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Kinematics and Control of Robot Manipulators
Bradley Evan Paden

Abstract

This dissertation focuses on the kinematics and control of robet manipulators. The
contribution to kinematics is a fundamental theorem on the design of manipulators with
six revolufe joints. The theorem states, roughly speaking. that manipulators which have
six revolute joints and are modeled after the human arm are optimal and essentially
unique. In developing the mathematical framework to prove this theorem, we define pre-
cisely the- notions of length of a manipulator, weli-connected-workspace. and work-
volume. We contribute to control a set of analysis techniques for .the design of variable

structure (sliding mode) controllers for manipulators.

The organization of the dissertation is the following. After introductory remarks in
chapter one. the group of proper rigid motions, G, is introduced in chapter two. The
tangent bundle of G is introduced and it is shown that the velocity of a rigid body can be
represented by an element in the Lie algebra of G (commonly called a twist). Further,
rigid motions which are exponentials af twists are used to describe four commonly occur-
ring subproblems in robot kinematics. In chapter three, the exponentials of twists are used
to write the forward kinematic map of robot manipulators and the subproblems of chapter
two are used to solve the Stanford manipulator and an elbow manipulator. Chapter four
focuses on manipulator singularities. Twist coordinates are used to find critical points of
the forward kinematic map. The contribution to kinematics is contained in chapter five
where a mathematical framework for studying the relationship between the design of 6R

manipulators and their performance is developed. Chapter seven contains the contribution

to control. The work of A. F. Filippov on differential equations with discontinuous right-



band-side and the work of F. H. Clarke on generalized gradients are combined to obtain a
calculus for analyzing nonsmooth gradient systems. The techniques developed are applied
to design a simple variable structure controller for the nonlinear dynamics of robot mani-

pulators.

Key words: robotics. kinematics. Lie group, screws, sliding mode control, generalized gra-

dient.
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Notation

Natural numbers, {1,2,3....}.

Real numbers.

The collection of subsets of R®.

1-norm of a vector.

2-norm in R".

2-norm induced by the positive definite matrix P.
The open ball of radiﬁs 8 centered at x

The closed ball of radius 8 centered at x .

The group of proper rotations in R3. The set of 3 X 3
orthogonal matrices with determinant one.

The group of proper rigid motions in R3.

The isotropy groupof G at 0 € R3.

Those rigid motions which have O as a fixed point.
The unit circle (i.e.. [0, 27r] with the endpoints identified ).
The pnit 2-sphere.

The n-torus.

Tangent bundle of the manifold M.

Tangent space of M at x.

Equivalent to.

“Diffeomorphic to.”

“Diffeomorphic to™ via a volume preserving diffeomorphism.
“Parallel to.”

Points in R3.

The line segment connecting O and P.

ii



4 A “Perpendicular to.”
0. An ordered set or list of indexed objects (usually 6).
(e.g. 0=(0,....05)).
f * The ordered set or list of objects whose elements are those

of f with their order reversed.

s¢ Complement of the set .

17/] Empty set.

Cc’ Continuously differentiable 7 times.

Ce The set of linking curves of £.

Cs The set of critical points of the function f .

OminTmax  Minimum and maximum singular values.

1ifx >0
sgn (+) Sign function sgn(x) = { 0if x =0 .
-1ifx >0
. {1} ifx >0
SGN ()  Set-valued sign function SGN (x ) = {[-1.1] if x =0.
{—1}ifx >0
ATAN,  Two argument arctangent function.
co “Convex hull.”
co “Convex closure.”
argmin "“The argument which minimizes.”
n Lebesgue measure
ae. Almost everywhere with respect to Lebesgue measure.
of Generalized gradient of f .
AT The transpose of A .
o(A) The spectrum of A.
C? The open right half complex plane.

flu f restricted to U .
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Chapter One

Introduction

This thesis will focus on the kinematics and control of robot manipulators. Robot
manipulators are the mechanical arms one sees in automated factories loading and unload-
ing conveyor belts or spot-welding auto bodies. Research in the field of robotics encom-
passes topics ranging from actuator design to image processing, but the study of robot

manipulators constitutes a significant fraction of this research.

Robot manipulators are designed to affect general rigid motions on a tool attached to
the end of the manipulator or on objects held in the manipulator's hand. The flexibility of
manipulators is what distinguishes them as robotic systems as opposed to a programmable
machines (e.g. numerically controlled milling machines etc. ). Figure 1.1 shows a
schematic diagram of industrial manipulator. This manipulator consists of six joints which
allow one degree of freedom each. There are two types of joints on this manipulator. The
first type is represented by a cylindrical can and allows only rotation about the axis of the
can; this type of joint is called revolute and is by far the most common joint type. The
second type of joint is represented by a square prism and allows only translations along
its axis; this type of joint is called prismatic. Essentially all industrial robot joints are
either revolute or prismatic. These two types of joints are denoted R and P respectively.
With this notation the manipulator in Figure 1.1 is called a PRRRRR or PSR manipulator.

The kinematics of robot manipulators deals with the geometry of these machines.

~

An important map in the study of manipulator Kkinematics is the
forward kinematic map . Referring to Figure 1.1 one can observe that for each set of

joint positions we can associate a configuration of the manipulator’s hand. This association



maps points in the manipulator's jointspace (R! X T® in this case) to points in the
configuration space of the manipulator's hand (the group of rigid motions on R3). The
study of this map, its inverse, and its critical points (singularities) are main themes in

robot kinematics.

Figure 1.1 Schematic Diagram of a Manipulator with Revolute (R)
and Prismatic (P) Joints.

The dynamics and control of manipulators is also a major research area. A manipu-
lator such as the one in Figure 1.1 will have motors at each joint to actuate the manipula-
tor. The first question one considers in the control of a given arm is given a desired trajec-
tory of the manipulator’s hand. what control law will give the necessary torques to move
the hand along the trajectory? Many control laws have been proposed, most of which can
be placed in the following categories. (1) Linear controllers acting independently at each
joint. These are typically the PID (proportional, integral, derivative) type. PID controllers
are appropriate controllers for manipulators which are either slow or whose inertias are
dominated by the actuator inertias ( this is not uncommon when gear reductions on the

order of 100 exist between motor and joint). (2) Linearizing controllers. These control



laws transform. by state feedback, the manipulator’s nonlinear dynamics so that the input
to state map is linear. Once this is done, a linear control scheme is used to control the
manipulator. (3) Lyapunov-designed nonlinear controllers. The design of these controllers
is generated from a stability analyzis of the manipulator together with the controller. The
advantage of generating control laws in this fashion is that the effects of parameter errors
on stability are obvious and these errors can be accommodated. The control scheme we
propose in chapter six is in this class. (4) Adaptive controllers. These controllers use
information contained in the tracking error to update parameter estimates in the manipula-
tor model. The structure of these controllers can be the same as (1)-(3) with an adaptation

law added (seel1,2, 3] ).

This thesis contributes to manipulator kinematics a fundamental result relating the
kinematic design and performance of 6R manipulators. In the area of control we develop a
calculus for analyzing variable structure control laws which are described by nonsmooth
gradient systems. We use this machinery to analyze a variable structure control law for

robot manipulators. We begin with a review of related work.

1.1 Kinematics and Manipulator Workspaces.

Several authors have studied the relationship between the kinematic design of mani-
pulators and the resulting set swept out by the manipulators hand. Their work forms the
context for chapter five and we review it here. First we discuss the jointspace and the

workspace of a manipulator.

As we saw with the manipulator diagramed in Figure 1.1, a manipulator defines a
map from its configuration space ( called jointspace ) to the configuration space of its
hand. For general manipulators with revolute and prismatic joints this is also the case. To
each point in the manipulator’s jointspace, J . there is a natural assignment of a point in
the configuration space of the hand. The configuration space of the hand is almost always

the group of rigid motions on R3, G, so we write f :J =G for the forward Kinematic



map of a manipulator. For a given manipulator, this map depends on which point in
jointspace we call zero, but we will work that out later. The image of J. f (J) CG is

called the workspace of the manipulator. This is our definition of workspace.

The thrust of the recent studies of manipulator workspaces has been on the genera-
tion of projections of f (J) onto R® and characterizing this projection. There are two
important projections of f (J). They are called the reachable workspace and
dextrous workspace by Kumar and Waldron [4). These two projections are obtained as
follows. Each g € G can be written as rotation about a point P followed by a transla-
tion. That is, there is a natural diffeomorphism, ¢p, of G onto Gp X R3 where Gp is the

subgroup of G which leaves P fixed. Let g, be the natural projection of Gp X R? onto

its R® component. In terms of 7y; and ¢5.

WR (P) é WR30¢p0f (J)
is called the reachable workspace (of P) and

Wy(P) &

W30 bp l[ JACA) ”C

is called the dextrous workspace (of P). The point P is chosen to represent some
significant point attached to the hand of the manipulator. Often P is chosen to be a point
between the fingers of the hand or the point of intersection of the wrist axes. In words, the
reachable workspace is the set of points which can be reached by P and the dextrous
workspace is the set of points which can be reached by P with arbitrary orientation of the

hand. .

Bounds on W (P) are obtained numerically by Kumar and Waldron in [4). There it
is observed that for manipulators with only revolute joints. the boundary of Wy (P) con-
sists of critical values of Wgoppof . By generating a plot of these critical values Kumar
and Waldron were able to obtain graphical bounds. Additional work on the shape of
Wp(P) and Wg (P) is contained in [5] where Gupta and Roth classify holes and voids in
the workspace projections and conditions for their existence are given. The basic difference

between a hole and void can be demonstrated with a bakery doughnut. If the surface of a



doughnut represents the reachable workspace of a manipulator, then the doughnut-hole is
a hole in this workspace and the doughnut-dough is a void. Gupta and Roth also discuss
the behavior of Wp (P) and W5 (P) as a function of P. For a manipulator having its final
three axes intersecting at a point P, , the reachable workspace increases and the dextrous

workspace decreases with increasing IIP — P, |l.

Further numerical studies of manipulator workspaces have been carried out by Yang
and Lee [6]. Tsai and Soni [7], and Hansen et al [8). These studies rely on numerical
methods to generate projections of the manipulator workspace. The advantages of these
schemes over analytical approaches is that mechanical constraints can be easily included.

The disadvantages when compared to analytical techniques are the usual ones.

The approach taken in this thesis to derive relationships between design and perfor-
mance of manipulators differs in several ways from those mentioned above. (1) Rather
than projecting f (J) onto R? we consider the volume of f (7) as a subset of the group
of rigid motions as a performance measure of a kinematic design. (2) We find designs
which optimize our performance measures. (3) The tools used are standard methods of

differential geometry which have not been used in the kinematics literature.

1.2 Control

Many controllers have been proposed for robot manipulators and range in complexity
from simple linear controllers to linearizing controllers which compute the manipulator
dynamics in real time. The PID controllers work well on slow industrial manipulators
where a large component of e;xch joint inertia is contributed by the actuator. This is com-
mon with high gear-ratio drives. However, when the nonlinear dynamics of the the mani-
pulator become comparable to the linear actuator dynamics, the performance of the PID

controllers degrade and it becomes necessary to use more sophisticated control schemes.

To describe some differences between control schemes we need to write a few equa-

tions. The ideal dynamics of a rigid-link manipulator are given by



M@0 +C06)+GO)=F (1.2.1)
where
0 is the vector of joint coordinates
M(0)  is the positive definite inertia matrix
C(0.0) is the vector of Coriolis and centrifugal forces
G(0) is the vector of gravitational forces
F is the vector of generalized forces applied by

the actuators at the joints of the manipulator.

In terms of equation (1.2.1), linear controllers generate control torques which are linear in
the manipulator state [0,07 and a desired state trajectory [0,.0, 1 (6, is sometimes
used as a feed-forward term). Linearizing controllers have a control of the form
F=M@I[0, —k,(0 —6,) —k&,(0 —0,))+C(0.0)+ G(0). Plugging this con-
trol law into (1.2.1) yields the error dynamics & + k,é + k,e =0 wheree Ag-o9,.
Thus, by appropriate choice of feedback gains k, and k, the error converges to zero
exponentially. Finally, robust nonlinear controllers are designed by Lyapunov methods
and have global stability properties. In the analyzis of these schemes one can see explicitly
the effects of parameter errors in the model and can increase control gains to compensate

for these. Our controller is a member of this class of controllers.

The PID controllers are observed to work in practice when the integral control is
omitted or a dead-zone is introduced to eliminate limit cycling due to friction. Linear
schemes without integral control have been analyzed by Golla, Garges. and Hughes [9] and
Takegaki and Arimoto [10]. Both of these schemes are asymptotically stable for set-point
regulation. The later work of [10] uses the Hamiltonian of the manipulator as a natural
Lyapunov function to obtain global results whereas the results of [9] are local for essen-
tially the same system. The primary drawback of linear controllers is the lack of global

stability results for tracking control. This is overcome easily by using nonlinear



controllers.

Nonlinear controllers designed by Lyapunov methods have been proposed by Corless
and Leitmann [11], Gilbert and Ha [12], Young [13], Slotine and Sastry [14)], and Morgan
[15]. These schemes guarantee the convergence of tracking error to a neighborhood of zero
in the presence of disturbances and modeling errors. For the variable structure controllers
the error converges to zero. The basic idea of these schemes is simple and is summarized by
the system described by the following scalar differential equation.

£=u+d(xz) (1.2.2)

x(0) = xy
where u is the control and d (x .t ) is a state dependent disturbance with lld (x £)Il <D.

Suppose that we would like to control x to the origin. Choose the Lyapunov function
V(x) = x?/ 2 and then we have

" V(x)=x@u +d). (1.2.3)
Choosingu = —(k + D)x.k >0 we have that

V) <~kx?+Dlix | =(—kix!| +D)ix | . (1.2.4)
It follows that x converges to a ball of radius D/ k about the origin. By increasing & this
ball can be made arbitrarily small. This simple example illustrates the basic idea of the
Lyapunov based designs. The robot dynamics together with the control are rewritten as a
vector differential equation of the form (1.2.2) and similar arguments are used to derive

the controller gains.

When the above ideas are applied to discontinuous control schemes, technical prob-
lems arise. In chapter six we work out these problems and describe a simple variable struc-
ture controller for robot manipulators. Other variable structure schemes have been pro-
posed for robot manipulators (see [13, 14]) but are not as simple as they could be. This is
due to constraints imposed by analyzis techniques rather than the inherent complexity of

the problem.
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Chapter 2

Rigid Motions and Twists

The group of proper rigid motions on R? plays a central role in the study of rigid-
link robot manipulators. It is the configuration space of the links of such manipulators: the
most important of which is the final link or hand. This chapter will discuss the represen-
tation of rigid motions as exponentials of twists and some commonly occurring problems

which arise in the solution of manipulator kinematics.

Representing the rigid motions which are rotations about or translations along joint
axes as exponentials of twists is discussed by Brockett in [1]. This approach proves useful
for the solution of manipulator kinematic equations in chapter three and as a compact
notation with clear geometric interpretation. The exponential of twists notation is also
used to express a set of commonly occurring subproblems which arise in the solution of
manipulator kinematic equations. These subproblems appear essentially in the form in

which they were presented by W. Kahan [2].

First, the notation used for points and vectors in introduced.

2.1 Points and Vectors.

Identify points in physical three-space with points in R?® via an orthonormal right-
handed coordinate system as usual. Thus, a point P can be represented by an element of

R3 written

P

_ |22
P = 74 (2.1.1)
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where the one in the last row allows for the matrix representation of rigid motions by

" homogeneous transformations in the next section. If O is the origin of the coordinate sys-

0
tem then O = 8 . The four components in the RHS of (2.1.1) do not all have the same
1

units. The first three components have units of length and the "1" is interpreted as a scale
factor (particularly in computer graphics) and is therefore unitless. Identifying a point
with its coordinates in (2.1.1) should not cause any confusion since only one coordinate
system will be used in developing manipulator kinematics. The reader will note that it is
never necessary to specify the coordinate system. This is because the objects we consider
are intrinsic to three-space and anything said about them is independent of the choice of

coordinate system.

Let P(¢) be a C! curve representing the position of a particle. Then the velocity of
P g

the particle at time ¢ is given by

vy(e) pi(e)

vat)| _ d |pae)

Vg(t) T dt P3(t) :
0 1

(2.1.2)

All column vectors having the form of the left-hand side of (2.1.2) will be called
vectors. So for points P and Q. the displacement from Q to P, P — Q. is a vector as
usual. Also, if v is a vector. @ + v. is the point which is Q translated by v. Both points
and vectors will be considered as elements in R3; Their physical interpretations are com-
pletely different however. The zero and one which are in the fourth row of vectors and
points respectively will remind us of this and enforce a few rules of syntax. For example,

it is meaningless to add two points.

The vector cross and dot products are computed in a natural way. If

v = (v;,v2v3.0) and v = (u,.u2u3.0) then

UV3 = U3V,

ugvi— Uzl (2.1.3)

. T A
zuv & uTv and u Xv U Vs — UV,
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2.2 Proper Rigid Motions

Proper rigid motions are maps from R® to R® which preserve orientation and dis-
tances between points. Formally, g:R3-R® is a proper rigid motion if
ligP — gRIl = IP — RII and (gR — g0 ) ((gs — gQ) x(gP — gQ2)) =
(R —-=Q)Y (s —Q)x(P —0Q)) VP.QR.S € R It is well known that when points are
represented as in (2.1.1) such maps can represented by a homogeneous transformation of
the form

Ab

01
where A € SO(3) and b € R3. Let G be the group (under matrix multiplication) of all

g = (2.2.1)

4x4 matrices of the form (2.2.1). G is called the group of proper rigid motions on R3.

