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ABSTRACT

In this paper, we give a global theory of Lyapunov functions for a class of vector fields. This
class is defined in Euclidean space by analogy to Morse functions on a compact manifold. Our class is
more general in that we allow a wider class of attractors. The vector fields in that class are dissipative,
in a sense that is made precise using a generalization of asymptotic stability. It appears reasonable to
state that the dissipative property of a vector field is equivalent to the existence (globally) of Lyapunov

function (cf. the work of J.Willems [15]).

Our theory is more complete than previous works in that it works out the classification of ail pos-
sible global Lyapunov functions, based on the diagram of the types of orbits of the vector field (called

here the orbit diagram).

We include a general existence theorem for Lyapunov surfaces (i.e. Lyapunov function level
sets), since we believe that this is the more natural concept for an existence theory. The proof is based

on purely geometric arguments that exploit the foliation of a region of attraction by the orbits in it.

* Research supported in part by NSF Grant #ECS-8308330.
Submitted for Publication 1o the IEEE Transactions on Circuits and Systems.



Introduction

A Lyapunov function for a dynamical system is a generalization of the energy function of a clas-

sical mechanical system. It is a scalar function V on the state space with the property that it is non-

increasing on uajectbn'es of the system, i.e. %50. When the system is dissipative, the Lyapunov

function is strictly decreasing, %<0.

In system theory, Lyapunov functions are usually local; in this case the existence of a local
Lyapunov function is equivalent to the local stability of an equilibrium. Only if the equilibrium is glo-

bally stable is the Lyapunov function also defined globally.

In general, each stable equilibrium is stable in a région of state-space that we call its region of
attraction . This is the natural domain of definition of a Lyapunov function and in power systems,

Lyapunov functions have been used to estimate the region of attraction of an equilibrium.

In the mathematical theory of dynamical systems, on the other hand, global Lyapunov functions
are considered and have proved very useful in the study of global dynamics for certain classes of flows
(see F.W.Wilson (16],(17], Franks (5] and Pugh and Shub [13]). In particular, just as Morse theory
helps to describe the topological structure of manifolds, global Lyapunov functions are used to describe

homological properties of dynamical systems, as in Franks.

Our research was developed with a motivation very different from the above. It generalizes glo-
bal Lyapunov theory in two directions: first, the attracting sets are allowed to be arbitrary compact man-
ifolds. Second, and more importantly, the class of Lyapunov functions we consider is more general:
roughly speaking, the level sets of Lyapunov functions considered before tend, asymptoticaily, to the
boundary of the regions of attraction of the critical elements. In our research, these level sets are

transverse to the boundary and hence are not contained in a single region of attraction.

It is important to generalize the notion of an isolated, non-degenerate equilibrium point. The
natural concept that makes an attractor isolated and non-degenerate is that of asymptotic stability.
Furthermore, we allow not only equilibrium points, but general compact manifolds which we call

attracting sets . As in the case of Morse-Smale vector fields, the non-attracting ®- and o-limit sets are
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required to be Ayperbolic equilibria or closed orbits .

To get a complete qualitative picture for the class of dynamics to be defined, we impose a global
condition of dissipativeness. This allows orbit diagrams to be drawn for the flow, assuming a no-cycle
condition is satisfied.

The object of section 2 is to give a generalization of Morse functions: these are the (strict)
Lyapunov functions for the flow. In contrast to the Morse function giving a gradient flow, a Lyapunov
function is not unique for a given flow. It is one of the main contributions of this research that the pre-
cise degree of non-uniqueness of Lyapunov functions is found. This leads naturally to a complete

classification of all the possible Lyapunov functions of a given vector field.

The motivation for this work comes from large deviation theory (see [3],{14]). It turns out that
the class of dynamics we define here is a natural one for obtaining global results in large deviations. In
particular, in some special cases desribed in Kappos,Sastry (8] the variational problem in the small-

noise asymptotics is actually solved by a Lyapunov function.

This paper is suuc;nxred as follows: in section 1 we define a class of dissipative dynamics for
which Lyapunov theory is appropriate. In section 1.1 we define attractors in a way that generalizes
naturally the definition of asymptotically stable equilibria and in section 1.2 we use orbit diagrams to
define globally the class of dynamics we want. Section 2.1 describes Lyapunov surfaces. These are
seen to be global analogs of the transverse neighborhoods to the flow obtained from the flow-box
theorem (see section 2.1.1). Section 2.2 derives a botany of Lyapunov functions. The most direct kind
that follows from the Lyapunov surface concept is a Lyapunov function déﬁned in the region of attrac-
tion of a single attracting set. This is the type of Lyapunov function familiar from system theory and

power systems.

Using the results of section 2.1.3 on Lyapunov surfaces for saddle critical elements, we are led to
global Lyapunov functions whose level sets propagate across saddles in a prescribed order. This allows

the classification scheme of section 2.2.2. Section 2.3 draws some conclusions.



1. A Class of Dynamical Systems

1.1. Attracting Sets
Let K be a compact, connected, g-dimensional submanifold of R"*, g<n . Define the distance
function to K:
d(xK)=inflx—yl
yek
Since X is compact, d is well-defined and continuous. Now define, for >0 , the set:
NE=(xe Rd(x,K)<¢)
For € small enough, we can take this to be an ¢- tubular neighborhood of K in R".

