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ABSTRACT

We find conditions on the input signal of an output reachable possibly
unstable linear system. under which the output is persisiently exciting. The
conditions are given in both frequency and in time domain versions. Inter-
preting these results in the context of controllable or observable state space
realizations we obtain some interesting facts relating persistency of excita-
tion of the input, state and output signals.

To illustrate the importance of our results we propose an adaptive
identification scheme with "least squares” update law for multivariable
plants with proper transfer function. We prove that parameter conver-
gence is guaranteed for any stationary piecewise uniformly continuous
input with nonzero minimum interdiscontinuity distance and at least
2n + 1 points of strong support of its spectral measure, where n is the
McMillan degree of the plant. With covariance resetting the convergence
rate is shown to be exponential. Without covariance resetting we prove,
that the convergence rate is as 1/ ¢ for sufficiently fast identifiers. and in
any case at least as fastas 1/ V1 .
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1. Introduction

It has been a well known fact for some time, that the state trajectory of a stable con-
trollable linear time invariant system realization driven by a stationary input is per-

sistently exciting if the input spectrum has at least n points of support, where n is the

dimension of the realization. This has been proven for continuous time systems [1.2] as_

well as for discrete time systems [3]. For discrete time systems and stationary input sig-
nals the input spectrum condition has been shown to be equivalent to the, in discrete time
more commonly used, time domain concept of persistency of excitation of order n [3.4].
In this form the result has.been extended to include the output function of any output

reachable system with the state trajectory of a controllable realization as a special case [5].

A somewhat unexpected difference between the continuous and the discrete time
proofs. is that in continuous time the system has to be stable, an unnecessary requirement
in the discrete time case. This observation has not surprisingly mspxred attempts to prove,
that the result is valid mdependently of system stability in continuous time as well as in
discrete time [6]. At least one such "proof” has appeared in the literature, but we have
found it to be incorrect, and as far as we know, a correct version has yet not been pub-
lished. In this paper we therefore give another proof of this fact. More specifically, we
determine input conditions, under which the output of an output reachable possibly
unstable continuous time system with proper rational transfer function is persistently
exciting. In particular these input conditions ensure that the state trajectory of a controll-
able realization is persistently exciting. The input conditions are given in both frequency
domain and time domain versions. Our results are stated for general multivariable sys-
tems, and také advantage of the possibility of baving a controllability index lower than

the McMillan degfee.

The difficulty with the proof for unstable systems is due 10 complications arising

from the zero-input response. In discrete time this response can be cancelled by means of



a trick involving the Cayley-Hamilton theorem. The usual way of translating results
from discrete time to continuous time by replacing the shift operator by differentiation
does not work in this case, because the differentiation operator, unlike the shift operator, is
unbounded. We have therefore utilized a generalized continuous time version of the
"Cayley-Hamilton trick”, and thereby found a large class of interesting signals producing

persistently exciting outputs.

To illustrate the importance of our results, we apply them to show parameter con-
vergence of an adaptive identification scheme with least squares update law. The scheme
we propose is a multi-input-single-output (MISO) version of the Narendra-scheme for
single—input—sifxgle—output (SISO) systems [7]. It applies to multivariable proper possibly
unstable plants of known McMillan degree. We prove that under appropriate but reason-
able input conditions, the estimated parameters converge to the true parameters, and we
find the convergence rate for schemes with and without covariance resetting to be exponen-

tial and as 1/ ¢ respectively.

During the course of proving these results we define a few new concepts such as
" piecewise uniform continuity”, "minimum interdiscontinuity distance”, "strong support
of a positive semidefinite matrix valued measure”, eic. and develop a collection of useful

results relating them to various other properties of functions.

We point out, that our results are not only of general interest. in that they remove
part of the difference between what is known about continuous and discrete time systems.
Our convergence proof for the adaptive identification scheme shows, that they are also of
practical importance. Here the fact that persistency of excitation can be guaranteed regard-
less of stability, means that we can ensure parameter convergence, without any prior
knowledge about the pole locations of the plant. It also means. that the convergence does
not i'ely on the zero-input response to fade out, hence showing that the convergence rate is
not directly related to the distance of the poles of the plant to the right half plane. This

indicates some robustness of the scheme even when applied only to the class of stable



plants.

The paper is organized as follows: In the following section we introduce some nota-
tion. In section 3 we define a few key concepts, and develop a set of useful related propo-
sitions. In section 4 we prove that the output of an output reachable system is per-
sistently exciting under certain input conditions. In section 5 we then establish a few facts
governing persistency of excitation of the input, the state and the output of a state space
realization. Finally in section 6 we apply the results developed in section 4, to adaptive
identification as discussed above. In the interest of brevity some of the more procedural

proofs are omitted. These proofs are available by the author.

2. Notation
The following notation is used throughout this paper.
|7] 1largest integer <~
[r] smallest integer 2r
e; column vector with i th element = 1, and all other elements = 0

- [x(OT ..

X 3 - x"=1TF for anv 1 =1 times differentiable function x: R — €".

Maximum and minimum are denoted by \ and / respectively. A sign indicates a
Fourier or Laplace transformed function. A * is used for complex conjugate as well as

convolution. Finally all vector- and matrix norms are 2-norms.

3. Preliminary Definitions and Propositions

To be precise about what we mean by a few concepts. which will arise in some of the
results later on, we begin this paper with some preliminary definitions. (This is necessary

since some of these concepts are not standard in the literature.)

Definition 1: Let X C R. and let (M ,p) be a metric space. We say that the function

f:X =M is piecewise uniformly continuous if
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(i) f is piecewise continuous, i.e. 3a countable set D € X such that f is continuous on

X\D and B ND is finite for every bounded set B C R

(ii) Ve >0, 38(e) >0 such that p(f (x,).f (x;)) <€

VY x;€(supi{x;—8(e))UDN(—co x;];inflx; + 8(e)}UDN[x,,00). Vx,€X

We see that piecewise uniform continuity is nothing but piecewise continuity with a uni-

form modulus of continuity.

Definition 2t Let f: M =Y be a function from a metric space (M.p) to a topological
space Y. Let D C M be the set of discontinuity points of f . We define the minimum

inzerdiscontinuity distance x(f ) of f by

K(f ) = d,,‘idnzfer(d l'dZ) (3.1)

The following two propositions show that most of the input signals of our interest will

more or less automatically be bounded with bounded derivatives.

Proposition 1: If a piecewise uniformly continuous signal u: R = €™ with minimum

-~

interdiscontinuity distance x >0 is stationary, i.e. has well defined autocorrelation func-
tion

tg+l
R,(7) == lim 1 f u(t u¥(t +7)dr  uniformly int, (3.2)
T=o T %o

then it is bounded.