The identity. I € G, is simply the 4X4 identity matrix and

Ab T AT
= -A'b
0 1 = IAO 1 | (2.2.2)
If P isa point.theng € G acts on P by matrix multiplication.
P P1
401 |pal _ Jalpaf+ (2.2.3)
01 P3 ) & -
1 1

The interpretation of (2.2.3) is that P is first rotated about the origin of the coordi-
nate system by A and then translated by &. Observe that the 4 X 4 identity matrix

represents no rotation followed by zero translation.

In a rigid body. the distance between any two points attached to the body and the
chirality of any four points attached to the body is constant over the configurations of the
rigid bodfr. If we take this as the definition of a rigid body then we have an isomorphism
between the configuration space of a rigid body and the group of rigid motions. Identify
I € G with some nominal configuration of the rigid body. then a given configuration of

the rigid body is identified with the rigid motion which translates the body from the
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identity configuration to the given configuration. With this identification, a curve in G is
the trajectory of a rigid body such as a moving hand of a manipulator. |

If g(¢) isa C! curve in G representing the trajectory of a rigid body, then the velo-
city of the rigid body is given by -;?g (¢t) € T,(\G where T, G is the tangent space of

G at h [3]. The trajectory g (¢) can be written

Ae)!
g(e) = ___.;P(‘)] (2.2.4)
L}
where P(t) is a C! curve of points and A (¢) is a C?! curve in SO (3) which necessarily
satisfies
A(@)A(@) =1 ¥t €R. (2.2.5)

Evaluating the derivative of (2.2.4) and (2.2.5) with respect to ¢ at ¢ = O for an arbitrary

t
" curve g(¢) through h = I—‘g-:}’] (at ¢t = 0) yields

|
T,G = | I%-:v] :v a vector, BAT + ABT = 0}. (2.2.6)

There is a isomorphism of Ty G onto ;G given by right translation by g L. Thatis,
vg ' € T;G Vv € Ty G. Thus. the velocity of a rigid body can be represented by an
element of 7;G. The advantage of doing this is that the element of of I;G which
represents the velocity of a rigid body is independent of the choice of the identity position

of the rigid body.

Letw = (ml.(oz.wg,.O)r and define the cross product operator constructed from @ by

0 —w; W20
A |®@3 0 —w10
S(w) & w, @, 010[ 2.2.7)
- — 0"
0 0 0‘0

(Observe that S(w)b = w Xb VY vectorsd.)

With this, £ € T;G can be expressed

£=S)+ [-8-;\’] (2.2.8)

for some vectors ® and v .
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Comment: If £, written the form (2.2.8), represents the velocity of a rigid body. then @ is
the angular velocity of the rigid body in radians per unit time and v is the linear velocity
in length per unit time. The point attached to the rigid body which has velocity v is not
the center of mass, but a copy of the origin which is attached to the rigid body at the

instant we measure §.

Comment: Also, § € T;G can be interpreted as a vector field. Note that to each point,
P, £ assigns a vector £P. When £ represents the velocity of a rigid body, the velocity of a
particle, with position P, in the rigid body has velocity £P. Recall that the units of § and
P are mixed and note that £P has the mixed units of a vector; the first three components

have units length per unit time and the fourth component is zero ( with units of time ™).

The vector space T; G is the Lie algebra of G and has the same dimension (= six) as
the manifold G . In the next section, we describe the exponential map from 7;G 10 G. In
chapter four, we study the linear dependence of elements of ;G when we find singular

configurations of manipulators.

2.3 Twists and Their Exponentials

In this section we introduce the notion of a twist [4.5] and its exponential.
Definition 2.3.1: Elements in T; G are called twists .

n

It is common practice to identify T;G with R®. The six components in R® are called twist

coordinates and are defined by the map tc: T;G — RS;

o,

0 —w; @2|v, ) w3

@3 O —wv2| * |o;
—w, w;_ 0 [vs - vy | (2.3.1)

‘ 0 Va2

Vi3

For notational convenience a map that extracts the angular velocity and linear velocity

vectors from a twist is defined similarly.
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w,
w2
0 —w; @21V, w3 |
w3 O —wwva| ¥ |0 ®
2-01- ko3 hnd v, = Ivl (2.3.2)
0 0 0'0 \ )
Vi
0

(Here is a case where we pay a price for using the four component representation of points

and vectors.)

A twist is given the attributes of pitch, magnitude, and an axis. These notions have
their geometric meaning derived from the screws one finds in a hardware store, and are

defined as follows.

Definition 2.3.2: Let £ = ¢c ™}

‘3] then the pitch of £ is defined by

O w20
——— if @
pichof ¢ & [Nl (2.3.3)
otherwise
]
Definition 2.3.3: Let £ = ¢c ™! “': then the magnitude of £ is defined by
llwhl ifw #0
magnitude of £ 4 (2.3.9)
llv I otherwise
[

Comment: The magnitude of £ is not a norm on T;G but is useful in describing zero and

infinite pitch twists particularly.

Definition 2.3.4: An axis of a twist is a directed line I, (line I with nonzero direction
vector u ) with the properties that (i) u X§Q = 0 for all Q €, and (ii) ¥ has the same

direction* as @ (v resp.) if @ # 0 (w = O resp.).

The next proposition identifies the relationship between twists and these attributes.

@

v has an axis. If w 0 then the axis is

Proposition 2.3.1 (1) Every twist € = tc™!
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unique. (2) For each axis, pitch € (—oo00], and magnitude M € (—co,00) there exists a

unique twist having these attributes.

Proof: (1) If @ # 0 then verify that {O +%iv’z + Aw!\ €ER}, isanaxisof §. f w =0,

then verify that any directed line with direction v is an axis of £.

If @ #0, then, by requirement (ii) above, an axis of £ must be {P + A I\ €R},
for some P. Now wx£Q = OforallQ € {P + @I\ € R}, implies
oX(wx(P + A\ —0)+v)=0 VY L€ER

= oX(wxX(P —0)) + wXv)=0
(Asw X =0.)

= (0w’ — Nl?)(P - 0) = —oXxv (2.3.5)
oo’ _ Xy
= l'_ or® [(£ =90 = 1o (236)

T

W
Observe that - is the orthogonal projection map onto the complement of sp{w},
}' T ogonal projecti P p plw}

T
hence the nullspace of 7 — %2- = sp{w}. It follows that (P —0) = %— + Ae for

some A € R, since (P —0) = I_‘Inwill"f is a particular solution of (2.3.5). This implies

{0 + To:o% + Aw X € R}, is the unique axis when @ = 0.

(2)Case 1.2 = ca If M =0, then £ = 0 and we are done. If M 0 and I, is the axis,

th =M_Y_
en v =Moo

and £ =¢tc™! Ie . Case 2. h finite. Let I, be the axis. then

- 174
© = Mm. Let P €., then

oXfP =0 = axX(oxX(P —0)+v)=0

T
= (] — WO _ = @XV 3
( ol P —-0) ol (2.3.7)

Premultiplying both sides of (2.3.7) by S(w) yields

* The zero vector has arbitrary direction
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T
ox(P —0)=—-( - 22_) (2.3.8)
llwll
T
Now %2- is just &, the pitch of £. Solving (2.3.8) for v yieldsv = wX(0 — P) + how.

= f=tc (M, M_“_x(0 — ¥ ).
§=tc” (M . Moo x(0 = P) + hM )

®land @ #0 then w gives the direction of the axis of £ and v

v

Comment: If £ = t_c"l

defines the pitch and position of the the axis of £. The projection of v on sp{w} defines the

pitch and the projection of v on the nullspace of @? defines the position of the axis.

Comment: If £ € T;G represents the velocity of a rigid body, then the axis of £ is the
instantaneous axis of rotation of the body. The pitch of £ is the ratio of the translational
velocity along the axis to the angular velocity about the axis, and the magnitude of § is the
magnitude of the angular velocity of the rigid body ( translational velocity if the angular
velocity if zero).

Comment: A triple consisting of an axis together with a pitch and magnitude is called a
screw . Proposition 2.3.1 shows that there is nearly an isomorphism between twists and
screws and this is why screws are used to represent twists. Screws are drawn to gr.aphi-

cally represent twists just as vectors (little arrows) are drawn to represent velocities.

Example: Let an axis be defined by the directed line through @ having unit direction vec-

tor z, then the zero-pitch unit screw having this axis is

= to—1 z
€=t |; x(0 - Qo )l'
The infinite-pitch unit screw having this axis is
= 70-1|0
§=1wc7'|, l

The following proposition allows us to relate the rigid motion of a twist axis and the

change in the twist.

Proposition 2.3.2 (Rigid motion of a twist) Let £ € T; G with pitch & . magnitude M , and
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axisl,. If g € G, then g g~! € T; G with pitch &, magnitude M and axis (gl )¢a

It follows

Proof: Let £ = tc™! ':,’] then verify that g g~ = ¢!

gw
gv +gS(wg~'o|

that gég~! bhas the same magnitude and pitch as €  Now
uxé0 =0V Q €1, = guxgég™'R =0V R €(gl),,. Finally, u has direction @
(v resp. ) if @ #0 (@ = O resp.) implies gu has direction gw (gv resp. ) if gw ¢>O
(g ® = O resp.)

]
Comment: As we saw earlier, a twist is a vector field in R3. g g ~! is then a vector field

defined in terms of g and €. To a point P, g ég~! assigns a vector as follows. First P is
translated by g ~! to g 1P, then the vector field £ assigns the vector £g ~'P which is then
translated back by g . Graphically, this is equivalent to shifting the entire vector field £ by

g - Thus, the axis of £ simply receives a rigid motion by g .

In the following chapters we will see that exponentials of twists are very useful in
the study of manipulator kinematics. Twists are square matrices so it makes sense 1o
exponentiate them. There is also an important geometric interpretation given by the fol-

lowing propositions and discussion.

Proposition 2.3.3 Let w be a vector and definew 2 % when w #£ 0, then

AAT . ~ _A.T
@7 + sin(llwIDS @) + costlo) (1= a7 | 1+ 0 o

eS(® = (2.3.9)
1 fw=0

Proof: Observe that the spectrum of S(@) is {0, i llwll, —i llwll } and that the minimal
polynomial of S(w) is $y(A) 4 A(A + i lwI)(A — i llwll). Also note that each eigenvalue
of S(w) is a root of multiplicity one of the minimal polynomial. Thus, we can compute
exp(S (w)) by finding a polynomial p(A) such that p(A) =e* V A € o(S(®)) and

then evaluate p(A) at S(@). If @ = 0 then p(A) = 1 will do and so e5® = J for this
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case. If o # 0 then

_ . A A2
p(A)=1+ (smllmll)m + (1 — cosllwlil) Wl (2.3.10)
is an appropriate polynomial. Evaluating (2.3.10) at S (@) yields
e5@ = I + sinllwliS (@) + (1 — cosllwlt)(S (@))% (23.11)

Using the identity ® X (@ Xv) = wo’v — llwll>v, which which is equivalent to

(S ()? = ww? — llwl? I, we have

~

e5@ = @’ + sinllwllS (@) + cosllwli(Z — wwT). (2.3.12)

S (a).

Figure 2.1 Interpretation of e

Figure 2.1 gives the geometric interpretation of e5(=) a5 a rotation by llwll about the
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axis through the origin, O , having direction .

Proposition 2.3.4 Let £ =

tc™! ‘:,’l Q be a point on an axis of £, and P be an arbitrary

point. Then

oo’
Q +e5UP —0)+ ——vife =0

= ol
Proof: If o = O, then
£= [.81:‘, (2.3.14)
and & =0V k£ >1. Thus,
- 0!
Z }_‘_ f:_ =1+ [-04'\:] . (2.3.15)
k —0 k=0 :

and it follows that efP =P +v

If w #0, it is convenient to change coordinates to a system whose origin is on the

axis of £. Since Q is a point on the axis of £,

g }o’QI (2.3.16)

!
is a transformation which takes the origin O to a point on the axis. Note that g is a

translation by Q — O and its inverse is a translation by O — Q. Now

= gg lefgg ! = geleT'r)g 1 (2.3.17)
Defining £ 4 g~1£g yields
. 0 —W; “’Zi
v T AT ®3 O —"’1
€=102| |-w, @, 0 oQ]
"0 "o
. 0 —w, @2
- (1] —Q)
=llo o, «?; 0@ X(@—0)+v (2.3.18)
0 "0~ o

Recall that Q = 0O + ‘:—x"; + Aw for some A € R since Q is on the axis of £&. There-

fore, from (2.3.18)
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0 —Q; (1)) '
e=110 “lo; 0 —o)lee’v
0 w, o1 0 g2

0 0 07

0 _03 (0] !
w; 0 —olwely

= :mz_wl_g_'_llwll'[ (2.3.19)
It is easy to compute the series of ef at this point. Since S (@) we” v = 0, only one term
' oz oY
in the taylor series of the exponential depends on v. We have
£ () + O_: oo’y S(e) 0 imrv
es = ex ') =e + ] 2.3.20
P 0\ Tl ) Twl? (2.320)
Moreover,
gefg~'P = gefl[P + (0 - Q)]
T
= Sy(p — + eS@0 4 @ v 2.3.21
e 3.
§ Q) +e Nwii? (2.3.21)

Recall that e5®) is a rotation about the origin so e5?0 = 0. Also. g is a translation by

Q — O so we have

T

Figure 2.2 gives the geometric interpretation of ef as a rotation about the axis of £ by
llwll followed by a translation along the axis by the pitch times @. Note that when the
pitch of £ is zero, e€ is a pure rotation about the axis of £ by llwll. When the pitch of £ is

infinity, e is a pure translation by v (see 2.3.13).

2.4 Common Subproblems in Manipulator Kinematics (Kahan [2]

Some geometric subproblems occur frequently in the solution of manipulator
kinematics. By identifying the subproblems and solving them as "subroutines”, it is easier
to conceptualize the solution of many common manipulators. It is important to point out
that the following problems are not an exhaustive set for the solution of arbitrary mani-

pulators even though we have found them generally adequate for those commonly encoun-
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axis of {

\ 4
loll? etP

Figure 2.2 Interpretation of e¥.

Problem 1 (Fig 2.3) Rotating a point P about an axis by 0 until it is coincident with
another point R. Formally, let P.R € R? and { a zero pitch twist with unit magnitude.

Find 0 such that

e%p =R (2.4.1)
Solution: Let Q be a point on the axis of { =1t =1 I“',’ I Then

e%p =R (2.4.2)
<=(%P)-0 =R -0 (2.4.3)
<eP-0)=WR -0Q) (2.4.4)

Since e®%Q = Q for all Q on the axis of { as { is zero pitch.
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axis of {

Figure 2.3 Problem 1.

<>y =y (2.4.5)
where u 4 (P —Q) and y 4 (R — Q). By projecting (2.4.5) onto orthogonal sub-

spaces which are the span of @ and the nullspace of @’ , we have that (2.4.1) holds

< o'u=0"y (2.4.6)
and
395(0)[1‘ -— wmru] - Ly -_— mmry] (2.4.7)

Define #' 4 [u —wow'u]and y' 4 [y — wa’y). Equation (2.4.7) is a rotation in the
plane since u’ and y' are both orthogonal to the vector of rotation, @ (see Fig. 2.4). The
angle 0 is obtained from sin@ and cos@ from the cross and dot products of ' and y'. By

expressing the equality in (2.4.7) in polar form we have that (2.4.1) holds

< ofu=0Ty,llk'l =ly'l,
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y ’
0
Figure 2.4.
and
T N )
a)u'#0and § = ATAN, ["’_("rm (2.4.8a)
. u y
or

blu'=0and 0 € [0.27] (2.4.8b)

|

In b) there are an infinity of solutions since this is the case when P = R and both points

lie on the axis of rotation. If (2.4.8) cannot be satisfied there is no solution to (2.4.1).

Problem 2 (Fig. 2.5) Rotating a point P first about one axis by 0, and then about a second
axis (which intersects the first) by 0 so that it is coincident with a point R. To be precise:
let P.R € R’ and {,.{, be zero-pitch unit twists with intersecting axes. Find 0.0,

such that

e®#2%%p — p (2.4.9)

tc v_i fori € {1,2}). Since {, and {, have intersecting axes, we
1]

Solution: Let {; = tc™! l"’

can find a point Q in the intersection.

(a) In the instance that the twist axes coincide we have that (2.4.9) holds if and only if

6, + (0,0

@, Xw, = 0 and e 2ip = p (2.4.10)
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F .
N
gt o}
Q %,
h Y
axis of {,
R

Figure 2.5 Problem 2.
Note that w{w, is *1 depending on whether the axis directions are parallel or
antiparallel. The second part of (2.4.10) can be solved for (8, + (w{®;)05,) using
problem 1. There are O or infinite solutions in this case where the twist axes are coin-

cident.

(b) If the twist axes are not parallel. then

©, X 0, =0 and 1P = ¢*A2p (2.4.11)
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Continuing with the assumption of b) we have (2.4.11) holds

<> Ja point A such that (2.4.12)
e’ ip = 4 =g
<> 3A suchthat (P —0) =4 — Q) = #3& - 0) (2.4.13)

(As Q is on the axes of both the zero-pitch screws {, and {,.)