More precisely, a tubular neighborhood of the submanifold X of R” is a pair (f,B) , where

B=(p,E,K) is a vector bundle over K and f is an embedding of E in R” such that:
(@) frestricted to K is the identity map
() AE) is an open neighborhood of X in R".

We shall, by abuse of notation, refer to {E) as the tubular neighborhood of X (see Hirsch [6] for
details).

Note that the fibre over any xe X can be taken to be the normal space to 7,.X = N,X which, in R”,
is identified with (T.X)* (see the proof of Theorem 5.1 in (6]). In this case, (f,B) is called a normal

tubular neighborhood (n.t.n.) of K and we can take f(E) to be the set NX, for some small €.

We use these neighborhoods as the open sets in the definition of an attracting set.

Definition 1:

The manifold K is an attracting set if: given a normal tubular neighborhood NE, 550 of K, we

can find a &0 and a n.t.n. N such that:

(i) for all xe N& , oxeN¥ for all 0 .



(ii) for all xeNX , d(x,K)—0 as t—0.

Call A(b) the set of attracting sets of the vector field b.

Remarks:

1) If K=(x} , we are back to the definition of an asymptotically stable equilibrium. If X is a limit cycle
(the only possible 1-dimensional compact,connected manifold), then we have defined an asymptotically

stable limit cycle.

2) In higher dimensions, when 420, the attracting set contains more than one orbit of b (an example is a
two-dimensional torus). We make no assumptions on the behavior of b on K. In particular, the flow of
b may be conservative when restricted to K. However, we require K to be of dimension strictly less

than that of the state space, as should be the case for dissipative systems (see Birkhoff [4]).

3) If K=(x} is a hyperbolic atractor, then it is certainly an attracting set, by the Grobman-Hartman

theorem.

Definition 2:
The region of attraction Ry of the attracting set K is defined as the set of points xe R" satisfying:
(i) d(¢,x.,K)—>0 as t—rtoo,
(ii) x¢ K.

Note that for all xe Ry , b(x)#0. We have:

Lemma 1:

If xeRg, the orbit of x : (¢x , te R} belongs to Rg. Also, R is an open set and there is a normal

tubular neighborhood of K contained in it.
Proof:

If xe R¢ and y=¢.x for some ¢,

d(dyK) = d(duexK)
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and the first part follows. Now let NX, N§ be as in definition 1. If xeRpg, there is a time T>0
such that ¢rxe NX. Since ¢r is a diffeomorphism, we can find a neighborhood U of x such that

®rUNE. 1t is now clear that for all ye U, ye Ry and hence Ry is open.

Finally, it is obvious that the normal tubular neighborhood N¥ is contained in Rg. B



1.2. The Class of Flows Considered

First we recall some definitions (see [12] for details) (throughout, b(x) is a complete vector field

and ¢ is its flow).

Definition 3:

A point xeR" is said to be wandering if there is a neighborhood V of x and a time T>0 such
that: dx\V=@D for W>T. Otherwise, the point is called nonwandering . Write Q(b) for the set

of nonwandering points of the vector field b, for all points outside the set of attracting sets A(b).

Definition 4:

Call a set a critical element if it is a zero of b or a closed orbit (a zero will also be called an
equilibrium). A point p is an a -limit point of the point x if there is a sequence of times ty—y—oo
such that ¢, x—p. It is an ® -limit point of x if the same holds for a sequence of times & going
to +oo, If for the point x [ppxl—+o0 as t—r—oo (+00) we say oo is an o-limit point ( @-limit point)
of x. Call Ly(b) and Ly(b) the set of o- and w-limit points of b, for x outside A(b) and belonging

to a bounded orbit.

Note that if pe LyUL,, then p is a non-wandering point. Thus, for a general flow, Q(b)>L (b)) L y(b).

Also note that A(b)cLy(b).

Definiton 5:

An equilibrium is called hyperbolic if its linearization has no eigenvalues with zero real part. A
closed orbit is hyperbolic if the linearization of its local Poincare map has no eigenvalues of

modulus one.

The stable manifold of a hyperbolic critical element o is denoted by W(c). The unstable nvanifold of
G by W¥(s). For the existence and properties of the stable and unstable manifolds of critical elements

refer to eg. Hirsch et.al.[7].



Definiton 6:

The vector field b on R" is a dissipative Morse-Smale vector field if:

(i) there is a finite number of attracting sets and a finite number of critical elements, all hyper-

bolic.

(ii) (a) the set of w-limit points in R"-A(b) is equal to Ly(b).

(ii) (b) the set of a-limit points in R™-A(b) is equal to Ly(b){oe).

(iii) QOY=La(BYLa(b) (o).

(iv) if 0y and o, are critical elements, then W*(c,) and W*(c,) are transversal.
Remark: "

It is a consequence of condition (i) (a) that every future trajectory {¢x}oo Of a dissipative
Morse-Smale vector field is bounded. Something stronger is actually true: almost ail points in R* have
their w-limit sets in A(b). This is because the stable manifold of a critical element that is not an attrac-

tor has dimension strictly less than n and hence has Lebesgue measure 0 in R". The past trajectories

{¢x} 0 Of b, however, generically go to oo or to a critical element of index n.

Definition 7:

Given critical elements or attracting sets G, , G, introduce the relation < by: 6,<0, if there is an

orbit y that has G, as its w-limit point and o as its o-limit set.