Proof: Suppose u is stationary. Then 3T € (0.00) such that

to+7
iz [uG@w¥(@)de =R, <1 Vic€R (33)

‘o



B =R, (0 + 1 (3.4)
and
K=xkAT (3.5)
Then
Lo+¥ 1o+l
inf MR = [ iu@)itd €1 [ oulu® @) (3.6)
1 € [ 1 g+7]) K 1, K To
l(,"‘r
<2y fu(z)u*"(z)d:u<_"‘_f_ﬁ. Vi, €ER
K 10 K

Now u has minimum interdiscontinuity distance x 2k >0, so V¢ € R 3 a half open
interval /(¢ ) containing ¢, with endpoints ¢o(z ) and to(z) + K on which u is continuous.
Since moreover u is piecewise uniformly continuous, =B >0 independent of ¢ such that

Me(ey) —u(e M <1 Vi, 1, €1(t) with Iz, —12,! <8. Hence

) 1
. K mlB.\x , K
e (2 N1 € e (el + 5[ < 7
u()\:ér}{r)u()l+l:5_-|\(i)+-8_+1<°°. 3.7
Proposition 2: If u: R = €™ is bounded and u") is piecewise uniformly continuous with
minimum interdiscontinuity distance x >0, then u'?, . .. ,u) are bounded and piecewise

uniformly continuous with minimum interdiscontinuity distance x > 0.

Proof: Consider first a scalar signal u: R = €. Since 2z’ is piecewise uniformly continu-
ous with minimum interdiscontinuity distance k >0, V 2, € R Jan interval 7(z,) contain-

ing t, and of length ¥ :=«xA 1 such that ¥"? is continuous on /(z,). Hence by Taylor's

formula
u)= Yatr +Gleom)r Vi €l (3.8)
i=0
where
T=1t-t, (3.9)
(i)(e
a; (l 0) = u,—(O) i =0..... l (3.10)

!

a(to1) SM; <o Vig€R (3.11)



By a tedious exercise in calculus one can then show that

tut Xz ) s(z+1)!(-§-)’(szz)”(Mu + M.i') <o (3.12)

K

Ve €R, j=0,...,1

where
M, hsuglu(t)l <o (3.13)
t€

If u is multidimensional, the proof holds for each of its components., and hence for u
itself. Finally since 2. .. .. u“) are bounded. it follows that »®, .. ., u¥~1) are uni-

formly continuous. |

Definition 3: We say that x: R = €" is persistently exciting (p.e) if 3 constants A <o
and a >0 such that
totd

[ x@}x¥ @) 2al Vio€R (3.14)

to

The next proposition shows that a non-persistently exciting signal can in general not be
made persistently exciting by filtering with a finite impulse response filter. This means
that persistency of excitation can be inferred from a filtered version of a signal, and for

some interesting filters linear combinations of derivatives of such a version.

Proposition 3: Consider two functions ¢:R—= € and y:R — €°. Assume that
g € L%(R) has compact support, and that ¢ * y is persistently exciting. Then y is per-

sistently exciting as well.

Proof: Let ligil denote the L2-norm of ¢. and let [¢,.2,] be a compact interval containing
its support. Then using the Cauchy-Schwarz inequality. Vv € €.V, €R. VYV A 20, we
have

[ 4 °+A t °+A P

vE [ (g y)XeXgx yW(da v= [ | fqew¥ya—r)dr1?dr (3.15)
to to -0



1y
€A sup Ifq('r)v‘"y(t—‘r)dtlz €A eSO, llqll f Hy(t—1)1%2d7

X Y; °+A] o lr g7 oAl 1,
To—ty+3 (2 gt )+ =1y +A)
Salgiz [ ivHy(r)2dr = AllglPv¥ [ y(r)H(r)drv
o~ 2 to=2

Since ligll <ooand £, —7; <oo we see that the persistency of excitation of ¢ * ¥y implies

that of y. |

Definition 4 We say that x: R — €" is persistently exciting of order l if x is [—1 times
differentiable. and the vector valued function z = [x(O7 - x U=V} s persistently

exciting.

The following definition generalizes the idea of support of a measure to the class of

positive semidefinite matrix valued measures.

Definition 5: Let S: B! = €™>™ be a positive semi definite matrix valued measure on the

" Borel sets B! of R.

We say that wo €R is a point of support of S, and write w € supp(S). if S(0) is

positive definite V neighborhoods O of w._

We say that w, is a point of strong support of S, and write w € ssupp (8).if

va (w)dS (w)kv(w) >0 (3.16)

Ity ()it B l ¥ w€R

V neighborhoods O of wg.

Remarks:

1) The definitions above make perfect sense with R and the Borel sets on R replaced by

any measurable space. This however, will not be used in the following discussion.

2) If S is one dimensional then ssupp (S ) = supp(S).



3) ssupp(S) C supp (S). because

. H = 3 MH y 2 3 \H
livlll}gl v S(O )V i-vllggl .!:V ds ((ﬂ)t z liv (@) gllf\- w€ R '£‘ (w)ds (w)v (w) (3‘17)

4) A point of support may not be a point of strong support. Consider. for example, the

case when
SO = [7(F¥(wdw (3.18)
Q
where 7(w) € €™, m 22 and the functions 7;(), ... ,7, () are linearly indepen-

dent over € on every non degenerate interval. Then S(O) is positive definite. but

[v# (@)dS (v (@) (3.19)

inf
Iv(w)i 21 v wER re)

= : HeoN ) _
w (o S «»Gn!,l lvH (0)F () 12dw =0

V neighborhoods O of w, V wo €R.

For the class of spectral measures the notion of support is related to persistency of excita-

tion according to the following proposition.

Proposition 4t Let x: R = €":t —x(¢) be a stationary function with autocorrelation

R,:R = €"*  and spectral measure S,. Then

supp (S, ) =@=>S5,(R) >0 <>x is p.e. (3.20)

Proof: The proof, whose non-trivial part was given in [2], follows from the fact that
10+T
L [ x@)xF@)dr = R(0) =5,(R) (3.21)
T 7o T~ ’

uniformly int, on R. We Jeave the details to the reader. |

To be able 10 make use of proposition 3 in the sense described above, we need the fol-
lowing lemma, which proves the existence of FIR filters preserving the excitation proper-

ties of a signal.



Lemma 1: Consider a bounded signal u: R = €™, persistently exciting of order ! and such
that v~ is piecewise uniformly continuous with minimum interdiscontinuity distance

k >0. Let{d,: R = € | a €(0,00)} be a collection of integrable functions such that

supp(d,) C R(a) =[-r(a)r(a)] (3.22)
where
r(a) a-_;O . (3.23)
and
| fd,(1)d71 2B >0 Va €(0.c0) (3.24)

Then d, * u is also persistently exciting of order ! for a large enough.

Proof: Since u is bounded and =1’ is piecewise uniformly continuous with minimum
interdiscontinuity distance x >0, it follows from proposition 2 that ¢?, ... ,u~1 are all
bounded and piecewise uniformly continuous with minimum interdiscontinuity distance
x >0. From this one can readily show that:

tota
st@) = sup J =1 e —0) — (e PG dr = 0 (3.25)
'0 !0 a =0
?.0€ Ria)

Since u is persistently exciting of order [, 3A <o and a >0 such that

f w (e ufi(t)dt Z2al (3.26)
o

Interchanging order of integration we have

1g+A tgt+d .
S uGwPeir = [ (d, » w)eXd, * ) ()t (3.27)
’ :°+A°

= lfd,(-r)dﬂ? J (e e e
-0 20

@ oo to+A
+_L£°da(") [ fw (¢ =7t =0) = 1 (¢ (e )ldr d;(0)d T do

2Bad = ([ 1d,(r)1d7)?s @) — Bal >0 B
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Next we define what we mean by a spectral line of a vector valued stationary signal.
Although impossible 1o generate in practice, spectral lines yet serve as a good idealization
of what one would accomplish in trying to generate a signal whose spectral measure has

isolated points of strong support.