<>3w such that "5y = w = eozs(“’)y (2.4.14)
whereu 4 P-Q.y 8 R—-Q.w 4 A-0Q.

< owfu = offw (2.4.15a)
ofw = ofy (2.4.15b)
Mell =liwil = liyll (2.4.15¢)
and
15y = o (2.4.16a)
eezsm’)y =w (2.4.160b)

Now @,. w,, and @, X @, are linearly independent so w can be expressed

w = aw; + Bw, + Mw; X ;). (2.4.17a)
Plugging (2.4.17a) into (2.4.15) yields (2.4.15) and (2.4.16) hold if and only if

ofu = a+ B owfo, (2.4.17v)
oly = anfe, + 8 (2.4.17¢)
e 12 = o2 + B2 + 2aBwfw, + A2llw, X w2 (2.4.17d)

and (2.4.16) holds.

Solving equations (2.4.17) for a, B, and A, yields that (2.4.17) and (2.4.16) hold if and

only if
ofu — (ofw,)wfy)
<Sa=
o e (2.4.182)
T T, T,
_ Wy — ((0] (02)(01 u)
8 o (2.4.18b)
A2 = Nz 1?2 - (a® + B2 + 2aB(wfw,)) (2.4.18¢)

llw, X (02"2
and (2.4.16) holds.
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Depending on the value of A2 there will be 0 (A2 =10), 1 (A2 =0). or 2 (A2 >0)
values of w and hence A . The values of 0 and 0, which satisfy (2.4.16a) and (2.4.16b)
(if any) are found by applying problem 1 for each possible value of A . Since there are
only finitely many values of A, we have infinite solutions to problem 2 only if the appli-
cation of problem 1 to (2.4.16a), (2.4.16b), or (2.4.10) generates infinite solutions. Thus,
a necessary condition for infinite solutions to exist is that P lies on the axis of {, . R lies

on the axis of {, or the axes are coincident (see (a) above).

In summary, problem 2, has a solution if and only if (2.4.18) and (2.4.16) hold.
Further, we can get infinite solutions to this problem if P or R lies on the axis of {; or {,

respectively, or the axes are coincident.

Problem 3 (Fig. 2.6) Rotate a point R about and axis by 6 such that it is a given distance

from a second point Q. Formally, Let { = tc™! [‘: be a unit twist with zero pitch, and

P.Q.R € R3 Find 0 such that

WP —e®RUI=4d (2.4.19)
Solution: Let Q be a point on the axis of {. Then equation (2.4.19) holds

<> (P —-Q)—e®¥R -0 =d (2.4.20)
< llu —e®5@y =4 (2.4.21)
where « 4 (P —-Q). y &4 (R —Q). Projecting u — %@y in (2.4.23) onto the

orthogonal subspaces sp{w} and the nullspace of @’ yields by the Pythagorean theorem
that (2.4.19) holds if and only if
ol (@ — y)I2 + (u — wo’u) — e®5)(y — o’ y)II? = d? (2.4.22)

< llu' — e?5@y 12 = g2 — |0 (u — y )NI? (2.4.23)

where z' & (¢ —ww'u)and y' = (y — ww'y). Figure 2.7 shows the triangle we
must solve to solve (2.4.23). Applying a standard angle formula (see [6]. pg. 120 ) yields

that (2.4.23) holds

<> 10 —0,! =21an™! -\/ G - "&'; f'_ "‘m T—(.i' —'"y)u?) ] (2.4.24)
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e
axis of Z

Figure 2.6 Problem 3.

where

ol (y'xXu')
yl u'

s = %( el + Uyl + Va2 — lla? (& — y)IP)

90 = tan'l

There are solutions to this problem if and only if the quantities under the radicals in
(2.4.24) are positive. In this case there are 1 or 2 solutions depending on whether

10 — 04! is zero or positive. To summarize, problem 3 has a solution if and only if
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ey

Va2 = el (u — y)I2

Figure 2.7.
equation (2.4.24) has a solution.
P
.
d
4 e'tR
N
v

Figure 2.8 Problem 4.
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Problem 4 (Fig. 2.8) Translating a point R along a direction v by I so that it is a given

distance d from another point P. In out notation, let { = ¢c¢™*

3] be a unit twist with
infinite pitch. Find { such that

NP —e'iRlIl =d (2.4.25)
Solution: Equation (2.4.25) holds

<>IP—-(R +W)li=d (2.4.26)
<P -RIP+12-20T(P -R)=d? (2.4.27)
<>l =vI(P-R)EVHGT@ -R))? =P —RIF=4d?3) (2.4.28)

There are real solutions to (2.4.25) if and only if the quantity under the radical in

(2.4.28) is positive.

These problems will be applied to the solution of robot manipulators in the next

chapter.
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Chapter 3

Manipulator Kinematics

There are two important problems which arise in applications of robot manipulators.
First, given the configuration of the manipulator. find the configuration of the final link.
This is called the forward kinematic problem. Second. given the configuration of the final
link, find the possible configurations of the manipulator. This, for obvious reasons, is

called the inverse kinematic problem.

The forward kinematic problem is relatively simple if a structured approach is used.
The basic idea of all solution approaches is to specify what rigid motion each joint affects
on those links following it and then compose these motions to obtain the rigid motion of

the hand relative to some zero configuration.

The inverse kinematic problem has no closed form solution in general and is therefore
more troublesome than the forward kinematic problem. It turns out that many industrial
manipulators have closed form solutions which are obtained by repeated application of the
subproblems solved in the last chapter. It is a corollary to the results of Chapter five that

all "optimal” 6R manipulators have closed form solutions.

3.1 Forward Kinematics

A forward kinematic map of a manipulator assigns to each point in the joint space a
point in the configuration space of the last link of the manipulator (the group of rigid

motions).

The jointspace of a manipulator is the Cartesian product of the configuration spaces

of the joints. The configuration space of a revolute joint is S! and the configuration space
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of a prismatic joint is R!. If we let J; (equal to S! or R?) be the configuration of the i -th

a-1
joint, then the configuration space of the manipulator is J = ')_<0J; .
3=

A forward Kinematic map for a manipulator is not unique as we may choose any
configuration as the nominal "zero" configuration. Choosing a "zero" configuration defines
the zero positions for each joint and the hand. In addition to choosing the nominal zero

position, the senses for positive rotation and translation must also be chosen.

Figure 3.1 shows a 3R planar manipulator in its zero position. The manipulator has
three revolute joints whose axes are perpendicular to the page and are marked by dots. Its
joint space is T and its workspace is contained in R? X S! (a subgroup of G ). To find the
forward kinematic map for the manipulator, let £ be zero-pitch unit screws whose axes
are coincident with the joint axes when the manipulator is in the zero configuration (and
have directions consistent with the desired sense of positive rotation). As long as the axis
of joint i is coincident with the axis if £ a rotation of 0; of joint i effects the rigid

94 of the hand. Thus, if we move the manipulator from (0,0.0) to0 (0,.0,.0,) by

motion e
rotating the joints in reverse order, the joints axes are coincident with axes of the &;
whenever we move them. This allows us to write down the resulting rigid motion of the
hand directly as 0% 161598 gince the configuration of the hand in the zero
configuration is the identity,/, in G, the configuration of the hand when the joint angles

are (0,.0,0,) is lobog 0161, O2kay - Ooko, 01y, O2ks So we have that, the forward

kinematic map for this zero configuration is
!
(06.0,,0,) = ¢ ofog 1é1g P22 (3.1.1)

Comment: Clearly. the configuration of the hand is independent of the order in which we
rotate the joints. However, if we rotate joint 1 before we rotate joint 2. then the rotation
of joint 2 is no longer about the axis of £, and the order of the rigid motions of the hand
due to joint 2 and that due to joint 1 is different. In fact. the rotation of joint 2 is about

. (] -0 o
the axis of e ‘g‘gze 1 If we keep track of the positions of the axes as we rotate them,
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M

Figure 3.1 3R Planar Manipulator.
we always get the same rigid motion of the hand independent of the order in which we

rotate the axes.

The above argument extends to n -joint manipulators with both prismatic and revo-
lute joints. In the case of prismatic joints, we simply replace the zero-pitch unit screws
with eco-pitch unit screws whose axes are parallel to the motion of the prismatic joints. In
general, we define a forward kinematic map of an n -joint manipulator as follows. Let
£, €{0.- - .n—1} be zero-pitch (co-pitch for prismatic joints) unit screws whose axes

are coincident with the joint axes of the i -th joint which is revolute. Then

o § ] g
FeOo. - -0,_0) & Jle*™ (3.1.2)
k =0
is called the forward kinematic map of the manipulator corresponding to

£ 8 {6 £a)

3.2 Inverse Kinematics

In applications, it is often the case that a desired configuration of the hand is given

and the inverse image of this configuration under the the forward Kinematic map must be
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found. In reference to (3.1.2), given g €G, find fF'(g). This problem has some
interesting twists. When the joint space has higher dimension than the workspace,
f #(g) is generically an infinite set. An important question for these redundant mani-
pulators is how can the extra degrees of freedom be exploited? Open questions for the case
where the dimension of the joint and workspaces have the same dimension are what is the
number of solutions for the general problem and how can they be found?

Most industrial manipulators are designed such that f z'l(gj can be easily calcu-
lated. In Chapter five we will see that nothing is sacrificed for 6R manipulators when it is
required that f 2_1(8) be easily calculable. To give examples of the solution of equation
(3.1.2) for a common industrial manipulators, we consider the elbow and stanford mani-
pulators. By abuse of notation, we identify the axes of zero-pitch unit twist and the
twists. Thus, we can write &, ng 1 # @ when the axes of £, and £, have nonzero intersec-

tion.

Figure 3.2 An Elbow Manipulator.

3.2.1 Solution of the Elbow Manipulator.
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The important features of the elbow manipulator (Fig. 3.2) which allow the simple
solution of its kinematic equation are that its first two axes intersect and its last three axes
intersect. Let € = {£,. &, - - - .£5} be the set of zero-pitch unit screws whose axes are
coincident with those of the elbow manipulator for some nominal zero configuration.

Definec, & & ngl andcs 8 & n§4 nfs- And the equation we wish to solve is

eogoeolgle6252893£3eo‘4§4e0555 —1 g (3.2-1)
for giveng €G.

Solution: Applying both sides of (3.2.1) to ¢ 5 we have

eo"g"eo‘g’eo’g’cs = gcs (3.2.2)

6,¢

sincee 'Mecs=csVi € {345} ascs=¢, ng., n§5. Next, subtracting ¢y from both

sides of (3.2.2) and taking norms yields

lIeOO§oe°1§1e92§2c5 — coll = liges — ¢l (3.2.3)

0 £, 1
Applying the distance preserving rigid motion (e®%%e®¥1)™" 15 both terms in the LHS of

(3.2.3) leads to

lle°’£’c5 — coll = liges — coll (3.2.4)

as cg € &, ng,. Applying the solution procedure of problem 3 in Section 2.4 provides a
solution for @,. (If there are multiple solutions, we must choose one, and if there are no
solutions, then there is no solution to (3.2.1) for the given g.) With 0, determined.

PREE s is known and (3.2.2) becomes problem 2 of Section 2.4. Thus, we can obtain 0,

and 0,. Next, from (3.2.1) we have

¢ 03635048, 0sks _ (,Ooka, 0161, 022y~ (3.2.5)

Let O, #c5 be a point on €. Then



36
eo’g’eo‘g‘oa = (e%0%0e Y161 9"2)-180:- (3:2.6)

This is again problem 2 of Section (2.4) and 0; and 04 can be determined. Only 05

remains to be determined. From (3.2.1)

¢sEs = (¢ O0fog 0161, 0aks, 0sks, Oby™ (32.7)

Applying both sides of (3.2.7) to O, ¢ & turns (3.2.7) into problem 1 of Section 2.4
and 0 5 can be determined. Thus, using the subproblems of section 2.4 we have determined

all the joint angles of the elbow manipulator.

Qs

Q,

Qo =

Figure 3.3 Stanford Manipulator.

3.2.2 Stanford Manipulator Solution

The Stanford manipulator drawn in Figure 3.3 is quite similar to the elbow manipu-

lator as is its solution. The only difference is that the Stanford manipulator has a
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prismatic third joint instead of a revolute joint. Again, the important features of the stan-
ford manipulator which allow the simple solution of its kinematic equation are that its
first two axes intersect and its last three axes intersect. Let £ = {£,. &2, - - - &5} be the
set unit screws whose axes are coincident with those of the elbow manipulator for some
nominal zero configuration. All of these screws are zero-pitch except for £; which is

co—pitch. Definec, & £, ng, andcs & & n§4 n§5. Now we solve

e O0bo, 0161 Laby 0365 046 Osks _ g (3.2.8)
for giveng €G.

Solution: Applying both sides of (3.2.8) to ¢ 5 we have

e Oo§oe 0 1§1e "250 s = gcs ’ (3.2.9)

Next, subtracting ¢ from both sides of (3.2.9) and take norms yields

"890§oe9]€le‘2§2c5 —coll = "865 - coll (3.2.10)

-1
Applying (e °°€°eo‘£’) to both terms in the LHS of (3.2.10) yields

le' %2 — coll = lges — coll. (3.2.11)

Applying the solution procedure to problem 4 in Section 2.4 provides a solution for I,.
With , determined, e"g’cs is known and (3.2.9) becomes problem 2 of Section 2.4. Thus,

we can obtain 0 and 0,. Next. from (3.2.8) we have

o363 Obag Osks _ (o Ooko, 0161, Fafny™! (3.2.12)

Let O, #c; be a point on €. Then

e03§3e94€40a = (eoogﬁe91512125‘2).180‘3 (3.2.13)

This is again problem 2 of Section (2.4) and 0; and 0, can be determined. Only 0
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remains to be determined. From (3.2.8)

e¥sbs = (eo°€°eo‘g‘e""eo’€3ee‘£‘)—lg (3.2.14)

Applying both sides of (3.2.14) 1o O, ¢ £ turns (3.2.14) into problem 1 of Section
2.4 and O can be determined. As with the elbow manipulator, we have determined all
the joint angles of the manipulator using the subproblems of section 2.4.

It is not new that these manipulators have solutions, but it is appealing that the

solutions can be described so simply in terms of common subroutines.
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Chapter 4

Manipulator Singularities

It is well known that differential motions of a manipulator’s gripper may be related
through the Jacobian of the forward kinematic map to differential motions of the joints
[1). An interesting subject of study has been those configurations of six degree-of-freedom
(d.o.f.) manipulators where the Jacobian is singular (i.e. critical points of the forward
kinematic map). Understanding these singular configurations is important for the follow-

ing reasons.
(1) At singularities, bounded hand velocities may produce unbounded joint velocities.

(2) Points on the boundary® of the manipulator's reachable space correspond to singular

configurations when the manipulator has all revolute joints.

(3) A technique commonly used to plan bounded error, straight line paths in the reach-
able workspace generates more knot points near singularities [2]. This is due to the
fact that the distance between knot points in jointspace determines bounds on error
in the workspace. The scheme suggested by Taylor [2] reduces distances between
knot points in the workspace to improve tolerances. This is effective everywhere
except near singularities where small distances in the workspace do not necessarily

correspond to small distances in joint space.

(4) Points in the manipulator’s workspace which are reachable only when the manipula-
tor is in a singular configuration may become unreachable under perturbation of link

parameters. Since the position and orientation of a manipulator’s gripper are given by

¥ Here we restrict “boundary” to mean those points on the boundary of the geometrical model’s reach-
able space where mechanical limits are not an issue.
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a smooth function of the joint variables and the link parameters. the implicit func-
tion theorem guarantees solutions to the inverse kinematic problem under perturba-

tion of link parameters only where the Jacobian is nonsingular.

Manipulator singularities have received considerable attention. Whitney [1] presents
the Jacobian in a cross product form similar to the one that will be used here. Singulari-
ties of robot wrists are analyzed and working regions away from these singularities are
defined by Paul and Stevenson [3]. Screw calculus has been used to describe singularities
[4] and Luh [5] has used screw caiculus to analyze redundant manipulators. In particular,
Luh presents a method for avoiding singularities by taking advantage of redundancy. Since
singularities occur at boundary points, they can be used to define the reachable workspace
[6]. Finally, Litvin and Castelli [7] have found singular configurations for a Cincinnati
Milacron manipulator and the Unimation Puma manipulator. Additional related work is

presented by Paul [8] and Pieper [9].

This chapter focuses on the geometric interpretation of singularities for manipulators
with six degrees-of-freedom. Several properties of a manipulator's configuration are
independent of the coordinate system used to express them and depend only on the angles
and distances between links and joints. The singularity of the Jacobian is such a property

and this fact will be exploited to describe singularities geometrically.

The layout of this chapter is as follows: Section 4.1 describes the tangent of the for-
ward kinematic map. Section 4.2 gives some examples of configurations where. the the
tangent map fails to be surjective. Section 4.3 describes the decoupling of singularities
which occurs in manipulators with three consecutive revolute joints with intersecting axes

and section 4.4 contains some discussion.