A set of critical elements satisfies the no-cycle condition if we cannot find distinct critical ele-

ments G; ,G;,,...0;_ Such that: 0;,<0;,<..<0; <C;.

Now construct the orbit diagram of a dissipative Morse-Smale vector field that satisfies the no-cycle

condition as follows:

Distinguish (n+1) levels, according to the index k of a critical element (i.e. the dimension of its
unstable manifold). Thus O<k<n. The attracting sets are at the index-0 level. List all the critical ele-
ments and attracting sets at each level. Include the repeilor at o= at the index-n level. Call these the

nodes of the orbit diagram.
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Connect node ¢ to node © by an arrow pointing from ¢ to T if T<0C.

Lemma:
<G if and only if index T < index G.
Proof:

This follows from transversality, by keeping track of the dimensions of the stable and unstable

manifolds of the critical elements.
Note that the above lemma shows there are no homoclinic orbits (i.e. <o does not happen).

We are now in a position to define the class of dynamical systems for which the global Lyapunov

theory of chapter 2 will be developed.

The Class D(R™):
A complete vector field b on R" belongs to the class D(R") if:
(a)bisa dissipaxive'Morse-SmaIe vector field and
(b) the no-cycle condition is satisfied.

From now on, the vector fields under consideration will be assumed to be in D(R?).

Discussion of the Class D(R"™):

D(R" is a general enough class of dynamics to include many familiar examples of interest: for
example, the Josephson junction models away from bifurcation, multi-machine models in power systems
etc. The sense in which a vector field in D(R") is dissipative is consistent with previous attempts to

formalize this notion (see G.Birkhoff [4] and, more recently, J.Willems [15]).

As Birkhoff requires ([4],pp.31-32), asymptotically as (—eo, the motion of a dissipative system
takes place close to bounded sets of dimension lower than that of the state space. On such a set, the

motion is assumed conservative. In our formulation, the attracting sets are compact manifolds of

dimension strictly less than n.
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According to Willems, dissipativeness has to do with the existence of a function which decreases
with the forward (in time) evolution of the system dynamics. This is captured in our theory by the con-
cept of a global Lyapunov function. Our theory goes further than that in specifying exactly how many

such functions we can find and how they are related.

The members of D(R") are structurally stable In fact, if we compactify the state space using the
point at infinity, we see that the class we defined is very similar to the Morse-Smale vector fields,

except for the existence of the more general class of asymptotic attractors.

In Figure 1.1, we give some simple examples of orbit diagrams.
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2.1. Existence of Lyapunov Surfaces

2.1.1. Basic Definitions and Properties

The region of attraction of an attracting set K is foliated in an obvious way by the 1-dimensional

orbits of the vector field b: each x in Rg belongs to a unique orbit and the vector field is non-singular in

all of RK.

The global Lyapunov theory we are developing gives foliations dual to the above: there are folia-
tions of Ry with leaves which are (n-1)-dimensional submanifolds (hypersurfaces), which we call

Lyapunov surfaces and which are transverse to the 1-dimensional foliation by the orbits of b.

The construction of Lyapunov surfaces has two steps: first, relying on the flow-box theorem, we
get local Lyapunov surfaces. Then, the properties of the attracting set K are used to patch together the

local surfaces to obtain a Lyapunov surface intersecting all orbits of b in Rg.

Definition 1:

A Lyapunov surface S for the vector field b is a hypersurface of R*, bounded as a subset of R*,
with the property that at all points x€S:

<b(x)>+T,S=T,R"
(i.e. S is transverse to the flow of b) and such that each orbit of b intersects S at most once.

We shall be interested in Lyapunov surfaces that are contained in Ry, for Xe A(b). In this case we

have:

Definition 2:

A Lyapunov swrface S is complete for the attracting set K if S is contained in Ry and if all

orbits of b in Ry intersect S (exactly once).

A Lyapunov surface may have more than one connected component. Each component of S has an

orientation induced on its normal bundle NS by the flow: we say that the vector n(x)eN,S points
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inwards if b(x)-n(x)>0.

Every non-singular point x of the vector field b has a Lyapunov surface locally: just find a hyper-
surface whose tangent space at x is transverse to <b(x)>; then a neighborhood of x on the hypersurface

is transverse to the vector field by openness of transversality.

We shall need the above result in a stronger form, where we simultaneously rectify the vector

field around x. This is given by the flow-box theorem (for a proof, see Amol’d (2],p.227):

Theorem 1 (Flow-Box):

Let b be a C vector field. (r21). Let xeR" be such that b(x)#0. Then there is a C'-
diffeomorphism v mapping a neighborhood U of x onto an open ball Bs(0)cR”, with w(x)=0 and
the vector field b to the constant vector field:

Y-y~ 0))=e10) , yeBs(0)

where {ey, . . . .e,) is a standard Euclidean basis for ToR*.

Corollary 1:
Let b(x)#0; then there exists a Lyapunov surface containing x.
Proof:

Let V=(ye Bs(0),y;=0} where B5(0) is as above. Then V=y~}(V) is the desired Lyapunov surface.

A basic property of Lyapunov surfaces is that they can be moved along the flow in an arbitrary
manner, while remaining transverse to the {low. We can use the diffeomorphisms ¢, of the flow or gen-

eral maps that move each point on the Lyapunov surface by a variable amount along its orbit.

