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ABSTRACT

We examine optimal control problems for a class of systems described by partial and
ordinary differential equations. After presenting a few illustrative optimal control problems,
we formulate an abstract differential equation to describe system dynamics and a canonical
opﬁmal control problem with control constraints, terminal inequality constraints, and state-
space constraints as an infinite dimensional nonlinear programming problem with inequality
and box constraints. The abstract differential equation and ‘the canonical problem are
sufficiently general as to admit the as an infinite dimensional nonlinear programming problem
\Qith inequality previously described optimal control problems. We show that the costs and
inequality constraints of the nonlinear program are Gateaux differentiable so that standard
infinite dimensional nonlinear programming algorithms can be applied to problems with no
control constraints. Equivalently, optimal control algorithms for problems with ODE’s and

control constraints are extended to PDE systems.

We extend the theory of relaxed controls as presented by Warga [War.l] and
Williamson-Polak [Wil.1] to optimal control problems in which the dynamics are described

by our abstract differential equation.

We introduce an extension of the Klessig-Polak [Kle.1] adaptive precision gradicnt
method to perform a discretization of the PDE into a finite difference equation and show that
for optimal control problems with control constraints the limits of the solutions to the discre-

tized problems satisfy a necessary condition for optimality of the original problem.



ii

We introduce an extension of the Pironneau-Polak [Pir.1] method of feasible directions
with two new search direction finding subprocedures. Finally, using this algorithm we solve
a collection of optimal control problems involving the rotation of a flexible beam with vari-

ous objectives and constraints.
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CHAPTER 1
INTRODUCTION

1.1 BACKGROUND

The development of optimal control theory was motivated in the 1950s and 1960s by
the need to extend the calculus of variations to solve the problem of controlling spacecraft
trajectories. Determining a sequence of controls to maneuver the Apollo 11 command
module.to the Moon and back involved solving enormously complicated problems. Espe-
cially critical was the craft’s retumn trajectory since incorrect trajectories could have resulted
in the command module either buming up as it 1?-entered the Earth’s atmosphere or skip-
ping over the atmosphere and not retuning to Earth. The trajectories of ﬁxe Earth and Moon,
the gravitational effects of the Sun, Moon, and Earth, and solar pressufes, as well as the
dynamics of the spacecraft had to be modeled. The resulting éystem was nonlinear and of
high order. More general applications of open-loop optimal control theory have included cal-
culating minimum time and minimum fuel trajectories for unmanned craft for both orbiting
and interplanetary missions.

Optimal control theory has also been used to develop feedback laws to regulate finite-
dimensional linear, time-invariant systems. An optimal control problem is formulated in
which the cost is the integral of the sum of quadratic functions of the state error and the con-
trol. It has been shown (see [Ath.1] for example) that for the solution to this optimal control
problem, the control at time ¢ is a linear function of the state error at time ¢. The linear func-

tion is an easily found matrix multiplied by the solution to a Riccati equation.

However, many of the physical processes in the world cannot be described by ordinary

differential equations. Two major classes of physical processes, vibration and diffusion, are
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usually described by partial differential equations. Most moving objects exhibit some degree
of vibration such as the swaying of a building due to high winds or the vibration of a car

moving down a road. Although some vibrational processes can be modeled effectively by

ordinary differential equations’, others exist for which ordinary differential equations models
are inadequate. Many of the structures to be placed in space in the next decades will be hun-
dreds of feet long, and very light. These structures will be flexible with low damping and so

the appropriate models will be determined using partial differential equations.

Many physical processes can be modeled as diffusion processes. The best known
diffusion process is the heat equation, which models the flow of heat in a homogeneous
material. Variants of the heat equation can be used to model electron flow, and even the
price of stock options [Bla.1]. More complicated equations can be used to model diffusion in

membranes and fluid flows.

There are two major differences between ordinary and partial differential equations.
First, most ODEs can be written in the form z(r) = fz(¢), u(9), ) where -, ,*) satisfies cer-
tain continuity assumptions. This formulation has allowed for a uniform develdpment of
algorithms to solve optimal control problems with ODE dynamics. There is no such canoni-

cal form for partial differential equations. Second, partial differential equations are often

composed of unbounded operators such as Sa; Although the meaning of the exponential of a

bounded linear operator is well understood in the control literature, the properties of
exponentials of unbounded operators, and the role they play in solving optimal control prob-

lems with PDEs needs further examination.

This dissertation provides a framework for solving optimal control problems arising in

systems that can be modeled by partial differential equations. Central to this framework is a

! The vibration of the car is ofien modeled by a simple spring-mass-damper ordinary differential equation.
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canonical abstract differential equation. Any problem whose dynamics fit the abstract
differential equation and whose cost and constraints are continuously differentiable functions
of the state can be solved. This abstract differential equation is general enough for many of
the systerﬁs described above, as well as for any system whose dynamics can be described by

first-order ordinary differential equations satisfying certain continuity requirements.

1.2 ALGORITHMS FOR ODES

In this section, we review earlier work in the field of optimal control of ODEs. The
section is divided into three parts. We present several conceptual algorithms for solving
optimal control problems with ODE’s. These algorithms are primarily extensions of finite
dimensional non-linear programming algorithms although some have no finite dimensional

- analog. The proofs of convergence for these optimal control algorithms follow their finite
dimensional counterparts with one exception: for any bounded sequence in finite dimensional
space, there exists at least one accumulation point. In infinite dimensional space, it is not
necessary that z; bounded sequence have an accumulation point. Since the proofs are based
on showing various properties of accumulation points, when no accumulation points exists
the proofs are null. We shall describe some previous work which has been done to close this
gap. Finally, the above algorithms are conceptual in that they require the exact solution of
ordinary differential equations and the calculation of an infinite dimensional design vector.
We present a few of the previously developed methods for implementing these algorithms on

a computer.

CONCEPTUAL ALGORITHMS:

We begin by stating a canonical optimal control problem for systems described by ordi-

nary differential equations.
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P.-glg{g°<u.t)l£(u,r)so.je (1,2, -+ ,m},
gu,v)=0,je {m+l, -+ ,m),¢*u,t,0<0,te [0,7),ke {1,2, - ,p},

U€ GriT€ [Mmins Tmax) 10 S Tin S Tuax S ] (1.1)

where giu.t) = Wix(t,u,7)) for je (1,2, ---.m}, &Xu,t.0 =R*x(t,u,1) for
ke (1,2, --,p), Q is either a compact, convex subset of IR” or the entire space R",

x(- ,u,7) is the solution to

%x(t.u.t) = fix(t,u,t),u®)), te [0,1], x(0,u,T) = x, (1.2)
G. 2 (ue LZI0,HNL0,1) I u@® e U },te [0,1], (1.3)

U is either a compact, convex subset of IR” or the entire space R™. When m > 0, we say
that the problem has terminal constraints; when p > 0, the problem has state-space con-
straints. If Ty < Tmay P is called a free-time problem; otherwise it is called a fixed-time

problem.

A standard method of transcription for converting free-time problems into fixed-time
problems is described in Chapter 4. Its only drawback is that the resulting dynamics are
non-linear even if the original dynamics were linear. With suitable assumptions on f{:, ),
& ,-) is differentiable in the control u. Consequently, it is at least theoretically possible to
extend any algorithm designed to solve finite dimensional non-linear programming problems
to an algorithm to solve an optimal control problem if there are no control constraints. A
survey of such methods, including a discussion of infinite dimensional analogs appears in
[Pol.4]). We also refer to Polak’s book [Pol.1], which gives a detailed look at many of these
algorithms, and Luenberger’s book [Lue.1), which presents some additional general non-
linear programming algorithms. Although the algorithms in [Lue.1] are not presented in the

context of optimal control algorithms, the extensions are farily straightforward. In particular,
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we point out that the Newton method has been extended to solve unconstrained optimal con-
. trol problems in which g° is twice continuously differentiable [Gol.1, Mit.1). Furthermore, a
Newton method can be used [Pol.1] to find a control which satisfies the necessary condition

for optimality arising from the Maximum Principle.

Bertsekas [Ber.1] has extended the Goldstein-Levitin-Polyak gradient projection algo-
rithm to problems with only control constraints. Mayne and Polak have developed a family
of optimal control algorithms to solve problems with control constraints and terminal inequal-
ity constraints [Pol.2, Pol.3]. control and terminal equality and inequality constraints [May.2],
and control, state-space, and terminal equality and inequality constraints [May.3). The algo-
rithms in [Pol._2] and [Pol.3] are extensions of the Pironneau-Polak algorithm [Pir.1] to the
infinite dimensional case with control constraints. [May.2] and [May.3] are extensions of
exact penalty function algorithn?s to the infinite dimensional case with control constraints.

Warga’s [War.2] algorithm solves problems with state-space, control and terminal inequality

constraints.
RELAXED CONTROLS:

Early in the study of optimal control theory it was realized that there may not be solu-

tions to optimal control problems. For example, consider the problem:

min{ guw)lue G}, ' (14)
where
G&(uel™lue U,t €0,1]), (1.5)

U is a compact convex set of R™, and g(u) = h(x(1,u)) and x(: , u) is the solution to

f;x(:,u) = fixle, u)  u(), 20, 1) = %o, (1.6)
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and A(-) is continuous. Consequently, g(-) is continuous. The set G is closed and bounded
but not compact, and therefore, there is no guarantee that a solution to (2.1.4) exists. It was
realized that for many infimizing sequences, the controls become increasingly chattering, and
that the effects chattering controls on ODEs is the same as that exhibited by a modified ODE

system:
4 oy 2
dtx(t,u) € I‘co‘E Uﬂx(t,u).u), x(0,u) = xp. Q.7

This observation leads to a more formal theory [War.1] in which each member of the convex

hull of Rx(z,u), U) is expressed as an integral over the set U with a specific measure.

DISCRETIZATION:

The numerical solutions of optimal control problems require some form of discretization
since all numerical integration techniques involve discretization. The most basic method
[Ros.1] is to replace the diffgrerm‘al equation modeling the dynamics with a finite difference
equation obtained by discretizing the differential equation. By contrast, Canon, Cullum and
Polak [Can.1] proposed using standard sampled data discretization of the control, which res-
tricts the control to be piecewise constant with a finite number of discontinuities. These algo-
rithms raise the question of the relation between the solutions to the discretized problems and
the solution to the original problem. It was shown by Cullum [Cul.1] that only under reason-
ably mstrictiye assumptions can one be sure that the solutions of the discretized problems
will converge in some sense to the solution of the original problem as the discretization is
infinitely refined. Furthermore, she showed that if a free-time problem is discretized in an ad
hoc fashion, then the solutions of the discretized problems would alm9st certainly not approx-

imate a solution of the original problem. However, if the free-time problem is transcribed

2 This means that x(-, u) is a function such that for all ¢, %x(l , &) is a member of the convex hull of fx(s, &), U).
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into a fixed-time problem, then the solutions of the discretized problems will approximate a
solution of the original problem. Similarly, she showed that state-space constraints must be
transformed into affine constraints by the introduction of additional variables in order to make

the problem stable with respect to discretization.

Klessig and Polak have developed a theory of adaptive precision discretizaton for
implementation. In [Kle.1], they present an algorithm model for solving an unconstrained
optimal control problem. Their theory is based on the ability to calculate the value of the
cost and the gradient of the cost to an arbitrary accuracy. For a given value of the control
and a given tolerance, an approximate cost and gradient of the cost are calculated within the
tolerance. These approximations are substituted fof the true cost and true gradient in a stan-
dard gradient algorithm. When a certain criterion is met, the required accuracy is increased
(i.e., the tolerance is reduced). This approach has two main benefits: it is believed that accu-
racy of the calculaton of the cost and its gradient is less critical farther from the optimal
point. Since it is cheaper to calculate the cost and its gradient with lower accuracy, the adap-
tive technique could be more efficient in finding an optimal point. As for the convergence
issue, Klessig and Polak have proven that accumulation points of sequences produced by
such an adaptive strategy satisfy first order necessary optimality conditions for the original
problem. They present a specific algorithm implem;ntation for solving unconstrained optimal
control problems. Their experimental data has shown their adaptive strategy to be much

.

more efficient than the standard nonadaptive approach.



CHAPTER 2
OPTIMAL CONTROL WITH PDE DYNAMICS

In this chapter, we present two examples of problems in the optimal control of systems
with PDE dynamics. Although the original motivation of our research was to solve the prob-
lem of optimal slewing of flexible structures, we discovered that this work is general enough

to apply to a larger class of problems.

2.1 EXAMPLE - OPTIMAL SLEWING OF FLEXIBLE STRUCTURES:

Recent years have seen an increase in research in the optimal control of flexible struc-
tures. The primary motivation for this research is the control of flexible aerospace structures,
which are becoming larger and more flexible while their performance requinemeﬁts are
becoming more stringent (see, e.g., [Tay.1, Nas.1]). For example, in tracking and other
applications, satellites with large antennae, solar collectors, and other flexible components
must perform fast slewing maneuvers while maintaining. tight control over the vibrations of
their flexible elements. Outside of the aerospace applications ,research on flexible structure

control may have an impact on the control of mechanisms with flexible links.

There are two major reasons to study optimal control for slewing flexible structures.
First, the equations describing the dynamics of flexible structures are usually pseudo-linear;
there are linear partial differential equations (PDEs) which are coupled by non-linear ordinary
differential equations (ODEs). It is therefore very difficult to control the structures

effectively by feedback laws alone. Open loop optimal control can be used to bring a flexible

structure close to the desired state and feedback control ! can be used to ensure the final

1 The feedback control law is based on lincarized models of the system.
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accuracy.? Second, the solution to the optimal control problem is by definition the best con-
trol given our performance criteria. We can use this as a benchmark with which to compare
suboptimal (and possibly easier to compute) strategies.

We begin with four illustrative problems. These examples, although simple, are

representative of optimal control problems involving slewing of flexible structures.

We consider the hollow aluminum tube depicted in figure 2.1. The tube is one meter
long and has a uniform cross sectional radius of 1.0 cm and a thickness of 1.6 mm. Attached
to one end of the tube is a mass of 1 kg, and attached to the other end is a shaft connected to
a motor. For simplicity, we assume that. the torque produced by the motor can be directly
controlled. Our aim is to determine the torque necessary to rotate the tube and bring it to rest.

The maximum torque produced by the motor is 5§ Newton-meters.

2 We also envision using a hybrid open-loop / closed-loop control in which the open-loop control is used to determine the
setpoints for a series of closed loop controllers.