Definition 6: A stationary function x: R = €" with spectral measure S, is said to have a

spectral line at wy if S, ({we}) is positive definite.

Remark:

If x has a spectral line at wp € R. then w, is a point of strong support of S, , because

for every neighborhood O of w,

i fv” (w)dS (w)lv (w) . (3.28)
0

Iv(iw)l 21 v w€R

p-- : H
Z - gllf\. wER v (wg)S ({we})v (wy) >0

A natural way to generate a signal ¥: R = €™, which approximately has a spectral line, at

w,. say. would be to let u () = ¢(z Je’ ™, where the components @, . ..,¢, of ¢ are

square waves whose periods are distinct odd multiples of some strictly positive number.

Finally we establish the relation between the order of excitation of a stationary sig-
nal and the number of points of strong support of its spectral measure. As a first step we
check the conditions under which the correlation function of the derivative of a signal can

be expressed in terms of the derivative of the correlation function of the signal itself.

Proposition 5: Consider two signals u: R = €™ and v: R — €'. Assume that
(i) u and v are jointly stationary, i.e. [u” v’} is stationary.
(ii) u and v are jointly stationary.

(iii) u is bounded.
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(iv) v is piecewise uniformly continuous with minimum interdiscontinuity distance

x >0.
Then
R ()= R.(1) (3.29)
dr
and
- _ d
R, ()= T R, (1) (3.29v)

Proof: Let D be the set of discontinuity points of v. Since v is piecewise uniformly con-
tinuous. 3 functions Xi,.-.,Xm: R =(=1h1,lA|) such that for ¢ €C(h)

={t €ER:t=d >h| V¥d €D}

vi(t+h) = v;(2)
h

= v; (e +x: () (3.30)

and

o v(etR)=v(@) _
S(h).-résg?h)" F

Since v has minimum interdiscontinuity distance x >0, the set R\C(h ) has Lebesgue

vl = 0 (3.31)
h=0 -

measure not greater than 2A7 / k., and from proposition ] we know that v is bounded, say

by M, <oo. Thus

t+n

AL +hi‘ vie) -‘;(t)“=";7 [ W(r)=v(e)ldrl €2M, (3.32)
VYVt €RN\C(h)

Since u is bounded, say by M, <eoo, from (3.31) and (3.32) it then follows that

IR"" (r+h) - R, (1)

[ h — R, (N (3.33)
g+
- "}i::_;_ {u(t)[vﬁ(t+f+h2‘—vﬁ(t+f) — vH( )] de

4hM,
<M,s(h) + K‘ -0

h =0

which proves (3.29a). Equation (3.29b) then follows, because

R, (1) = RH(—1) = 7(%7 RH(=7) = — d"_7 R,(r) B (3.34)
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Proposition 6: Consider a signal ¥ with speciral measure S,. Assumeu®, ... ,u¥~D are
jointly stationary and that ©~? is piecewise uniformly continuous with minimum inter-

discontinuity distance x > 0. Then

cardinality ssupp (S,) 2! => u is p.e. of order ! (3.35)

Proof: Note that the fact that uY~" is piecewise uniformly continuous with minimum
interdiscontinuity distance x >0, implies by proposition I that ©“~! is bounded. Hence
u~2 is also (piecewise) uniformly continuous (with minimum interdiscontinuity distance
= oo), and thus by induction z?, . .. ,uY~? are all bounded piecewise uniformly continu-

ous with minimum interdiscontinuity distance 2« >0. From proposition 5 it then fol-

lows by induction that

Ry, (1) = (=1)YRS*)N7) i.jelo,...,1-1} (3.36)

Since v and hence R, are bounded. this has Fourier transform

13.,,(.‘ @) = (=jw)(jo) R, (@) (3.37)

where the tempered distribution ﬁ . is the Fourier transform of R,. Hence

R, ,@(0) - R, (,a-n(0)
RO =] : - (3.38)
‘ u(l-l),,(o)(O) e R"(z-x),‘u—x)(o)
(=jw)r,
= { : dS, (@) (o)L, - - - (w1,
—je)Y i,

For an arbitrary vector v € €™\ {0} let

Vis) = [s°1, - --s'",]v € €™ [s] (3.39)
Since the polyvnomial vector V has at most ! —1 zeros, there is at least one point @, of
strong support of S, . such that V( jw,) =0. Now Vis continuous, so 3 a neighborhood

O, of w, such that

v G al >."_V_(_’22ﬂ >0 VYw€o, _ (3.40)
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and since w, € ssupp (S, ),
vHR, O = [VH(ju)s, @)V (jw) (3.41)
R

WG IE [+ (@)ds, (w)v (@) >0

> "}H iw)d ‘; 7 > i
> ! (jolS @V (j) 2 ——  , &f o)

Thus R&(O) is positive definite. The proposition then follows from proposition 4. I

4. Output Reachability and Persistency of Excitation

In this section we consider a continuous time possibly unstable linear system with a
pXm complex proper rational transfer function H (s ) € €2 *™(s). We will with abuse of
language but without ambiguity use the symbol H 1o refer to the system itself as well as

its transfer function. For the following discussion we assume that -

H(s)=N(G)D™Ns) D(s)e €*[s]. N(s)€ €*[s] (a.1)

is a polynomial, column reduced, right coprime matrix fraction description (MFD) of H .
and that

%(t)=Ax(t) + Bu(t) (4.2a)

¥(@)=Cx(t) + Du(e) (4.2b)

with u(¢)€ €™, x(t) € €, y(r) € €F is a minimal state space realization off} . Thus
H has McMillan degree =n , and Markov parameters

(M¢.M,.... . M,,...) =(D.CB,....CAi"'B, .. .) (4.3)
The (minimum) relative degree of H and the maximum column degree of D . we denote by

r and u respectively, i.e.

ro= /_\J rel deg H ij (4.42)
$
a= \/J degﬁ ij (4.4v)

where H ij and D ij are the (i,j) entries of the matrices H and D respectively. Recall
that u is independent of choice of column reduced right coprime MFD N(s)D~Ys), and
that in the usual case of a non-constant H (i.e. for n #0), u is the controllability index

of any minimal state space realization of /. More precisely



u=min{v EN | rk[B AB ---A""'B]l=n} n €N

For any function f taking values in a vector space, we write

Z(f)=f"'oh

We then recall that the characteristic polynomial X of H is given by

Xs) = ix;:" =detD(s) = det (s/—A)
i=0

SO

ZG)=2Z(detD)=0(4)
and

degH = degX = degdetD =dimA =n

14

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

Finally we recall that H is said to be output reachable (or output controllable ) if ¥ t; €R,

Yy € €,3t, >tgand an input u: R = € such that x(z,) = 0=>y(t,) = y.

With this notation we are now ready to state the key result of this paper. It essen-

tially gives frequency domain input conditions under which the output of an output

reachable system is persistently exciting.

Theorem 1: Consider the system H above with input u and output y. Assume that:

(C1) H is output reachable.

(C2) u is piecewise uniformly continuous with minimum interdiscontinuity distance

x >0.

(C3) u is stationary. and the strong support Qof its spectral measure S, satisfies at least

one of the following:
(i) cardinality Q>n—r
(ii) cardinality [Q\jo(A)] >u—r

Then y is persistently exciting.