We summarize the above in the two basic lemmas:
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Lemma 1:

Let S be a Ly@Wv surface and t€R be given. Then the image of S under ¢, is again a

Lyapunov surface.

Lemma 2:
Let a be a smooth, real-valued function on S. Define the map Y, from S to Ry by:
1x)=¢(a(x).x)
Then the image of S under ¥, is again a Lyapunov surface.
Proof of Lemma 1:

Let i be the embedding map of S. Then ¢.i is the embedding map of ¢,(S) and it is clear that

¢((S) is a hypersurface, since ¢, is a diffeomorphism.
To prove transversality, choose a basis {e;(x),...e,1(x)} for T,S , viewed as a subspace of T,R”,
for xeS. Since b(x) is trasverse t0 S, {e;(X),...en1(X),0(x)} is a basis for T,R". Thg vectors
{(T:9(e1(x))so(TxP(en1(X))(Td)(b(x))} are linearly independent since T.¢, is an isomorphism.
Furthermore; we have the identity:

T:Hdb(x)=b(dwx)

It suffices to show that (T,0)(e (X)) Ty 0(S). Since:
Ty @ed)=TipdeTyi , pER™ | i(p)=xe S
if e(x)=(T,i)v for some ve T,R™", we have:
T(0ed)(vV)=Tip0eT pi(v)=
=Tipdrelx)=(T:0)(eix))
and 50 (T)(ei(x)) is in T,@e)R™'=T, i d(S). W

Proof of Lemma 2:
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We distinguish two cases:
(1) x(x)#0 and (ii) x(x)=0.
Case (i): Pick a neighborhood U of x in S such that ¢ is non-zero on U. Rescale the vector field b
locally:
b’ (@)=x(y)b(z) , ye U , ze orbit of y

It is easily seen that the map defined in the lemma is the map ¢’;ly where ¢’ is the flow of &". By

Lemma 2.6, ¢",U is transverse to &" and therefore to b.

Case (ii): Pick a neighborhood U of x and a time 1 such that Dsugx(x). ¢ U is tranverse to b at x, by
xe

Lemma 2.2, If we define x'(z)=x(¢_2)~7 for ze ¢.U, then %’(2)=0 and ¢(3(x))=9(%’(90),0rx). We are

now back to case (i). W
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2.1.2. Complete Lyapunov Surfaces for Attracting Sets

Consider the equivalenée relation ~ in R™
x~y «« JteR such that y=p, x

In the region of attraction Ry of an attracting set X, this equivalence will yield a quotient space Q that-
is a compact manifold and is diffeomorphic to any complete Lyapunov surface for K. As a result, Ry is

diffeomorphic to xR and Lyapunov functions are easily obtained from functions on QxR.

Theorem: (Existence of Complete Lyapunov Surfaces for Attracting Sets)

Let K be an attracting set for the vector field be D(R™). Let an open neighborhood of K be given

in RK°

Then there is a complete Lyapunov surface for K in that neighborhood.

Corollary:

The quotient space Q of Ry under the equivalence relation ~ is a compact. manifold. Moreover,

Rg is diffeomorphic to the product space OxR.

Proof:

There is no loss in generality in assuming that the open neighborhood of X is an e-normal tubular
neighborhood NX, such that NXcR,. The set ONK=(x:d(x,K)=¢) is closed and bounded and hence

compact. It is in fact a manifold, diffeomorphic to KxS™ (Where q is the dimension of ).

The equivalence relation ~ in Ry yields the quotient space Q:=Ry/~,which has a manifold struc-
ture. This is because each element of Q is an orbit y of b in Rg: y=(d.x,,€ R} and, by the flow-
box theorem, we can find a neighborhood U of x in Ry (since Ry is open) mapped onto Bg(0).
The equivalence relation in B5(0) is simple: it yields the quotient space ¥ of Corollary 2.1 and
hence a coordinate map B for a neighborhood of y (see Fig.l) (since moy™ maps ¥V to

n(V)=moy ™' (V) diffeomorphically and hence the inverse B of Ty~ exists).
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The canonical map ®:Rg—(Q, sending each point to its orbit in Q is locally onto since, when

transformed via y to a flow-box, it can be written as:
=y ooy
where =’ is the canonical projection in R*, taking (¥;,y2,...¥) t0 (¥2,...y,) and is clearly onto.

The equivalenée relation ~ is called a regular equivalence and Q the quotient manifold (see Abra-
ham et.al.(1],p173).

Next, we want to show that Q is compact. First, we claim that every orbit of b in Ry intersects
ONX. This is bacause Ry, and therefore NX, contains no o-limit points of 5. Suppose, otherwise,
that there is an orbit ¥=(¢x/€ R} that is contained in NX, Define &;:=¢_x , i20; the sequence
(&2, has a limit point in N¥ becanse NX is compact. This is a contradiction, since NX contains
no o—limit points. All points of RX tend to K as t~>+eo and they are eventually in 172' On the

other hand, the orbits of all points of NX intersect dNX. Thus, all orbits in Ry hit INX.

If we restrict the canonical projection map to oNX we get, by the above, that ®(@N5)=Q. Since
oNX is a smooth manifold and & a smooth map, we get that the image of the continuous map

ﬂ:la”e( is compact, because dNX is. Thus Q is compact (see Munkres [11], p.167).

