) denotes the spectral density function of ez ). Due to the fact that
lim L(jv)= 0 (4.18)
y—

» one can show that, given p > 0 and frequency range of the reference inputs, e.g. [—wy. w,).
there exists a reference input with appropriate support at frequency within that range such

that
[5.8in<p [5, (v (4.19)

and with 0 € 7(6') ( i.e. Hp .5 ) remains stable ). The collection of such 6. corresponding
to such reference input, will then be called the tuned parameter set as defined in Kosut &

Johnson.
Let 0, be chosen. such that (4.19) is satisfied, as a tuned value, then & g,(7 .5) will be

defined as the tuned plant transfer function (Riedle & Kokotovic [16]). This will replace

the role of the model in the f ollowing way: we rewrite the output error e (t) by
ert):=2)(t) +eq(t) +d (2) (4.20)
where
ey(t)=y, (£)=yq ) (4.21)

and d (¢ ) is an output disturbance.

By applying Narendra-Valavani Scheme to this tuned system, the equations describ-
ing the system can be shown to be:

é=(Ag+b¢Q)e +6W g9 (4.22)

8= —€(Woh' +(eq,+d)Q)e —¢Q0chTe —~¢(eq +d) W, (4.23)
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where ngo is the regressor signal plus the output disturbance term, i.e.
Wo=[r@).vIT yo VOTY +[0,0.1,0Fd
= We,+b d : (4.24)

and

¢=0-9, 0en(6) (4.25)

Assume that (d +e9o) is relatively small compared with the regressor signals, e.g. d
is chosen to be so and conditions described in (4.19) are satisfied. then the local stability of
the system (4.22), (4.23) around its zero solution is determined by the linearized system

é=Age+bW oo (4.26)

¢= —e(Weh e (4.27)

Now that the system described above has the same form as described in (3.16),
(3.17). the averaging result may be applied. If the matrix Rg, defined by

s

Re = =l 1

i T
o Tl-l:Eo T Wgo(t w oo(t )de (4.28)

n'\t'

.Where
- ! Agr—1) -
We(e)= [hTe ™ "bWg(ndr (4.29)
V]

contains eigenvalues with positive real parts and if for all eigenvalues A €c(Rg).

Re(X) =0, then the original system (4.22). (4.23) is unstable. This result matches that

oblained by Riedle & Kokotovic if one applies a stationary reference input r (¢ ).
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S. Robustness and Persistent Excitation:

In this section, we are interested in examining cases where the systems described in
(4.22). (4.23) and (4.26). (4.27) are unstable, in the event that the input has only finitely
many spectral lm&s Recall that, when the reference input has more than 2n spectral lines
(is rich enough). it yields exponential stability for the ideal system [3).

When r (2 ). reference input. has finitely many spectral lines, the matrix Ry, in equa-
tion (4.28) can be written as:
1 L . “3 . . r; 2
ROO:-—.Z n(jv;,)n (]V;)Hao(p.jvi)T (5.1)
where n(s ) is the transfer f unction matrix of W, from the input 7 (¢ ) and d (¢ ) and r, is

the magnitude of the input spectral line at f requency ¥; ( Here we use r; 10 represent both
magnitudes of r(z ) and d (¢ ) ).

Since Hg(p.s) may no longer be SPR for high frequency inputs, the phase of
H f’o(P .5 ) may be less than —90° at those frequencies. The following theorem will provide

a sufficient condition under which the input with such frequencies can destroy the stability
of the system. For the sake of simplicity, we put down the following definitions which

will be frequently used:

Definition: Good Signals, Bad Signals.

A stationary signal is said to be good if its spectral support C
{v 1 —90° </Hg(p.jv) <+90°}. A stationary signal is called bad if the spectral sup-

port C{v | LHg(p.jv)> +90%0r L Ho(p.jv) < —90°).

Theorem: Suppose the unforced linearized system described by (4.26). (4.27) is not per-
sistently excited by good signals. then a bad signal with either small enough or large mag-

nitude will result in the instability of the adaptive system.

Before we prove the Theorem, we state a Lemma whose proof is in the Appendix.