We prove theorem 1 by building up a few intermediate results, from which the theorem
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follows as an easy consequence. Until then we assume that the conditions (C1) - (C3) are
satisfied. The first of these results gives the link between persistency of excitation of the

system input and its autocorrelation and spectral content. It is stated in the following

lemma.

Lemma 2: For any compact set X

1g+a
% f u(z ¥ (¢ +7)de = R(7) (4.10)
Xo Bad

uniformly in (z4,7) on RX K.

Proof: The lemma follows from the conditions (C2) - (C3) of theorem I. The proof is

technically involved and therefore omitted. It is available on request. |

We now address the construction of an initial condition killer. By this we mean a
scalar function. which when convolved with the output y of the system H . "kills off” the
zero input response. This technique of getting around the "unpredictable” interaction
between the zero input response and the zero state response of the system, is the trick that
makes the proof of theorem I valid regardless of whether H is exponentially stable or not.

If H (s ) is exponentially stable this technique is unnecessary.

According 10 condition (C3) of theorem 1. we can pick [ distinct frequencies

;. ...,w; €R such that

wy...., 0, €EQ I >n=-r (4.112)

or

0, ...,0 €QN\jo(A) | >u—r (4.11v)
In either case choose a function d: R = € € C" (R) with compact support supp(d) = X
and Fourier transform d : R = €, such that

d(—w;) =0 i=1..... l o (4.12)

A simple choice would be:
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n+2 {
lw,' |
dt)=Rarect(@) a>\V —— (4.13)
i=1 =1 27

With d: R = € so chosen. we define a new functiong: R = € by

q(t):a'i((%)d(t)= ix,-d(”(z) (4.14)

i=0

We then have the following:

Fact 1:

~

(i) d is continuous.
(ii) g is continuous.

(iii) g has compact support supp(g) = K

(iv) g x e?* =0

Proof: Property (i) follows because d is continuous with compact support. Indeed. since
the map KXR = €: (z.0) =e™’* - is continuous and K is compact, the collection

{IR— C:w—=e ' | t €K} is equicontinuous. Thus

1d (0) = d (we)! € [ 1d(E)1 le™® =™ | gt (4.15)
X

S(supX - inf X') sup Id (¢ ) sup le='* —¢™/™ |} 4 0 Vaw€R
1€K €% » [P ™
Since d € C" (R) has compact support. (ii) and (iii) hold. Moreover using integration by
parts and the Cayley-Hamilton theorem we have
(gxetNe)=Xx [diNr)es s (4.16)
i=0 -0

= f.x; [d(1)AieAtdr =X(ANd x e#*Xz) =0
i=C —co

which proves (iv). i

We call the property (iv) the killing property of ¢. Any continuous function with
compact support having this property is. for reasons given above. referred 10 as an initia!

condition killer of H on supp (g ).
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Now define a map X: R = €7 by

X(0) = [q(1)Ce*""Bd1 + g(a)D 0 <0 (4.17a)

= = [q€r)Ce? ™ BdT +q(0)D 020 (4.170)
[+ 4
and let X: R — €™ denote its Fourier transform. Some of the properties of these func-

tions are summarized below:

Fact 2=

(i) X has compact support.
(ii) X is continuous.

(iii) X is continuous.

(iv) The rows of X are linearly independent over € on —Q

Proof: From (4.17) we see that supp (X ) is contained in the compact set

Ky = [inf X ,0]U[0.sup K] (4.18)
Hence (i) is true. Since ¢ is continuous with compact support. and the map
(0.7) =e4'"™) is continuously differentiable, by the bounded convergence theorem
X (o) — q(0)D is differentiable and hence continuous when restricted to either o <0 or

o 2 0. Moreover by the killing property of ¢
lim [X(0) = g(a)D] - [X(0) = ¢(0)D] (4.19)
o . N
= 1i Alo—7) -AT
E%Lq(fxe Bdr+£q(1)Ce Bdr

=Clg + e4*)0)B =0
Thus X (o) — g (0)D is continuous on R, and (ii) follows from the continuity of g. Con-

dition (iii) then follows from (i) and (ii). Finally by changing order of integration (per-

missible because g is continuous and has compact support), and again using the killing

property of g, for w € R\—jo(A ) we obtain

X(0)=H(ju)(w)=H(joxjw)d (@ =N(jw) adjD (ju)d ()  (4.20)
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Since X (w), N (jw). adjD (jw) and d (@) are all continuous functions of @ on R. we con-
clude that
X(jw)=N(jw)adjD(jw)d () Yw€R (4.21)
(even though H( jw) is not well defined for w € —jo(A4)). From (4.12) we then have
that
k[% (—0y) - - - X (=w,)) (4.22)
= rk [N (—jw,) adj D (—jw,) - - - N (—je, ) adj D (—jw; )]

Assume for a moment that (4.11a) is satisfied. Since the system His output reach-
able. the rows of H and hence those of N adjé =K X are linearly independent over C.
Thus Vv € €@\{0}, 3j €{1,...,m} such that v N (s) adjD (s Je; is a nonzero poly-
nomial. Since

N(s)adjD(s)=H(s)x(s) Vs € €C\o(a) (4.23)

we have that

degvA N adjDe; Sn—r <I A (4.29)
Therefore Vv € €\{0}, 3w, €{w,....,w ) such that

vH N (—jo, ) adj D (—jw, ) =0 (4.25)
This shows that

[N (—jw;) adj D (—jw,) - - - N (—jw;) adj D (—jeo, )] (4.26)
has full rank. From (4.22) it then follows that the rows of X are linearly independent

over Con{—w;....,—w,} C -Q
If (4.11a) is not satisfied. (4.11b) must be, in which case

detadjD(—jw;) =0 i=1....,1 (4.27)

Hence (4.22) reduces 1o

rk[X (=) - - X (—w; )] = tk [N (—jw;) - - - N (—juy )] (4.28)
Since the rows of H = ND~! are linearly independent over €, so are those of N. Thus
Vv € €\{0}. 3j €{1,....m} such that v¥N(s Je; is a nonzero polynomial. Since

N(s)=H(s)D(s) we have that
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degviNe, Spu-r <l (4.29)
By analogy with the previous case, from (4.28) it therefore follows that the rows of X are

linearly independent over. € on —Q This completes the proof of (iv). B

Remarkss
1)  Only (iv). which follows from (C3), depends on the conditions of theorem 1.

2) The jump from n—r+1 to u~r +1 in the required number of points of strong sup-
port of the input spectrum taking place if these points are restricted to be outside the
set jo(A ) may seem a bit strange. Thex"e however exist output reachable multi input
systems with u <n and finite sets Q={w;, ...,w,}] such that
d (~wy))= -+ = d (~w,) =1, but [}2' (=wy) - -- J?(—wn )] does not have full rank.

Consider for example the minimal realization

A = diag(—jw,, ..., —jw, 3.1 — jw,) (4.30a2)
B=C=D-=1, (4.30b)

Then
eH[X () - - X (=0,)]=0 B (4.31)

Next let ) denote the functionm ;=g * y: R = €. We then bave the following.

Fact 3: Sconstants A <eand a >0 such that

1g+A

S nGmi(eddr 2aal  Vio€R (4.32)

to

i.e. m is persistently exciting.