An open cover of Q is obtained as follows: first, find another neighborhood NE" such that
O(NF)NE for all £20. For all points xeN¥, find a neighborhood U, in NXK and a local Lyapunov
surface V, as in Cor.2 that is mapped diffeomorphically to n(V,), a neighborhood of m(x) in Q.

The n(V,) cover Q:

= Vv
Q—‘:;‘n( )

e

Since Q is compact, we can find a finite subcover:
Q=_ul1t(V.')

where the V; are neighborhoods of the points x; , i=1,..,n.
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This finite cover will be used to get a global section of the quotient T:Rg—Q, i.e. a smooth map
5:0—-Rg such that nt(s(x))=x on Q.

Note that we already have local sections (sections defined on open subsets of Q). These are
obtained (see Fig.2) by mapping back to Rg, using the rectifying diffeomorphism v;, the neigh-
borhoods of the x;:

A
S,‘ZN(V;)—)V; cR K

To get the global section, we need to patch together the local ones; this is accomplished using a

partition of unity subordinate to the open sets {r(V)),i=1,..,m} and the following transition maps :
On a non-empty intersection m(Vynn(V)=Q the map:
Yei:${(m(V)rn(VY) = R
sending x to:
YyX)=inf(ld:0xe V)
is smooth and satisfies:

5 PY=0(Yy(s{P))5,P)) » pe(VINR(VY

When j=k, we have: y;{p)=0%. On triple intersections we have the consistency condition:

Yl =Yl SO Yui(s:(p)) .

Let (ayi=l,.,m} be the functions that define the partition of unity (i.e. suppocm(V) and
m
> o(p)=1pe Q). The expression for the global section s can now be given on each open set
=1

(V)
) proved using the group property of the flow:

SOVl S 0=0(Yie (5 O (Vi 5,509V (S: )+ Va5 .52

and on the other hand S=¢(Y;;(5;),5). Comparing, we get the desired result.
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Felni

s@=0( S, 0 oN(so).sp)) for pem(Vy)

We claim that this gives a consistently defined s on all of Q. To show this, take a non-empty

intersection n(V)Nn(V)#D.i#k. We have two expressions for s(p) for points p in the intersec-

tion:
s@=H(X o PY(s:(p))5P)) |
@Y= euPyVulsiP)) 5 p)) ®
We must show that the expressions (a),(b) for s(p) are equal:
= EP)Yulsup))-sp))=
=0 Py VulsiP)).dNulsip)) 5:p)))=
=YYl HYulsi(P)).5:p))=
substituting for v, using the consistency relation:
=X P Yl P)~Yu (5PN HYuls:(P)).5:(P))=
=S uls:(P)H- X P H 1u(si0)).s 0=
and the result follows from the partition of unity:

=L u(P)Yulsi(p)).5:(p))=(a)

It is clear that s is smooth and one-to-one. It remains to show that the image of Q under s is
transverse to the flow. We know the local sections are transverse to b by construction of the
local Lyapunov surfaces V. On each V;, s modifies the local section s; using the flow ¢ and a

smooth function f that moves each point of s(r(V,)) along the orbit. Here:
]'(&(P)FZ%(P)'\?;(S;(D))
J

Therefore, Lemma 2 applies and the modified section is also transverse to the flow. O
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Proof of Corollary:

It has been proved that Q is a compact manifold. To show Rg is diffeomorphic to OxR, assume
given a global section s, constructed as in the previous proof. Then, the flow ¢ gives the required

diffeomorphism ¢; we have:
0:0XR—-Rg
P)I—-(t.s())
and ¢ is obviously smooth.

It is onto, since, for any yeRg, we can find a 'R such that ¢,y=x'eS; then (- ,p") goes to y,

where s(p")=x'.

It is one-to-one since if ¢(t,p)=0(¢,p) we must have p=p’ since s is one-to-one and orbits do not

intersect. Then r=¢, by uniqueness of solutions to the flow. O
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2.1.3 Lyapunov Surfaces of Critical Elements

Before we can define global Lyapunov functions, we must discuss Lyapunov surfaces for critical

elements.

A critical element ¢ is a repellor if its stable manifold is trivial. By reversing the flow direc-

tion, a repellor becomes an attracting set. Thus we have:

Lemma 3:
If ¢ is a repellor, there is a complete Lyapunov surface for & in any given neighborhood of it.

A critical element o is called a saddle if it has non-trivial stable and unstable manifolds. We dis-
tinguish saddle equilibria and saddle orbits . A saddle’s region of attraction is its stable manifold,
which is not an open subset of R”; thus there is no concept of complete Lyapunov surfaces for saddles.
However, the ’future’ orbits of points close to the stable manifold pass close to the unstable manifold of

)

c. We are therefore interested in Lyapunov surfaces in neighborhoods of the stable and unstable mani-

folds. We give separately the cases of ¢ being an equilibrium and a closed orbit.

Saddle Equilibria:

Let ¢ be a hyperbolic equilibrium of index kO<k<n. W*(o), its unstable manifold, is k-
dimensional and W°(g), the stable manifold, is (n-k)-dimensional. The two manifolds are invariant

under b and intersect transversely at G:

ToWH(c)PT W (0)=T,R"

As we saw in the previous section, on W*(c) we can find a complete Lyapunov surface $*(c) for
G as an attracting set on W*(s). Similarly, we can find a complete Lyapunov surface S*(c) on W*(c),

since o is a repellor on W*(c).