]
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Figure 2.1 - Configuration of Slewing Experiment
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the following relation between the stress in the bar, G, and the strain, € = %:

G =Ee+ n%. 2.1.2)

Since the partial derivative of stress with respect to distance, is equal to the mass per unit

length times the acceleration,

32 0
= 1'2‘ = —a: . 2.1.3)
o%u u d%u
- -E2% _p. 1
P2 " Vane T ol @.14)

The Maxwell assumptions lead to a different relation between stress and strain:

de _1do , o
5 - E + n (2.1.5)

Therefore, by taking the partial of (2.1.5) with respect to x, and using (2.1.3), we obtain

de _pdu pdu
ot~ E 37 + n R (2.1.6)

Integrating with respect to ¢, and setting the constant of intergration to zero, (2.1.6) becomes

p%—z‘ + %E% - E%z-'-‘- = 0. @.1.7)

In PDEs derived using the Kelvin-Voigt damping model, pulses travel infinitely fast
through the beam, and therefore the Kelvin-Voigt assumption is accurate for only low fre-
quency modeling. Conversely, Maxwell damping is not accurate for modeling low frequen-
cies.

Returning to the beam, and applying Kelvin-Voigt and Maxwell damping to (2.1.1), we

obtain (2.1.8) and (2.1.9) respectively.
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Modeling

Several different PDEs can be obtained to model the dynamics of the tube. The most
sophisticated PDEs, which arise from applying the Theory of Elasticity, are very accurate and
can model vibrations that have wavelengths at the order of magnitude of the molecular level.
However, calculation with this model is prohibitively expensive in all but the simplest cases.
A simpler model is based on the Timoshenko assumption that the planar sections remain
planar under deformation [Gra.1]. Using this model, we obtain a hyperbolic PDE which is
fourth order in time and space. This model is considered to be fairly accurate for a wide
range of wavelengths. Finally, a third model is based on the Euler-Bemnoulli assumptions
that the planar sections remain planar and that the planar sections remain perpendicular to the

centroid axis under deformation [Gra.1]. This model gives rise to the classical beam equa-

tion:
2 4
% + y% =q. @.L1)

However, this model is limited in its ability to model high-frequency responses. For a uni-
form beam, this model becomes inaccurate when the wavelength of the vibration is less than
about ten times the depth of the beam. It is easily shown that Equation (2.1.1) is parabolic,
and therefore predicts that pulses will travel infinitely fast through the beam. This directly

contradicts experimental evidence.

Several different models also exist for damping. For ease of exposition, these modecls
are described in terms of longitudinal waves through a bar. The classical Kelvin-Voigt model
assumes that each infinitesimally sr.nall section of the bar can be modeled as a spring in paral-
lel with a dashpot. Its dual, Maxwell damping, assumes that this infinitesimally small section

can be modeled as a spring in series with a dashpot. The Kelvin-Voigt assumptions lead to
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o%u u d*u
+ + ¥ =0. (2.1.8
2 o T Vort )
2 4
%2‘.‘. + am_aa.l;‘. + y-gTI: =0. 2.1.9)

A third type of damping combines Kelvin-Voigt and Maxwell damping. A fourth type, pro-
portional damping, in which the damping of a mode is proportional to its frequency, does not
have a simple physical interpretation. However, recent experimental results on vibrating
beams [Tay.2] indicate that proportional damping is the best model of the four. Applying

proportional damping to (2.1.1), we obtain:

%u u otu
+ + ¥ = 0. . 2.1.10
2 a2 Vor : 2.1.10)

Finally, non-linear models of deformation and vibration have been developed. See Vu-Quoc
[Vuq.1]. These models are accurate under large deformations where both the Timoshenko

and Euler-Bernoulli models break down due to inaccuracy in geometric modeling.

In summary, there are four modéls: the Theory of Elasticity, Timoshenko, Euler-
Bemoulli, and the non-linear models. We have also discussed four types of damping: none,
Kelvin-Voigt, Maxwell, and proportional. The abstract differential equation in Chapter 3 is
general enough to admit the Eiuler-Bemoulli beam with each type of damping for fixed-time
problems and Kelvin-Voigt and proportional damping for free-time problems.> For subse-
quent analysis and simulation (see Chapter 8), we have chosen to use the Euler-Bemoulli
assumptions with Kelvin-Voigt damping. We have neglected coupling between the axial and

flexural modes of the tube. This simplification may cause large modeling errors at high velo-

cities [Sim.1].

3 Models with Maxwell damping or no damping cannot be shown o generate the analytical semigroups necessary for
free-time problems. See Chapter 4.
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The appropriate equations of motion determined by application of the standard Euler-

Bemoulli tube with Kelvin-Voigt visco-elastic damping are:

mw,(t,X) + CIw ot , X) + ElW (1, X) — mQAOw(t, )

=—mu(t)x.xe [0, @.1.11)

with boundary conditions:
w(t,0) = 0,w,(t,0) = 0,Clw,(t,1) + Elw,(t,1) = 0. (2.1.12)
MIQPOW(e, 1) = wy(t, 1) = u(®)] + Clwpelt, 1) + Elw(t,1) = 0, (2.1.13)

and rigid body dynamics:
_g?e(') = 20, 'g?g(') TR +1 % mlg “a. 2.1.14)

where w(t,x) is the displacement of the tube from the shadow tube (which remains unde-
formed during the motion) due to bending as a function of time and distance along the tube;
u(t) is the torque applied by the motor, and Q(z) is the {esulﬁng angular velocity (in radians
per second). We shall denote by ©(¢) the angular displacement of the rigid body (in radians).
The values for the parameters in (2.1.11) - (2.1.13) are: /=1.0 m, m = 257 kg/m,
C = 6.30x107 Pascals/sec., E = 6.30x10° Pascals, I = 1.005x10~%m?*, M = 0.914 kg. The

tube is very lightly damped (0.1 percent ).
We assume that the tube is initially at rest with no deformations, and so the following
initial conditions hold:

w@0,x) =w(0,x) =0, xe [0,1]. (2.1.15a)

©(0) = Q(0) = 0. (2.1.15b)
We consider four problems:
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P,: Minimize the time required to rotate the tube 45 degrees, from rest to rest, subject to

the given torque constraint.

P,: Minimize the total energy required to rotate the tube 45 degrees, from rest to rest, sub-

ject to the given torque constraint and the maneuver time not exceeding a given bound.

P;: Minimize the time required to rotate the tube 45 degrees, from rest to rest, subject to
the given torque constraint and an upper bound on the potential energy due to deforma-

tion of the tube throughout the entire maneuver.

P,: Minimize the total energy required to rotate the tube 45 degrees, from rest to rest, sub-
ject to the given torque constraint, the maneuver time not exceeding a given bound, and

an upper bound on the potential energy due to deformation of the tube throughout the

entire maneuver.

ALGORITHMS FOR OPTIMAL SLEWING OF FLEXIBLE STRUCTURES:

There are two basic schools of thought concerning slewing of space structures. One
advocates discretizing the PDE into an ODE using the Raleigh-Ritz or Finite Element
Method. The resulting problem is then solved by replacing the PDE dynamics with the ODE
dynamics using standard methods for optimal control of ordinary differential equations. Such
an approach often involves an attempt to determine the spill-over effect of the ignored
dynamics on the solution. The second school advocates solving the original problem with
dynamics described by the PDE. The second approach is much more difficult, since it

requires the invention of new methods. There is some debate as to whether it is necessary to

use the second approach for slewing of flexible structures.®

4 We need to distinguish here between slewing control and feedback control. By the former, we wish to slew a flexible
structure close to the desired state. By the laner, we wish 1o use feedback to close the loop resulting in a stable system. We
believe that spill-over effect is much more critical for feedback control because it can result in an unstable system.
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We present one of the best known strategies of the first school for slewing a flexible
structure. Junkins and Tumer [Jun.1] have developed a method for solving the slewing prob-
lem of a rotating structure. They first consider the fixed-time problem in which the vibration
at the final time is arrested and the final rotational velocity is fixed. The final rotation angle
may be free or fixed. Using the Rayleigh-Ritz method, they determine a set of non-linear

differential equations to approximate the dynamics of the system. Their objective is to
b
minimize the performance index J = t[ W OW, ) + F(OWox(d)ld: subject to the final
state conditions where u() and x(-) are the input and state respectively, and W,,, and Wy, are
positive definite matrices chosen by the designer. A linearized set of equations is generated
and the resulting two-point boundary value problem (TPBVP) is solved. Finally, using a con-
tinuation technique [Sch.1], they determine the solution to the non-linear TPBVP. The con-
tinuation is iterative, and each iteration requires at least one solution of the non-linear state
transition matrix. For problems in which a bifurcation point exists, the Chow-Yorke algo-
rithm [Cho.1] may be used, but at considerable cost. By exploiting the sparse matrix proper-
ties of the problem, they are able to reduce computational effort by up to seventy-five per-
cent. They have performed some frequency shaping on the control by augmenting the non-
linear differential equation. For a simple problem, Junkins and Tumer have produced numer-

ical results. See [Jun.1]

For linear free-time problems, those in which f is not fixed, they solve the fixed-time
problem for several different values of = Then, using the minimum of these times such that

J as described above is satisfactory as a starting point, an iterative algorithm determines the

minimum time.

The limitations of this technique are: (1) it does not solve optimal control problems with

hard control constraints (e.g. u(t) <1 forre [0, 41); (2) it does not solve problems with state
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space constraints (e.g., bounding the potential energy resulting from the deformation of the
tube throughout the entire maneuver); (3) The PDE dynamics are not used directly, and Jun-
kins and Tumer provide no analysis that shows the relation between their solution and the

solution to the original problem. Additional work in this area includes [Bre.1, Chu.1, Flo.1]

A strategy from the second school for slewing a flexible structure is shown by Araya’s

[Ara.1] solution of the minimum-time optimal control problem:

P, ‘min{tix(z,u)l<d,ue G}, (2.1.16)
T, 4
where x(- , &) is the mild solution of:
%x(t) = Ax(t) + K(x(®)) + Bu(), x(0) = xp, 2.1.17)

A is a strongly continuous group generator, B is a linear finite dimensional operator, X is a

C™ non-linear operator, & is a small positive number, and G, is defined as in (2.1.9).

Araya chose the model general enough to be useful for many types of flexible structure slew-

ing. In particular, he was interested in solving the NASA SCOLE design challenge, [Tay.1].

He creates a series of subproblems, P 7

r

T
minl[ 85(x(s)) + HE(u(s))ds Héu) = %Z[(Iuil -+ P
P, . (2.1.18)
'Ix=Ax + K(x) + Bu, x(0)=x ¢ [|x|2_52]
gw) = N|————
2e
where [T e C°(0,1), IT’(s) 2 0, and
1fors22
II(s) = {0 fors< 1 (2.1.19)

He derives maximum principles for P and P ;. Finally he shows that as € — 0 and
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T — o, the controls derived from Pg r approach the optimal control for P weakly in the
L,[0,7] nom for every T2 0. It appears that state-space constraints can be added to his

formulation without serious difficulty.

However, no effort has been made to implement this algorithm, and in fact implementa-
tion seems quite difficult since in its current form the algorithm requires the solution of an

infinite-dimensional state transition matrix.

2.2 HEAT-EQUATION EXAMPLE

In this section we examine another example of an optimal control problem with PDE
dynamics. In this example, the dynamics can be modeled as a diffusion process. Consider a
cylinder (hot dog) of infinite length and radius 1. The cylinder has initial temperature w(0, -)
zero. Starting at ¢ = 0, we can control the time derivative of the temperature at the boun-
dary w(z, 1) of the cylinder, u(?), such that u(t) € [-5,5]. The objective is to bring the entire
cylinder to within a small tolerance of the temperature 5 in minimum time. We require the

temperature of the cylinder w(t, r) to be between 0 and 10 during the heating process.

By symmetry, we can consider the plane perpendicular to the axis of the cylinder. The

heat equation in this plane in polar coordinates is:

9 -1 2 _

atW(t,r) = rW(t,r)+ 3,2”’("')' w0,r)=0,re [0,1], 2.2.1)
with boundary conditions:

St 1) = u(®), 2w(r.0) =0 @22

o ' 'oor ) e

We introduce an auxiliary variable z() so that
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d _1 22 -
atw(t,r) = rw(t,r) + ar2w(t,r) w0, =0,re [0,1], 2.2.3)
%z(t) = u(t),2(0) =0, 2.2.4)
with boundary conditions:
wit, 1) = 2(8), -a%-w(t,O) = 0. 2.2.5)

Therefore a mathematical formulation for the hot dog problem is:

min{ T ! (w(z, )P - 5% < e,l—aa;w(t. MW <e,zt)e [0,10),ue G, }, (2.2.6)
u,T

where
G.2{ue L (0,%]) u®) e [-5,5].t€ [0,7] }. (2.7

2.3 THESIS SUMMARY AND CONTRIBUTIONS

Now that we have explained the problem and given some introductory notation, we are

in the position to present an outline for the rest of this thesis.

Chapter 3: We introduce a _canonical form for the dynamics:
L x(e,u) = Ax(t,0) + FO(,0),40). te [0,7], X0,8) = 59 @3.1)

where x(t,u) is a member of a Hilbert space X, ue G, 4 { ue L(0,1))
lu®e U, [0,1]), U is a convex, compact subset of R™, A :D(A) = X is the
infinitesimal generator of a strongly continuous semigroup, and F : XxR™ — X is a non-

linear bounded operator satisfying certain assumptions (see Sections 3.2 and 3.3).

We establish Gateaux differentiability with respect to the control for fixed-time prob-

lems, i.e., for u € G,, t € [Q, 1), there exists x,(t,u) € B(LF[0,1]NLZ([0, 1]); X) such that
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for any h € L3([0, 1))NLZ([0, 1]),

klimo%lx(t, U+ k) — x(t,u) — Axy(t, )kl = O, 232

Furthermore, we can show that x,(¢,u) is continuous in u at all u € G,. Based on this

differentiability, we construct an algorithm to solve optimal control problems with control

constraints.

Chapter 4: We consider free-time problems and show that by using a standard transcrip-
tion, the free-time problem becomes a fixed-time problem whose dynamics are similar to
(2.3.1). We show Gateaux differentiability of the state for the transcribed free-time problem

with respect to the control and the final time.

Chapter 5: We extend the theory of Chapter 3 to relaxed controls (i.e., G, is replaced by

a new set with a new topology.)