4.1 The Tangent Map, T f ¢ ( see [10]

From equation (3.1.2)., we bave that the forward kinematic map associated with

E=(&0by. - k) f zJ =G . is given by
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fH0)= nﬂleo‘g' (4.1.1)
i=0

where the §; are the twists corresponding to the joints in the zero configuration of the

manipulator. From (4.1.1), Tf g£7J =TG is given by

“ﬁee‘g'

i=0

- a-—1 a _ n=1 9
T80 = T g 160 = B g

where@ € J andv € TyoJ = R".

€ Tf E(Q)G (4.1.2)

Observe that

'ﬁle"cft

i=k

(=]

a n—1 e'g' _ k-1 o§
(e |- [T

k=1 k=1 —1fn—1
= He""'lg‘ He""'l |He°'£‘] (4.1.3)
i=0 i=0 i=0

Recall, from proposition 2.3.2, that

€ =

k-1
e i &

i=0

lI—Ile 9,5, ]—l

i=0
is a twist with the same pitch and magnitude as £ and the axis of £'; is that of &

k-1

Heo‘g‘ .

i=0

translated by Thus £ is the twist representing the k th joint when the

manipulator is in the configuration given by (0,.0,, - - - .0,_,). Since elements in G are
nonsingular, we have that T'f g0) is surjective if and only if the £ span T;G . Since the
map tc is a vector space isomorphism we have, in terms of the twist coordinates of £ .

that Tf #0) is surjective if and only if the matrix

J(0) = [tc(&) tc(£)) -+ - te(En-y) (4.1.4)

has full rank (=6). This matrix of twist coordinates is called the manipulator Jacobian.
Note that the columns of the Jacobian are determined only by the positions of the joint

axes. This means that singularities of the Jacobian are determined only by the geometry of
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the axes as we might expect.

4.2 Some Common Critical Points of Six d.o.f. Manipulators

Many critical points of the forward kinematic map of 6 d.o.f. manipulators have a
simple geometric interpretation. In this section, we describe several of these, and demon-
strate them on industrial manipulators. There are, of course, many other critical points
which have no simple geometric interpretation other than the linear dependence of twists

representing the joints.

For the rest of this chapter, we will violate our own convention and write points and
vectors as columns of three real numbers rather than four. This will allow the writing of
twist coordinate as a column of two vectors in R? and simplify our discussion. If £ is a
zero-pitch unit twist with its axis passing through a point Q and having unit direction

vector z, then

te(§) = [z x(oz— 0 )] (4.2.1)

0
where O = [8] (We still follow the rules of syntax we had with the 4-vectors; it does

not make sense to take the cross product of a point and a vector). If £ is an co-pitch unit

twist with unit axis direction vector z , then

tc(§) = [2

. (4.2.2)

So for a general six d.o.f. manipulator., the manipulator Jacobian will consist of six

columns of the form (4.2.1) or (4.2.2).

Example

Figure 3.3 shows the Stanford manipulator which is a RRPRRR manipulator. Its

Jacobian therefore has the form



43

J= Zo Z, 0 Z3 Z4 Zs
z2oX(0 —Q0) 2, X(0 —Q)) 2, z3X(0 —Q3) z2,%X(0 —Q3) 2, x(0 —Q3) |
(4.2.3)

where the Q; are points on the revolute axes and the z; are directions of the axes. Since

the final three axes intersect, the points Q 3. Q 4.and Q 5 are chosen equal to Q 3.

Some examples of manipulator configurations where the Jacobian is singular are now
given. These examples have particularly simple geometr;c descriptions and apply to gen-
eral manipulators, but it is important to remeﬁber that, in general, singular configurations
have no simple description. The fact that common manipulators are simple geometrically
may be the reason for their easily described singularities. To simplify notation we write

(Q .z ) 1o represent the directed line through @ having unit direction vector z .
Example 1. Two Collinear Revolute Joints Axes.

Without loss of generality?, take the joints® to be O and 1. Then

(a) Their axes, (Q¢.z¢) and (Q,.2,). have parallel directions: z¢ = *z,

(b) The vector (Qy — Q) is parallel to zpand z,:z; X(Qo— Q) fori € {0.1}, and

Zo Z,

2o X(0 — Q) z;X(0 —Q)) € R®C. (4.2.4)

J =

By the elementary row operation® row 2 «~row 2 + (0 — Q¢) X row 1 we have’

Zy Zy :
J -~ 0 2’ x (Qo —_— Q ]) (4.2.5)
By (b) it follows that
Zg 2
I~10 o (4.2.6)

It is now clear by (a) that J is singular. The Stanford manipulator (Figure 3.3) exhibits

this singularity when joints 3 and 5 line up. When two revolute joints are collinear there

< Elementary column operations allow us to obtain the form of (4.2.4) regardless of the joint numbering.
We number the columns of the Jacobian in the same way that we number the joints; we begin with
zero.
By row 1 we mean the first row of vectors and similarly for row 1.
5 A ~B means that there exists nonsingular C .D such that A = CBD.
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are a continuum of solutions since the links between the two revolute joints may be

rotated without affecting the position of the gripper.

Example 2. Three Parallel, Coplanar Revolute Joint Axes.

Without loss of generality take the three joints to be O, 1, and 2, with axes

(Q:.z;). i€ {0.1,2}. The condition that the joints are parallel is then
(@) z, = xz; i.j €{0.12}
and the condition that the three joints are coplanar is

(b) There exists a plane containing the axes with unit normal n such that n7 z; = 0 and

rT(Q; —Q;)=0 i,j €{0.1.2}.

Since joints 0.1, and 2 are revolute the Jacobian has the form

J = (4.2.7)

2oX(0 —Qy) 2, x(0 -Q,) z,x(0 —-Q))

By the elementary row operation row 2 «row 2 + (0O — Q,) X row 1, we obtain

Zo Z) Z2 I

~ zo z 1 z 2 ...
J 0 zlx(QO—Ql)ZZX(Qo-Qz) I' (42.8)
By (a) there exists elementary column operations to yield
Zo 0 0
J ~ 0 le(Qo—Ql) ZZX(QO_Qz) (4.2.9)

By (b) columns 1 and 2 of (4.2.9) are in the range of [2 ,0) and are therefore linearly
dependent. Thus, J is singular. The elbow manipulator in Figure 3.2. has this singularity
when the elbow is fully extended as shown. In this configuration the manipulator is at

the boundary of its reachable space.

Example 3. Four Intersecting Revolute Joint Axes.

When four axes, say (@;.z;). i € {0,1.2,3}. intersect at a point Q, the point Q

satisfies

(a) z; x(Q; —Q)=0. i €{0.1.2.3).
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Now

Zo Z3 Z2 Z3

I = 2oX(0 — Qo) 2, X(0 —Q)) z,X(0 —Q2) z3x(0 —Q3)

(4.2.10)

By the elementary row operation row 2 «~row 2 + (0 — Q) X row 1 and (a) yield

Zog 21 Z3 23
J ~ 0 0 0 0 s (4-2-11)

which is clearly singular since the first four columns are contained in a 3 dimensional sub-
space of R®. The Intelledex 605 robot, diagramed in Figure 4.1 has three intersecting axes
at its shoulder. This type of singularity occurs when the final joint axis intersects the

shoulder adding a fourth axis as shown.

Figure 4.1. Intelledex 605 Robot.

Example 4. Four Parallel Revolute Joint Axes.

If the joint axes (Q;.z;). i@ € {0,1.2.3}, are parallel then
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@ z; = xz;, j €{0123).

Zo 21 z2 Z3
2oX(0 — Qo) 2, X(0 —Q)) z2;X(0 —Q3) z3x(0 —Q3)
(4.2.12)
By the elementary row operation row 2 «row 2 + (0O — Q,) X row 1, we have
Zy z zZ, z3
I ~1o 21X(Q:"Q1) z2:X(Qo—Q2) z3%X(Qo— Q3) (4.2.13)
Using (a) and elementary column operations we obtain
Zo 0 0 0
I~1o 2y X(Q@o— Q1) z2X(Qo—Q2) 2z3x(Qo— Q1) . l (4.2.14)
l zof 000
Now columns? 1,2, and 3, in (4.2.14), are in the null space of 0 1 | which has

dimension 2. It follows that J is singular.

Example S. Four Coplanar Revolute Joint Axes.

Let n be the unit normal to the plane containing the four joint axes. These axzes
Qi .z;).

i € {0.1.2.3}, then satisfy
(a) Each axis direction is orthogonalton ;: nTz; =0, i € {0,1,2,3}, and
(b) The vector from Q; to Q; isorthogonalton ;: nT(Q; —Q;) =0. i € {0.1.2,3}.
Now

Zy Z, Z2 Z3
T = l20%0 =Q¢) 2, %0 —Qy) 2, %(0 —Q,) z3x(0 —Q3)
(4.2.15)

By the elementary row operation row 2 «~row 2 + (0 — Q,) X row 1, we obtain

Zo Z) Z2 23
0 z;x(Qo—0Q1) 2:X(Qo—02) z3%x(Qo—Q3)

Then elementary column operations yield

J ~ (4.2.16)

7 zo z1—zozlz, Z2,—2zoz3z, z3—20z0z5
=lo Z, X(QO_QI) 22X(Q0—Q2) Z3X(Q0-Q3) . (42.17)
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O n Xz
0

Columns 1.2, and 3, are in the range of the rank 2 matrix by (a) and (b)

above and are therefore linearly dependent.

The Stanford manipulator reaches this configuration when joints 0,1,3, and 4, are

coplanar as shown in Figure 3.3.

Example 6. Six revolute Joint Axes Intersecting a Line.

This configuration occurs in a six degree-of-freedom mz;nipulator with all revolute
joints when the manipulator is at full reach. For this reason, this configuration is useful
for describing the reachable space of a manipulator. Let the line which the six revolute
axes intersect be represented by the axis (Q .b ) . Each axis (Q;.z;)., i € {0.1.....5}, has a

point in common with the axis (Q .b ) so there exists y;, 8; . i €{0.1.....5}. such that
(@) Q@ +vizi =Q +B:b .

For a manipulator with all revolute joints, the columns of J are

Z; .

Ji= 1. x0 -0)} i €{0.1...5). (4.2.18)
From (a) we have

Qi =Q +Bid —viz (4.2.19)
Using (4.2.18). (4.2.19), and the fact that the cross product of a vector with itself is zero
yields

7 ~ Z | (4.2.20)

Pz x(0 - - Bib)f 2.

Applying the elementary row operation row 2 «—row 2 + (O — Q) X row 1, we obtain

Z;

Ji ~ - ﬂ,‘ Z; X b
It follows that J is singular since [57 .07 ] is in the left nullspace of the RHS of (4.2.21).

. (4.2.21)

The elbow manipulator in Figure 3.2. is at full reach and exhibits this singularity. This

singularity occurs at other configurations those of maximum reach.
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Example 7. Prismatic Joint Axis Normal to a Plane Containing Two Parallel Revolute

Axes.

Label the two revolute joints 0 and 1, and the prismatic joint 2. The revolute axes are
therefore (Q 9.z ) and (Q;.z,) . and the prismatic joint axis is (Q.z») . The condition that

(Qo.z0) and (Q,.z,) are in a plane orthogonal to the prismatic joint axis is
(@) z,7z;, =0 i €{0.1})
2,7 (Qo— Q1) = 0.
The condition that the two revolute axes are parallel is
(b) zo= =xz,.

From (4.2.1) and (4.2.2)

Zo Zy 0
7= l20%x0 =00) z,%x(0 —0)) 2z, (4.2.22)
By the elementary operation row 2 ~row 2 + (O — Q,) X row 1 we have
Zo Z, 0
7~ 0 z;, x(Qo—Q1) 2, (4.2.23)

Using the fact that the revolute axes are parallel, (b), together with an elementary column

operation yields

J ~ (4.2.24)

Zo 0 0
0 z;x(Qo—Q2)) 2z,
Now by (a). both z, and (Qo — Q) are orthogonal to z; so z; X (Qo — Q) is in the

range of z, . It follows that columns 1 and 2 of (4.21) are linearly dependent and that J
is singular. A schematic diagram of the Rhino robot is shown in Figure 1.1. It reaches this
singular configuration when joints 1 and 5 are parallel and in a plane perpendicular to the

sliding motion of joint 0.

4.3 Decoupled Singularities.

In this section we demonstrate the decoupling of singularities which occurs in mani-
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pulators having three consecutive revolute joints with intersecting axes. For these manipu-
lators. singular configurations are easily recognized. We may choose points on the axes of
a manipulator in this class such that three are coincident with the intersection of the three
axes. For concreteness we discuss six degree-of-freedom manipulators with revolute joints
only. By renumbering the joints, the points on the axis of joints 3.4, and 5 may be chosen

to coincide with the intersection of the three axes. The Jacobian is then

Zyo Zy Z 3 Z3 Z4 Zs
J = .

zoX(0 —Q0) 2z 1X(0 = ' 22)((0 —0,) z3x(0—Q3) z,X(0—Q3) 25X(0 —0,)
(4.3.1)

Note that the last three joints share the same origin labeled Q3 . By the elementary row

operation row 2 «~row 2 + (0O — Q3) X row 1, we have

Zo Z, Z3 Z3 Z4 25
ZOX(Q3—Q0) le(Q3—Q1) ZZX(Q;;_Qz) 0O 0 O

Therefore J is singular if and only if either

J ~ . (4.3.2)

(a) z3.z4 and z are coplanar.
or

(b)) zoXx(Q3—00)z; xX(Q3—Q,).and z, X(Q; — Q) are coplanar.

For the elbow manipulator in Figure 3.2 we may choose Q3 to coincide with the intersec-
tion of the three wrist axes, and the joint numbering in (4.3.1) is the natural numbering
from base to gripper. Looking at the first and last three joints separately we may deter-
mine the singularities of this manipulator by inspection using (a) and (b) above. First,
Z3.24, and z are coplanar if and only if joints 3 and 5 are collinear. This is the only
singularity contributed by the wrist. Second. the three vectors in (b) are coplanar in the

following two cases.

(i) The elbow is fully extended, or 180 degrees from full extension, so that

z,X(Q3 — Q,)and z, X (@3 — Q) are linearly dependent.
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(ii) Qj; is directly above the base on the axis (Q .z ) so that z¢ X (@3 — Qo) = 0.

These singularities may be interpreted in terms of the examples as well as (a) and (b)

above.

4.4 Discussion

By using the manipulator Jacobian in cross product form, we have described several
singular configurations geometrically. The descriptions are manipulator independent and
therefore apply to any six degree-of-freedom manipulator which can attain the singular
configurations. These simple descriptions allow the evaluation of singular configurations
without explicitly computing the determinant of the Jacobian. We have also shown that
for manipulators with three consecutive intersecting joint axes the evaluation of singulari-
ties is particularly simple. Future work in this area should involve the study of branch-
ing, or bifurcation. in the solutions of the inverse kinematic solutions. From the inverse
function theorem, it follows that branching can only occur at singular configurations. The
study of exactly which bifurcation occurs at a singularity requires second and higher order

derivatives of the forward kinematic equation.
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Chapter 5

Optimal Design of 6R Manipulators

This chapter develops, for 6R manipulators, the notions of work-volume, maximal
work-volume, duality. and well-connected-workspace. With these notions defined, a
design theorem is proved which states that a 6R manipulator. M, has maximal work-
volume and well-connected-workspace if and only if M or M* (its dual) is an elbow

manipulator.

The ideas of this chapter are motivated by several authors. The notion of work-
volume used here is that derived from a translation invariant volume element on the
group of rigid motions in 3-dimensional Euclidean space. This definition of volume is
natural and corresponds to the integration of Roth's [1] service coefficient over the Reach-
able Workspace [2]. The application of such a notion of volume to robot manipulators is
also suggested by Brockett [3]. The Dextrous and Reachable Workspaces of a manipulator
have been used to relate kinematic design to performance in [4] and in [2). Other work on

manipulator workspaces appears in [5] and the references contained therein.

The format of this chapter is the following. Section 1 develops the mathematical
framework for proving a basic theorem about 6R manipulators which is contained in sec-

tion 2, and the Appendix contains a few subproblems encountered in section 2.

5.1 Mathematical Framework

A formal theory of manipulator kinematics requires, first of all. a mathematical
representation of manipulators. The amount of information contained in the representa-

tion depends on what we are trying to accomplish. For dynamics, a representation must
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contain information on inertias etc. For the purposes of this chapter the only significant
objects on a 6R manipulators are the joint axes. Thus, we will represent a 6R manipulator
by an ordered set (ordered from base to gripper) of six zero-pitch unit twists whose axes
are coincident with the manipulator axes for some configuration of the manipulatorl. Fig-
ure 5.1 depicts a manipulator and the axes of six zero-pitch unit twists which are coin-
cident with the joint axes for the configuration shown. The ordered set of twists

£ = {£,.....£5) is called a representative of the manipulator M. Since there are many

o e, . b2 g . .