Proof: Using the Kkilling property of ¢. and changing order of integration, (permissible

since ¢ is continuous and has compact support.) it is straight forward to show that

n=Xr»u (4.33)
Then by another straight forward calculation
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tgtd 1g+d

1 1
— [ nemi(@t)dr = X(0) — [ uG=ouf (t-1)dt XH(r)dodr (4.34)
| L1903 ]
2 /[ | X()R,(o-7)X"(1)dodr

L

l°+A

—k/‘l[llRu(O‘-‘r)—% [ uG=—ouH (t=1)dt 11X (X* (1)dod 1

X Hx to

Since X: R = €”>" is bounded, lemma 2 implies that the last integral above tends to 0
uniformly inzoon R as A — oa Therefore using the convolution theorem we have
194 :
= [aumPeda — [ [X@R(e-nx" ) adr (4.35)
A ‘o o ky Xy
= [ X (~w)dS, (@)X " (~w) )
uniformly in o on R. Let v € €\[0}. Since the rows of X are linearly independent

over € 6n -0 3w, € Qsuch that v7 X (-~w,) #0. Since moreover X is continuous, Ja
neighborhood O, of w, such that
X H (—w, Wi

2
Since @, is a point of strong support of S, . it follows, just as in proposition 6 that

X H (=)l >0 VYw€O, (4.36)

vE [ X (—w)ds, (@)X 7 (—w)v >0 (4.37)
This shows that the right hand side of (4.35) is positive definite. The fact then follows

from the uniform convergence of the left hand side in the same equation. B

From proposition 3 and fact 3 it now follows that y is persistently exciting. This com-

pletes the proof of theorem 1.

Remarks:

1) For single input systems D is scalar. Hence

u=degD = degdetD =n (4.38)
which means that the two subconditions (i) and (ii) of (C3) in theorem 1 are

equivalent.
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3)

4)

5)
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For multi input systems neither of these two conditions implies the other. Consider

for example a system with minimal state space realization

1 0 0 1
A=1]0 jw, O B=10 C=1; D=0 w,®0 (4.39)

Then

Q= {0.—wo.wo} => (i) is satisfied while (ii) is not satisfied.
whereas for w; € {0.— wg.wo!

Q= {—w,.0;} = (ii) is satisfied while (i) is not satisfied.

The output reachability condition (C1) is necessary. to guarantee that y is per-
sistently exciting for all initial conditions. This is obvious since the zero state
response takes values only in the space R [D CB CAB - --CA"~'B], which is equal

o & if H is output reachable.

The input conditions (C2) - (C3) are not necessary, as can easily be verified by sim-

ple first order SISO examples such as

A=B=C=0 D=1 u(t) =1 (4.40a)
A=B=C=0, D=1 ul(t)=random telegraph signal (4.40b)
A=B=C=1 D=0 u@)=retl-) (4.40¢)

Note that it is not true in general, that the required number of points of strong sup-
port in condition (C3) can be reduced. if the system possesses unstable modes. For
example in the case of a strictly proper first order system, only n=r +1 = 1 point of
strong support is required. However, for every input u with compact support T, 3

an initial state

x(0) =~ [Ce=A"Bu(z)d 1 (4.41)
T

such that the output y is not persistently exciting, even if the single mode of the sys-
lem is unstable. Thus an attempt to compensate for a point of strong support of the

input spectral measure, by exciting an unstable mode with an input of finite duration
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might fail.

6) Note that because X ¥ (w)lv varies over O, . the strong support assumption is neces-

sary in the proof above.

The rest of this section is devoted 1o another version of theorem I for which the
iﬁput conditions are expressed in the time domain rather than the frequency domain. It
does neither follow from nor imply,. theorem I. and the proof is considerably different.
The two theorems are however closely related. We begin the proof of the theorem with

the following lemma. which may be a useful for other purposes as well.

Lemma 3: Consider the system H above with input u and output y. Assume that:
(C1) H is output reachable.
(C2) u is locally integrable. e.g. piecewise uniformly continuous.

(C3)3 a function d: R = € €C"(R) with compact support, such that d * u is per-

sistently exciting of order n —r +1.

Then y is persistently exciting.

Proof: Let

g() =M2)a ) = FxdDe) (4.42)

i=0

As was shown in the proof of fact 1, the conditions on d ensure that ¢ is an initial killer

of H. Let furthermore

vi=dsy - (4.43)
nNm=gq* y' (4.44)

Then
i) = fq(f)Ce"“ Tx(t)d T (4.45)

+ [q(r) [CeA—"~91Bu(0)d od  + [a()Dut—r)d 7
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Due to the killing property of g. the first term on the RHS of (4.45) vanishes ¥z €R.
Changing order of integration (permissible since the integrand is continuous and has com-

pact support ). the second term on the RHS of (4.45) can be written

- n -
fC X fd(‘)(‘r)e""‘""”d TBu(t +a)d o (4.46)
(4] i=0 -—cC

[Q n P
- fC ZX.‘ fd(”(‘f)e‘“"'“)d 7Bu(t +0)d o

i=0 -0

Since d is smooth with compact support. using integration by parts (4.46) can be
expressed as

irs R i=1 . : ‘. - o

JC IX (LA a“ =)+ A" [d(r)e? "4 1]Bu(t +a)d @ (4.47)

o r: i=1 @
- fC Ixi[- LAaidt=i=0) + A' [d(1)e? " d 7]Bu(t +a)d &
- i=0 j=0 ~

By the Cayley-Hamilton theorem and (4.3) this reduces to:

f Z":xi if_l M; yd 717 (=0 (t +0)d o (4.48)

“wi=0 j=0
Observing that the last term of the RHS of (4.45) can be written as

XiMod (Tt —1)d T (4.49)

do8
M::

1

we therefore have -

- i

n() = f ixi T M;d =i (e —1)d = (4.50)

—w0 i=0 j=0

Since d is smooth with compact support and uis locally integrable, the differentiation can
be moved outside the integral sign in (4.50). Changing summation index and recalling that

My=---=M,_, =0, we thus obtain

)= F ExMio;d x u)e) (4.51)

j=0i=j

Im PR xnIm

*

=M, ---M1| . . Voo aa(2)
. O

Since the system is output reachable and the leading characteristic polynomial coefficient
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X» = 1, the matrix

Ip v anm

M=IM M (4.52)
O

has full rank. Since moreover v is persistently exciting of order n — +1. 3 A <o and

a >0 such that

14 °+A

[ @M ()de 2rg(MMHE)al >0 Vio€R (4.53)

Since ¢ is continuous with compact support, the rest of the lemma follows from proposi-

tion 3. B

Theorem 2: Consider the system H above with input u and output y. Assume that:
(C1) H is output reachable.

(C2) v is bounded and u*~") is piecewise uniformly continuous with minimum inter-

discontinuity distance k > 0.

(C3) u is persistently exciting of order n—r +1.