Chapter 6: We pxesem. two implementable algorithms for solving the optimal control
problem with control-constraints. These algorithms are extensions of the Klessig-Polak algo-
rithms [Kle.1, Kle.2]. We briefly describe our changes_and extensions. First, the Klessig-
Polak algorithms consist of finding a sequence of approximations to the cost function and the
gradient of the cost function. These algorithms find a sequence of approximations to the cost
function and then find the exact gradient of each approximate cost function. The latter
method is actually a subset of the f;mner, but experimental evidence has shown that the latter
method is far superior to general method of discretization described in [Kle.1] Second, we
have extended the Klessig-Polak algorithms to the case with control constraints. Third, we
have made less restrictive requirements on functions approximating the cost. Since integra-
tion methods for PDEs are less well understood, this extra leeway is a benefit. Fourth, we

have extended the proofs of convergence to relaxed controls.
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We also provide a simple example based on Fujii's [Fuj.1] analysis of Newmark’s
method on a vibrating string to show how these approximating cost functions can be con-

structed.

Chapter 7: We present our canonical optimal control problem:
inf{ g%u,w) | g(u,w)<0,je p,o(u,w,)<0,t€ [0,1],ue G,we C} (233)

where g, w) = Wix(1,u,w)), jepd{1,2,---.,p}) and
o, w,t = h(x(t,u,w)),t e [0,1), and x(-,u,w) is the solution to an abstract differential
equation with control u and initial state w.

An extended version of the Polak-Mayne [Pol.2] algorithm is presented with two

different search direction finding subprocedures.

Chapter 8: We present numerical solutions to the problems P, - P, described above,
obtained by using implementable versions of the algorithms in Chapter 7. We compare the
two subprocedures presented in Chapter 7 and discuss the selection of parameters for these

algorithms.

Chapter 9: Concluding Remarks.

2.4 EXTENSIONS
There are several directions in which to continue this research:
24.1. Examination of Different Models

For this thesis, we have been able to perform numerical tests only for a beam described by
the Euler-Bemoulli equations with Kelvin-Voigt damping. Dynamics obtained from the
Timoshenko model and proportional damping, as well as the non-linear rod model and com-

putational procedure discussed in Vu-Quoc [Vuq.1], should be examined.
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24.2 Extension of the Canonical Form of the Abstract Differential Equation (2.3.1)

We have done preliminary work to model a two-link flexible manipulator with revolute joints
using the Euler-Bernoulli assumptions. This work indicates that equation (2.4.1) is not gen-
eral enough to accommodate the resulting PDEs. We propose two extensions to (2.4.1).
First for a two-link flexible manipulator in which there is no coupling from the flexible

modes to the rigid body modes:

%x(t,u) = C(z(t, u)Ax(t, u) + Fy(x(t,u),z(t,u),u@®), te [0,7], x(0,u) =x. (24.1)

-%z(t.u) = Fy(a(t, u), u(9), 2(0,4) = zo. 2.4.2)

where x(t, ) is a member of a Hilbert space X, 2(¢,u) € R", u is the control, A : D(4) = X
is the infinitesimal generator of a strongly continuous semigroup, F; : XXIR"XR"™ — X, and
Fy : R"™XR™ - R" and C : R” — B(X,X) are non-linear bounded operators satisfying con-

tinuity assumptions similar to those in Sections 3.2 and 3.3.

To allow for coupling between rigid and flexible modes, we replace f(2(¢,u),u(t)) by
(e, u), 2(2, u), u(@)).

In (2.4.1), the operators on the control are bounded. In certain applications it may be
desirable to make these operators unbounded. We suggest an additional canonical form to be

examined:
%x(t.u) = Ax(t,u) + F(x(t,u),2(t,u),u(t)) + Bu(t) t € [0,1], x(0,u) = x, (2.4.3)

where A and F are defined as in (2.4.i) and B : R™ — X is an unbounded operator.
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2.4.3. Development of Optimal Control Algorithms

The algorithms presented in Chapters 7 and 8 are based on first order nonlinear pro-
gramming methods. Future work could examine other first-order and second order metﬁods
for nonlinear programming to see if they could be efficiently extended to optimal control
problems (2.4.3). Several new first-order methods for nonlinear programming are being
developed, with a particular view toward efficient scaling [Pol.6]; as these become available,

they might also be extended.
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CHAPTER 3
ABSTRACT FORMULATION FOR FIXED TIME PROBLEMS

3.1 INTRODUCTION

Extending optimal control algorithms for problems with ODEs, such as those described
in Chapter 2, to optimal control problems with PDEs depends on how the PDE dynamics of
the system are formulated into state space form. While it is still unclear which systems of
partial differential equations are transcribable into the specific form (3.1.2), below, we know
that system (2.2.5) can be transcribed (see Appendix 2). The central issue in validating a for-
mulation is whether the resulting operator A, defined below, is the infinitesimal generator of a
continuous semigroup. In this chapter, we shall consider the fixed time problem with only
cost and hard control constrairits. The minimum time problem with state-space and general

constraints will be discussed in Chapters 4 and 7. We will use the following notation:

Let (-,-) denote the L, inner product. Let X denote a Hilbert Space with inner pro-
duct (-,- )y and dual space X*. Since X is a Hilbert Space, X" can be identified with X. Let
A : D(A) - X be the infinitesimal generator of a continuous semigroup { 7(¢) },» 0. let
F : X x R™ — X be a nonlinear operator, and let G be the set of admissible controls defined
by:

G 4 (ue LT(0,1)NLE(0,1)) lu() € U,z [0,1] }, (3.1.1)

where U is a compact convex subset of R™. We choose L3'([0, 1))NLZ([0, 1)) as the topol-
ogy for our controls. This topology contains as open sets, sets which are open in both the
L5(10,1)) and L7([0, 1]) topologies. We need tﬁe boundedness associated with the L, topol-
ogy. However L is too fine a topology; the L, topology is sufficiently coarse for showing

the differentiability properties that are needed for optimization. For notational convenience,
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we denote this space by L,NL...
PDE-FORM 1I:

We shall consider dynamics in a general and a specialized form. We now state the gen-

eral form.

Let x(t,u) € X, ¥V t € [0, 1] denote the solution (if one exists) to:

-%x(t, W) = Ax(t, u) + FCx(t, ), (), x0,u) = xo € D(A). (3.1.2)

The simplest canonical optimal control problem P that we will consider has the form:

P: inf
Jnf (g0 ) | (3.1.3)
where g(u) = A(x(1,u)) and & is a continuously differentiable function from X into RR.

3.2 EXISTENCE AND BOUNDEDNESS OF SOLUTIONS TO PDE

The first issue to consider is what type of solutions to (3.1.2) exist. There are two

types of solutions of interest. Using standard definitions [Paz.1]:

Definition: A function x(-,u) € C([0,1],X) is a mild solution to (3.1.2) if

x(t,u) = T(H)xg + :[ T(t — S)F(x(s , u) , u(s))ds. 3.2.1)
Definition: A function x(:,u) € C([0,11,X) is a' classical solution to (3.1.2) if
@) x(-,uw) is continuously differentiable on [0, 1];
@{i) x(t,u)e DA, te [0,1];
(iii) (3.1.2) is satisfied. _ |
To simplify the discussion, we define an open set O containing G:

08 (ueL,NL lu@®e U,te (0,11}, (32.2)
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where U is an open set containing U.

Under our assumptions, if a mild solution exists, it is unique; and if a classical solution
exists, then mild solution exists, and the two solutions are equal. We cannot guarantee the
existence of either a mild or classical solution of (3.1.2) under our hypotheses. The following

additional condition guarantees existence of a mild solution (Lemma A2.3.1):

Assumption 3.2.1: (Lipschitz Continuity of F(,-)). There exists K < = such that for all

%.xe Xand all %,u e U, IFG, B - F(x,u)l < K[G—xI + - ul). [ |
This is too strict a condition for the dynamics in (1.8) Consequently the issue of

whether a mild solution exists must be handled case by case.

We now introduce a more restrictive abstract form. Mild solutions exist for all systems
which can be transcribed into this form. Furthermore, any system of PDEs transcribable into
the second form (3.2.3a) - (3.2.3c) can also be transcribed into the first form, see Lemma

A2.1.1
PDE-FORM II:

Let W denote a Hilbert Space with inner product { -,- )y and dual space W". Since W
is a Hilbert Space, W' can be identified with W. Let Ay (Y,Z) denote the space of Lipschitz

continuous functions from Banach Spaces Y into Z, with Lipschitz constant L, let B(Y,Z)
denote the the space of bounded linear functions from Y into Z, let a: D@) — X be the

infinitesimal generator of a continuous semigroup (?(t) }i>0o and let B : R" = B(W,W),

C:R"> W, and E:R* > W be twice continuously Frechet differentiable maps ' ,

f:R"x R™ — R" be a twice continuously differentiable function.
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Forue O,let w(t,u) e W,V te [0,1], and z(t,u) € R", V te [0,1], denotc the

solution to:
?‘i’t-w(: Ju) = G+ Bzt up)wit, u) + CQa(t, u)) + Eu(®)), (32.32)
w(0,u) = wy e D@), (3.2.3b)
%z(:.u) = fa(¢,u) . u®), 20,u) =z, | (3.2.3¢)

We make the additional assumptions:

Assumption 3.2.2:

() There exist M, ® € R, such that IT()I < Me™ and 1T < Me™, for all 12 0. Let
MA Mo

(i) There exists K < oo such that for all z € R” and all u € U, IRz, u)l < K(Iz1 + 1).

(iii) For every bounded set S € R”, there exists K such that for all z,2€ S ‘and all
u,te U.
@ IRz, % -Rz,w)l <K lz-zl + M- ul],

®) |-g-§cz,ﬁ) - -gf(z.u)l < Kyl — 21 + B — ul],

() Il(i'.?t) - —ai(z JOl S K[z - 21 + M- ul].
ou ou

(iv) For every bounded set S < IR", there exists Lg such that

(@ Be AL(S,B(W,W)),

-

1 B is Frechet differentiable at 2, i.e., for z € R", There exists B,(z) € B(W,B(R", W)) such that
Foralwe W, lim 1B(z + 82)w — B(z)w - B,(z)wdzl o 0.

Bt =0 1521
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®) Ce A (S.W),

(© B,e AL(S.BW, B(R",W))),

(@ C;e AL(S.B(R*,W)),

(e) Ee AL (R™,W). »
Then we have the following theorems:

Lemma 3.2.3: For all u € O, The ordinary differential equation (3.2.3c) has a unique
solution 2(-,u), and there exists b; < e such that for all ue O, lz(¢,u)l < b, for all

te [0,1].
Proof: The existence and uniqueness of the solution is established in Chapter 1 of
Hale[Hal.1]. Next,

{

2(t,u) = 2o+ ! Rals ,u), u(s))ds, (32.4)
t
Izt u)l S Izgl + K! (hz(s , )l + 1)ds. (3.2.5)
Defining y(s, u) 4 lz(s, w)l + 1,
]

y(s,u) S yO,u) + K{ (s , u)ds. (3.2.6)

Therefore, by the Bellman-Gronwall Lemma, y(z,u) < y(0,u)eX, for te [0,1). Define

by 4 &lzol + 1). n
Theorem 3.2.4: The system (3.2.3a)-(3.2.3c) has a mild solution for all ¥ € L,NL...

Proof: Lemma 3.2.3 shows that z(r,u) exists and that there exists b; such that
lz(t,u)l < b, for all te [0,1] and all u € O. Consequently by Assumption 3.2.2, (3.2.3a)

satisfies all assumptions in Theorem A2.3.1, with X = W, and so (3.2.3a) has a mild solution.
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Let S2{zI1z21<S b, ). Then, by Assumption 3.2.2(ii), there exists L < = such that

B(*), C(-) and E(-) are Lipschitz continuous on S with constant L.

Lemma 32.5: Let O be defined as in (3.2.2.). Then there exists b, € (by,°) such that

forallue O, Iw(t,u)ll < b, forallt e [0,1].

Proof:

t

w(t,u) = T(Owy + l[ T(t - s)[B(z(s , w)w(s , u) + C(z(s , u)) + E(u(s))]ds. (3.2.8)

Since B, C, and E are Lipschitz continuous, and lz(s,u)l < b;, there exists b3 such that
IB(z(s , )l < ba, 1C(2(s, u))l < by, Eu(s))l < by for all s € [0,1], u € O. Hence

!

w(t, wl < Miwgl + ! M(bstw(s , u)l + 2b3)ds. (3.2.9)

The constant b, is determined using the Bellman-Gronwall Lemma. u

This abstraction is general enough for the slewing problems we have studied. Appendix

2, Section 2 shows how the problem developed in Chapter 2 can be transcribed into PDE-

FORM II.

3.3 DIFFERENTIABILITY OF PDE SOLUTION WITH RESPECT TO CONTROL

We will show that the mild solution to (3.1.2) is Frechet differentiable with respect to

the control, u(-), in the L,NL,, topology. We make the following assumptions:

Assumption 3.3.1:

(i) For every bounded set S € X, there exists Kg such that for all x,%e S and-all
u,te U,

(@ WFG.® — Fix,u)l < Kg[B—x+ - ul),
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®) |g—’;oc.a) - -%g(x,u)l < KB - A + li— ull),

oF

X, %) - 9F
ou

© 1 ou

(x,u)l < Kgx— xdlic~ ul).
(ii) For each u € O, a mild solution to (3.1.2) exists, and there exists by < e such that for
allue Oandte [0,1], x(t,u)l < by n

For a system whose dynamics are of PDE-FORM II, Assumption 3.3.1 (ii) is satisfied
by Lemmas 3.2.3 and 3.2.5. However, Assumption 3.3.1 (ii) must be verified on a case by

case basis for all systems whose dynamics are of PDE-FORM I but not PDE-FORM 11.
Lemma 3.3.2: (Lipschitz Continuity.) Let x(-,-) be the mild solution of (3.1.2). Then,
there exists bs such that for any u,%te O, te [0,1]

Le(e, ) — x(t, u)l < bstiu— uby < bslt—uly, (33.1
where Il and I'l; denote the L; and L, norms.

Proof: Foranyu,ue Oandte [0,1)],

!

x(t,%) - x(t,u) = t[ T(t — S)[F(x(s, %), Us)) — F(x(s, u), u(s)))ds. (3.3.2)

Since { x(t,u)lte [0,1], ue O} csé {xe XIIxl £b, }, by Assumption 3.3.1(ib),

there exists a constant K, such that with y(s) 8 (e, %) - x(z, )1, te [0,1),

4

¥ <€ MKsl[ [y (sHIN(s) — u(sHllds. (3.3.3)

Applying the Bellman-Gronwall Lemma, we obtain?