Figure 5.1 Representing a 6R Manipulator by an
Ordered Set of Twists

such representatives we say that f is equivalent to £ and write { ~ £ if f and £ are

representatives of the same manipulator. Formally, { ~ £ if 3@ € T3 such that

= tofo $181 ... _fidi-ng ¢ JPdo b . _#i-1di-1y-1 . |
§i= x(e™% e Wi e % e . i € {o...5}

-1

From Proposition 2.3.2 we have that that g{g™" .g € G, has the same pitch and magni-

! is the axis of { translated by the rigid motion g.

tude as { and that the axis of g{g~
This gives the interpretation of ~ as I~ £ if the axis of each {; can be rotated succes-
sively about the previous axes {;_;.....{o such that its axis is coincident (possibly anti-

parallel) with that of &;. A manipulator is identified with an equivalence class generated

"Since this chapter deals exclusively with 6R manipulators we will drop the 6R and simply write mani-
pulator.
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by ~. If { is a representative of M, we say M = [{]. The brackets, [-], are read "the

equivalence class containing.”

The length of a manipulator is important for obtaining bounds on its work-volume.
Presently, we develop a notion of length for 6R manipulators which has operational

significance. Define the (non-empty) set of linking curves of £ as follows.

Definition 5.1.1 2

C: A {c :[0.5] » R3Ic is continuous, linear on [i i +1). i € {0.1.2.3.4} .
and ¢; N§; = B} is called the set of linking curves of E

(We use the notation ¢, to denote ¢ evaluated at ¢ ).

(5.1.1)
We refer to the line segments ¢[; ;413 ¢ € {0,1,2,3.4} as links of £.
[ |

Using the set of linking curves we can define the length of £ as the infimum of the lengths

of all linking curves.

Definition 5.1.2  Define the length of £, E by

5
. d
; 4 =—c, Id 1.
z c‘e"f:g{"d:"' t (5.1.2)
[
The following proposition allows the replacement of the "inf" in (5.1.2) by a "min."
rod
Proposition 5.1.1 There exists ¢ €C g such that { llEc, idt =1 3
Proof: Let Q;, i € {0....5} be arbitrary points on the axes of the £; respectively, and let

z; be unit direction vectors dlong these axes. Then any point on the axis of £ may be

written @; + A z; for someA’ € R.

i

“We allow ourselves the minor abuse of notation by identifying a zero-pitch twists with its axis.
§1 N 52;‘9 means the axes of § 1 and §2 intersect,
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Since a linking curve is linear between its points of intersection with the axes of the
£; . the linking curve is described completely by the points of intersection. Let A € R® be

such that Q; + A z; are the points of intersection. Then the length of the linking curve is

a() A ilu(gi + Av;)— (@i + Ay DI 20.
i=
To show that there is a linking curve having minimal length, it is sufficient to prove
the existence of a A* € R® which minimizes d ().
Let {A;} be a sequence in R® such that d (\;) =1z If {A,} has an accumulation
point, A*,, then by the continuity of d.d (A*) = Iz and we are done.
If D.\,‘ } has no accumulation point, then {\/} is unbounded for some i € {0.....5}.

Now d (A, ) is bounded so (Q; + Afv;) — (Q; + A¢v;)ll is bounded by the triangle ine-

quality. Thus {A/} is unbounded for all i € {0....5} and the v; are parallel (ie.

viv; = =*1). Without loss of generality. let v; = v, V i.j € {0...5}). Then
d(A) = d(A\ + 1) where « € R and 1 & (1.1,1,1.1.1)T. Moreover, the sequence

{ye} & {A, — \Q1) is also an infimizing sequence with ¥ = 0. This implies that {y, }
is bounded and has an accumulation point y* and d (y*) = lz. The accumulation point

defines the desired linking curve.

n
The next proposition allows the extension of Definition 5.1.2 10 a definition of length for

manipulators.
Proposition 5.1.2  If £ ~ {, then I = I.

Proof: £~ => 3% € T° such that
& = xe®o ... gttt L. byt € {0...5). Letc € Cjp and

define the curved by

d, =e® ... ethie for pelii+1).i € {0.12.3.4)
(5.1.3)
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d, is linear on [i i +1] and e®%0 ... e*dig, = e?ko ... e¢"‘{“‘c,- so d is continu-
ous and piecewise linear on [0,5]. Also ¢; € {; (meaning ¢; is on the axis of §;) =>

d; = e?ho. .. eé“’{"’c,- € §&;. It follows thatd € Cg
Since rigid motions preserve length it is easy to see that

5 S

d d
2 =1L 5.1.4
{ 2z ee llde { N2 de de . (5.1.4)

Thus, for every linking curve of {, Ja linking curve of £ having the same length. By the
symmetry of the equivalence relation, ~, the opposite is also true. Thus, lg=Is.

]
Proposition 5.1.2 tells us that each representative of a manipulator has the same

length. Thus, the length of a manipulator is well defined as follows.

Definition 5.1.3 Let M =[ €] then its length, lp . is given by

Iy 81, (5.1.5)

]
It is often the case that a property of a manipulator is invariant under the reversal of

the axis order. Reversing the order of the axes is equivalent to using the gripper end of the
robot as the base and the base end as a gripper (clearly this is not practical unless we
replace the final link with a gripping device and the first link with a mounting flange).
This is an important symmetry which is made precise by defining the dual of a manipula-

tor.

Definition 5.1.4 If M = [ £,.....£] then M* 8 [£;.....£,] is called the dual of M. The

representative of M* is denoted £*.

Proposition 5.1.3 Let M be a manipulator, then Iy, = lp+.

Proof: If ¢, is a linking curve for £ a representative of M, then ¢s_, is a linking curve
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for £ and vice versa.

]
For manipulation we express the motion of the hand attached after the last joint in

terms of the joint angles. If £ represents the configuration of the manipulator axes when
the hand is in the identity configuration, then the configuration of the hand as a function

of the joint angles is

R = el0fo 8k | 0k (5.1.6)

The rigid motion of the hand relative to its identity configuration is a rotation about £;5 by
05 followed by a rotation about £, by 0, etc. As we saw in chapter three, the map f z
defined by f E:b- Pkt L. 95 i called the forward kinematic map for [£)
associated with £ It would be nice to be able to define a unique forward kinematic map,
however there does not seem to be a natural way to do this. The following proposition
demonstrates the relationship between forward kinematic maps associated with different

representatives of the same manipulator.

Proposition §.1.4 If E ~ f then 3@ € T3 such that

£ 00,05 = f (( 20 o+po).... £0 ,+$)( £0))e s ... g~Hbo
(5.1.7)

for some choice of signs in the RHS of (5.1.7).

Proof: Since E~1 3 $ €T such - that

gi = + (eeogo eo‘;l ... eo““"‘)g,-(eo“”eo‘;‘ ... eel-lgl-l)—l. Thus.

F 00 B =t .. ks

e :Ooioexp( tole(%lo);le(-%(o)) oo+ exp( :!:05(3%;0 ... e¢4§4)§5(e%§o .. e¢4§4)-—1)
—e :I:Oo{c[e¢0§oe :01(12-%!0] - expl :l:os(e%;o .. e¢4§4)§5(e¢o§o .. e¢4§4)—1)

= e( 100+¢o)§oe( tO,Nl){, . e( 305)§se-¢4g4 e . e_¢o‘o = RHS Of (5.1.7)'

(5.1.8)
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n
Thus, f £=R; f Z°h where h is an automorphism of T® and R, is a right translation by

some g € G. It follows that f {T®) = R, f z(T®). (i.e.. a translated version of f £T®).
If we define volume in G such that it is invariant under translations by group elements.
then we can associate a unique volume to each manipulator. Let @ be the unique transla-

tion invariant volume form on SO (3) [6] such that ® = 872. This normalization gives
3)

the units of orientation-volume in radians cubed. Define a volume element on R? by
dx A dy A dz as  usual Then we construct the volume form
Q4 dx A dy A dz A @ on R*XSO(3). From [7] page 399 we have that
dx A dy A dz induces a measure u, (Lebesgue measure) on R? and @ induces a meas-
ure g, on SO (3). The volume form £ induces a measure on R? X SO (3) which is simply
the product measure &), X g,. This observation will simplify our calculation of volumes
‘in R? X SO (3) since we only calculate volumes of rectangles of the form A X SO (3).
A C R3. We make the identification of G with R? X SO (3) and note that Qis a transla-

tion invariant volume formon G.

Definition 5.1.5 The work-volume, Vj, . of a manipulator, M = [£], is given by

v & [ 0 (5.1.9)
1 T
n

Comment: The translation invariance of Qin 5.1.9 guarantees that V), is independent of

the choice of representative £.

Proposition 5.1.5 For any manipulator, M,

Ve < gw(zM)S-swz

Proof: Letc € Cg with length I);. Then IIf E(é-)cs—co Il €1, VO € T® since we

can construct a curve from ¢y to f ;(b‘ )cs of length Iy, ¥V 0 as was done in Proposition
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5.1.2. Thus,

fd0)cs—co € B(Ody) (5.1.10)

Thus ¢ is always "tethered” to ¢ by a curve of length ;. (The other ¢; are also "teth-
ered” together by shorter curves).
=>f g(Te’) C {g1g82!g; € G is a translation by (5.1.11)

v € B(co—csly)andg, € G} =v B(01,) x SO (3)
Thus,

Vg < 3 7y ) - 8a (5.1.12)

|
Definition 5.1.6 M has maximal work-volume (MWYV) if Vyy = % Iy )? - 872,

Let Cz be the set of critical points [7] of f ¢

Definition 5.1.7 The manipulator [£] has well-connected-workspace if
FHB)=f TN\ f {Cp) V connected components, B, of T\ Cz. (Since f g and f g are
related, for £ ~ . vy compositions with diffeomorphisms this property is well-defined for

a manipulator).

B
Comment: A manipulator having the well-connected-workspace property has the ability

(modulo obstacles and mechanical constraints) to move its gripper from one regular value
[7] to another without passing through a critical value (singularity). This is a "nice” pro-
perty of manipulators since it guarantees that the manipulator need not change
configurations (e.g. from elbow up to elbow down ) in order to move from one regular

value of its forward kinematic map to another
Proposition 5.1.6 Let M be a manipulator. Then Vy = Ve .

Proof: Let £ be a representative of M then
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FETO) = (e’ .. %515 € T9)

= {(e™¥Fs ... ¢ 0k)y-11F € T9)

= {(e%Fs ... %%)-11F ¢ T

=If 5 (T9) (5.1.13)
where I is the inversion map in the group G . 1 is volume preserving for translation invari-

ant volume elements =>Vy, = Vp.

Corollary M has MWV <=> M* has MWV.
Using the fact that I is a diffeomorphism we can show.

Proposition S.1.7 M has well-connected-workspace <=> M* has a well-connected-

workspace.

|

Comment: Proposition 5.1.6, its corollary. and Proposition 5.1.7 tell us that the notion of

a dual is a fundamental symmetry in the analysis of manipulators. We will use this sym-

metry to simplify our proof of Theorem 5.2.1. When we exploit this symmetry we say
"by duality ...".

We will see shortly that elbow manipulators are very special 6R manipulators. We

first give a formal definition of an elbow manipulator.

Definition 5.1.8 M is an elbow manipulator if it has a representative £ with the fol-

lowing properties (see Fig. 5.2):

Ja line segment coc5 with (i) & NE&, = co. (i) & _L &, Gii) & L cocs. (iv) £ 11 (v)
£, is a perpendicular bisector of cocs. (vi) & NE, NEg=cs . (vii) & 1 & and (viii)

PR

(We use ¢c 5 anticipating a linking curve with endpoints ¢, and c3.)
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éo €3

Co Cs°

A %

& €2 | €s

Figure. 5.2 Representative of an Elbow Manipulator

Proposition 5.1.8 Let M be an elbow manipulator and c—o?; be as in the definition of
the elbow manipulator. Then Iy = lle s—cll.

]
Proof: Let £ be a representative of M which satisfies Definition 5.1.8. Since the last three
‘axes of £ intersect consecutively orthogonally at ¢s we can point joint axis 5 arbitrarily.
Thus we can rotate €5 about £, and then about £; to a new position £'s with £5ll§;. Then
€ oc 5 is a mutual perpendicular of £, and £€'s. There is no curve shorter than llc s—cll con-
necting §; and £'s and therefore Iy 2 llcs—coll. Now it is easy to construct a linking
curve ¢; with cjgs)= ¢ oc 5 and whose length is llc s—egll. Therefore Iy, = llc s—cyll.

|
This concludes the mathematical setup. In the next section a basic theorem is proved

relating the ideas of this section.

5.2 Optimality Theorem

It is generally accepted that "elbow" manipulators have large work-volumes. This is

made precise and an interesting converse is proved in the following theorem.

Theorem 5.2.1 A 6R manipulator, M, has well-connected-workspace and maximal

work-volume if and only if M or M* is an elbow manipulator.
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Proof: (<=) By duality, it is sufficient to prove this implication for M an elbow mani-
pulator. Let £ be a representative of an elbow manipulator satisfying the properties in the
definition and the  additional (nonrestrictive) properties §£3=§&s and
28 (es—c) = llcs—coll where z, is a unit vector parallel to §. (These added conditions
allow us to write down a closed form inverse kinematic solution for f ;.) We prove the
well-connectedness and maximal work-volume of M by examining the solution to the

kinematic equation:

¢ Oobog (01=0f 26, 06, O3ks 0.8, Osks _ o 4 (5.2.1)

where R € G is a desired rigid motion. Let z; be a unit vector parallel to §;.i € {0.....5}.
Also, ¢5 and ¢y are as in Definition 5.1.8, and Iy = lle s—cll is the length of the manipu-
lator. A straightforward application of the solution procedures of the subproblems of sec-

tion 2.4. to 5.2.1 yields that @ is a solution to (5.2.1) if and only if @ satisfies (5.2.2-

5.2.5):
2lIRc s—c yl1?
0,= x cos™ i:i— - (5.2.2)
(%))
u; A RC5 - Cy
Nee (N2—=(zTu ,)?
0,= * ATAN, l‘/ bk l (zou,) (5.2.3a) .
l ZolU
0, = ATAN t2iu, (5.2.3b)
o zlt(ZOXZI)Tul -

(The upper and lower signs are matched in (5.2.3a) and (5.2.3b).)

R, A [eoogoe(ox‘ozf 2)§xe9252]—1R

“Note that we make a minor change in joint coordinates (8 ;=0 ;—0,/ 2) in joint coordinates. This is
for convenience and has no effect on work-volume or the well-connected-workspace property.
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us é: R123

V1-(Tu,)?

0,= = ATAN, | — .~ —_ (5.2.42)
Z3u>
Fzly
0= ATAN [ a2 5.2.4b
5 2 l:l:(z3xz4)ru2 ( )

Rz é [ee:’g’eo‘g‘]-lkl . U3 é R224
(The upper and lower signs are matched in (5.2.4a) and (5.2.4b)).

(Z 5XZ4)Tu3

—_—
ZaUug3

0, = ATAN, (5.2.5)

Note that all quantities under the radical in (5.2.3-5.2.4) are nonnegative and that the
domain of the ATAN , function is the entire plane. (The numerator and denominator are
2 distinct arguments of the ATAN ; function. When they are both zero the function is set
valued and the 0; may take any value in [0, 27 ]). The only restrictions we have on R
are given by (5.2.2). That is, there is a solution for R if and only if

2lige s—c,ll®

R € {g ecl(T);— -1 e[-1.1])
M

= ‘g GG“'ng_Co" < IM}

= v B(0ly) xSO(3)
(5.2.6)

Thus the work-volume of the elbow manipulator is -;'- w(ly )® - 87° and is therefore max-

imal.

The singular configurations of the elbow manipulator are those where the elbow is
fully extended or retracted. joints 3 and S are coincident, or the intersection of the last
three joints lies on joint axis zero. A calculation of the Jacobian determinant of f (see [8]

for this type of calculation) yields that the set of critical points for f gin (5.2.1) is
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Ce= {010, € {0.m} or 0, € {0.7)or 0, € {0.7})} (5.2.7)

It is easy to see that T\ Cg has 8 connected components. We must verify that

FEB) = f LT\ f {Cp (5.2.8)

for all connected components, B, of T\Cz. Let R € f T\ f #Cg). then when we
apply the solution procedure (5.2.2-5.2.5) with such an R there must be no choice of signs
in (5.2.2-5.2.5) such that 8; € {0.w}. i € {1.2,4} (otherwise R is a critical value). Thus,
whenever we choose a solution branch for 0, 0,, and 0, (5.2.2, 5.3.3a and 5.3.4a) there is
a choice of @; € (0.7) or 0; € (—m,0).i € {12.4}). It follows that we can find a solution

in each connected component of T\ Cg => (5.3.8) holds.

(=>) Let M =[] and ¢’ € C¢ with length Iy and define I’ 4 max lle ®1%0

g€eTs
OS‘S ' ' b 4 "\3 4 3
-e S¢'s—c'oll. If I' <lpy then V), € oY w(l')3-8n <3 w(lp; )*-87° and M does

not have MWV. Thus 38 such that lle®% - . . ¢¥ss; s—coll = Iyy. Let £ be a representa-
tive corresponding to this configuration. As was done in Proposition 5.1.2 we can con-
struct ¢ € Cgz from c' such that ¢ has length ljy. co=c,', and ¢ = ek . eoszscs‘.
Thus, 3¢, a linking curve for £ with length Iy = llcs—cyll. So cio5) = m a line seg-
ment. Since ¢ is a linking curve, all §; intersect ‘E and the c¢; are ordered on E;-c—s.
(Figure 5.3a shows a representative consistent with our knowledge of M at this point in
the proof.) Let f g:T" — G be the forward kinematic map for M associated with E Now

f {T®) is compact =>x € f {T®) has a neighborhood of nonzero volume. Thus MWV

=>

FAT®) ={g.g21g:1 € G isatranslationby v € B(co—cs.lp). g2 € G}
(see proof of prop. 5.1.5).