Consider the normal bundle NW*(g) and its restriction to S, NW(o)l,. We can find a tubular

®
»

neighborhood of §¥ in NW*(o)l, of size €; this means that all points on the neighborhood are a distance

less than € from §°. This neighborhood N(S® can be made transverse to the flow, since S° is transverse
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and it is also compact (since transversality holds on a neighborhood of any given point, we cover §*
with finitely many such neighborhoods and make & small enough so that N (S%) is inside the union of
these neighborhoods). A similar construction gives a transverse neighborhood of S§*, Ng(S*) in

NW¥(o)l.. The two neighborhoods are then Lyapunov surfaces for b. Note, finally, that we can
sﬁ

assume that they are disjoint, by making them sufficiently small.

Saddle Orbits:

Let o be a hyperbolic closed orbit. It has a k-dimensional unstable manifold W*(c) , (O<k<n—~1)
and a (n—4—1)-dimensional stable manifold W*(s). We have the splitting: T,.R*=T, W*(c)+T . W*(c) where

T.WYo)NT W (c)=<b(x)>.

The construction above for equilibria extends to the present case with minor changes.



2.2 Lyapunov Functions

We are now ready to define Lyapunov functions globally. First, we find Lyapunov functions
defined in a region of attraction of an attracting set X. This is a simple application of the existence
theory of section 2.1. Then, Lyapunov functions on the whole of R” are obtained using the propagation

of Lyapunov surfaces past saddle critical elements which is given in section 2.2.2.

2.2.1. Lyapunov Functions from Complete Lyapunov Surfaces

Corollary 2.1 establishes that, for an attracting set X, its region of attraction Ry is diffeomorphic
to xR, where Q is the quotient manifold R/~ under the regular equivalence of belonging to the same

orbit. The diffeomorphism ¢:OXR—Ry can then be used to map functions on QxR to Lyapunov func-

tions on Ry.

Definition 3:

A continuous function V defined on an open subset UcR" is a Lyapunov function for the vector

field be D(R™) if:

(i) V is constant on each attracting set and on each critical element,

(if) V is smooth on U-Q(b) and

(iii) dV(b)<0 everywhere on U-Q(b) (alternatively, if y=¢ x50, then V(y)<V(x)).

Fix an attracting set K. Consider the following class of functions L(X) on QxxR:
ae LK) iff
(i) a is smooth and maps QxxR—R: (p,t)—a(p,T).
(ii) for every pe Qg.,a(p..):R—R is a diffeomorphism and let us assume that ?—;:'(p.tbo.

Also consider a smooth strictly monotone increasing function v:R—R,.
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Theorem 3:

To every ae L(K) and v as above, there corresponds a Lyapunov function V defined on Rg. Con-
versely, if V is a Lyapunov function on Rg, we can find functions a of class L(K) and v as above

such that V is obtained from them.
Proof:

For each 1teR, a(.,7) is a smooth function from Qg to R and as 1 varies, we foliate QgxR with

the graphs of the functions a(.,t). The map:
QxR = OxxR
emI=@ap.r)
is a diffeomorphism which we call 7.
We also have the diffeomorphism ¢ mapping QxxR to Rx. Now simply define, for xeRy:
| V(@)=veltesa ' o' (x)
where ., is the projection (pt)>7. Vis obviously a smooth function from Ry to R..

To check that it is a Lyapunov function, note that the level sets (V=constant} are the images
under ¢ of a(.t) for each t. These, as we can see from Lemma 2.2, are transverse to the flow

and hence are complete Lyapunov surfaces. O
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2.2.2 Classification of Global Lyapunov Functions

In section 2.1.2 Lyapunov surfaces Were obtained for saddle critical elements in neighborhoods of
their stable and unstable manifolds. The flow of the vector field can be used to propagate the Lyapunov
surfaces near the stable manifold to the Lyapunov surface near the unstable one. With this technique
we can then discuss global Lyapunov functions whose level sets intersect more than one region of

attraction and are defined globally, on the whole of R”.

Propagation of Lyapunov Surfaces past a Saddle:

The flow close to the unstable manifold of a saddle ¢ passes near the saddle and then stays close-
to the stable manifold of ¢ (see Fig.2). This allows us to define a diffeomorphism between the "punc-
tured” Lyapunov surfaces N(§%)-$° and N'(S*)-S*. The Lyapunov surfaces $° and S* have to be

removed since W* and W* are invariant under the flow.

Theorem 4:

Let & be a saddle critical element. We can find punctured Lyapunov surfaces N(S*)S° and
N'(§*)-S* and a smooth positive real function a:N(S»-S*—R, such that N'(S*)-S* is the

diffeomorphic image of N(S*)-S° under the map:
x—¢(a(x).x)

Proof:
We do separately the cases of ¢ an equilibrium and a closed orbit.
Case 1: Saddle Equilibrium:

Let o have index k,O<k<n. It is known ([12]) that there is a homeomorphism 4 that takes a
neighborhood U of o to an open set of R, sending ¢ to O and on which the push-forward A"b of

the vector field b is the simple linear vector field:
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The general solution of the above linear equation is:

[ﬁla)]_
(0|

We can assume that the neighborhoods of $¥ and $* found in section 2.2.2, Ny(S*) and Ng(S¥) are

EAO)
[3‘52(0)] . &(0)eR*, E;(0)eR™

in U and do not intersect. Also suppose that the image under 4 of U is a ball around O,
h(U)=B(0) , 1>0.
If we have an initial condition close to §°, i.e. £;(0) is close to $* and I&,(0)! is non-zero and small

relative to 1§,(0)l, then we can find a time T>0 such that e77€,(0) is arbitrarily smalll and e7&,(0)

is larger than 1.