¥() S MKse™ St = ul, < bsiti - ully (3.3.4)

2 For u € L3([0, 1)), luly S lul, by the Schwanz Inequality.
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where bs & MKSeMK‘. ]

We now define a linear approximation to x(-, u + du) where du is a perturbation. For

du e L,NL,, we define dx(-,u,du) € C([0,1],X) to be the solution to:
t
ox(1) = ‘[ T(t - s)[%g-(x(s. ), u(s))ox(s) + %—(x(s i), u(s))du(s)lds, te [0,1]. (33.5)

It is easy to show that such a solution exists.

Lemma 3.3.3: (Differentiability) Let x(-,-) be the mild solution to (3.1.2). Then, there

exists bg < = such that for any u, e O, te [0,1]

x(t, ) — x(t, u) — 8x(t, u, % — u)l S belx - ul3. (3.3.6)

To simplify notation, we make the following definitions:

Su() &) — u(), Ax(e,u,8u) & x(c,% - x(t, u), | (33.7a)
As) A %fa(s,u),u(s», B(s) 8 2E (x5 w) (o). (33.7b)
x ou

Proof: By Assumption 3.3.1, there exists by < o such that for all u,% e O, all s € [0,1],

the following are true: M0x(s,u,du)l < byldul, Ix(s,u)l < by, Ig—i(x(s.u).u(s))llsb-,,

I% (x(s , u), u(s))1 £ bq. Therefore,

t
1AX(e, u, du) — Sx(r,u, W < M'l { Fx(s,%),%s)) ~ F(x(s , u) , u(s))
— A(5)dx(s , u, 8u) — B(5)du(s) }dsl

!

< M‘[ {IZ(S)(Ax(s Ju,du) — ox(s,u,du)l +
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1

i %S (s, u) + rAx(s , 1, Su) , u(s) + rdu(s)) — A()ldriAx(s , u, Su)l +

Ml[ l%(x(s JU) + rAx(s , u, du) , u(s) + rdu(s)) - E(s)lldrISu(s)ll} ds

t

< Ml[ {IA'(s)(Ax(s ,u,0u) — dx(s, u, S

1
+ 1[ Ksr(1Ax(s , u , Su)l + Wu(s)drlAx(s , u, Su)l

1 -
+ £ Ksr(lAx(s, u, du)l + l8u(s)ll)dﬂ15u(s)l} ds

¢

< Ml[ { bodAX(s, u, 8u) — 8x(s, u, du)l

+ MKIAX(s , u, Su)l + 18u(s)I)? }ds. (3.3.8)

Since by Lemma 3.3.4, 1Ax(s , u, du)l < bsldul,,

t

WAX(t, u, Su) — Sx(t, u, W < Mg { blAx(s , u, Su) — x(s, u, Sw)l }ds

+ MK[bsldul, + 18u(s)1)%. (3.3.9)

Applying the Bellman-Gronwall Lemma,

IAX(t, u, Su) — dx(t,u, W < beldul3, (3.3.10)

where bg & MK(1 + bs)?e""”. =

The map Su — 8x(t, u,du) is linear in du for each r € [0,1], u € O. If we call this

map x,(¢, u), then we have the following theorem:
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Theorem 33.4: Forall ue O and te [0,1], x(z,u) admits a Gateaux derivative in the
L,NL,, topology. That is, there exists a linear operator x,(t, u) € B(L,MNL,,X) such that for

all Su e L,NL,

lim x(t, u + sdu) — x(t,u)
s=0 S

= x,(u,00u. (3.3.11)
|

So far we have stated that for u € O, du € L,NL,, the directional derivative x,(r,u)du
exists. We now seek to find the differential x, (¢, u) : L,NL, — X explicitly. We begin by

defining w(-, u,du) € C([0,1],X), to be the mild solution to

%w(t) = (A + B(, w))w(s) + Tt w)dut) , w(0) = 0 (3.3.12)
with Bz, 1) & 2 xe, ), ute), Tty & 2E xte,wy , uey).
ox ou

Since A is an infinitesimal generator,
B(-,w) e L3(0,1),BX,X))N L%(0,1],B(X,X)) and , C(.uw) e L7((0,1],0N
L™([0,1],X), we can apply Lemma Al.3 (see Appendix I) to determine an evolution opera-
tor U%(t,s), 0 < s £ ¢t < 1 such that

t

w(t,u,8u) = l[ U, s)C(s , u)du(s)ds (3.3.13)

is the mild solution to (3.3.12). w(t, u,du) also satisfies:

!

w(t, u,du) = ‘[ T(t — $)[B(s , wyw(s, u, 8u) + C(s , u)du(s))ds. (3.3.142)
Comparing with (3.3.8), w(t,u,8u) = dx(t,u,du). Therefore,
!

x,(t, w)du = g Ut 5)C(s , w)du(s)ds. ‘ (3.3.14b)

Next, we show that x,(¢, u) is Lipschitz continuous in u € O.
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Lemma 3.3.5: (Lipschitz Continuity of x,(¢, «) in u.)

There exists bg < = such that forall t e [0,1}, ue O, e O

Ix, (2, 9)u — x,(t, u)dul
< bolis — ul,. (3.3.15
! es?(P, 1] 8u es‘zlfnl.. 1dul, . bolls = uly )

Proof: For e O, dx(t,%, du) = x,(t,W)du satisfies

oF

Ew (x(s, %), %(s))du(s)) }ds. (3.3.16)

t
Bt 2, Bup=] Tt = 1 S ot 1, sts 8,800 +
Therefore, x,(t, %)8u - x,(t, u)du = &x(t, %, du) — dx(t,u, du) and hence

I'§
18x0,2,80) = 82,1, 801 < 4] %(x(s.fo ) - g—i(x(s,u>.u<s)) 8u(s)ds

t

+[1 B (s 10 (B, ., Bu) = (s, ., )

+ (%é(x(s B, %Us)) - 3—:("(-\' v 1), u(5)))3x(s , u , du) Jdst

]

< M{ Ko[lx(s , %) — x(s, )l + Bds) — u(sHIJ[I8u(s)! + 10x(s , u, Su)dsl)ds

!

+ l[Mb,lax(s ,%) = 8x(s, wlds

t

< Ks[(1 + bs)tie - uby(15ul, + bydul,)] + l[Mb-,le(s B — 8x(s , u)lds. (3.3.17)

Applying the Bellman-Gronwall Lemma,

18x(z, %, du) — 8x(t,.u. du)l £ MK seMb’(] + b5l — uly(1 + bIdud, , (3.3.18)

-

and therefore,
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Ix, (2, %)0u - x,(t, u)dul
I5ulz

< bgm - ulz N (3.3.19)
where by & MKe"®'(1 + bo)(t + b). ' n

3.4 EXISTENCE OF GRADIENTS

Let O be defined as in (3.2.2) and consider the function g - O > R defined by
g) = h(x(1,u)) where A : X = R is continuously differentiable and x(-, u) is the solution to
(3.1.2). We denote the derivative of A(-) at x by Dh(x). We will establish the existence of a
gradient of g(-) at u for all u € O.

Lemma 3.4.1:

(i) The function g : O — R is continuous, i.e., For any sequence { u; } € O which con-

verges to u € O in the L,NL,, topology, l‘li_leug(u,-) = g(u).
i

(ii) The function g(-) admits a Gateaux derivative in the L,MNL, topology at all u € O.
That is, there exists a linear operator Dg(u) € B(L,NL,,R) such that for all

due L,NL,

lim S&+ s8;4) = 20D _ po(uyu.

s—-0

(iii) For every u € O, there exists a unique Vg(u) € L,NL, such that for all e O,
(Ve),u—u) = Dg(u)(t — u).
(iv) The function Vg : L,NL_, — L5Y([0, 1)) is continuous.

(v) If the derivative of h(:), Dh(:), is Lipschitz continuous on bounded sets then there exists
byo < o= such that for all u,v € G, IVg(u) — Vg(W)I < byolu — vl and therefore Vg(:) is

uniformly Lipschitz continuous.
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Proof: (i) By Lemma 3.3.4, x(1,) is continuous in u. Since h is continuous in x, g(:) is con-

tinuous in u.

(ii) For u € O and du € L,NL,, define
Dg(u)du 2 Dh(x(1,u))dx(1,u , 8u). (34.1)

For s sufficiently small, u + séu € 0 and

-:-1g(u + 58u) — g(u) — sDg(w)dul = —l-lh(x(l u+ s5u)) — h(x(1 ,w)) — sDRG(1 , w))8x(1 , u, 1)

-

1
= —i-lg(Dh(x(l Ju) + ree(1, u + sdu) = x(1,4))) = Dh(x(1, w)))(x(1 , u + sdu) — x(1,u))dr

+ Dh(x(1 , w))(x(1 , u + sdu) — x(1,u) — sdx(1, u, Su))l

1 l[IDh(}:(l L u) + r(x(1, u + sdu) — x(1,u))) — Dh(x(1 , u))ldrb;10ul,

< -
S

+ IDh(x(1 , u))WbglOuls.

Therefore,
Jim %lg(u + s8u) — g(u) — sDg(u)dul = 0. (34.3)

(iii) Since X is a Hilbert space, we can identify X" with X. Therefore, we denote the adjoint
of C(s.u) e B(R™,X) by C(s,u) € B(X,R™; the adjoint of U%r,s) e B(X,X) by
U%¢,s)" e B(X,X) and the adjoint of Dh(x) € B(X,IR) by Dh(x)’ € B(R,X) which we

identify with Vh(x) € X. We define
Vw)(s) & Cs,w)"U%(1, )" Vh(x(1,u)) € R™ (3.4.4)

First, we show that Vg()e L,NL. Since IC(s,w)’1=I1C(s,.u)l €£b; and

W*1,5)"1 = WA, M <M, for all se [0,1],ue O, WVWgu)(s)! S bMIDA(x(1,u)ll, so
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Vg(u)(-) is bounded. Since it is also measurable, Vg(u) € L,NL,. Second,

1

(Vgw),t—u) g (Cls,w)' U1, 5)"VA((1 , w)) , (s) — u(s) Yds

1

( Vh(x(1,u)), 1[ U1, 5)C(s , u)@(s) — u(s))ds )

= Dh(x(1, u))x, (1, u)(lt — u) = Dg(u)(it — u). (34.5)
For s € [0, 1], we define p(s, u) a U“(1,5)"Vh(x(1,u)). By Lemma Al4, p(-,-) is the mild
solution to the problem:

%p(z) = — (@ + B p®. pQl) = Vh(x(1,u)), (34.6)

and

Ve)(s) = Cls, u) p(s). (34.7)

(iv) For any sequence { ¥; }<O such that 4; = u € O,

IVg(u) — Vgl = 1Dg(uy) — Dg(u)l (34.8)

< I(Dh(x(1,u)) = Dh(x(1, w)))x, (1, u)l + DA , u)(x, (1, u) — x, (1, W)l
By Lemma 3.3.5 and the continuity of Dh(-),

IVg(u) — Vgu)i = 0. (3.4.9)

(v) Since W(t,u)l b, for all te [0,1] and u € G, there exists b;; < e such that

IDA(x(1 , v)) — Dh(x(1, u))lby lu — vi for all u,v € G. Therefore,

IVg(v) — Vgl < I(Dh(x(1,v)) = Dh(x(1, w)))x, (1, V)1 + Dh(x(1, ))(x,(1,v) = x,(1, w1

< [b1x, (1, VU + bolDAx(1 , u))Jlu - VI, (3.4.10)

Since there exists by, such that lx(r,u)l < by, and Dh(x(t,u))l < by, for te [0,1] and

ue G,
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IVg(v) = Vgl < byolu — W,
where b]o é (b" + bg)b12 .

Lemma 3.4.2: (First Order Expansion) For any %,u € O,

1
g - g(u) = 1[ ( Va(u + sC— u)), - u Yds.

38
(34.11)

(3.4.12)

Proof: For %,ue O, we define e(s) a gu + s(i— u)).. We now show that e() is

differentiable at all s € (0,1). Choose s € (0, 1), then

e(s + As) — e(s) _ gu+ (s + A — ) — g(u + s(it— w))
As As '

SetzQ u+sti—ue Oand S5u8 %—u Thendue L,NL, and

lim EE+A) —e® _ o £+ Asdu) — g(z) _ Dg(z2)8u
As =0 As As =0 As

1
by Lemma 3.4.1(ii). Since e(1) — e(0) = ‘[e'(s)ds,

1
8@ - gu) = l[(Vg(u + sGi— 1), % u)ds.

3.5 OPTIMIZATION ALGORITHMS 1

(3.4.13)

(34.14)

(3.4.15)
n

In Section 3.4, we have shown that the gradient of g(-) exists and is continuous. We

will show that this fact can be used to prove convergence of the following algorithm for solv-

ing problem P:

P: inf {g@))

(3.5.0)
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Algorithm 3.5.1:

Data: upe G, ae (0,1, pe (0,1).

Step 0: i=0.

Step 1: Compute Vg(u) using (3.4.6) and (3.4.7).

Step 2: Compute ©(x;) and v; using
O(u) a min { lIv - u,-l2 + (Vg),v-u;) }. (3.5.1a)
veG 2
v; = v(uy) 4 arg min lIv - u,-l2 + (V) ,v-u) ). (3.5.1b)
ve G 2
If 8@y =0, STOP.
Step 3: Compute the step size A; using

Ai=Au)Bmax{Le (0,1,B.P% --- }I (35.2)
h(x(1, u; + My; — 1)) — h(x(1,u)) < CAO®) }.

Step 4: Setu; .1 =u; + A(v; — u).
Step §: Seti=i+1, goto Step 1. ]

First, we show that ©(%) = 0 is a necessary condition for % to be a minimizer of P and

that Algorithm 3.5.1 is well-defined.

Lemma 35.2: Ifie O is such that ©(%) < 0, then there exists A e (0, 1) such that for all
re 0,2,
g+ AMv() — W) — g@) < Aa®@®), (3.5.3a)

and therefore (i) % is not a minimizer of P and (ii) Algorithm 3.5.1 does not jam up in Stcp 3

~

at u.
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Proof: Let¥2 v(®). Then ( Vg@®,v-%) < ©@ = -5 < 0. Therefore,
g+ AQ - ) - g@ — Aa®®

1
=A(Vg@®,v-12) -axe@)m‘[ (Ve + sAG—B) - V@, V- % )ds
1
< M1 - 0)O(@) +t[ (Vg + sAY - ) — Vg@ ¥ - 2 Vds.
1
SM-(1-0)d+ g (Vg + sAG =) — Vg, v — 2 )ds. (3.5.3b)

Since Vé(-) is continuous, there exists A e (0,1) such that for all A € (O,i]. the right hand

side of (3.5.3b) is less than zero, so that g(t+ AV — %) < g(®). Since ¥+ AV -D e G, Uis

not a minimizer for P, and A(%) 2 B‘)\» so that the algorithm does not jam up in Step 3 at%t W
We shall prove that v(-) gnd' ©(-) are continuous. We state a preliminary lemma.