Thus f gT®) contains
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0 4 {g.g,! g1 is a translation by

v € [lMSZ-l-(co—cs)],gz € Gcs} =" SZXSO(3) (5.2.9)
and O is a 5-manifold.
Next, define
min = min{i | §; Ncy = B} (5.2.10)

max = max{i | §; Ncg = @}

By definition of a linking curve min >0, and max <5. Also, max 2 min; otherwise
there would only be one link with nonzero length and MWV would not hold. From

(5.2.9), we have that

ebob . . . eosgscs—coll =ly YOefgio) . (5.2.11)

SincecoN¢; =B Vi <minand csNE; #S Vi > max, (5.2.11) becomes

le®mnbmn . .. Puubane  _ ol =1, VO € f71(0) (52.12)
=> (e mrbain . . QOmubmne oy 4 (o —e )l = Uy
Vo € f71(0) (5.2.13)

5 b
Since [ ll%c, lldt = llcs—coll we have [ u%c, lde = llcy—c, . ¥ a b €[0.5]. Let a =
0 a

min, b= 5, then by a tethering argument similar to the first part of the proof of Proposi-

tion 5.1.5,

e Ominbain . . . gOmimare o & Hes—epall VO €S F10) (5214

Since llc pin—coll + llc s5—€ minll = lps. the two terms in the norm in (5.2.13) have the same

direction and the first term attains the bound in (5.2.14):
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0 minfmin e 0 naxémax —_— . = €min—€0 —_ .
e e C5 cmm m "cs cmm“
-5 —Cup . (5.2.15)
=>
emibmn .. . Jluubme € GV € F71(0) . (5.2.16)
A similar argument with ¢ gy, (duality) yields
(e¥mukan . .. ¢Pmubunyt € G, VT € £71(0) . (5.2.17)

Let 7 be a zero-pitch unit twist whose axis is coincident with cocs. then since g™! € Gy

=>g € Go.

{eOmingmn PN eomaxfmax|6 € f E-l (O)} C Gcsn Gco = {e¢n|¢ € Sl} (5218)

Now

0= (f 710N = (e ... ¢ 7 € £ -1(0))

C {ek0. .. gPmmtbmmiogng Sl .. 0519, 4 €51)  (52.19)
The containment in (5.2.19) follows from (5.2.18). Since O is a 5-manifold, the order of
{00.....0 min—1.9.0 max +1.---.0 5} must be S (see A4). (Intuitively, we need 5 degrees of free-
dom to sweep out a 5-manifold.) Thus, max-min € 1. (Fig. 5.3b represents approxi-
mately our knowledge of M at this ppint in the proof -- at most two of the & do not
intersect ¢, or ¢s). Suppose max—min = 1 and that {e ° méming Omaémax | 7 ¢ f§' O} isa

finite set. Then from (5.2.18) we have that Ja finite set {¢,. - - - .¢, } such that

{eemlugmlneemu max"o- € f E-l (0), = {eﬂ |¢ € {¢1o---»¢n ,}
(5.2.20)
and

o cC {eoofo o eominimxu-le‘f'keomufmﬂ . eosfsloi €s!
k=1
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Since the union is finite and each set in the union is compact it follows (Baire Category

Theorem [Roy. 1]) that one of the sets in the union has nonempty interior in 0. Now O is

a 5-manifold so the order of {0y.....0 nin-1.0 max+1.----0 s} must be 5 by (A4), but the order
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is at most 4 when max-min = 1 Thus we must have that
{eo“""g“““ee“"‘eg‘“" 19 €f '3 1(0)} is infinite when max — min = 1. This and (5.2.16) =>

eo“"“g""“eo""gm“cs = cs has oo solutions. This, in turn, implies (see section 2.4 problem
2) that €p. Ncs #@ or €nin Necs #@. The definition of.max =>€nx Ncs=B. By
duality §mmnco = @ also. This is a contradiction so max — min = 1 is impossible and
max = min. Thus, there is exactly one twist, €nin. Which intersects neither ¢4 nor c;.
Next, we show that &, is a perpendicular bisector of E.-c_;

. .7 -] 0 .
M has maximal work-volume => The map f :0 — lle oo . .. g¥bs, s—coll is onto

[0y 1. Since €nin is the only axis not intersecting ¢ 5 or ¢ f @)= ||e°m'"§““"c5—c oll and

by A3 we have that
£€nin is a perpendicular bisector of cocs (5.2.21)

So we have that (v) of definition 5.1.8 is satisfied if min = 2. (We will see this shortly.)
(Figure 5.3c is a representative consistent with our knowledge of M at this point in the

proof. The drawings are isometric.)

. =~ 0 0 s 1€min .
Next. we claim that MWV => d:§ —e % ... ¢%min-1fmin e min—Co is onto

llc min—c o/1S2. Suppose not, then since d (T®) C ll¢ y,—collS? a unit vector u such that

uTd (@) <llcpy,—col VO € T®

=> uT(f 3(9_)c5 —co) <llcs—coll VO € T® which is a contradiction to MWV since

f §T®) closed (compact). Thus the claim is true.

Now d is a smooth function onto a 2-manifold so d is a function of 2 or more of the
0; by (A4). Thus, min 2 2. By duality. min = max € (5—2)=3. Thus, there are 2
axes intersecting one end of cocs and 3 the other. In other words M or M* has min = 2.
Since we are only trying to prove M or M* is an elbow manipulator there is no loss in
generality by assuming M has the property min = 2. It follows from A1l of the Appendix

and the fact that d is onto llc pi,—e olIS? that
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€ L & and £ | cocs ‘ (5.2.22)
At this point, (i).(ii).(iii), and (v) of Definition 5.1.8 are satisfied. Next we show that

&€,

Recall that z is the unit vector parallel to £&. Then since M has MWV, 38 € T®
, _ l _ -
such that f Z(@)cs=co + (%)zo (this point lies in B (c .0y )). Let £ be a representative

corresponding 1o this configuration, andc¢’' € C F be the linking curve derived from ¢ (see
the proof of Proposition 5.1.2 ). Figure 5.4 shows the configuration of the manipulator
represented by £'. Note that ¢y, ¢, ¢'s are not collinear and consider the plane contain-

ing them. Since

Figure 5.4 Showing that &, Il £,

£. and ¢ 'oc ', are in the plane we have3 by (5.2.22) that £,. is perpendicular to the plane.

Now c’pc 'z and ¢ ;¢ s are in the plane => £'; is perpendicular to the plane by (5.2.21) and

so &€y => £,1€, and (iv) is satisfied. (Figure 5.3d represents approximately the infor-

“Angles between successive joints, and between joints and adjacent links are independent of choice of
representative when the linking curves are related as in the proof of Proposition 5.1.2.
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mation we have at this point in the proof.)

Since min = max = 2, the last three twist axes intersect at cs satisfying (vi) of the
definition of the elbow manipulator. To show that these axes are consecutively orthogonal

( (vii) and (viii) of Definition 5.1.8), we write

FE0)=h(0,0,0,)w(030,05) (5.2.23)
where h (0 0,0 .0, 4 Pk Oib1 026,y (050,05 & RENERES

Since the wrist axes of M are intersecting the singularities of the manipulator decou-

ple. That is,

Ois a critical point of f 3

<=>
(0,.0,.0,) is a critical point of
h': (00,0 1.02) —h (00.0 1.92)C5
or
(03.0.,,.95) is a critical point of w:T*> =G, . (5.2.24)
More concisely,
TA\C; = T\G,- X T'\C,, (5.2.24b)

Since we know the relationship among £,.£; and §; it is straight forward to verify
that h' has the property that each connected component.B;, of T3\C,: satisfies
h'(By) =h'(T3)\h'(Cy-) and T3\ C,: has 4 connected components. Also k' is 1-1 when
restricted to a connected component of T3\ C..

Suppose that £;, £,. £5 are not consecutively orthogonal. Then w is not onto G, by
(A2). Then w (T?) is a compact. proper subset of G._ and w (T*)C is a nonempty open set
in G._. In addition, let 0 be a regular point of f gand let (0;.0,;.05).i € {1.2.3.4} ve

the four solutions to the equation A ‘(-,-,’) = h'(0,.0,.0,). Since the critical values of w



7

have measure zero in G.:s (the measure on G, is that induced by a translation invariant

volume form)

. |
D, & Ulr(0,0,0)]R(0,;.0,;.0,)w(C,) (5.2.25)
i=1

has measure zero in G, .. Therefore w (T*)°\ D, is nonempty and

3R € w(T*C\D, . (5.2.26)
It follows that h(0,.0,0,)R! is a regular value of f g and by the choice of R},

f 3(6 ) #h(0,.0,0,)R!. The manipulator has maximal work-volume so there exists
0' € T®such that

FH0)=h(0,0,0,)R"! . (5.2.27)
as h(0,0,0,)R' € {g € G |lges—coll €£Ly}. Also. by (52.26),
(00°.0,'.0,) (0,.0,.0,). Now h'is 1-1 on connected components of T\ C,.=>0" and 8
are notA in the same connected component of T\Cz = T*\C,- X T3\C, thereby contrad-

icting the well-connected-workspace assumption. Thus

€ 1 & . and &, L &s. (5.2.28)

In other words (vii) and (viii) are satisfied and we have that M or M* is an elbow mani-

pulator.

n
Theorem 5.2.1 reinforces the generally accepted idea that elbow manipulators are

good kinematic designs and are optimal with respect to work-volume. It is somewhat
surprising that the elbow manipulators and their duals are the only designs that meet the
criteria of maximal workspace/well-connected workspace. This theorem should encourage
special consideration of elbow manipulators and their duals in the study of path planning

and collision detection problems.

Admittedly, the class of 6R manipulators is quite limited. The extension of the
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theorem to 6 dof manipulators with both R and P (prismatic) joints is feasible with an
extension of the definition of Iy,. The analog of the elbow manipulator when P joints are
allowed is the Stanford manipulator with zero shoulder offset. Also note that the
definitions of work-volume and length of a manipulator extend directly to redundant nR
manipulators. One can conclude from arguments in the proof of theorem 1 that nR redun-
dant manipulators having maximal work-volume have their first two and last two joints
intersecting. As redundancy supposedly increases the "connectivity” of the workspace, it
will be interesting to see if there is a "very”-well-connectedness measure for redundant

manipulators.

5.A Appendix to Chapter Five

Collected here for convenience are several subproblems which appear in the proof of

Theorem 5.2.1.

A1) Let &, £). be zero-pitch unit twists, O.P € R, O =P, and & N =0. If
7, 8ok 8161y . 2 .
(0,.0,) e % ™'P is onto O + IP—O IIS? (The sphere of radius 7 —0O Il centered at

O) then

& 1 & and £ 1 OP . (5.A.1)
Proof: Let z(and z,; be unit vectors parallel to &, and £, respectively. Now

f(T)=0 + IP—OIS? ' (5.A2)
=>z(f (T))—0) =[-P-0OWUP-0OI] (5.A3)

=>360,, 0, such that

S (p—0)=11P-0Iz, (5.A.4)
' (P—0)=-11P-01z,
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=>e"f1(P—0) = —""f(P—0) (5.A.5)

Premultiplying both sides by z{

=>z{(P-0)==2T(P-0)=>z[(P-0)=0 (5.A.6)
Thus
£ | oP (5.A.7)

Next from (5.A.4)

_ 8§ (P-O)
zg=e¢e TP=0T (5.A.8)

9151 (P-O) -

=>¢ 1 & (5.A.10)
n

A2) LetO € R¥and &, £,. £, be zero-pitch unit twists with €, NE; NE, =0, If

4
(6,.0,0,) - 0%0%0¢ ®161 9282 i onto Go (5.A.11)

then§, | &,.6 1 &

Proof: f onto Gy =>

VR € Gy 3(0,.0,0,) such that (5.A.12)
e 9050, 0161, 826 _ p

Let P O be a point on £, and let both sides of (5.A.12) act on P. Then (5.A.12)

implies

VR €Gy.3(0,,0,) such that e ®bip _ pp

but Go P = O + IIP—O IIS? so the result follows from Al.
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a2
A3) Let £ be a zero-pitch unit twistand O .,P € R¥*withO P and £ NOP #=@. If

f :0 = 1le® P —0 Il is onto [0.IP—0 li] then £ is a perpendicular bisecter of OP.

Proof: LetQ € £ NOP, then

1e®P—0 Il = le®4(P—0)—~(0 —Q) > [IP—QI-lO—Q 1] (5.A.13)
but lle*P—0 Il = 0 for some ¢ => IP—Q Il = 10 —Q I
=> £ NOP contains the midpoint of OP . (5.A.14)

Now, let z be a unit vector parallel to £ then

zTe®¥(P—Q)=2zT(0—Q) ‘ (5.A.15)
=>zT(P-Q)=zT(0-Q) (5.A.16)
=>zT(P-0)=0 (5.A.17)

This together with (5.A.14) yields the result.

A4) Let M and N be m and n -manifolds respectively and let f : M — N be smooth.

If f (M) has non-empty interior thenm 2 n.

Proof:  Since the set of regular values of f is dense in N [Mil. 1., pg. 11] there exists a
regular value y € interior of f(M). Thus, there exists x € M such that

Tf :TM —TN issurjective=>m 2 n.
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Chapter 6

Variable Structure Control of Robot Manipulators

In this chapter we propose a variable structure controller for robot manipulators.
This is an extension and application of the theory of variable structure systems (VSS) as
described in [1.2], and [3]. Previous applications of VSS ideas to manipulator control are
described by Young [4], Slotine and Sastry [S], and Morgan and Ozguner [6]. These
schemes decouple the manipulator dynamics by introducing one hyperplane of control
discontinuity for each joint of the manipulator via feedback control. In [4] a hierarchical
method (see [2]) is used to move the manipulator state to the hyperplanes of control
discontinuity sequentially, whereas in [5] the manipulator state moves 1o all the hyper-
planes simultaneously. Our contribution is twofold: (1)A new analysis technique is
developed for variable structure systems by integrating Filipﬁov's solution concept for
differential equations with discontinuous RHS and Clarke's generalized gradient. (2) We

use this technique to analyze sliding on the intersection of control discontinuities.

The qualitative properties of a VSS are shown in Figure 6.1. Figure 6.1(a) depicts a
phase diagram for a hypothetical VSS with control discontinuities at S, and S, . Trajec-
tories for the flow in Figure 6.1(a) move to, and then slide along the switching surface S .
This motion of the state along the control discontinuity motivates the nomenclatures slid-
ing mode and sliding surface. Although there is a control discontinuity across S,. no slid-
ing mode exists there. Figure 6.1(b) represents a disturbance flow which is added to the
original flow of Figure 6.1(a). The robust nature of the sliding surface is demonstrated in
the resulting flow shown in Figure 6.1(c). The flows have changed somewhat but a sliding

mode still exists along S;. The primary reason that sliding modes are introduced into
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dynamical systems is this robustness to disturbances.

S, SZ

(a) (b)

”

s! 52

A
; ()
A

Figure 6.1 Phase Portrait of an Hypothetical VSS.

The VSS control scheme proposed here for robot manipulators is a multivariable
design which produces a sliding mode on the intersection of several switching surfaces but
does not necessarily generate sliding modes on the switching surfaces independently. This
type of sliding mode is mentioned in [1] and is analyzed for the first time here. Figure 6.2
is a phase diagram of this type of VSS having a sliding mode at the origin. The techniques
used in this chapter to analyze this type of sliding mode are new. Essential to the analysis
is the use of Clarke’s generalized gradient [7] and Filippov's solution concept for
differential equations with discontinuous right-hand side [8]. A simple relationship
between these two ideas is proved in Theorem 6.1.1 part (6). As is common in VSS,
saturating switching controls are used in our scheme. In addition to providing robust
tracking, there is a natural force limiting provided by these saturating controls which

allow the manipulator to “give” when a slight misalignment in an assembly operation
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requires the manipulator to deviate from its nominal trajectory. We show that there is
bounded set of forces that the manipulator can apply at its gripper without deviating from
the nominal trajectory. The size and shape of this set can be be varied by adjusting the
gains in the VSS controller. Thus, the apparent stiffness of the gripper can be varied mak-

ing the manipulator suitable for compliant assembly.

S

4> .

Figure 6.2 Phase Portrait of a Multivariable VSS.

Existing compliance control formulations which are important for comparison are due
to Salisbury[9] and Raibert and Craig{10]. Salisbury varies the servo stiffness of a linear
controller to control the stiffness of the manipulators gripper. Our approach is similar in
that we use the natural stiffness properties of the control scheme to control compliance at
the gripper. The resulting compliance forces of the two schemes is however quite different.
In [10] Raibert and Craig switch various degrees of freedom of the gripper from position to
force control to allow compliant motion. The VSS control scheme presented here switches
implicitly to force control when the manipulator is perturbed from its nominal trajectory.

This is a result of our choice of discontinuous control.