Then y is persistently exciting. -~
Proof: Let
n+2
d,(¢) = Rarect(@) a>0 (4.54)
Then
—1_n+2 n+2
supp (d,) = [~ ——.——1] (4.55)
and
- [du(r¥dr=1>0 Va >0 (4.56)

so by lemma 1 3@ <oosuch that d; * u is persistently exciting of order n —r +1. More-
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over d; € C" (R). and by proposition 2 u is piecewise uniformly continuous and hence

locally integrable. The theorem therefore follows from lemma 3. B

Remark:

Most of theorem 1 could have been deduced by choosing a smooth function d: R—-C
with compact support, and whose Fourier transform is nonzero at at least n —r +1 of
the points of strong support of the spectral measure of the input signal, for example
n+2

d(t) = ‘?Ela rect(az) a >0 (4.57)
for a large enough. Let v =d * u. Using lemma 2 it can be shown that
v .. ,v®=") are jointly stationary. so by proposition 6 v is persisiently exciting
of order n—r+1. It then follows by lemma 3 that y is persistently exciting. One
reason for choosing the other approach is that it brings out the role played by the

controllability index u.

5. State Space Realizations and Persistency of Excitation

The theorems in the previous section relates persistency of excitation of the output of
a linear system to the spectral content and the time domain behavior respectively of its
input. For a given (not necessarily minimal) state space realization (A,B.C.D) there are of
course similar relations between the input and the state and between the state and the out-
put. In the discussion of these relations below we will use the same notation as in the pre-
vious section, but we relax the over all assumption, that A ,B.C.D refer to a minimal real-

ization. The following input/state-relation is a simple consequence of theorem /

Corollary 1: If (A .B) is controllable and the input conditions (C2) - (C3) of theorem I or

theorem 2 are satisfied, then the state trajectory x in (4.2) is persistently exciting.
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Proof: The assumption that (A .B) is controllable is equivalent to the assumption that the
system with input u, output x and transfer function (s/ — A )™!B is output reachable. It

therefore follows from one of the two theorems, that x is persistently exciting. [ |

Some state/output results are summarized below. Let
MJJ P[O"'OMo"'M'_l_j]G clp)(m (51)
where the j leading zeros are pXm matrices. and {M; )2, are the Markov parameters of
the system under consideration. We then have the following test for persistency of excita-
tion of the state trajectory in terms of excitation properties of the input and output func-

tions.

Theorem 3: Assume that (C .A) is observable with observability index v. If the input u

is v—1 times differentiable and the vector valued function

z2(t) =y,0() - ‘EM,J-u‘f Xe) (5.2)
T A

is persistently exciting. then the state trajectory x: R = €" is also persistently exciting.

Proof: Note that for! <v we have

¥@) = CAlx (@) + ioM,_,.uw(z) (5.3)

Therefore by direct calculation ”

yO) - fMo_,u(i Xe)
j=o CA%(z)

2(e) = : =| . |=0x) (5.4)

v=1 -1
i =0

where the vp Xn matrix

CA®

o,=1| . (5.5)
Av-l
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has full column rank by the definition of ¥. Hence

1o+A 1o+a
S x@x#(e)dr 2hmal [ 2()2% ()dr 10pas(00,) (5.6)
to L) .

Vic€ER., VYV A€(0,00

from which the theorem follows. [

Remarks:

1

2)

The Markov parameters can, in principle, be derived from any input-output descrip-
tion of the system or from simple experiments. Thus, in principle. the test does not
require knowledge of the order of the system, let alone a state space parametrization.
The computation of :(t) does however require reliable differentiation of the input.
output and system impulse response signals. To make practical use of the test one

would have to rely on proposition 3 and lemma 1.

If we replace all derivatives in (5.2) by forward shifts. we obtain the corresponding
result for discrete time systems. In this case the Markov parameters are just the

impulse response of the system. Hence the i th component of z (¢ ) is given by

i=1
efz(t)=y@+i=1) = TM__;ult+j)=y@+i=1)—pli=1u(+)] (5.7
j=0
where p(z .u) denotes the zero state response at time ¢ 1o the input u. We see that z
can readily be computed from the input- and output signals (without any unreliable

operations such as differentiation). If, furthermore, the system is stable,

pli=1u(.+t)] i =1,....v can be obtained from the system itself without
knowledge of the Markov parameters. This method can obviously be used in prac-
tice. In the special case when u = 0. this modified test (5.2) reduces to a previously

known result [4].

For unforced systems theorem 3 implies the following.
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Corollary 2: Assume that (C.,A) is observable with observability index v. If the input
u(z) =0 and the output y is persistently exciting of order v, then the state trajectory

x:R = € is persistently exciting.

This fact can also be expressed in terms of the speciral measure of the input:

Corollary 3: Assume that (C.A) is observable with observability index v. If the input
u(zr) =0, the output has jointly stationary derivatives of all orders less than v, and the
output spectral measure S; has at least v points of support. then the state trajectory

x: R = € is persistently exciting.

Proof: From proposition 6 we know that y, is persistently exciting. Since z(z) =0 we

have that

2)=0,x() (5.8)
where O, defined as above has full column rank = n. Hence the transfer function J from

Y, to x is given by

T(s) =(0%0,) 08 (5.9)

Since this n X¥p matrix has full row rank. J represents an outpu: reachable system. The

corollary then follows from theorem 1.
Finally we note some facts which are true for strictly proper systems only:

Proposition 7: For a strictly proper system (D = 0) the following is true.
(i) rkC <p =>y is not pe. =>supp(S,) = @
(ii) IfrkC = p, then

supp (S,) = @=>x is pe.=>y is p.e.

(iii) If p = n and C is invertible, i.e. the observability index v = 1, then
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supp (S,) #@=>y is p.e. =>x is p.e.

Proof: Immediate from proposition 4, theorem 1 and the fact that

Tota 19+
fy(t))'H(t )t =C fx(t)xH(t M: ¢ Vi, eR B (5.10)
To fo

Remark:

1) Note that the conclusion in (iii) is true under the weaker condition that rkC =n. If

rkC <p, however, it is impossible for y to be persistently exciting.

6. Application to Adaptive Identification

To illustrate the importance of the results in the previous sections, we will consider
an adaptive identification scheme for proper, possibly unstable, plants, and prove that it
ensures parameter convergence. We thereby extend the applicability of adaptive
identification techniques to the class of unstable plants. - This is obviously of interest for
the purpose of identifying unstable plants. But more importantly it relaxes the require-
ments of a priori knowledge about whether the plant to be identified is stable or unstable.
After éil the parameters of the plant to be identified are unknown (Why else identify?), so

that the stability properties of the plant are not necessarily available.

In the first few subsections of this section we give a detailed convergence proof for
identification of SISO planis. We then present the natural extension of this result to
identification of multi input single output (MISO) plants, along with the parts of the proof
that differ from the SISO case. Finally we outline how these results can be used for

identification of multi input multi output (MIMO) plants.

6.1. General Assumptions

Consider a plant with input u(¢) € €, output y(r) € € and proper rational transfer
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function

P(s)=1L) - 6.1)

. d(s)
where n and d are coprime polynomials and d is monic of known degree=n. We
assume that the observable modes of the plant are not both unstable and uncontrollable.

The structure of the adaptive identifier is shown in fig. 1.

a ‘{S(S)' —Je +’§ — &

S—
(sI-A)"'b GI-AY'b
a v, % 1
[ G
+
>— <
+
Figure 1

where A € €™, b,f(r)€ €. f,(z) € € *'. Here and throughout the rest of this
paper it is understood that matrices and vectors of zero dimension represent non-existing
signal paths. states etc. With this interpretation the block diagram of the identifier in fig.
1 makes sense even when n = 0. In this case the blocks corresponding to A, b and f o do
not exist, so y;(t) = fi(¢Ju(z), f(z) € €. We make the following assumptions about

the adaptive identifier design and the input signal.