Lemma 35.3: Let C < R™be a compact, convex set, and x,y be arbitrary points in R™.

If X and y are the closest points in C to x and y respectively, i.e.,

& arg min (1 -2}, (3.5.4)

y4 arg min ( 1§ - wy, (35.5)
then

Ix- 9% < Ix - yl2. (3.5.6)

Proof: Assume that for some x,y € R™, IT— 71 > Ix — yI>. Define
A4 argmin (Ae RIIQ-A)x+Ay-x}, (3.5.7)
A& argmin {Ae RIIQ-NT+Ay-y? ], (3.5.8)

%8 (1 - T+ Ay, (3.5.9)
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54 (1 - AT+ Ay (3.5.10)
Then % is the point on the line through X and y nearest to x, and J is the point on the line

through X and y nearest to y. Define a co-ordinate system for R™ with X as the origin, and

chose an orthogonal basis { ¢; };e » Where ¢ a -I‘:_LJ‘TI We can find o, € R™ so that
y — X

m m
x= Y ogandy= Y PBe. Then% = a,e, and ¥ = B,e,, and therefore

i=1 i=1

B-3 = (o, - BPS 3 (04— = b= yi2 (3.5.11)

i=1
Now, we claim that A, 2 1. Let us assume that A, € [0, 1). Since C is convex, e C, but

this is not possible since [j— yl < Iy — ylz. Assume that A, < 0. Since Il is strictly convex,
I(1 = ply+ py=y < (1 = p)iy = yi + ply = yP < Iy = yi? ‘ (3.5.12)

for pe (0,1), and there exists pe (0,1) such that (1 -pfy+py=% so that

k-yl<ly—yl which is a contradiction. Similarly, A,<0, and therefore
-3 2 Ix¥ - y1 > Ix — yl which contradicts (3.5.11). [ |

Theorem 3.5.4: The function v(-) is continuous.
Proof: Let{ u4; } € G be a sequence such that u; > te G. Forany u € G,
V) = arg min { SW - (u() - V@O ), (3.5.132)
ue U 2
and so by Theorem 3.5.3,

()@ — v < Wugo) - Vew)(®) - @) — Vgu)P. (3.5.13b)

Since (a + b)? < 2[a* + b7,
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W@)() — v < 200 — ulOP + 1Vg(u)() — Vgud@)i]. (3.5.13¢)
Therefore,
() = vt < 21y — ul? + 21Vg(u) — Vg, (3.5.14)

Since u; — %t and Vg(u) — Vg, { 4; } and { Vg(u,) } are Cauchy sequences, and conse-
quently { v(x;) } is a Cauchy sequence, and since L,MNL, is a Banach space, there exists

Y e G such that v(u) = 5. Suppose ¥ = v(®). Then
%lv(ﬁ) -+ (Vg(‘ﬁ) VA =) < %W— W+ (Ve@),v-1). (3.5.15)

Since u; — and Vg(u) — Vg(i), there exists i such that

-;'lv(ft) —uf? + (Vgu) ,v@® - u;) < %'Vi —uf? + (Vg ,v; - U (3.5.16)
which is a contradiction. Therefore v(u) — v(%), and v(-) is continuous. |
Corollary 3.5.5: The function ©(-) is continuous. |

Theorem 3.5.6: If { 4; ]} is an infinite sequence generated by Algorithm 3.5.1, then any

accumulation point % € G satisfies the optimality condition &(%) = 0.

Proof: Assume that # € G is an accumulation point of { u; } such that ©() = -8 < 0. Let
*=min{ ke (0,1,2, --- }1gh+B‘O-1) - @ < of*O® }. (3.5.17)

Such a % < oo exists by Lemma 3.5.2. By the continuity of g(-), Vg(-), and ('), there exists i

such that for all i > i,
g(u; + B — u)) - g < afow) < ZteMm. (3.5.18)

Therefore A; 2 B”E and hence g(u;, ;) — g(u) < %B‘k ©@), and g(u;) = —= which is a con-
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tradiction since g(-) is continuous, and the theorem is proved.

43
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CHAPTER 4
ABSTRACT FREE-TIME FORMULATION

In problem P (3.5.0), the final time is fixed at T = 1. Using suitable scaling, the final
time can be fixed at any value. In this chapter, we consider free-time problems, and show
that by using a particular transcription, a free-time problem can be cast into a form similar to
that of the fixed-time problem. By extending the results of the previous chapter on the
existence of continuous gradients, we can apply an algorithm similar to one used for the

fixed-time problem.

4.1 ANALYTIC SEMIGROUP

We make one additional assumption on the operator A defined in Section 3.1:

Assumption 4.1.1:  For some d € (0,%), the setpigroup generated by A, { T(®) };5 0

can be extended to be analytic in a sector Ag 4zl larg z21 £ 3 }, and I1T(z)l is uniformly
bounded in every closed subsector Ay, & <8, of As. The semigroup { T(?) },» o is then

called an analytic semigroup. [ |

Showalter [Sho.1] has shown that for flexible structures with Kelvin-Voigt damping and
Chen and Russel [Che.1] have shown that for flexible structures with proportional damping,
the operator A generates an analytic semigroup. Appendix II (A2.2) shows that for the flexi-
ble beam ,(2.2.5)-(2.2.7), A generates an analytic semigroup.

We take the following theorem from Pazy [Paz.1]:

Theorem 4.1.2:  The semigroup { T(f) },» o generated by the operator A is analytic if and

only if there exists a constant C < o such that (i) T() is differentiable in > 0; (ii)
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d , C
ET@ = AT(¢); and (iii) LAT()I < - foraillt> 0. -

Theorem 4.1.2 implies local Lipschitz continuity of T(z). Furthermore, the following

holds.

Lemma 4.1.3: For all £t20 and T € [Tmins Tmax)s With 0 < Tpip € Tpax < o0, the map

T — T(zf) is Lipschitz continuous uniformly in 7, i.e., there exists C < e such that for all
2,7 € [Tmins Tmax) and all £ 2 0, IT() - T(w)l < Ct - 1l.
Proof: Since T(:) is differentiable for ¢ > 0,

A

‘U

.
ITG) — Tl = |j AT(s)ds1 = |j AT(syidst S | %ds=5 %dssf L
T

<CR-1l, . “4.1.1)

where C 2 El'tmi,,. |

We next prove that %T(-) is continuous. If A is bounded then since %T(t) = AT(®), %T(-)
is continuous. Since A is unbounded, the proof is more involved.

Lemma: 4.14 Fort> 0, 7‘;;7(:) = AT(s) is continuous.

Proof: Since A is analytic, T°(t) a %T(t) exists for all > 0 and from Pazy [Paz.1, page

61],

. iy tpe™ v iy
T() = ar )gpe P R(pe'Y, A)d(pe'Y) +

(2 g | j pe VP R(pe™ Y, A)d(pe™ @4.1.3)

and IR(pe™, A)l = lIR(pe™Y , AN < -"pi where, ¥ € (2,%/2 + 8) and R(A,A) = (M — A)™\.
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We assume without loss of generality thatt —» s and 12 5 > 0. Then

IT() - T(s) < % ! 1P — P Midp 4.14)
< [ oot ey iy _ oo vigp 4.1.5)

Since cosy <0 and p e [0,0], le¢WosVHitpsing <1 ang 5PV <1 for all
t25>0, p>0. Since the function €* is Lipschitz continuous on bounded sets, there exists

b such that
el = SIpeos ¥ + itpsiny _ pispsin ¥y < 1(¢ — 5)peVIb = plt — slb. (4.1.6)

Therefore, integrating by parts:

oo

ITG) - T) < e — 512 { peveervp s MO _ g ‘ @.1.7)
T n(scos )
Hence, T'(t) > T'(s) as t = s. |

Theorem 4.1.5: For?and T > 1y, the following inequality holds:

MbR - 1l

(t = HATQLt - ) — AT(2(t - H)Il < T2_cosly

for12:2s520. (4.1.8a)

Proof: Sett=%t-s)and s = 1z - 5) in (4.1.7). (4.1.7) becomes:

MbIR - 1)(t - 3)| Mb  R—1lt—sl
IAT@(t — s)) - AT(x(t = s)HI < = . 4.1.8b
e = 5 e =5 ntlcostyle — s miPcos?y It — s ¢ )

Since T 2 1,;,, (4.1.8a) is obtained from (4.1.8b). |

With these additional properties, we can examine free-time problems. We state the
canonical free-time, control constrained problem 13'1.-. We require T to be in the interval

[Tmin » Tmax) where Tmin > 0 and Ty < oo.
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-~

Pp: inf ( g@.,7) i e G(1), T€ [TninsTmaxl }» (4.1.9)

where g(i,1) = h(X(t,&)), X is the Hilbert space defined in Section 3.1, A : X = R, is con-
tinuously differentiable, G(t) 4 {ue LJI0,1)N LT[0,T) ! u(s)e U, se [0,1] ), Uis

a compact, convex subset of IR”, and X(-, &) is the mild solution to the system:

%i(s,ﬂ)=Ai(s.ﬁ)+F(i(s.zD.ﬁ(s)). se [0,7], x(0,2) =x € D(A). (4.1.10)

42 TIME SCALING

We shall transcribe problem fp into a fixed-time problem. First, by referring to (3.1.1), we
see that G = G(1). Next, with each it € G(t), we associate a u € G defined by u(r) A u(t)
for te [0,1]. With each x e C(0,1],X), we associate x e C([0,1],X) defined by

x(t,u,1) & %t i) for all t € [0,1]. Then,

%x(t. u,T) = %f(rr.ﬁ) = T[AX(rT, &) + F(X(rT) , i(r7))] 4.2.1)
= T[Ax(t,u,T) + F(x(t, u, 1), u(®)].

Define g(u,T) 2 h(x(1,u,7)). Then g(u.T) = h(E(.@)) = §(E,1). Therefore Pp is

equivalent to (4.2.2):

Pr: inf{ gu,t)lue G, T€ [Thins Tmax) }» ) 4.2.2)
with the dynamics
%x(t.u,‘t) = T[Ax(t,u,T) + F(x(t,u,t),u(®)), xO0,u) =x € DA, te [0,1]. (4.2.3)
Thus, the form of Pg is similar to that of P (3.5.0). For any fixed value of T, we can

redefine A and F(-,-) by multiplying each by 7, and apply the results of Chapter 3 to derive

properties for the solutions x(-, #,t). We note that if the operator A generates the semigroup
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{ T(9) }, > 0, then TA generates the semigroup { T(t?) };» 0
Theorem 4.2.1: Problems f;p and Py are equivalent.
Proof: Let (T, #) € [Thin»Tmex] XG(®) be  optimal for ﬁp. Define

(T, 1) € [Tmin+Tmax] X G Where T = T and u(s) = a(ts), s € [0,1]. Then g(u,1) = g@i7,7)

and so Py < ﬁv. Similarly, we can show f"v < Py and so ffv = Py. ]

4.3 DIFFERENTIABILITY OF SOLUTION OF THE PDE WITH RESPECT TO THE

CONTROL AND FINAL TIME
We make the following assumptions:
_Assumption 4.3.1:
(i) Forall T e [Ty Tmaxls @ mila solution to (4.2.3) exists.

(ii) There exists by <e such that for all T€ [Ty, Tl 4€ O and te [0,1),

x(t,u, ol < by. [ |
The next few theorems are natural extensions of theorems in Chapter 3. We define
MA M,

Theorem 4.3.2: (Lipschitz Continuity of x(¢,u, 1) in u.)

There exists b, < e such that for all i, u € O, t € [0,1], T € [Tmin»Tmax) »

Ix(¢,%,T) — x(¢,u, ) < byl — ull. 4.3.1)
|

For u,du € L,NL, such that u € O, we define &x(-,u,t,du) € C([0,1],X) to be the mild

-

solution to
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!

ox(p) = I[{T(t(t - s))t(%—(x(s LU, T, u(s))ox(s) + %(x(s) , u(8))ou(s)) }ds. 4.3.22)

Equation (4.3.2a) is an integral from of the first variation with respect to u of equation

(4.2.1). Then we have:

Theorem 4.3.3: (Differentiability with Respect to the Control.)

There exists by < e such that for all %t,u € 0, T € [Tyin» Tmax)
Ibx(e, %, 1) — x(t, u,7) — 8x(t,u, T, Sl < byl — ul3, : (4.3.2b)

where du = 1 — u. | |

We will denote the linear map du — dx(t,u,1,du) by x,(t,u,1).

Theorem 4.3.4: (Continuity of the Differential in the Control)
For all T € [Tpin. Tmex)» %, % € G such that u — % in the L3'([0,1]) norm

lim x,(¢,u,1) = x,(t,%,1).

A
U

4.3.3)
u

Next, we will show that x, is continuous in T. We present the following three preliminary
lemmas.

Lemma 43.5: Let U be defined as in (322). Then, there exists
bs 2 max{ by ,by,b3,Tnaxs 1 }» bg < o0, such that for all u,%e U, all ld < b,, all B < by,

all T, € [Tpin»Tmax) and all z € [0, 1]):
') Ig—i(x.u)l < by,

(i) 1%(;:,:;)1 < bs,
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(iii) l—(i - —(x Wl < by[IG— I + Fe— ull],

BF

@iv) I (5: - (x )l < by(Ik - Al + I’l} ull],

) 1Tl < by,

i) ITG) - T()l < byt - 1. m
Lemma 43.6: GivenaboundedsetS< X, iff;, ie {1,2, --- n} is a finite sequence
of Lipschitz Continuous functions from S to Y where Y is a Banach space, then f ) ]"1 fiis
Lipschitz Continuous onS.

Proof: Let the Lipschitz constant for each f; be L;. Furthermore, f; must be bounded on S,

and we denote this bound b, Then for%,x € S:

X - Aol = |l'[f(5t) l'[f(X)l

=1

= |z n FOU® - £ T1 f(x)}
P

=i+l

<3 ﬁb,-]z,,&- xl[ I b,-]. 43.4)
F

1 =1 s+ 1

n n[.
Therefore, f has a Lipschitz constant |T] b; E-T;L < oo,
1 =1 9

Theorem 4.3.7: (Lipschitz Continuity of x(t,«,T) inT.)
There exists a constant bs € [bg, ) such that forall te [0,1], ue G, },T € [Tmin» Tmax)

Ix(t,u,?) — x(t,u, 7)) < bst — 1l. (4.3.5)
Proof:

1.