Thus it is clear that if &,(0) is sufficiently small, the orbit of [g;gg;] intersects A(Ng(S“)-5*). It

also follows that for the linear vector field, a small punctured neighborhood of 4(S*) is mapped by
the flow onto a small neighborhood of A(S%). Thus A(N(S*)-S*) is mapped by the homeomorphism
h onto a neighborhood A(N’(S*)-S*) of h(S“).
Having established that there is a continuous 1-1 and onto map between the two neighborhoods,
we can map back using kA and get a diffeomorphism between them in R"*, by the flow
diffeomorphism ¢(¢,x).

Case 2: Saddle Closed Orbit:

Let ¢ have index k& , O<k<n—1.

The Poincare map Py on a local Lyapunov surface £ of a point xe ¢ is locaily equivalent to one

of the following maps (see Theorem 5.5 of [12],p.72):

5 B

1_ |9+0 2_ |8-0

A=loc,|> 4=oc,
5, 0] B_o

3 _ + 4 _

A = oc_J'A*‘ 0cC|

where B, =4[, where [, is the k-dimensional identity matrix, C,=2/,,_, and B_ and C. differ from

B, and C_ only in that their (1,1) elements have a negative sign. Thus, Aje R*™D*D ;=123 4,
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The solution of the discrete system:

&i=ALL;
is §,=(AD"§0. In particular, there are contracting and expanding directions as in the case if the
linear flow above. And just as in case 1, a point close to the stable manifold of ¢ on I gets

mapped close to the unstable manifold of ¢ on X (see Fig.3). Reasoning as in the previous case,

we get a diffeomorphism between the sets ZNNV(S)-S5%) and ZNWNV'(S*)-5%). O
Remark:

In Morse theory, one is interested in describing how the maps given above for saddle elements
contribute to the relative cohomology of the level sets of Morse functions. Although tfxe homological
aspects of this transformations of Lyapunov surfaces around saddles is interesting and may lead to a
deeeper understanding of optimal control for dynamics of class D(R") (see chapter 3), we shall leave

the topic for future research.

Classification of Global Lyapunov Functions:

First, we motivate the basis for our classification method by an example. Consider a vector field
in the plane with the phase portrait of Fig.5(a) (its orbit diagram is shown in Fig.5(b)). There are three
attractors and two saddles. In Figs.5(c) and (d) we show two possible global Lyapunov functions by
plotting a few of its Lyapunov surfaces. In chapter 3 we shall see how for some optimal control prob-
lems (and related large deviation problems) a Lyapunov function is the optimal cost functional starting
from a given attractor. It is easy to see that in case (c) optimal exit is from saddle s, while in case (d)
it is from saddle sy, since it is less costly to take those paths (one should view the Lyapunov surfaces as

isocost surfaces).

We would like a classification scheme that differentiates between these two types of Lyapunov
function on the basis of the qualitative feature that exit paths go through different critical elements.

The aim is then to generalize this to all vector fields of class D(R").
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In order to get different kinds of Lyapunov functions than those obtained in section 2.2 we need
to abandon complete Lyapunov surfaces. In particular, we will use Lyaphnov surfaces that are global

sections of Qg but with the unstable manifolds of some critical elements removed (Fig.4).

A global Lyapunov function is always increasing as we move on a stable manifold from the ®-
limit set to the c-limit set of the manifold. The converse holds for an unstable manifold. As we move
on a chain of manifolds starting from an attractor, we want to define a Lyapunov function consistently.
To do this, we have imposed the no-cycle condition in Chapter 1. The best way to book-keep the
different possible global Lyapunov functions is to look at the orbit diagram of b. There, we can clas-
sify all the global Lyapunov functions by specifying an order on the set of critical elements of each

index level. We now make precise the above ideas.

Definition 4:

Let o be a critical element of index k , o0 such that WHG)NR =D, where Ry is the region of
attraction of some Ke A(b). We call ¢ a k-ancestor of K.
Similarly, if o, and G, are critical elements with ki<k, and are such that W (e )nW*(c)»D, we

call ¢, a k-ancestor of oy and o, a k-descendant of G,.

Let the orbit diagram of the vector field b€ D(R") have [;>0 attracting sets and /,20 critical elements of

index k& (1<k<n) (all numbers are finite). In numbering critical elements and attractors, we shall use
superscripts to denote index and subscripts for ordering. Let mf‘k" be the number of k;-ancestors of the

critical element (or attractor) cf‘ of index k.
Define the sets:
N=(1,2,...,n}

c*=(ct,0%...0f) , keN

202 1,0 !
m

VHSIY= (01205 %0 ,) L ke N L kky , ot
i
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V(of‘)=u\"‘(cf‘)
bk, :

c* is the set of critical elements of b of index & while vf‘* counts the k-ancestors of O, Finally, vf" is

k,
the set of all ancestors of &;'. Note that

- ik
=3, Ym0
k=0 éal
Since an orbit diagram, considered as a set with the order relation < is not even a partially-
ordered set, we shall need to proceed inductively. This will require examining generalized orbit
diagrams, where the nodes are not single attracting sets or critical elements but groups of them. The
price we pay in added complexity of the relevant statements is offset by the sharpness of the results.