Lemma: Given a block diagonal matrix of the form:

agro 0 0 0
0 ar: byry ' g 0
0 =bdyryay, .. o 0
A=P . . .. PT ri>0 i=0,1,.... k

a; T b‘» Y
. “b‘. ry arr;
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where P €R#%X(Q2k+1) 2 L pn and P=

uUg.up.vy ot 4.V |y v; €ER?, s of full

column rank. Further, @; #0, i = 0,1.2, - - - k. If there exists an @; >0, j #0, then
there exist £o. &) > 0, £ < £;. such that 0(A ) [| €2 =@ and for all X €0(A4 ), Re(A) =0

when either r; S & orr; 2 £,.

Proof of Theorem:
In (5.1). denote ;z(j v, ) and Hg(p.jv, ) by the following:
n(jve)=u + i and He(p.jui)=a, + jb (5.2)

where ¥; .v; € R> and a;.b, €R. Note that a sinusoidal input with frequency v, in fact.

will yvield two spectral lines v and —v in the frequency spectrum. Hence. Ry in (5.1) can

be rewritlen. in terms of v; .v; .q; .b; as:

. ;2
Ry = —aorlugw, —.zl a;(uu; T +viv, T 4b; (uy v, T —vju;7) JT (5.3)
J:
Grouping u; ,v; into P, i.e.
P= [ll(..ll].\'l. ULV ] (5.4)

P is of full column rank from [19]. Substitution of P into equation (5.3) yields the fol-

lowing expression:

0 0
ayro? _‘71"12 _bﬂ“l2
3 2, 2, 0 0
0 biri ey 0
0 2 2 .. 0 0 _
Re,=P| . : e R (5.5)

coar? b2
2. 2

byr,? ar?
2 2

By assumption that there exists a bad signal which yields an @; < 0. j # 0 in the matrix
of equation (5.5). Consequently. the Lemma shows that o0(Rg) N C; =@ and for all

A €0(Rg). Re(A) % 0 for sufficiently large or small rj. Therefore, applying Theorem in

section 4, the results then follows.

Q.E.D.
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Comments:

69 This Theorem points out the importance of sufficiently rich good signals for main-
taining the stability of the adaptive system in the presence of unmodeled dynam-
ics and output disturbances.

(ii) The Theorem does not guarantee that. the system will become unstable for any
magnitude of bad signal. However, heuristically speaking, the closer the phase of
Hg(p.jv) is to —180° (when v is the frequency of a bad signal). the wider will

be the dynamic range of the bad signal giving rise to instability in the system
(4.22). (4.23).

(iii) Unstable behavior of the system (4.22), (4.23) will arise even in the presence of
persistent excitation of good signals if the magnitude of the bad signal is

sufficiently large. due to the fact that

& .2
I =tr(Re)= —agre? l1ugl12= 3 %( g 1124 1l 112) (5.6)

i=]
where 3 A, is the sum of all the eigenvalues of Rg,.

(iv) On the other hand, in the paper by Bodson et al [2). one can directly obtain the
conclusion that dominantly rich good signals can guarantee that the parameter
will stay in the nbhd of the tuned parameter value 6, provided that the initial

guess is close enough 10 6, by visualizing the system (4.22), (4.23).

Beside the instability which appears in the Gradient Type adaptation algorithm, the
Least Squares Type algorithm also possess the similar property. The following Corollary
will be stated with proof in the Appendix 2.

Corollary: If all conditions in the Theorem are satisfied with the adaptation law changed
to Least Squares Type with forgetting factor plus the total spectral lines due to either input
or output disturbance are more than 2n . then a bad signal with sufficiently small magni-

tude will result in the instability of the adaptive system.

The possible slow drift of the parameters to the extent that the closed loop plant
transfer function becomes unstable results from the fact that the quadratic term of equa-
tion (4.23) is of the form

—€QehTe = —e[0.FI(t).(hTe ) . F5(1 )T (5.7)

where F,(z) and F,(t) are internal signal from the filter block. Note that there is a
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constant sign term —e€(h7e)® which corresponds to the rate change of parameter d.
Hence. if Ad, starts from a negative value and drifts away from the origin. then dg could
drift to minus infinity provided other parameters don't retard its drift. Eventually, when
d, drifts to a critical value. the closed loop transfer function becomes unstable which
causes the system to fall apart. On the other hand, if these conditions don't hold. then the

system parameters could drift to the region where oscillations occurs.