!
x(t,u,?) — x(t,u,ol = It[ TQ(t = $))F(x(s , u,?), u(s))ds — l[ T(x(t — $)HF(x(s,u,T), u(s))dst
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H

s ! (TQ - 5)) = T(e(t — NIF(x(s . B) , u(N +
lT(T(t - S))(F(X(S WU 1%) ’ u(s)) - F(X(S Wu, t) ’ u(S)))l]dY

!
< Cht—1l + Ml Kslx(s 4, — x(s, u, T)lds, (4.3.6)

for some K < = by Assumptions 3.3.1 (i) and 4.3.1 (ii). By applying the Bellman-Gronwall

Lemma,

bx(t, 4,%) — x(t,u, D) S Chyft — T, 4.3.7)

Choose bs & max { by, Chye™ }.

Theorem 4.3.8: (Lipschitz Continuity of x,(t,u,T)inT.)

There exists bg << such that for all ue G, all ?,T € [Tyin,Tmax] and all € [0,1],
(e, u,%) — x,(t, u, O < beR — 1.

Proof:

19x(¢, u, %, du) — &x(t,u,t,dul (4.3.10)

t

= |l[ { TG - s)ﬁ(g—i(x(s, u,%), u(s))ox(s,u,, du) + %—(x(s 4,3, u(s))ou(s))
oF oF
- T(z(¢ - S))t(g(x(s, u,t),u(s)ox(s , u,t,u)+ g(x(s L U, 7T), u(s))du(s)) }dst
F

< I! { TR - s)ﬁ(—aa—xf;(x(s,u,"t).u(s))(&(s Ju,%,0u) — &x(s,u,t,du))

+ (TGt - s)ﬁ%—(x(s Ju, %), u(s)) = T(a(e ~ S))tg—i (x(s,u,7T), u(s)))dx(s , u, T, u)



§4.3 Differentiability of Solution of the PDE 52

+ (Tt - S)ﬁ%(x(s J1, %), u(s)) = T(z(e ~ s))‘t-a(.i (x(s . u,T) , u(s))du(s)) }dsl.

By Lemma 4.3.6, there exists g < o such that
16x(t, 1,2, du) — &x(t,u,t,oul

t

< lﬁtmub.,l&c(s L%, 8u) — 8x(s,u,T, Su)lds + beft — THSul,. 4.3.11)

By applying the Bellman-Gronwall Lemma,

18x(c, 1., Bu) — B2, u, T, Sl S Bee™ ™Rt — TS, (4.3.12)
Since
et u,?) - x(t,u,Pl = t:']si‘l"x 18x(r, u,%, Su) — dx(t, u, T, 3w, (4.3.13)

Theorem 4.3.8 is proved with bg & 56em"‘b“. [
We now show differentiability of the PDE with respect to the final time, T. We define
&x(t,u,T, 1) to be the solution to:

!

Sx(t.u, 1,80 = 1[ T(r(e - s))‘c%(x(s.u.t),u(s))&x(s 4., 5)ds 4.3.14)

t

+ £ (T(t(t - 5)) + T(t = HAT(( - 5))F(x(s, u,7) , u(s))dtds.

Equation (4.3.14) is an integral from of the first variation with respect to T of equation
(4.2.1). Because A generates an analytic semigroup, the map &t — &x(r,u,T,d1) is well-

defined, linear and bounded, i.e., there exists b, such that 18x(z, u, 1, dt)t < b4id1l.

Theorem 4.3.9: Differentiability of x(¢,u,7) in T.

Forallue G,allte (0,1}, 1,2 € [Thin» Tmax)s
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lim be(z,u,%) — x(t,u,7) — x(t,u,t,2— 1l =0.
Tt R-

4.3.15)

Proof: To simplify notation, we make the following definitions: &t 43_1 and

Ax(t,u,t,0) = x(t,u,?) - x(t,u,7).

t

1AX(t, u,T,t) — &x(t,u,T, 00 < t[ IT(: — S)RF(x(s , u,2) , u(s))
- T(t(t = s)yTF(x(s, u, ), u(s)) — T(2(t - S))T%(x(s LU, T, u(s)8x(s , u, T, 01)

— (I + (¢ = HAT(T(t = S))F(x(s,u, 1), u(s))dtlds

t

< t[ { KTQ( = Ht = T(t(t = s))yt = ( + 1(t = $HA)T(x(t — $))OONF(x(s, u, 1), us)I
1
+ ITQ( - s))"u[£ I—aﬁ(x(s JU,T) + rAx(s,u,T,01), u(s)) - i(s(s LU, T, u(s)Hidr
ox ox
IAx(s, 1,7, 501 + I%I;;(x(s,u,‘l:),u(s))(Ax(s.u.‘t.&t) - 8x(s.u, T, 50)I]

+ITQ — HR - T(x(e - s))’tllg—:(x(s 4,7, u(S))8x(s . 1, T, SO )ds

t

Sh- ‘rl‘[ {IT(‘?(I = 5) = Tt - 5)

1

+ T(t - S)l[ AT +r@-1))(t-35) - Tt - s)))drl}lF x(s,u,T), us)ds

t

+£ { Me“™x__ _IAx(s,u,T, 50 + blAx(s, u,T, 81) — Sx(s,u,T, 501 }ds

+ Chglmalt — 2. (4.3.163)
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By Lemma 4.14, T() and AT() are continuous, and by Theorem 4.3.7,

1Ax(s , u, T, 8T)1 < b2R — 112, Therefore,

IAX(t, u,T,8t) — dx(t,u,t,00) <

t

R — 1l0(&7) + bﬁg Ax(s, u, T, &) — 8x(s, u,T, ST)lds, (4.3.16b)

where 8lim 0O(Srr) = 0. To finish the theorem, apply Lemma 4.3.6 and the Bellman-Gronwall
-—)

Lemma. [ ]

The map &t — 8x(t,u, T, d7) is linear in &t foreach t € [0,1), u € G, T € [Tnin+ Tmax)- If

we call this map x.(¢, #, 1), then we have the following theorem:

Theorem 4.3.10: Forallte [0,1)}, u € G, x(t,u, 1) is Gateaux differentiable with respect

to T and its differential is given by x.(¢, », 7). - n

Next, we show that x.(t, u,T) is continuous in ¥ € G, T € [Tmin» Tmax)-

Theorem 4.3.11:  (Continuity of x(t,u,T) in 4,t.) Foru,%e G and 1,2 € [Tmin» Tmax)»

lim x‘(t ,lﬁ,&) - xt(t U, T)- (4.3.]7)

~ -
U=2u T->7T

Proof:

L (2, %, )8t — x (2, 1, )01 = 18x(e, ,%, &t) — Ox(t, u, 1T, SV

t

< [ e - 5 - Tese - s))ng—fcx(s 2,2, Us)8x(s , 2.2, D)
aF A A ~
+ 1T = D= D2 (5,89, MsBa(s .2, B0

+ IT(x(t — HAK[I(s , %, R) = x(s, u, D + B(s) — u(sHN8x(s , %,%, S
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+ IT(t(z - s))t%(x(s U, ), u(s)(Ox(s , #,%, 6t) - dx(s,u, T, 00)l

+ITQt — 5)) = T(x(t = 5)) + (= D@ = HATQ - )

+ + 10t = ATt — 5)) — T(1(t = S))UF(x(s,%,%) , %U(s))otll

+ IT(x(t = 5)) + T(t = HAT(T(t — HIK[x(s , %, %) — x(5, u, D + HLs) — u(sHNNSTl)ds

!

< bglR — 1l + W — ub)IStl + bsll; 18x(s , 21, %, 81) — 8x(s, u, T, ST)llds (4.3.18)

for some bg < ==. Applying the Bellman-Gronwall Lemma,

(2, 5, ST — x(t, u, 5T < e7bglR — Tl + T — ul,)ISel. (4.3.19)
'I'heréfore,
(e, 2, — xet, 1, D S gl — Tl + W — uly). (4.3.20)

We have shown existence and continuity of the partial derivatives x,(¢,u,T) and
x(t,u,T). Since the partial derivatives are continuous, the function x(t,u, 1) is fully continu-

ously differentiable in u,t by Dieudonne[Die.1].

4.4 EXISTENCE OF GRADIENTS

Consider the function g : GX[Tmin » Tmax] = R, g1, 1) = A(x(1,u,T)) where h is con-
tinuously differentiable as in Section 3.4. Extending the results of Section 3.4, we obtain the

following lemma:
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Lemma 4.4.1:
() g GX[TminsTmax) — R is continuous in (u, 7).
(i) g : GX[TminsTmax) = R is differentiable in (u,7), ie., for all u € G, T € [Tyin. Tmaxls

there exists a differential Dg(u,T) : L,NLXR — R such that for u,ke G,

?,1 € [Tmin » Tmax):
i Bt s@-w.T+sQR-1) g, T - sDpu.DE-uRr-7) _ (4.4.1)
s—0 Iu,-—uI2+I‘r,--1:l

(iii) There exists Ve(u,t) € L,NLXR such that

(Vgu,t),(t-u,2-1)) = Dglu,Du—-u,t-1) forallt,u € G,%,1T € [Tnin» Tmaxl-
iv) Vg : GX[Thin » Tmax) = L2MNLXR is continuous.
Consequently, we can show that the following algorithm, which is an extension of Algorithm
3.5.1 is convergent, and that all accumulation points (&,%) satisfy the necessary condition for
optimality, ©(%,%) = 0 where ©(:, ) is defined by (4.4.2a).
Algorithm 4.4.2: |
Data: upe G, 19 € [Tmin, Tmmn)» ¢ € (0,1), Be (0,1).
Step 0: i=0.
Step 1: Compute Vg(u;, ).

Step 2: Compute ©(x;,T) and (v;,%;) using

eu;,1) & min ';"" - ul + %“ -+ (Ve 1), [v - u‘] ) }.4.4.22)
0.1 € GxlTnn, Ty t-1
v, )4  _argmin | 1= upl? + -%ﬁ— T2

N 4.4.2b)
(v.%) € GX[Trin  Trnas)
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+ (Vg(u;,1), [;- "‘] Y )

-1
If ©(y;, 1) = 0, STOP.
Step 3: Compute the step size A; using
A3max{Ae {0,1,B,B% -+ }I 4.4.3)

8Gu; + A(v; — u) , T+ A% — 1)) — g(u;, T) < CAB®;, 1) ).

Step 4: Setu; .1 =u;+ M(vi—u), T4 =Ti+ AR - 1).

Step §: Seti=1i+1; goto Step 1. [ |
Theorem 4.4.2: If { (¥;,7) } is an infinite sequence generated by Algorithm 4.4.2, then

any accumulation point (,%) € GX[Ty;, . Tmax] Satisfies the optimality condition ©(%,%) = 0.m
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CHAPTER 5
RELAXED CONTROLS

Theorem 3.5.4 states that any accumulation point of Algorithm 3.5.1, e G, satisfies

the optimality condition ©(@) = 0. However, since the closed unit ball in L,MNL,, is not com-
pact, there may be bounded sequences generated by the algorithm which have no accumu-
lation points. In these cases, Theorem 3.5.4 gives no indication as to the performance of the
algorithm. How then do we evaluate algorithm performance? An answer is either to change
the set of admissible controls, G, or to change its topology. For problems with linear dynam-
ics, results have been obtained by replacing the LML, topology by the weak'-L2 topology
(see [Ara.1].) Since the unit ball and G are compact in the weak -topology (Banach-Alaoglu
Theorem), and g(-) and Vg(-) are weak -continuous, the problem min{ g(u) | u € G } defined

in (3.5.0) has a solution. Furthermore, any bounded sequence generated by the algorithm
admits an accumulation point satisfying the optimality condition ©(®%) = 0.

For problems with nonlinear dynamics, g() may not be weak -continuous. Warga
[War.1] describes a method for analyzing problems in which the dynamics are described by a
system of non-linear ordinary differential equations. The principle is to densely embed the set
of admissible controls, G, into a larger set G. The function g : G = R is extended to
z:G- R, and a- topology is chosen so that G is compact and g(-) is continuous on G.
Some additional continuity properties are also required. The set G is called the set of admissi-
ble relaxed controls. Although in this chapter we consider only fixed-time problems, the

extension to free-time problems is simple.
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5.1 DEFINITIONS

We give a brief description of the properties of relaxed controls. See Warga [War.1]
for a more complete exposition. We recall that U is a compact, convex subset of R™. We
define a finite Radon measure | on the Borel sets of U, to be a measure such that (V) < ee.
The set of finite Radon measures on U is denoted by frm(U). We define a Radon probability
measure | on U to be a positive measure such that p(U) = 1. The set of Radon probability
measures is denoted rpm(U). A relaxed control, &, is a measurable function

o : [0,1] = pm(U). We define

G 4 (e LZ([0,1)NL7(0,1]) | u(t) € U for almost all ¢ e [0,1] }, (5.1.1)
G4 ({o:[0,1] > rpmU) | 6 is measurable }, (5.1.2)
R4 {6:[0,1] > frm(U) | G is measurable }. (5.1.3)

By the Dunford-Petis Theorem which is an extension of the Riesz-Representation Theorem,
the set R is isomorphic to L'([0,1],C(1))" where C(U) is the set of continuous, real-valued

functions on U. That is, for each 6 € R, there exists y € L}([0,1],C(1))" such that

.

lolg 4 ess su lo@MIV) = iyl a su
R=e0n v de L'(w.ll)l.cw» 19

(5.14)

and

1
(0.¥) = ‘[ lfl\l!(t.u)c(r)(du)dt. , (5.1.5)

where (u,v) denotes u being operated on by v which is a member the dual of the space in
which u lies. The wunit bal in R, B(R), is weak'-compact since
(we LY0,11,CWU)" I <1} is weak -compact. We use the weak -topology on

L([0,11,C()"° 1o topologize G. Consequently, { 6; } © G converges to 6 € G if and only if
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1 1

lim ! £¢(r.u)c,{z)(du)dt = ‘[ ltp(t,u)o(t)(du)dz for all ¢ e L'([0,1],C(V)). (5.1.6)

G, =0

Since G is a closed subset of B(R), it is compact. There is an injection of the ordinary con-
trols into the relaxed controls. With each ordinary control, u € G, we associate a relaxed

control 6 € G such that 6(1)(S) = 8,((S) for all measurable sets S © U. 5S) 81ifxes

otherwise 0. We note that (¢, u(t)) = ); Ot 14)B ().