(A1) (A .b) is controllable.
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(A2)a(A )€ €=

(I1) u is piecewise uniformly continuous with minimum interdiscontinuity distance
k >0.

(I2) u is stationary. and its spectral measure S, has at least 2n + 1 points of strong !'
support.

We will w.l.o.g. assume that (4 .b) is on canonical controllable form. It can then readily

be verified, that under the assumptions (A1) and (A2) there exists a unique parametriza-

tion g = [g] g1} .go€ € .g, € € * of the plant P on the form given in fig. 2.

Q l— 4(51'“'5 ‘ W 9“ : .

Figure 2

6.2. Notation

We introduce the following notation for the analysis of the adaptive identifier.

h (\(t )
Identifier state: v(t) = py)
u(t)

w oz )

Plant state: w(t) = ()
u(e)

13 For single input planis the attribute "strong” in condition (12} has no significance. When referring
10 (I12) in the multi inpu1 case it is important however that "sirong™ not be omittec.
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ole) olt) olt)
State error: €(t) = lgy(e)]| = wy(e )| = pi2)
0 u(t) u(e)

o(t )
Estimated parameters: f (¢) = 1(2)

True parameters: g = t:
Parameter error: () = tog ;, = tol - Kog: ;I
1 1 1
Identifier output: ¥ie)
Plant output: % @)
Output error: e(t)=y50)=y(t)=g"w) = fH@W()
=t w(t) +g¥e(t)

Note that the identifier- and plant "states” are not states strictly speaking in that they

include the input as well.

6.3. Update Law

For the convergence analysis we assume that the identifier is updated according to the

"least squares with covariance resetting” update law:

P(t)=B1 >0 Ve Ry ={nT}™=, (6.2a)
Pa)==PeWw(EWH(@)P(t) Vit €RFf =[0.00\Rr (6.2b)
F@)=Pew@)?t) Vi 20 (6.2¢)

for some ' € (0,00} Note that the "ordinary least squares” update law withow covariance
resetting is included as the special case for which T = ca In any case it follows immedi-

ately that

P71(0) >0 (6.3a)
dizp-l(z.) =veWwH() Vi €RS (6.36)
de)==f@)==P@Wkdle'(t) Vi 20 (6.3¢c)
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6.4. Convergence Ahalysis

From fig. 1 we see, that, for n 2 0. the transfer function O (s) from the input u (s )

to the identifier state v (s ) is given by

s°P(s) s (s)
X sI —AYWBP(s)| k" 1P(s) ls"=1a(s)
QGs)=| (sI-A)% |= s° - 1_ = |s%(s) = ! (6.4)
1 . x(s) ) X(s)d (s)
S"—l n—ld: (S)
X(s) E(s )d (s)

Since degX + degé >n—~1+degd 2n-—1+degn. the transfer function Q(s) is
strictly proper. Moreover if [af aF]Q (s) =0, where ag € €7, a; € €"*!, then

ao(sn(s) =ay(s)d (s) 6.5)
where ao(s) and a,(s) are polynomials and deg ag <n = deg& . If ap(s) £ O, the zeros
of the two sides in (6.5) must coincide, and then at least one of the zeros of d ,must also
be a zero of n. This contradicts the assumption that d and n are coprime. Therefore
ao(s ) =0 and hence (s ) =0. which shows that the rows of é are linearly independent
over €. I follows that any sysiem with transfer function é (s ) is output reachable.
Under the input assumptions (I1) - (12'5 this means that the hypotheses of theorem I are
satisfied. Thus the identifier state v is persistently exciting. i.e. 3A <oo and a« >0 such
that

19+A

fv(T)\’H(T)d‘T Z2al VYio€R (6.6)

to
From (6.3) it then follows that

Pt )= P7Y0) + fv('r)v” (Mt 2 EJM Vi 20 6.7)
[

Next from fig. 1 and fig. 2 we see that

volt) = Avo(t ) + by, (¢) (6.8a)
vi(t)=Avy(2) + bu(z) (6.8b)
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wolt) = Awo(t ) + by, (¢) (6.92)
wit) = Awy(2) + bu(z) (6.9b)
Hence
éo(l )= V"o(t ) - \;o(t )=A eo(l ) (6.103)
Et)=w, () =v, ()= Aeyt) (6.10b)

Since 0(A ) € €2, this implies that €(r ) .= 0 exponentially, ie. 3M <eoand A >0 such

that

le(z )l €Me™ Ve 20 (6.11)
We now introduce the function

t

V() = ¢ (e P71t dp(e ) — { lgHe(r)12d 1 (6.12)
This is almﬁst a Lyapunov function. The only difference is the presence of the second
term, which contributes a time varying but bounded.(and therefore, for our purposes.
harmless shift). From (6.2) and the expression for the output error in section 6.2 we see

that V(¢ ) is differentiable on RS and that

V(i)=—1¢g" )+ gHet)12=— 1e(t)I2<0 Vi €RS (6.13)
Thus

‘ V) SV(rT) VYt €rTaT +T) VYn €Ny:=NU{0} (6.14)
From (6.1), (6.7). (6.11) and (6.12) it then follows that

B (T JI? + l'g';—iMi e 7 2 BUp(nT I + [ 1gHe(r)1%d 7 (6.15)
nl

=VnT)+ [ 1gHe(r)12d r 267 (£ )P~12 (2 )
0

= ¢ () [PUnT) + j:v(-r)v”(r)dr]q&(t) (B + [’ "A"I'Jax)lm(z)ll2
Ve €rT.nT +T) VYn €N, '

Hence

(IR € BlIg(nT )2 + Le~2M7

B+ l—AnTJa

Vi€[nTaT +T). vn €N, (6.16)

where
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_ g2 m?
| L — (6.17)
For the update law withowr covariance resetting (7 = eo) with n =0 (6.16) yields:
2
gt e < BIEOIE+L -, (6.18)

1 <o

4
+ a
B a
i.e. parameter convergence with rate 1/ vz . For an update law with covariance resetting

(T <o) (6.16) yields:

Hp((n +1)T N2 Sa lg(nTE + be™2MT Y n €N, (6.19)
where ‘
a= BT _ (6.20a)
B+ ™y a
b=__L (6.20b)
B+ T a
A
Hence
2 &0 2 a" —e 2" - -
Il¢(nT)ll' a” (0 + & —— ée (6.21a)
HA(RTR Sa” 1102 + na" b a =e N (6.21b)

In any case for a resetting period 7 2 A. (6.20a) shows that

p(nT I — O (6.22)

n <o
exponentially. This shows that exponential parameter convergence can be obtained by
sampling the estimated parameter vector f (¢) at resetting times ¢ € Ry only. To relax

this, we see from (6.16) and (6.22) that

sup _ B IR Slig(nT N2 + L g=2w7 o (6.23)
t€(nT Al +T B n ~~o
exponentially.
If the identifier dynamics is fast enough, more precisely if
\V .Res + V Res <0 (6.24)
s€2Z(@d) s€o(Ad)

the convergence rate indicated by (6.18) for the update law withowr covariance resetting

can be improved to 1/ ¢, a fact known to be true for discrete time systems [8]. Indeed



from (6.3) we have that

P ) = = vi(e) [H (e Dbl ) + € (2 )g ]
=— rfr P2 )p(z) — vt )eH (2 )g

Hence
2 1P ()] = - v deH (t)g
SO
P~Ye )p(e) = PHO)P(0) - [v(r)eH (r)gd T
(0
and thus
P~ )N Sy = 2 I(ON + [ v (ol leCrd 7 g
[d
If y <oo, then