We illustrate the results on Rohrs’ examples. In his 1st example. the simulation was
generated using a nominally’ 1st order plant with a pair of complex but highly damped
poles. described by

C ()= 2 229
%) (s +1) (s*+30s +229) e ] (58)

and a reference model

= 13) [r ()] (5.9)

In Rohrs’ 2nd example. he used the same nominal plant but with less-well damped unmo-

deled dynamics at a somewhat lower frequency. namely:

R 100
» = 57y Grvss w100y @) (5.10)

The following table summarize the simulation for different examples with several

different reference inputs and/or output disturbances.

Example 1.

Case: | Tuned Value 6, r(1) d(1) e.v. of Rg, Fig.
1 0.51,-0.01 2+0.5*sin(16.1*1) | O -15.68 . 0.0085 2
2 0.51 . -0.01 2 0.5*sin(16.1*t) | -15.68 ,0.0075 | 3
3 0.51 . -0.01 2+0.3*sin(8*t) 0 -15.68 . 0.0075 | 4
4 1.28 ,-5.11 0.3+3*sin(8*1) 0 -0.556 +0.663j 5
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Example 2.
Case: | Tuned Value 6, (1) d(t) e.v. of Rg Fig.
0.51 , -0.01 2+0.1*sin(10%) | 0 -15.69 . 0.00013 | 6
2 0.51 ., -0.01 2 0.02*sin(10*t) | -15.69 . 0.00005 7
3 1.50 . -1.00 0 3 00.000 , -6.000 8

Remarks for Example 1:

()

(2)

(3)

(4)

The instability behavior of the adaptive sysiem in the first three cases can be

predicted in light of the fact that one eigenvalue of Ry, is positive.

In the cases where the output disturbance d =0, the quadratic term in equation

(5.7) is simply

0

(hTe ) (5.11)

—€Q eh’e = —¢

which explains the drift of the parameters d . and hence c. as shown in Fig 2 and
Fig 4.

In case 2, the bad signal resides in the output disturbance term rather than in the
reference input term. which vields the similar destabilizing effect since the regres-

sor signal Weo contains the output disturbance.

Cases 3 and 4 show the contrast between stability and instability of the adaptive
system. The sinusoid, sin (8¢ ). which appear in both cases is a bad signal in case 3
whereas a good signal in case 4 since the tuned values 6, are different. This simu-

lation result serves as counterexamples to Rohrs et al [18] and Chen & Cook [4].

Remarks for Example 2:

(1)

(2)

The simulation shown in case 2 counteract the claim by Chen & Cook in the fact
that the slow drift instability occurs regardless of the relatively small magnitude
of the output disturbance. Due to long time elapse for this simulation. we simply

choose the ratio between magnitudes of good and bad signals to be 100.

In case 3, the system is driven by zero reference input along with the constant
output disturbance. The slow drift of parameters when d is large enough become

obvious if one rewrite the expression of (4.23) in this case as:
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é: —€ [20d] hTe —€ (hpe )2 —€ ;)2 (5.12)

presuming all the stable initial conditions are zero.

The last exam'ple. still using the same plant and model. illustrates the instability of
the Least Squares Type algorithm. Due to the similarity to the previous examples using a
Gradient Type algorithm, only a single result is provided here and is shown in Fig. 9.
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6. Concluding Remarks:

In this paper. we presented instability theorems for averaging analysis of one and
two time scale systems. These techniques were then applied to the model reference adap-
tive control system of relative degree one using either Gradient or Lease Squares type
adaptation algorithins to explain the slow drift instability due to unmodeled dynamics
and output disturbance existing in the slow adaptation case. The importance of persistent
excitation of good signals was well stressed. which was not directly shown in the previous
work [1]. [8]. (16]. [17]. [18].