We now apply this theory to problems where the dynamics are described by nonlinear

partial differential equations in the form of
-:—tx(t.u) = Ax(t,u) + F(x(t,u0),u(t)), x(t,u) = x9 € D(A), (5.1.73)

where the underlying Hilbert Space is called H. We extend the map x : G = C([0,1],H) to

G by defining for each 6 € G, x(-,0)) € C([0,1],H) to be the mild solution to

%x(z.c) = Ax(t,0) + L[F(x(t.c).u)O(t)(du). x(0,0) = x,. (5.1.7b)

Such a solution can be shown to exist and to be unique.

Lemma 5.1.0: If ce G is an ordinary control, ie., there exists u € G such that
o()(S) = 8,,(,)(5) for all measurable sets S € U and almost all ¢ € [0,1], then x(z,0) = x(¢,u)

for all £ e [0,1] where x(-,0) is the solution to (5.1.7b) and x(-,u) is the solution to (5.1.7a).

Proof: Substituting 8,,(,)(5’) in (5.1.7b),
-:-tx(t,c) = Ax(1,0) + l[, F(x(2,6), 4)8,y(du)
= A(x(t,0) + F(x(t,0),u(®)). (5.1.8)

Therefore x(z,6) = x(¢t,u) for all t € [0,1]. [ |
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We shall show that the map ¢ — x(t,0) is continuous in o, uniformly in ¢ e [0,1].

We begin with a preliminary result.

Lemma 5.1.1: For every ¢ € C([0,1]xU;l,) and any € > 0, there exists j; < e such that

Y oftui<eforalre [0,1], ue U (5.1.9)
i=j,
Proof: Suppose that the lemma is false. Then for some ¢ € C([0,1]xU;k), there exists

€ > 0 such that for all j € Z,, there exists ¢; € [0,1] and ; € U such that

T 0dy.u)? > & (5.1.10)
i=j .
K
Since [0,1]xU is compact, there exists (t,%) e [0,11xU and K € Z, such that 7,~$t and

K _
u,—% There must exist j < e such that

T o< % (.1.11)
i='}

Since ¢ is continuous, there exists ky such that for all k 2 kg, k € K, W(t,up) — q>(},‘12)|,22 < %

Therefore, $ Ot u)? < -i—e.. Contradiction.
s LA .
i=)

Theorem 5.1.2: Let { 6; } =G be a sequence of relaxed controls such that 6; = 6 € G.

Then, for any ¢ € C([0,1],C(U,L))

1
illm”! l 0. u)(OL1) — o(t))(du)d: = 0.

Proof: By Lemma S5.1.1, for any €> 0, there exists’y such that ¥, ¢,u)? s% for all

. A
J=J

ue U, for all ¢t € [0,1]. Therefore,
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1 w 1
I ‘[ ,E 0t 1)(OLD) — S(O)dwydr} = 3 (l z[ O£tU)(CL) = o)) (duydn>.
j=1

Now,
o 1 o 1
M l[ {' 0£t.U)(GL0) - o(D)dwd? < 3 [ l{ £ 0t )(OA2) + o(B))(du)ds).
i=] i=]

Applying Schwartz inequality (([fgdu)? < ([f2du)([g2dw) to (5.1.13), we obtain
31 l[ £ Otu)LD) = o()dwydi s T !( l 02, u)(C L) + o(O))du))?dr.
j=) i=i

Applying Schwartz inequality to (5.1.14), we obtain

w 1
> t[ £ OAtu)(OLr) — SN duds)? <
=5

J

w |
) t[ [l 08X (GK0) + o(D)(dw) z[ (oL + c(t))(du)] d.
=]

J

Applying Lesbegue’s Monotone Convergence Theorem to (5.1.15), we obtain

> J £ Oftu)GL1) - o(ONdu)de)® < 2 ! ( £ (T 0{tw))oLD) + o)) (du))d:
=} j=7

J =J

<E
2

Since o; = ©, there exists i such that for all i 2 i,

>

-1 !

> | l[ l O{eu)(OL0) - o)) du)di? < <.

J
i= 2

1
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(5.1.12)

(5.1.13)

(5.1.14)

(5.1.15)

(5.1.17)

(5.1.18)

Therefore, | ! i &(t,u) (GL0) = o())(du)dri}, < € for all i 2 i, and the theorem is proved.
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Corollary 5.1.3: Let Y be any separable Hilbert Space. Let { o;} < G be a sequence of

relaxed controls such that 6; = 6 € G. Then, for any ¢ € C([0,1],C(U,Y))
1
}imﬂ[ £¢(t.u)(o,(t) - o())(du)d: = 0. (5.1.19)

Proof:. Any separable Hilbert space is isomorphic to /. |

Corollary 5.14: If ¢ : [0,1] > C(U,Y) is continuous except at a finite number of points

s € [0,1], then the results of Corollary 5.1.3 hold. | |
Theorem 5.1.5:  (Continuity of x(-,0) in ©.) If the sequence { 6;} C G is such that
o; = o € G, then x(-,6) — x(-,0).

Proof: Since for 6 € G, x(-,0) is the mild solution to (5.1.7b),

. ,
x(t,0) = ! J; T(t — $)F(x(s,0),u)o(s)(du)ds. (5.1.20)

Therefore,

t

Ix(t,G) — x(t,0)1 = | l[ [ l[, T(t — S)F(x(s,0) ,i)Os)(du) —

J T(¢ — 5)F(x(s,5),4))o(s)(du)]dsl

!

<l l[ L T(t - $)F(x(s,0),u) — F(x(5,0),u))0s)(du)dsl

!

+ |£ Z[, T(t - $)F(x(s,0),u)(0{s) — o(s))(du)ds!

t 1
< MKS‘[ Ix(s,G;) — x(s,0)lds + | l[ [[ O'(s, u)(04s) - o())dwdsl,  (5.1.21)

where M is defined in Assumption 3.2.2 (i), S is a bounded set which contains

{ X(t.0) }{ ;e 10.1).0 € G+ Ks exists and is finite by Assumption 3.1.1 (ib), and
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o'(s.u) = {T(t - s)ng(s.o).u) ?Ssssélt

By the Bellman-Gronwall Lemma,
1

x(t,6) — x(t,0)I < | ! z[ 0'(s, 1)(G Ls) — o(s))(du)dsll S, (5.1.22)

Therefore, by Corollary 5.1.4, for te [0,1], lim Ix(t,6) — x(t,0)l = 0. Since ¢l is
{ —~ oo

bounded, the convergence is uniform.

5.2 EXISTENCE OF DIRECTIONAL DERIVATIVES

It tums out that x(¢,0) is not Gateaux differentiable with respect to 6 € G. However
for the case in which the dynamics of the system can be described by ordinary differential
equations, L. Williamson and E. Polak [Wil.1] have developed a directional derivative of
x(t,0) in the 3¢ direction for a specific set of directions. These derivatives are sufficient to
generate a necessary optimality condition sufficiently strong that it is interesting. Here we
extend their work to the case in which the dynamics are described by the partial differential

equation (3.1.2).
For A e [-1,1], y e C([0,1]xU;R™), and © € G, define x(-,6,A,y) and 8x(:,6,A,y) to

be the mild solutions to

i—x(t.o.l,y) = Ax(1,0,A,y) + lF(x(t.o.l.y).u + Ay(t,u))o(e)(du), (5.2.1)

x(oso'.;\n)’) = xOv
Lsxt.ory = [ (@A + Lo @tory)+
<-8x(1,0.1, l[, = (60, .G A,y (5.2.2)

%E-(x(t,ﬁ),u)-ly(t,u) }o(e)(du), 8x(0,6,A,y) = 0.
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Equation (5.2.2) is the first variation of (5.2.1). By Lemma A1.3, there exists an evolution

system, U(z,s), 0 < s £t < 1 such that

! .
8x(t,6,A,y) = xl[ U(,s) J %—’E(x(s,o),u)y(s,u)o(s)(du). (5.2.3)

Lemma 5.2.1: For all y e C([0,1]xU;R™) there exists L < e such that for any ¢ € G,

t € [0,1] and A sufficiently small, Ix(t,5,A,y) — x(6)l < LIAl.
Proof:

t

Ix(z,6,A,y) = x(t,0)1 = l[ £ T(t - )[F(x(s,0,A,y),u + Ay(s,u)) — F(x(s,0),u)]o(s)(du)dsl

t

< M! { Ksllx(s,0,A,y) — x(s,0)} + IMly(-, ), }ds. (5.2.5)

Applying the Bellman-Gronwall Lemma,
Ix(t,0,A,y) — x(t,6)1 < LIA!, (5.2.6)

where L & M 1y(-,)1.. and K; is defined in the proof of Lemma 3.3.4. n

Lemma 5.2.2: For all ye C([0,1]xU;R™), there exists d) <o such that for all

Ae[-1,1),ce G,
Ix(t,G,A,y) - x(¢,0) — 8x(t,6,A, )1 < A%, te [0,1]. | (5.2.7)

Proof: We define Ax(t,0,A,y) 4 x(1,6,\,y) = x(t,0). Then,
t
1Ax(,0,4,y) — 8x(t,0, A1 < |£ l T(t - 5) [F(x(s,c.x.y),u)
+ ly(s,u)) - F(x(s,o),u)

- g—:(X(s,o),u)Gx(s.o.k.}’) - %(x(s,c),u)-ly(s J‘)] o(s)(du)ds
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t 1
< Mt[ ([ [l[ I%F—(x(s,c.l.y) + rAx(s,0,A,y),u + rAy(s,u)) — %F-(x(s,o),u)ldrle(s,o.k,y)II
x X .

1
+ i '%‘(X(s.c.k.y) + rAx(s,0,1.y). 4 + rAy(s,u)) - %(x(s,c‘f)-u)ldfm'y("' Mo
+ |-aa%(x(s,c).u)lle(S.0.7h}’) = 8x(s,0, %, yIo(s)(du)ds
t
< M! L[, (Ks(1Ax(s,0, A, )1 + IMIy(:, N )AX(s, 0, A )
+ K(lAx(s, 0,2,y + INIy(, WMy (-4 oo

+ byIAly(, N JAX(s,0,A,y) — dx(s,0,A,y0(s)(du)ds, (5.2.10)

where b, is defined in Lemma (3.3.3). Since by Lemma 5.2.1 1Ax(s,0,A, )1 < LIAl, it fol-

lows from the Bellman-Gronwall Lemma that

1Ax(t,6,A.y) — 8&x(t,6, A, )1 € MKse T (1Ax(s,0, A, 91 + IIy(-, )2

< dyA2. | (5.2.11)
| |

Consequently, llimo%Sx(t,o,k.y) is the directional derivative in the direction y. The
Y

natural question is: How can a member of C([0,1]xU;IR™) be a direction for the set of

relaxed controls? We define p a 6@y where 6 € G and y e C([0,1]xU;R™),
p()(S) 4 { 6()(R), R Al{ueUlu +y(tt,u)e S} ) (5.2.12)

if u+y(t,u) e U for all u e U and almost all ¢ € [0,1], otherwise p is undefined. It is
easily seen that if p is well defined then p € G and x(1,p) = x(1,0,1,y). It follows that
g(c@Ay) = h(x(1,06,A,y)).
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We now extend the function g : G = R to §: G — R by defining () 2 h(x(1,0))
for 6 € G. Since the maps ¢ — x(1,0) and x(1,06) = A(x(1,0)) are continuous, it follows

that g(-) is continuous.

We shall call the "gradient” of g at ¢ the map Vg(c):(0,1]xU — RR™ defined by

Vzo)(t,u) & %(x(t,c),u)'p(t,c),’ (5.2.13)

where p(t,0) is the weak solution to
d _ oF ’ -V
Zp(1,0) = ~|A+ z‘; S-(x(0,0), w0 | p(,0), p(1,0) = VAG(1,0).  (52.14)

The sense in which g is a gradient is made clear in Theorem 5.2.4. A mild solution to

(5.2.14) exists and is unique by Theorem Al.4. Furthermore p(,6) = U(1,9’p(1,6) where

U(t,s), 0 < s £t <1 is the evolution operator generated by A + l %(x(t,c),u)o(t)(du).

Theorem 5.2.3:
(i) For all 6 € G, Vg(0)(-,") is uniformly Lipschitz continuous on [0,1]xU, i.e., there

exists L < o such that forallc € G all u,ie U and all't,¢r € [0,1],
IVgio)(,%) - Vglo)(t,u)l £ L{Tt—d + M= ull. (5.2.15)

(ii) The function Vg(:) is continuous, i.e., For every sequence { o;} < G such that

o; = o € G, IVz(s) - Vzo)l,, - 0.
Proof:
@
V(o)1) _ Vgo)t,.ul = I%E(x0,0).‘&)p(‘t,c) - %(x(t.o).u)p(t,c)l. | (5.2.16)

Since (a) x(-,0) and p(-,0) are mild solutions to partial differential equations, they arc uni-
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formly Lipschitz continuous on [0,1] for all ¢ € G, (b) the set { x(¢,6) Yieaceq)isa
subset of the bounded set S define in Lemma 3.3.2, and (c) %%(-,o) is Lipschitz continuous

in x and u on with constant K, (i) follows.

(i) Suppose that { 6; } € Gsuch that 6; = 6 € G. Then,

IVEG)(t.4) — VEO)(E )l = l%(x(r,oa,u)'p(z.oa - %(x(z.o).u)‘po,c)l. (52.17)

oF

Since E

(-»') € B(Lp;X) is Lipschitz continuous with constant K, its adjoint
%(-;)’ e B(X;L,) is also Lipschitz continuous with constant K sub S. Therefore,

IVZ(6)(t, 1) - VEO)(t. )l < Kslx(t, ;) — x(2,S)lIp(t, 6

+ l%(xo.o).u)‘up(r,oo - PO (52.18)

By Theorem 5.1.5 x(-,0) = x(,0) in the L, norm. Similarly, it can be shown

p(.,6) = p(-,6) in the L, nom. Since -g%(-,')' is Lispschitz continuous, the set

{ %E("“) J(1e 10.11ue v) is bounded and Vg(o)(:,") = Vg(0)(:,") in the uniform topology
on [0,1]xU. .