(e NI SILPCe P~z (e DIi < 4 S A

Amp-l(t ) t £~
A [+

Now from fig. 2 and (6.8) we have

volt)| _ ole)] _
vq(2) =4 (@) +hul)
where
_ +bg{," *
A=l o 4
with spectrum

o(A) =o(A +bgl)Uo(A) = Z(d )Uo(A)
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(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

Since u is stationary and piecewise uniformly continuous with minimum interdiscon-

tinuity distance k >0, by proposition I it is also bounded. Together with (6.30) this

implies that V A,. > E\/ _)Res. 3M, 0. M, <oosuch that liw(e )l €M, + M,,,ex‘"
s€ o4

V¢ 20. Likewise since 0(4 ) C €2, from (6.10) we know that V¥ A, > e\/‘,H.Re.s. 3
s o3

M, <oosuch that lle(z Il M ™

Yt 20. We therefore see that if (6.24) holds. then
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JAe <0and A,. <=\, such that

[ iv(@nnernar < [ Cliw (21 + lle(r ) lle(r lid 7 (6.33)
[4 [U

< [(Muo+ Mure™' Me™dt + [MZ*dt <o
[ [¢]

in which case ¥ <eoand (6.29) holds.

6.5. Extension to Multi Input Single Output Plants

The adaptive identifier in the previous subsections can  readily be exiended to
identification of MIMO plants. We do this in two steps. In this subsection we discuss the
MISO case. The extension to multi-output plants is even simpler and treated in the next

- subsection.
Consider a plant with input u(z) € €, output y(z) € € and proper rational
transfer function

P(s)=[P(s) - Pn(s)] (6.34)
and left coprime polynomial MFD

?(s)=ézl(s)ﬁz(s)=;%[a,(s)---ﬁm(s)] (6.35)
where d is a monic polynomial of known degreesn. In analogy with the previous subsec-
tions we propose the adaptive identifier structure in fig. 3 below. where A € c>.b,
fot)e €, fie),...,fm(t) € € *! and (A b) satisfies the same conditions (A1) -
(A2) as in the previous subsection. It is again straight forward to check that there exisis a
unique parametrization g =[g} - - - gZF . go€ €. g1.....gm € €"*! of the plant P

given in fig. 4.

If we replace the vectors v, w. €, f , g and ¢ in the notation of the previous subsec-

tion by
valvl viu, viu, - viu,¥ (6.36)
wealwl wiu wliu - wlae)J (6.37)

e=[el €f0 €0 - €I0F =w—r (6.38)
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fo=lfe - fRY (6.39)
g =[gl - -gIF (6.40)
¢=lof - dIF =g-f (6.41)
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where all elements except the g;'s are functions of time, and use the same update law
(6.2), the convergence analysis that follows is almost identical to that in the foregoing
SISO case. The only things we have to check are that the identifier state v is persistently

exciting, and that the state error €(z) — O exponentially fast.
I =0

Indeed. from fig. 3 we see that the transfer function Q (s ) from the input 2 (s ) to the

identifier state v (s ) is given by

R (s] — A)%P(s)
Q(s)= @ru —AY%

(6.42)
S

We note that Q(s) is proper. Moreover if the 1xm matrix o?Q(s) =0 where

a=[afl - -alY.an€ €.a,,...,a, € €C'*!, then

Vu—Aﬂﬁum

0=0fQ »=[a”--- H (6.43)
Q (s e, 0 &m sI =AY
« (s] =AY
= afl(sI = A)P;(s) + af 1
- - - p 1 ;
= [ag(sdn ;(s) + a;(s)d (s)] = j=1...,m.
) ! ! Xs)d(s) )
where a;, j =0....,m are polynomials and dega, <n = degd . Exactly as in the sin-
gle input case this implies that
as)=ays)= - =a,(s)=0 (6.44)
Otherwise
2@)N N zZG,)=e (6.45)
;=

which would contradict the coprimeness of D ; and N - Hence the rows of é are
linearly independeni over €. Under the input conditions (I1) - (I2) it then follows by

theorem 1, that the identifier state is persistently exciting.

For the state error dynamics we observe by inspection of fig. 3 and fig. 4 that

\;o(t ) = AV()(! ) + b}',. (t ) (6.463)
vit) = Avele) + by (r) i=1.....m (6.46b)
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wolt) = Awo(t) + by, (t) ' (6.472)
w,t)=Awo(@) +by;(t) i=1,....m (6.47v)

Hence
€()=Ae;(t) i=0.....m (6.48)

which shows that €(¢) — O exponentially fast. The results for the (SISO) plant there-
1 o

fore extend to the adaptive identifications scheme for (MIMO) plants above.

6.6. Main Result

We summarize the results above in the following theorem:

Theorem 4: Consider the adaptive identifier in fig. 1 or fig. 3 with satisfied conditions (A1)
- (A2) along with the update law (6.2). If the input satisfies conditions (I1) - (I2), then

the estimated parameters converge to their true values, i.e.

f@) =-g (6.49)

[ -
With covariance resetting with long enough period (T 2 A) the convergence rate is
exponential. Without covariance resetting the convergence is at least as fast as 1/ V7.
Moreover for any (stable) identifier whose slowest mode is faster than the fastest unstable

mode of the plant, i.e. such that

) G\/w Res + se\/M Res <0 (6.50)

the convergence is at least as fastas 1/ z.

6.7. Extension to Multi Output Plants

The adaptive identification scheme for single output plants above can be extended to
a scheme for multi output plants, by simply connecting one replica of the single output
identifier to each component of the plant output. This means that each row of the -plant

transfer function is identified separately. An obvious practical difficulty arising from this



41

approach is the need 1o know the degree of each row of the plant transfer function. By
the degree of a row, say the ith row, of a transfer function we mean the degree of the
transfer function from the input to the i th component of the output vector. This degree is

equal 1o the degree of the smallest common divisor of the elements in the i th row.

7. Conclusion

We have determined input conditions, under which the output of an output reachable
possibly unstable multivariable continuous time system with proper rational transfer func-
tion is persisiently exciting. Although not easily stated in one line, these conditions are
readily met by an'appr;»pﬁate choice of input signal. These conditions were also found to
ensure persistency of excitation of the state trajectory of a controllable state space realiza-

tion.

For observable state space realizations, tests for persistency of excitation of the state
trajectory in terms of the input and the output were developed, and expressed in both time
and frequency domain. Some simple relations regarding persistency of excitation of the

state and the output of a state space realization of a strictly proper system were given.

Finally we proposed an adaptive identification scheme with least squares update law
for proper possibly unstable MISO plants. Using the general framework developed in this
paper. parameter convergence was proved under certain excitation conditions on the input
signal. With covariance resetting, the convergence rate was found to be exponential.
Without covariance resetting it was shown to be at least as 1/ vVt for every stable
identifier, and as 1/ ¢ for sufficiently fast identifiers. It was indicated how repeated ver-

sions of this MISO scheme can be used to identify MIMO plants as well.
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