To see this we first remark that a given global Lyapunov function orders all members of

Q(b)=La(b)Lo(b):

Remark:

Suppose a global Lyapunov function V is given for the vector field be D(R"). Then the members
of Q(b) (attracting sets and critical elements)’ and hence the sets c* and v(c) for all oe Q(b) are
ordered in a unique way by the Lyapunov function: given any two o; , 6;€Q(b), 0<(S)o; if and
only if V(e)<()V(a)).

We now amrive at the general scheme by giving a number of steps that will lead to the desired

classification theorems.

Step 1: Identify clusters {C;}; of nodes. These are subsets such that if e C; of index k, then there is a
path down from o to X, different from itself, passing nodes of the same cluster and each C; is con-

nected as a graph.

Step 2: For each attractor, look at the set v(X) , Ke A(b). Discard any node o that is such that there is
a chain of nodes (other than itself) joining o to XK. (This is because a Lyapunov function strictly

increases as we move up a branch of the orbit diagram; e.g. in Fig.6 we cannot ever have V(c')>V(c?).)
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Step 3: Call the nodes in v(K) remaining after the discarding process in each cluster a proper-ancestor
set (p.a. set). Fix orderings on the proper-ancestor sets of all attractors that is consistent. This means
that if C; and C, are proper-ancestor sets of two attractors such that C,nC, # &, then the intersection

the two orderings coincide.

Step 4: After discarding elements of each cluster and ordering select the first node for each p.a. set of
each attractor. This is the first saddle critical element to be swept by Lyapunov surfaces starting from
each Rg. For every attractor look at all attractors that adjoin it by these selected saddle elements.
Order the attractors by looking at the order of the selected first elements (there may be more than one

first attractors). We have the Lemma:

Lemma:

Consider the set K= K )OW*(G)Uo composed of a saddle critical element that is ordered first
according to steps 14 above, its unstable manifold and attractors that are connected to G in the
orbit diagrazﬁ._ Then K is an attracting set (with boundary) and hence has Lyapunov functions

defined in its region of attraction.

The proof follows from the results on the propagation of Lyapunov surfaces past saddles. It consists of
patching together the neighborhoods that yield a complete Lyapunov surface (see proof of existence

theorem) except the ones that intersect W*(c) with a local Lyapunov surface N(W¥(c))-W*(c).

Step 5: Consider the sets K (by convention, K means that attractor K was not ordered first in step 4.
There is a generalized orbit diagram associated with this new set of attractors. Its nodes are the sets Kg
and the remaining critical elements and the branches are formed in the obvious way: connect node o; to

node gj if there was at least one arrow connecting them in the original orbit diagram.
Step 6: Repeat steps 14 for the new diagram.
Step 7: Apply step 5 again and continue with step 6 until all critical elements are taken care of.

L4

Example: In Fig:7 we give the steps of this procedure until we exhaust the critical elements of 5.
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The previous discussion has proved the two fundamental theorems on the.classification of global

Lyapunov functions:

Theorem 5:
Fix an ordering of the proper-ancestor sets.

Then any two global Lyapunov functions with the same ordering yield the same qualitative
behavior of exit paths, i.e. exit from each attractror goes through the same sequence of saddle

critical elements for both Lyapunov functions.

Conversely, there exists a global Lyapunov function such that the ordering it induces on the

proper-ancestor sets according to its value on the elements of Q(b) coincides with the given one.
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2.3. Conclusions

We have derived a global existence theory of Lyapunov functions and we have been able to clas-

sify all Lyapunov functions for a class of dissipative dynamics which is quite general.

The information that is contained in this classification is substantial. It gives not only qualitative
results on stability problems, but also leads to quantitative results once the geometric insight contained
in this complete description is put to work in solving nonlinear optimal control problems (see

Kappos,Sastry [9]).
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FIGURE CAPTIONS

Fig.1.1: Phase-space flows and orbit diagrams for two examples of dissipative dynamics in the plane.
Fig2.1: Mapping a neighborhood of x on Q by the projection ® and on R* by the flow-box
diffeomorphism .

Fig.2.2: Flow near a saddle equilibrium: W*(c) and W*(c) are the stable and unstable manifolds, S* and
§* are Lyapunov surfaces on them and the flow maps the punctured neighborhood of S* to the punctured
neighborhood of §°.

Fig.2.3: Flow near a saddle limit cycle: on the Poincaré surface I, a p_oim close to the unstable mani-
fold W*(c) is mapped to a point close to the stable manifold W*(c).k

Fig.2.4: Propagation of a complete Lyapunov surface past a saddle: the Lyapunov surface is no longer

complete: it misses the unstable manifold of ©.

Fig.2.5: A two-dimensional example of a vector field of class D(R®) that has two different Lyapunov
functions: (a) gives the phase-portrait, (b) the orbit diagram and (c) and (d) the two Lyapunov functions
(by showing some of their Lyapunov surfaces).

Fig.2.6: Part of an orbit diagram that shows that, if o, is at a higher index level than o,, then V(o)
must be greater than V(oy).

Fig.2.7. Demonstration of the selection procedure among proper ancestor sets and the iterative collaps-
ing of orbit diagrams: here we ordered o, before ¢, and we obtained the Lyapunov function of
Fig.2.5(c).
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