The remedy to this kind of instability can be either changing the adaptive law as sug-
gested in [7] or making the reference input dominantly rich in the right frequence content.
On the other hand, this analysis also facilitates one 1o see that certain extent of robustness

of such system may still be achieved:
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Appendix 1.
Proof of Lemma:

Without loss of generality we, assume a; > 0 and decompose A into two parts:

A= PoBopg +P18p P{

= Agt+r A, (a.1)
where
Po=[u0.u1.v1. .u“.,).v(‘._”] Pl"—"[ll“ .V‘-] (32)
and
are 0 0
0 ary by 0
0 =byiay; | 0 0 a b
By= . . . B, = -5 a (a.3)
QGarig biar4
C=biaria aar 4
Define
Alt)=A,+1 A, t 20 (a.4)

Clearly, A, is a singular matrix. To show O is a semisimple eigenvalue of A, it suffices to

show that: for allm > 0 and some x € R*" such that A7 x = 0, then Agx = 0.
Since
A7 = PoBy(PEPo)B, - - - Bo(phPo)BoP] (a.5)
and B,.(PlP,) are all nonsingular matrices, A x = 0 if and only if Agx = 0, which
shows the proof. Moreover, all the (right) eigenvectors of A, associated with 0 eigenvalue

coincide with the left eigenvectors of A, associated with the same eigenvalue. Conse-

quently, the orthogonal projection denoted by P4 o associated with the O eigenvalue is sym-
metric.

In (a.4), when ¢ is small, the perturbed O eigenvalue of A, can be approximated to
the 1st order of ¢ by: (Kato [13] )

AMe)=to >0 (a.6)

where o is the nonzero eigenvalue of the matrix PADA,, P, - From the fact that the real

part of Py A, Py o 1S positive semidefinite and a, > 0. one can show that

Re(A(t)) =t Re(c) >0 (a.7)

Since (a. 6) holds for small ¢, hence there exists £, > O such that o(A4 (¢ )) N Cs = for all



-23-
0<:t < 50.
On the other hand. for all eigenvalues )\, (¢) € (A (¢ ))
ZN@E)=tr(A@))

k=
= X fair; (g 12410 12) F 42 {a, (1l 112 4 liv 12) (a.8)
i=0

which shows that o(A (t)) N €3 = G provided ¢ is large enough. i.e. there exists & > O,
t 2 §,.

Finally, suppose there exists an eigenvalue A € 6(A ;) where Re (\) = 0. then the per-
turbed A(r ) satisfies Re (A(z)) 2 0 for t small or large enough ([13]). This completes the

proof.

Q.E.D.

Appendix 2.
Proof of Corollary:

For Least Squares Type Algorithm with f orgetting factor, the equations describing the

system can be shown 10 be:

€= (Ag+b¢ Qe +oW 7 0 (a.8)
o= —eP""(W"eohr +(eq +d)Q)e —ePQchTe —67"1(290+d )W'oo (a.9)
P=—-eal+ EWoWTg +e Wg,(Qe ) +(Qe MW T o +(Qe)Qe ) (a.10)

Consider the nbhd of (e .¢) = (0.0). we can approximate the system by:

€= Age +bWTo¢ (a.11)
b= -6}4 W",ohre -ei,-l(EQO +d )W-oo (3.12)
P= —caP+eW W7, (a.13)

Now, P is simply a time varying function independent of ¢ and ¢ and is a bounded. posi-
tive definite matrix for all time z if A0)= P(0) = 7. Then. assume € is sufficiently small.
we can apply the averaging results to the system described above, i.e. the averaged sysiem

for the slow variable ¢ is
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b = €R(0) ¢, (a.14)
where
1 s+T "
R(0)= =lim — [ PJ(t)W 4 (t )Wa(z )dr (a.15)
fm 7 [ EROW o, :
and
P, = —eaP, +eﬁ'90 (a.16)
where
1 s+T )
Rq= Jlim [W'go(x IWT g (¢ )dt (2.17)

Since P,, — % Ry ast =00, R(0) then will converge 1o aR”"go Rg,. where by assump-

tion & 6, is positive definite. Using results in the Lemma . one can show that: by small per-
turbation theory, for all sufficiently small r; in Theorem of section S, o(A) n Ci=a

Hence the similar results follows.

Q.ED.
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