It is important to point out that the direct application of discontinuous control in
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mechanical systems is almost always impractical since the effects of switching forces on
actuators and gear trains can be destructive. Thus, in real systems the control discon-
tinuity is smoothed [S] so that the system trajectory moves to a neighborhood of the
approximate discontinuity. The study of the idealized discontinuous control scheme, how-
ever, gives a clear picture of the salient properties of the system dynamics. Nonidealities
other than smoothed discontinuities such as small delays and hysteresis produce chattering
along sliding surfaces rather the ideal sliding described above. Descriptions of the ideal
behavior as a limit of these nonideal motions are contained in (8. 2] and [1] and provide

additional motivation for studying VSS.

The format of this chapter is as follows. Section 1 contains the non-standard
mathematical framework used in the analysis of the control scheme. Section 2 presents the
manipulator dynamics and formulates the tracking problem. The control scheme is
developed in section 3 and a design example is worked through in section 4. The effects of
a linear coordinate transformation of the joint coordinates is discussed in section 5. Com-

pliance properties are analyzed in section 6 and section 7 contains a brief discussion.

6.1 Differential Equations with Discontinuous RHS and Nonsmooth Potential Func-

tions.

Since we will be considering control laws which are discontinuous and potential
functions which are not differentiable everywhere, the associated (non-standard)
mathematical framework is developed in this section. We begin by defining a solution to
differential equations with discontinuous right-hand side. A solution concept for such
differential equations has been developed by Filippov and is used here. Other solution

concepts are discussed and compared with Filippov's in [11].

Consider the vector differential equation

=f(x.t) (6.1.1)
where f :R” XR—R" satisfies the following condition [8].
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Condition B : f is defined almost everywhere and measurable in an open region
Q CR*. Further, V compact D CQ 3 integrable A(z) . such that
Nf(x2)il KA(t) ae. inD.

n
Definition 6.1.1 [Filippov] A vector function x (-) is called a solution of (6.1.1) on [¢4.2,]

if x (-) is absolutely continuous on [¢.t;] and for almost all ¢ € [£¢.2,]

i€ K[f ) (6.1.2)
where
K[fX=) 2 N N &f(B(x8)-N.t)
5>0 uN =0
and n denotes the intersection over all sets N of Lebesgue measure zero.
uN =0

|
The time dependence of X [f ](x) is dropped in definition 6.1.1 for economy - all results in

this chapter that pertain to X[-] hold with time dependence since ¢z can be viewed as a
parameter in the definition. Note that the definition of K[f ] makes sense for f :R™ —R";
this is a minor generalization, but it is useful in theorem 6.1.1. We will assume

throughout that all functions are defined a.e. and Lebesgue measurable.

The definition of X in (6.1.2) is quite cumbersome to use in applications so that the
set of properties summarized in Theorem 6.1.1 is useful. Before proceeding with the

theorem we need to introduce Clarke's generalized gradient.

Definition 6.1.2: Let V:R" — R be locally Lipschitz continuous and define §V . the gen-
eralized gradient of V, by

9Vix) 8 collimW(x;) | x; =x.x; £ & UN}
- where ) is the set of Lebesgue measure zero where W does not exist and N is an arbi-

trary set of zero measure.

)
n
Theorem 6.1.1. (Properties of K[f ]) The map K:(f | f :R™ = R"} —{g Ig:R™ —2F"}

has the following properties.
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(1) Assume that f :R™ = R" is locally bounded. Then 3Ny CR™uN; =0 such that

VN CR™",uN =0

K[f)x)=collimf (x;) x; »x.x; € N, N} (6.1.3)
(2) Assume that f .g:R™ = R” are locally bounded then

K[f +glx) ck[f Xx)+ K[g)x) (6.1.4)
(3) Assume that f;:R™ = R", j € {12....N} are locally bounded, then

KX f,X0) Xxly, Kot (6.1.5)
(4) Let f :R™ —»R" beC.rank Df (x)=n.and f :R® = R” be locally bounded. then

K[fog Xx)=KI[f Ng(x)) (6.1.6)

(5) (equivalent control [2] ) Let g:R™ — R?** (i.e. matrix valued) be C° and f :R™ = R"

be locally bounded, then

Klgf Xx)=gx)KIf I(x) (6.1.7)
where gf (x) & g(x)f (x) € R®.

(6) Let V:R” — R be locally Lipschitz continuous, then
K[w (x)=9V(x) (6.1.8)
(7) Let f :R™ = R" be continuous. then

K[fNx)=1{f (x)} (6.1.9)

Proof: See Appendix 6.A.

u
The manipulator dynamics together with our proposed control law is best described

as a nonsmooth gradient system. i.e. a gradient system whose potential function is not
differentiable everywhere. The following definition and theorem provide the formalism

necessary to calculate certain time derivatives associated with nonsmooth gradient

* Cartesian product notation and column vector notation are used interchangeably.
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systems.

Definition 6.1.3: V:R™ =R is called a max function if V(x)= max f, (x) where
j

f;'R™ 2RareC! and Y is a finite index set.

a
Theorem 6.1.2.
Let V:R™ — R be a max function. Ifx:R = R” and V (x (¢ )) are differentiable at ¢, then
ZVGEEN =i VE € Vi)
Proof: See Appendix 6.A.
]

6.2 Manipulator Dynamics and Problem Formulation.

The dynamics of an n-joint rigid-link manipulator may be described by the equation

M@ +C(06)+G@O)+DOObL)=F (6.2.1)
where
11. @ is the n X 1 vector of joint coordinates M(0) is the n X n inertia matrix
C(0.0) s the n X 1 vector of Coriolis and centrifugal forces' G (6) is then X 1
vector of gravitational forces D (0.9 ¢ )is the n X 1 vector of disturbances F  is the n X
1 vector of generalized forces applied by the actuators at the joints of the manipula-

tor.

and (6.2.1) has the following properties.

(P1) M (@) is symmetric and positive definite. M (-), C(-.-), and G (-) are C! functions of

the manipulator state [0.0 . D(-.-.-) is locally bounded.

% “Forces” and ‘“generalized forces” will be used interchangeably throughout.
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The positive definiteness of M(0) is an important property of the manipulator
dynamics as it is essential to theé stability analysis of the proposed sliding mode control
scheme. This property is exploited in [4] and [5] to guarantee the invertibility of M (6).
Another important feature of the dynamics for earth-bound manipulators is the gravita-
tional force G (8) which is usually large. To accommodate this fact the joint forces will
include a compensation? term for the gravitational forces. For the sake of generality we
allow for the compensation of other forces as well. We therefore write the joint forces
applied by the actuators in the form

F=C0H)+G0)+DMOb2L)+u (6.2.2)
where the hatted terms are estimates of the corresponding unhatted objects and satisfy the

following assumption.

(A1) C.G . and D are locally bounded. (Note that no continuity assumption is made so
that discontinuous models of friction may be used in D)

The vector u is the additional joint force beyond the compensation forces and will be
referred to as the control. The expression of the dynamics described by (6.2.1) and (6.2.2)
is simplified by defining the “disturbance” vector

D©0.6:) 2G0)-GO)+C©OH)—C(0.6)+D(0.62)—DOIHs). (623)
Using (6.2.1),(6.2.2), and (6.2.3) the manipulator dynamics become

M@©)¥ =u +D(6.6.). (6.2.4)
Dropping the functional dependencies, the state equation form of (6.2.4) is
0 |= 6

Let [0, ,94]7 be the desired state trajectory that we would like the manipulator to

follow. Further, let it satisfy

‘Any or all of the compensation terms may be set to zero.
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(A2)[0,.0,) isC! on [z g.00).

Now define the tracking éerror by

0

) [ (84
6

A
4 6 | (6.2.6)

e
e

In terms of (6.2.5) and (6.2.6) the tracking problem is the following:

Find a feedback control u such that for any given initial state [0.0)(zo) = [0,.0,F .

[e()eé())f =0 as t 2 oo.

Once u is chosen to achieve accurate tracking, the usefulness of the feedback control
scheme for compliant motion is considered. The restoring forces exerted by the manipula-
tor when it is perturbed from a nominal trajectory determine the suitability of the control

scheme for tasks that require compliance. These forces are calculated in section 6.6.

6.3 The Control Scheme.
Choose B €R"* such that o(B) C C.

Define the "switching" vector

s &4[B 1] i (6.3.1)
and the control u by
us= _k (6 ,é.ed 'éd .é.d)W(S) 3 (6.3.2)
n
V(s) & lislly= Y Is; 1. (6.3.3)
i=1
where the gain k satisfies
(A3) k:R>™ =R isC°
Clearly, if s =0 then
€ = —Be (6.3.4)

and it follows that [e ¢}’ =0 exponentially for arbitrary initial conditions. Our goal,

W is not defined on a set of Lebesgue measure zero. The analysis to follow takes this into account.



85

then, is 1o choose ¥ such that s becomes zero in finite time. To find such a ¥ a Lyapunov

based design approach is used with the obvious choice of Lyapunov function, V(s ).

We begin by computing V and then choosing & such that V is bounded below zero

(ie. V(t) S—e V¢ 2t,) whenever s =0.

This will guarantee that s =0 in finite time. Lyapunov theory as developed say in [12]
holds for differential equations with continuous right hand side. However, the
nondifferentiability of V (s) and the discontinuous nature of the control pose some techni-

cal problems. Using the results of section 2 we can compute an upper bound for V.

Theorem 6.3.1 Let the manipulator dynamics and control be described by (6.2.5) and
(6.3.1-6.3.3). Assume that P1, A2 and A3 are satisfied. If [0.6] is a solution to (6.2.5) on
[£6.00) in the sense of Fillipov then
6] V(s(z)) is the Lebesgue integral of its derivative
(i) 38 € K[D]such that

VS—kEMUE+EMS+Be —6,) ae.

where £ = argmin {linll,,_,1m € §V(s) ).

Proof: From (6.2.5), (6.3.2) and the fact that [0.0] is a solution to (6.2.5) on [z ¢.00) we
have the following a.e. in [z,00).
6

0
Now by Theorem 6.1.1, property (3),

€K (6.3.5)

0 ~
—kM™IPV(s) + M"D]

0

140 ~
0 K[—kM-lVV(S)+M-1D]I
Next, by Properties (2),(5), and (7).

€ (6.3.6)

0

F) (6.3.7)

€

0 -
—kMK[WV(s)] + M"K[D]I
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(6.2.6).(6.3.1).(6.3.7), and property (6) yield
§ €—kM™3V(s) + Bé + M~'K[D] -0, (6.3.8)
The absolute continuity of the solution [0 OF on compact intervals , and the con-
tinuous differentiability of [0,.0,) imply s is absolutely continuous on compact inter-

vals. This, in turn, implies the absolute continuity of V on compact intervals. Thus, V

exists almost everywhere, V is the Lebesgue integral of its derivative and (i) holds.

From (6.3.3) we have

Vis)= i max (—s; .5; ). (6.3.9)

i=1

Since the finite sum of max functions is a max function we have by Theorem 6.1.2, and

the absolute continuity of V and s that

V=¢; ae. (6.3.10)
V £€gV(s)

From (6.3.8) and (6.3.10)
V=—rk&MIB+EME+B~0,] ae. (6.3.11)
V €€9V(s).some BEQYV (s) . and some § € K[D]1.

Choose
¢ = argmin{linil,,_, Im€ZV (s)} (6.3.12)

Then, from the convexity of the set §V (s).
VS—k &MY+ EMIS+B —0,] ae (6.3.13)
Whence we have (ii).

Part (i) of Theorem 6.3.1 tells us that we can ignore the set of measure zero where V
does not exist and obtain an upper bound on V by integrating the bound on Vin part (ii).

The following corollary uses this fact to determine k& such that s — 0 in finite time.

Corollary Let (6.2.5) satisfy the conditions of Theorem 6.3.1, and let [0 .67 be a solution

of (6.2.5) on [to.). If k& satisfies
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Dl
a'minM

with [IDil 4 sup{li§Il15 € X[D1} and € >0, then 3T € R such that

k 20nuM(e + + Bl + 116 411 (6.3.14)

s=0V ¢t >T. (6.3.15)

Proof: From Theorem 6.3.1 we have

V &k W8Po; MY + 8o M~UIDI + 1Bl + 116,11)  ae. (6.3.16)
The assumption (6.3.14) on k yields

V 18R o M~UIDI + Bell + 11§1) — 11£1%e  ae. on [ g.00) (6.3.17)
Since §V (0) = [~1.1} . the unit cube in R*, we have by the convexity of the function V,

aV(s) (=11 =@ Vs = 0 (see [7] proposition 2.2.9). Thus, by definition of £,

HENZ1VY s = O and from (6.3.17) we have V <—e YV s %0 a.. onltg.c0). Thus.
sinceV 20andV =0 <> s =Owehaves =0 V¢ 2T 8 1o+ V(z,o) e.

a

In order to use the corollary we must show that a Filippov solution to (6.2.5) exists

on [£.00). In Appendix 6.B it is proved, under the assumptions of the corollary and (A2),

that a solution exists. Thus, under these assumptions, s — 0 in finite time and by the

definition of s, [e.é ' — 0 exponentially. These results justify the following design pro-

cedure for a manipulator controller. The procedure generates a control law that solves the

tracking problem.

Design Procedure
Data:

Manipulator dynamics of the form (6.2.1) satisfying (P1) and a class of desired tra-

jectories satisfying (A2).
Step 13
Choose € .G .D satisfying (A1).

Step 2
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Choose B € R*** such that o(B) C C3.
Step 3:
Choose k satisfying (A3) and (6.3.14). (e.g. if IDIl is C° then taking & equal to the

RHS of (6.3.14) is a satisfactory choice).
Step 4:

Choose actuator forces according to (6.2.2) and (6.3.1-6.3.3).

Comment: In practice a large value of ¥ may excite unmodeled dynamics (for instance,
flexure modes in the manipulator). Thus, in order 1o minimize the required gain the esti-
mates in step 1 of the procedure should be as close to the true values as possible. These
can be determined from the nominal joint inertias and measured values of joint friction.
Bounds on the errors of the estimates can be obtained from knowledge of the errors in the
link inertias and measurement errors. Also, if the eigenvalues of B are large. the gain k

may be large due to (6.3.14); this should be considered in step 2.

Note that the only information necessary to design a controller satisfying (6.3.14) is
bounds on Oy M. OpaM . and DI, Thus, variation of M and 5 within these bounds
will not affect the tracking performance of the controller. This robustness to parameter

variations and disturbances is common in VSS controllers.

6.4 Design Example

Consider the two-degrees-of-freedom manipulator shown in Figure 6.3. Each link
has unit mass concentrated at its endpoint. unit length, and the acceleration of gravity is
taken to be one. Each joint actuator has unit inertia also. Given these parameters the

dynamics are [13]

+ 2cos(8,) 1 + cos(85) g,
1 + cos(9,) 2 0, +

2 9 19: ,sin(0,) + szsin(ﬂ 2)
29 19 zsin(e 2) +0 IZSln(e 2)

sin(0,) + sin(0, + 0,)| |F
sin(0, +05) ]= [F;I (6.4.1)
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Figure 6.3 Two Degree-of-Freedom Manipulator.

Equation (6.4.1) satisfies (P1) and has the form of (6.2.1) where the disturbance
term is equal to zero. The only contribution to D will be from the error in estimating
C(0.0) and G(0) . A standard practice. which will be followed here, is to estimate G (8)
and to approximate the Coriolis and centrifugal terms by zero. With the simplifying

assumption that the estimate of the gravitational forces is exact it follows that

29 19. zsin(e 2) + 922811‘!(9 2)
26 19 2sin(9 2) + 0 12511'1(9 2)

and (A1) is satisfied. To simplify the form of the gain & the following bound for D will

D=c@.6)= (6.4.2)

be used.

D1 €2(8, + 6,)2. (6.4.3)
We begin by choosing the matrix B diagonal;

10
01

Next. for concreteness, set € = 1 , and from (6.4.1), and a simple calculation, it follows

(6.4.4)

that

OmaxM <7 (6.4.5)
OminM >1.
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Now verify that

=701 4200, +0,2+10 —0,11+ 16,1 (6.4.6)
satisfies (A3) and (6.3.14). Putting together (6.2.2),(6.3.1-6.3.3),(6.4.4), and (6.4.6)

yields

F=—g0)+u (6.4.7)

sin(0,) + sin(6, + 6,)
Sin(9 1 + 92)

sgn(edl —01 +édl_él)

sgn(0,2,—0,+6,,—0,) 6.4.8)

(74140, + 60,2+ 716 — 6,11 + 71, N)

where 0, is any trajectory satisfying (A2). The choice of joint forces in (6.4.8) will move
the switching vector s to zero in finite time. Thus, by our choice of B, the tracking error

tends to zero exponentially.

There are many possible variations in deriving a gain that satisfies (6.3.14); in prac-
tice all bounds used should be made as tight as possible without violating constraints on
computation time for the joint forces. The next section discusses a method for reducing the

required gain kX by scaling.

6.5 Linear Coordinate Transformation.

In the design example of the last section the link masses and lengths were the same
so that OnaxM/ OpinM Wwas not excessively large for any configuration. However, this is
not the case for most manipulators as their link masses and lengths vary widely. From
equation (6.3.14) it is clear that a large value of OpayM/ OmipM Wwill cause the gain &k to
be large. Also, equation (6.3.2) suggests that all joint forces are approximately the same
modulo the gravity compensation. This is not appropriate for a manipulator with differing
link sizes. The natural modification to the "normalized” control (6.3.2) is a scaling. This is

accomplished by making a linear transformation of the joint coordinates.

Choose nonsingular A €R**" and define transformed coordinates and forces by

and
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f 8 ATF (6.5.2)
Multiplying equation (6.2.1) on the left by A7 yields

m(g) +clgg)+glg)+dggt)=Ff (6.5.3)

where

m(g)=ATM(Ag)A
c(g.g)=ATC(Aq.A¢)
g(g)=ATG(Aq)
d(g.g2)=ATD(Aq.Ad 1)
This equation in the transformed variable ¢ has the same form as (6.2.1) and satisfies

(P1). The design approach, therefore, works on these transformed dynamics as well. The
advantage of allowing this transformation is that we may choose A to minimize
OmaxMm/ Tminm . fit the joint forces to match the actuators more closely, or achieve some

compromise between the two.

The force transformation (6.5.2), and equation (6.3.2) suggest that a good choice for
A might be a diagonal matrix with A; equal to the inverse of the i th actuator force rat-
ing. A nonlinear transformation may be desirable to achieve a particular dynamic behavior

[14] but the discussion here will consider linear transformations only.

6.6 Compliance.

In assembly operations requiring compliance, the forces that are generated when the
manipulator moves one workpiece into contact with another must be controlled. For exam-
ple. consider the peg insertion task depicted in Figure 6.4; in order to execute this task
with the proposed VSS control scheme a nominal trajectory must be specified for the mani-
pulator to follow. The manipulator follows this trajectory until some misalignment of
the peg or hole causes the manipulator to deviate from the nominal trajectory. If the
resulting forces do not cause binding or excessive friction. the manipulator will follow a

path close to the nominal path and complete the task.

We use the approach of [9] and describe the compliance of the control scheme by the
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|

Figure 6.4 Peg-in-Hole Task
restoring forces ! generated by the control when the manipulator is forced from the nomi-
nal trajectory. To study the performance of the proposed control scheme in compliant
motion it is assumed that the l;motion is quasi —static. That is, all time derivatives of the
manipulator state and the desired trajectory are approximated by zero. This approxima-

tion is reasonable for most assembly operations requiring programmed compliance [15].

With this assumption the force exerted by the manipulator on its environment is cal-
culated. Let F be the force that the manipulator exerts at its gripper in some set of
workspace oriented coordinates. This force is translated into joint forces by the usual
Jacobian transformation [13] and is equal to J7 (0 )F- where J(0) is the Jacobian of the
workspace oriented coordinates with respect to the joint coordinates. With this added
force, which is not accounted for in the design procedure, equation (6.2.1) becomes

M@0 +C(0.6)+G(O)+D(0.0.4)=F +JT(0)F. (6.6.1)
Making the linear transformation described in the last section yields

m(g)i +clg.g)+glg)+dlgget)=f + ATIT(A™q)F, (6.6.2)
Applying the design procedure to (6.6.2) with Fc =0, we obtain

f=clgg)+g(g)+d(g.gz)+u (6.6.3)

where
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u=-=kYV(s)
Vis)= ilslll
d il ) .
k 20,,.mle + a;'n L+ uBen + 16,1, (6.6.4)

and

s =Blgs —q)+ (s —¢)
where g, is the desired trajectory and d is defined in (6.2.3) with upper-case characters
replaced by lower-case. The dynamics are then

m(g)f =u +dlg.g.t)+ATIT(A™Yq)F,. (6.6.5)

Choosing B to be the identity matrix and applying the quasi-static assumption we have

il
S
k Z20mn,m(e + - ). (6.6.6)

s =(gs —q) (6.6.7)
Given the control specified by (6.6.3) - (6.6.7) the compliance question is: what force does

the manipulator apply at its gripper when the manipulator is perturbed slightly to g. ¥y,
? Using the quasi-static assumption again we set § = 0 in equation (6.6.5) and from the

Filippov definition of solution of section 6.1, it follows that

[ATITIF. € —K[u +4d]. (6.6.8)

Equation (6.6.8) defines the compliance of the control scheme. We restrict our atten-
tion now to manipulators with six degrees-of-freedom. Let 0, be the approximate
configuration of the manipulator for an assembly task and assume J(0,) is nonsingular.
Choosing A = J(0,)~? for the transformation will simplify the compliance of the control

scheme since (6.6.8) becomes

Fc € [kgv(s) - Kld. (6.6.9)
Define
Ag =g, —q. (6.6.10)
=A"Y0, -0,)
=J(0,—-90.)
=Ax

where Ax represents a small change in the gripper coordinates by definition of the Jaco-
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bian.

Then we have (approximately)

SGN Ax,
SGN Ax,

Fo € kgV(s)—Kl[d1=k - kld] (6.6.11)

SGN Ax

Here the compliance behavior of the quasi-static manipulator is apparent. When ¢ = g,
the manipulator can apply at its gripper any reaction force in [~k .k ]® modulo distur-
bances and modeling errors. Once the manipulator is forced from the desired position the
control applies an appro;(imately constant restoring force. The gain & is a stiffness param-
eter which may be used to control the compliance behavior of the manipulator. Note that
equation (6.6.6) puts a lower bound on the stiffness and that this bound is given primarily
by the magnitude of disturbances that must be rejected. In words, the stiffness of the
manipulator may be controlled but the manipulator can only be as compliant as modeling

errors, joint friction, and other disturbances allow.

Various choices of A and B will give different stiffness behavior to the manipulator.
For example, stiffnesses along different axes may be controlled independently by suitable

choice of these matrices.

6.7 Discussion

We have shown by using a multivariable approach to VSS that an extremely simple
controller can be designed for robot manipulators. The control scheme developed provides
for robust tracking and for compliance control and the compliance behavior is such that
when the manipulator is forced from a nominal trajectory the control switches implicitly

to force control.

The techniques used for proving stability are new for VSS and should be useful for

the analysis of a wide variety of VSS described by nonsmooth grédient systems.

6.A Appendix A to Chapter 6
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Proof of Theorem 6.1.1:
(1) To prove this property we first need two lemmas.
Lemma (6.1.1)

Let { E,, } be a sequence of compact subsets of R* such that E,4; C E,. Then

Neco E, = co (En ' (6.A.1)
m€N mE€N

Proof: This is a simple application of Caratheodory’s theorem for convex sets [16].

|
Lemma (6.1.2)
Let f be defined almost everywhere and measurable on a set £, uE # 0. Then
N, of measure zero such that
N&f(E-N)=2& f(E—-N;). (6.A.2)
uN =0
Proof: See [8].
]
Henceforth, N subscripted with a function will be interpreted in terms of this lemma.
Proceeding with the proof of the property.
K[flx)= 1 ) éf (B(x.8)—N) (6.A.3)
8>0 uN =0
=N ) &@fBx.1/m)-N) (6.A.4)
m € N uN =0
Now, from lemma (6.1.2) we have
Klflx) = | &f (B(x.1/ m)—N; ) (6.A.5)
m € N
Define
Ne= UNn (6.A.6)
mé€N
then
KlfXx) = () &f (B(x.1/ m)=N,) (6.A.7)
m € N

since Ny ,, can be enlarged by a set of measure zero in (6.A.2).
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Now f is locally bounded =>

K[f )= () co f(BG&.A7 m)=Ny). (6.A.8)
m€N

= () coflimf(x;) Ix; €B(x.1/ m) — N; ) (6.A.9)
m€N

By lemma 6.1.1

K[f(x)]l=co [Y{limf(x;) Ix; €B(x.1/m) — N;} (6.A.10)
m€N
=co{limf (x;) | x; =»x.x; ¢ N;} (6.A.11)

Finally, by noting that N; can be enlarged by any set of measure zero in (6.A.2) the

result follows.
(2) By property (1)
K[f +glx)=collim(f +g Xx;) Ix; —x.%; € Ny, UN, UNg }(6.A.12)

Since f and g are locally bounded, for each sequence x; = x such that the limit in
(6.A.12) exists, 3 a subsequence (we do not reindex) x; =x such that lim f (x;) and

lim g (x;) exist and lim f (x;) + limg(x;) = lim( f + g )Xx,) Thus,

K[f +g)x)=collimf (x;) +limg(x;) Ix; =x.x; &€ Ny, UN;, UN, )
Ceoflimg(x;) Ix; =x,x; € Ny, UN, UNg }
+co{limf (x;) Ix; =x.x; € Ny, UN, UNg }
= K[f =)+ K[glx). (6.A.13)

3)

Define

glx) 8 jf__'(’ f;(x) (6.A.14)

then by property (1)
K[/%l f,](x) =CO“.imj%l fj(x,‘) lx,- -X, X; £ ON/’UNg}
= = j=1
Cco}ﬁ_](l{limfj(x,-) | x; =x.x; £ UN)‘,- UN,}
= P

¥ ;
= .cho{limf,-(x,-) | x; =x.x; £ CJN,,UNg}
i= =1 7
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= XK, 1) (6.A.15)

4)
We begin the proof of this property with a lemma.
Lemma (6.3.1)

Let f :R™*" =R" be C! and x € R™*" be such that rank (Df (x)) = n. Then 3 neighbor-
hoods U of x and W of f (x).such that YV M CR™*" N CR", with uM = uN = 0, we
have

wllf (U MO Nw)=o0

wllf MW NI U =0 (6.A.16)
Proof: rank (Df (x)) = n =>we can choose (without loss of generality) a partition

(x,.x2) of R®** with x,€R™ x,€R" so that D,f (x,.x,) is nonsingular. By the implicit
function theorem, 3 a C! function g:R™XR” = R"' and neighborhoods U, containing x;
U, containing x,, and W containing f (x,.x,) such that

fxpgxw)d)=w V x,€U;.w €W, (6.A.17)
and ® defined by ™x,w) = (x,.g(x;.w)) is a C! diffeomorphism of U; X W onto
U 8U,xU,. By continuity of ® it. follows (see [17] pg. 551) that ®ly,xw maps null
(zero-measure) sets to null sets and similarly for &1, . It is therefore sufficient to prove
the result for f o®ly xw which is simply a projection. This is straight forward and is left
to the reader.

a8
Now the proof of the property: By lemma (6.3.1), 3 neighborhoods U of x and W of

f (x) such that [g7X(W (NI (YU and [g(U [INf)I [IW are null sets. Next, by

property (1), and the fact that X [f ]J(x ) depends on f only near x we obtain

Klfoglx)=co L[fogllx) (6.A.18)
where

LIfog)x) & {lim fog(x;)1x;=x.x; €U [INfo g~ (W (INF)}
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and

KIfWgx)=coLIf Ng(x) ‘ (6.A.19)

where
LIf Xg(x)) = {lim f (3 ) 1yi g (x).y; €W g W NNf.) MINF)
For every z€L[fogl(x),Zx;—x such that x;€U [|Nfo [lg~(W[INf) . and

f (g (x,' ))_’2 .

Now, let y; = g(x;). then y; €g (U ﬂn,c,g)ﬂw anC and y; =g (x) since g is continu-
ous. Now f (y; )=z =

L{fog)x) c LIf Ng(x). (6.A.20)
For the reverse inclusion, let 2z €L[f]g(x) then Iy,—g(x) such that
yi €W NgW NNfL)NNS and f (y;)—z By the rank condition on Dg(x), g is
locally surjective (see [17] page 108) so 3 a subsequence of {y;} (we do not index) such

that y; € W (g (U [YNfo B(x .27 ) (\NF. Thus.

3x; —=x x; €U [Nfoe g (W [NF) such that y; =g (x; Jand f (g (x;))—z
=>z €L[foglx)
Thus we have L[fog)(x) = L[f J(g(x)) and the result follows by taking the con-

vex hull of both sides.

(s

By proposition 1, we obtain

Klgf Ix)=collimg(x;)f (x;) 1 x; = x.x; ¢ Ny UN,} (6.A.21)

Since g is continuous in its argument and f is locally bounded

Klgf Xx)=colg(x)imf(x;) |y, 2 x.x € Ng UNf ).
=g(x)K[f Ix). (6.A.22)

since co commutes with linear maps.

(6) Since V is locally Lipschitz, W is defined almost everywhere and is locally bounded.



Therefore by (1) we have

K[WwWix) = co{limWV (x;)lx; »x.x; € N}
=gVix)

¢)

This is a corollary of (4) obtained by taking f to be the identity map.

Proof of Theorem 6.1.2: First, we have by definition

Vix(@)) = max i)

Computing left and right derivatives we obtain

2D exists <> max 3@ = min Fxi@)
t j € Y'(x) j €Y(x)
where Y (x) ={jlIf;(x)=V(x))

Thus, the existence of V =>

LWVGEN=w]E)3Ee) Y j €Y &)

=
ZWGEEM=1 T A i)
i € ¥Y'(x)
Vi{\;}suchthat ¥ A; =1
j € Y'x)
==

ZIVGEN =Ei6) VE€wlw,lj €Y ()
and co{Vf;1j € Y (x)} =9V(x).

6.B Appendix B to Chapter 6

Here we prove the existence and continuation of a Filippov solution
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(6.A.23)

(6.A.24)

(6.A.25)

(6.A.26)

(6.A.27)

(6.A.28)

to (6.2.5).

Theorem 6.A.1 Let u be defined by (6.3.1-6.3.3) and (6.3.14). If A1,A2.A3, and P1 are

satisfied, then, for any initial condition [6.6) (¢o) = [00.6 o] . (6.2.5) has a solution con-

tinuable on [z ¢,00).
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Proof: Let 0 = R*" X R and let D be an arbitrary compact set in 0. By Al1,A2,A3, and
P1 we have that 8, M), D , and & are bounded on D. Also, W is defined ae. and
bounded. Thus, RHS of (6.2.5) is bounded by. say, L on D. Choose A (¢) = L which is
integrable on D . The RHS of (6.2.5) is measurable and defined a.e. in Q. Thus, the RHS of
3.5 satisfies condition B. Now by theorem 4 of [8] we have the local existence of a solution

to (6.2.5).

By theorem 5 of [8] any solution of (6.2.5) is continuable on [£,.£;) where t; = coor
MO.6Y 1l = oo. By (6.3.15) we have for any solution of (6.2.5) that s is bounded =>
[e €} is bounded by (6.3.1) => [0.0F is bounded on bounded sets by Al. Therefore,

there exists a solution continuable on [z ,00) (see[18). for a discussion of uniqueness).
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Chapter Seven

Conclusion

This thesis has dealt with two subfields in robotics: kinematics and control of robot
manipulators. Following a tutorial development of manipulator kinematics using twists
and their exponentials (chapters 1-4) an optimal design theorem for 6R manipulators was
proved using this notation. To address the problem of control for robot manipulators, we
developed nonsmooth analysis techniques which made the design of a robust variable

structure control scheme a simple exercise.

The tutorial on manipulator kinematics relied on the expression of rigid motions as
exponentials of twists. When writing the kinematic equations for manipulators we were
able to avoid attaching a coordinate system to each link of the manipulator in contrast to
the standard Hartenburg-Denavit approach. The only information needed to write down
the forward kinematic map is the positions of the joint axes in the nominal zero position.
In addition, the exponential notation makes differentiation and the determination of criti-
cal points in the forward kinematic map easy. We claim that the proof of the optimal

design theorem is (even more) gruesome in the standard notation.

Future development of this geometric approach to kinematics may include the fol-
lowing. (1) A truly geometric development of twists starting with physical 3-space
modeled as a manifold. This would avoid the expression of twists in coordinates which
tends to confuse one’s intuition. (2) A simplification of manipulator dynamics. Just as the
exponential notation simplifies differentiation and the determination of critical points, we
expect that the exponential notation will give a clear picture of manipulator (iynamics.

These twists and their exponentials are not a cure all. They allow us to represent simple
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ideas simply: difficult problems remain. We do not , for example, expect that twists will
help find solutions to general kinematic equations of 6R manipulators. For these, the
kinematic equation must be reduced to a set of polynomial equations which will most

likely be solved numerically.

The optimality theorem of chapter five answers some fundamental questions on the
design of manipulators. It develops the relationships between significant design parameters,
and provides a clear statement and proof of a folk theorem that states that elbow manipu-
lators are optimal. On top of this, the theorem is consistent with the design of the human
arm. The human arm is like the elbow manipulator in that one degree of freedom is at the
elbow (halfway between the shoulder and the wrist) and the remaining degrees of free-
dom are concentrated at the ends (shoulder and wrist). Also, the definitions of length and
work-volume extend to other types of manipulators and set a framework for studying
these as well. We expect that this theorem will motivate the special consideration of
elbow manipulators and their duals in the study of path-planning. collision detection, and
dynamics. The special structure of elbow manipulators may simplify these problems and

lead to practical implementation of sophisticated control algorithms.

The calculus developed for analyzing variable structure systems in chapter six allows
us to vigw variable structure control as an extension of standard nonlinear control tech-
niques. We replaced high gain feedback with discontinuous feedback and a smooth
Lyapunov function with a nonsmooth Lyapunov function. When applied to the robot
control problem, we were able to obtain stability results easily as in standard Lyapunov
analysis. We simply exchanged differential equations with differential inclusions and gra-
dients with (set-valued) generalized gradients. Although we developed a simple controller
for robot manipulators the impact of this work on VSS controllers is likely to be felt more
in the area of VSS. We expect that this (sub-)sub-field will be viewed as an application of

nonsmooth analysis.

This thesis has treated only two problems in a field which is incredibly broad. There
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. are many more open problems in robotics which also need careful attention.
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