Finally, for each ceG, we define an inner product
(4 )g ¢ CUO,1IxXU;RM%C([0,11xU;IR™) — R and a nom Iy : C([0,1]xU;R™) = R as

1
(y.2)g 8 :[ £ ( y(t,u),2(2,u) Yo(t)(du)dt, (5.2.22)

g4 (y.)4 (5.2.23)

Theorem 52.4: Forye C(0,1]xU;R™),
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. Ih(x(l .0.7\“}’)) - h(x(l 10)) -A ( V§(0) 4 ‘)cl
lim =0.

5.2.24
A—=0 Al ¢ )
Proof:
=1 { Vh(x(1,0)),Ax(1,6,A,y) - &x(1,6,A,) ) + ( VA(x(1,6),8x(1,6,A,9) )
1
+ J ( Vh(x(1,0) + rAx(1,6,A,y)) — Vh(x(1,0)),Ax(1,6,A,y) Ydr
1
- x! %:-(x(:,o),u)‘zf(l 1) Vh(x(1,0))y(t, u)o(:)(du)dd
1
< KR+ ! IVA(x(1,0) + rAx(1,6,1,y)) = VA(x(1,0)lldrMIAL. (5.2.26)
Since Ax(1,0,A,y) < LIAl and VA(-) is continuous, the theorem is proven. ]

The map y = ( Vg(0),y )¢ is the directional derivative of g(o) in the y direction.

53 OPTIMIZATION ALGORITHMS II: ALGORITHM WITH RELAXED CON-

TROLS
We shall present an algorithm for solving the problem
P min{ glo)loce G}, (5.3.1)
which is identical to Algorithm 3.5.1.
Algorithm 5.3.1: (This algorithm is identical to Algorithm 3.5.1)
Data: upe G,ae (0,1), e (0,1)_.
Step 0: i=0.

Step 1: Compute Vg(u,) using (3.4.6) and (3.4.7).
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Step 2: Compute ©(x;) and v; using
) & min( 2l —uf + (Vgw).v- ) ). - 632)
vi = () & arg min( %Iv —ul? + (Vgu),v—u;) ). (5.3.2b)

If O, = 0, STOP.
Step 3: Compute the step size A; using

A 8&max{Ae (0,1,8.B% - }I (5.3.3)
h(x(1,u; + Mv; = 1)) — h(x(1,u)) < cAO) }.

Step 4: Set u; .1 = u; + A(v; — u).
Step 5: Seti=i+1; goto Step 1. ]
Algorithm 5.3.1 produces a sequence of ordinary controls { ¥; } € G. Since there is an
injection of the ordinary into the relaxed controls we can associate a relaxed control 6; € G
with each u; € G. The sequence { 6; } © G must have accumulation points in G by the
compactness property of G. We shall show that any accumulation point of { o; } satisfies a

first order necessary condition for optimality. We begin by stating the optimality condition.

Optimality Function 53.2: For ¢ € G, we define the optimality function

B(0) 8 %ly(c)l% + {VE0),Y(0) g (5.3.4)
where
A i ¢ L2
Y(©)t.u) € arg min { i + (VEO)(¢W.W) ). (5.3.5)

Lemma 533: If ce G is an ordinary control, i.e., there exists u € G such that

o(1)(S) = 8,(,(S) for all measurable sets SCU and almost all ¢ € [0, 1], then
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(i) Forre [0,1], Vg(o)(t,u()) = Vg(u)(r) where Vg(u)(-) is defined in (3.4.6), (3.4.7).
(ii) Fort e [0,1], v(u)(®) = u(®) + y(c)(t,u(t)) where v(u)() is defined in (3.5.1b).
(ii) ©(u) = 6(c) where ©(-) is defined in (3.5.1a).
Proof:
(@) Since x(t,06) = x(¢t,u) by Lemma 5.1.0,
oF
Vglo)(r,u(®)) = 35, &) . u()p(2,0), (5.3.6)
where
2 p(1,0) = ~{4 + - Fxt,0) wO'P(t.0), p(1,0) = VA1),
and therefore Vg(o)(t,u(?)) = Vgw)(@).
(ii) By (5.3.5),
- o a2
y(o)(t,u(®) = waergun_nz‘)[ > k¢ + ( Vg(o)(t,u(®),w)
= argen;,in { %lv - u(®P + {Vg)®),v — u(® ) — u(®. (5.3.7)
Therefore, u(r) + y(c)(t,u(t)) = v(u)().
(iii)

®() = %ly(o)l%, + (VE0).5(0) Vo

1 1
% t[ £ by(O)(t, w8, du)dt + l[ £ ( VE(O)(t, 1), Y(O)(t, u(8)) ) 8, (du)(dr)
1

1
Iy(o)(t, u()Pd: + g ( Vglo)t,u()),y(o)(t,u() Ydt

D o

1 1
= -;- W) — u(®Pdr + ! ( VEu)(n), v(u)(t) — u(®) Ydt
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= %Iv(u) —ul + (VgQu),v(w) - u) = OW). (5.3.8)

Lemma 53.4: Suppose that 6 € G is a local minimum for P. Then ©(c) = 0.

Proof: Assume that 6 € G and 8(6) = -8 < 0. Then o®Ay(c) € G for A e [0,1], and
there exists A € (0,1] such that for all A € [0,3), glcPAy(0)) — g(0) — A{ VE(0),y(0) )s S
Ad

< by Theorem 5.24. Since ( Vg(0),y(0))g< -5, FOoPAy(0)) - F(O) < —-2?- for all

A € [0,A] and hence o is not a local minimizer. (]
Lemma 5.3.5: Let L be as defined in Theorem 5.2.3 (i). Then for all 6 €. G, %ue U,

and?,t e [0,1],
ly(o)(t. %) — y(o)(t,u)l < (L + 2)[t—d + Hi— ul] (5.3.9)
Proof: Since

¥(©)t,u) = arg min { w - (u~ Vo)t } - u, (5.3.10)
we can apply Lemma 3.5.3 and Theorem 5.2.3 (i) to obtain

ly(c)(., %) — y(o)(t,u)l S 1Vg(e)(, %) — Vg(o)(t,u)l + 21— ul

SL+2)M—d+ M- ul) (5.3.11)
|

Lemma 53.6: The function y(*) is continuous, i.e., for a sequence { 6; } € G such that
c; > 6 e G, lyc) - yo)., = 0.

Proof: (By contradiction) Since { y(c;) } is equi-Lipschitz continuous (Lemma 5.3.5), there
exists a e C([0,11xU;R™) and a subsequence K  Z, such that y(6) — ¥ on X. Suppose

9 #y(c). Then,
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%ly(o)l% + (Vg(o),y(0) ), < %B‘? + (Vg(0).9), (5.3.12)

1
where (y,z ), é“, ( y(t,1),2(¢,4) Ydude and Iyl & (y,y )2

By the continuity of VZ(-), there exists iy such that for all i 2 iy, i € K,
Z DO + (VE(6).5(0) )1 < 2O + (Vo). 3(0) . (53.13)

Hence, we obtain a contradiction. |
Corollary 5.3.7: The function ©(') is continuous.

Proof: Suppose { 6; } © G is such that 6; » 6 € G. Then
8(0) - B(0) = Iy, - O + ( Vg(0).3(0) Yo, ~ ( V8(©).3()
= [Liye)i2 - Liyo)i2] + [L1yo)2 — Ly
> Y(Og; 2 Y(O)lg, > Y(O)lg, > YC)al .
+[(Vg(6).y(0) )g,— (V8(6),y(0) }g] + [ Vg(6),¥(0) Y, — (V8(6).5(0) }g)
+[(Vg(5).y(0) )] = ( Vg(0),¥(0) )¢l (5.3.14)

Since  Iy(G) - y(©)l. = 0, ' IVg(6) = Vg(O)l. = 0, Iy©)(, )W e C(0,1]xU) and

(Vg(0)(-,),y(©)(,")) € C(0,11xD), 18&(c) — &(c)l = 0. u

Theorem 5§3.8: Suppose that { u; } € G is a sequence generated by Algorithm 5.3.1. If
the sequence is finite, then the last control, u;, satisfies ©(x;) = 0. Otherwise, there exists at

least one accumulation point of the sequence { ¢;} in G, and for any accumulation point

8e G, ©(®) = 0. Furthermore, lim lg(u;,;) - g(;) = 0.

Proof: If { o;} is an infinite sequence, then since G is compact, an accumulation point &

and a subsequence K such that 6; = 8 on X exist. Assume ©(8) = -8 <0. By Lemma
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5.2.4, using the argument in Lemma 3.5.2, there exists A € (0,1) such that

ZTOPAY(B) — Z(8) < cAO@B), forall A e [0,A). (5.3.15)

By continuity of (-), y(-), and ©("), there exists iy such that for all i 2 iy, i € K

FO@Ay(S)) — 5(6) < aAB(o) < “"—§@. (5.3.16)

Therefore, the a stepsize of at least AP is chosen by applying the amijo stepsize rule (Step

3), and so

2(G; 4 1) - BO) < “B’;@@l = “[32"5 <0. (5.3.17)

Therefore g(c;) — —e= contradicting the continuity of g(*). Finally, since g(*) is continuous
and 0; > 8 on K, g(o) — g®)., and since g(c) is a non-increasing function of i,

lim Ig(6;4y) — (6! = 0. =
i =) oo
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CHAPTER 6
DISCRETIZATION AND IMPLEMENTATION

6.1 PROBLEM STATEMENT

Section 3.5 presents Algorithm 3.5.1 to solve (3.1.3):
P:inf{gwlue G}. 6.1.1)

Theorem 3.5.4 states that any L,MNL,, accumulation point of a sequence generated by Algo-
rithm 3.5.1 satisfies a necessary condition of optimality. We note in section 5.1 that such a
sequence may not have an L,ML, accumulation point. However, by densely embedding G
in the set G and using the topology of relaxed controls, we guarantee existence of an accu-
mulation point and show (Theorem 3.5.6) that any accumulation point satisfies a necessary

condition of optimality for the relaxed problem:

P min{ gw)lue G). (6.1.2)

However, none of the quantities used in Algorithm 3.5.1 or Algorithm 5.3.1 can be cal-
culated exactly, since they require the exact solution of a partial differential equation. Conse-
quently, Algorithm 3.5.1 is only a conceptual algorithm; it cannot be implemented directly on

a computer.

In this chapter, we develop two implementable algorithms by performing a series of
discretizations. We solve problem P by introducing a series of discretized problems { P, ).
We perform iterations to solve each P, until a specific criterion is met, and then perform
iterations to solve P,,;, using the last iterate determined in solving P, as an initial guess for

P,.i. This process produces an infinite sequence, and we shall show that there exists at least

one accumulation point in the relaxed control topology of the sequence, % which satisfies



§6.1 Problem Statement 76

em = 0.

6.2 ABSTRACT IMPLEMENTATION

In this section, we introduce an abstract implementation scheme. We restate some of the

important results from Chapter 3 and 5 as assumptions for Chapter 6.
Assumption 6.2.1:
(i The function & : G = R is continuous.

(ii) For each u € G, there exists Vg(u) € L,NL, such that forallve G,
fim —Llg(u + AV — w)) — gQu) — A { Vg(),v - u)l = 0.
A=0A

(iii) The function Vg(-) is uniformly continuous on G in the LML, topology. [ |

We introduce a sequence of abstract discretized problems, { P, }. For each ne Z,,
we define G, to be a compact, convex, finite-dimensional subset of G and g,(-) to be a con-
tinuously differentiable function from G, to R which approximates g(-) on G, (Assumption

6.2.2.) For each n € Z,, the discretized problem P, is:
P, min{ g,w)\ue G,}. (6.2.1)

Since g,(-) is continuous and G, is compact, a minimum to (6.2.1) exists. A relaxed control
u € G may be isomorphic to an ordinary control in which case u either denotes a relaxed
control or an ordinary control depending on the context. We make the following assump-
tions:

Assumption 6.2.2:

(i) For all ne Z,, the functions g, G, — R are continuous, i.e., if a sequence

(4; } <G, is such that u; = u € G, then g,(u) — g,).
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(ii) For all n e Z, and for each u € G,, there exists Vg,(u) € L7 MLy such that for all

ve G,
lim lIg,,,(u+?»(v--u))—g,,(u)—}.(Vg,,(u),v-u\, =0.
A0 A

(iii) For all ne Z,, if a sequence {u;}<G, is such that w;,— ue G, then
1im 1Vg,(u) — Vgl = 0.

L —) oo

(iv) Forall ne Z,, G,<Gpyy.

() Theclosureof \y G,isG.
ne Z,

(vi) (Uniform Approximation Property.) For all € > 0, there exists n, such that for all n 2 n,
(@) Ig(u) — g,(w)I S ¢, for all u € G,
®) IVg) - Vgl < e, forallu € G, |

For each n € Z,, the function g, is continuously differentiable and G, is compact and so P,

can be solved using Algorithm 3.5.1.

63 IMPLEMENTABLE ALGORITHM

Using the above definitions and assumptions, we give an implementable algorithm to

solve P (6.1.2):

Algorithm 6.3.1

Data: ne Z,,uye G,, e (0,1),Be (0,1),ye (0,1),g>0.
Step 0: Seti=0,¢ =Yt

Step 1: Calculate Vg,(u).
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Step 2: Calculate ©,(u) and v; using
©,u) 8 min { %lv —ul + (Vg v-u) }, (6.3.1a)

1
vi = vo(u) & arg min( b - uf + (Vg ).y - ;) ). (6.3.1b)

Step 3: If ©,u) =0,setA; =0, otherwise compute the step size A; using

A;8max(Ae {0,1,B,B% - }I 6.3.2)

gn(ui + K(V,‘ - u;)) - gn(ui) < axen(ux) }

Step 4:  Setuy; = u; + A(v;—u), ny=n
Step S: If g,(uip1) — 8a(u) > €, { Setn=n+1, =1 }.
Step 6: Seti=i+1; goto Step 1. |

This algorithm performs a number of iterations on problem P, ( compare Steps 2, 3, 4
with Steps 2, 3, 4 of Algorithm 3.5.1.) until g,(4;1) — 8x(4) > —€ (The algorithm is making
insufficient progress in decreasing g,(-)). Then, the discretization is refined (n is increased),
and the algorithm begins to solve problem P,,; using the final computed value for P, as an
initial guess for P,,;. We shall show in Theorem 6.3.6 that there exists an accumulation point
of the sequence { u; }, % € G, which satisfies ©(%) = 0, where ©(-) is defined in (5.3.4). We

present some preliminary lemmas.
Lemma 63.2: Forallne Z,, ©,(-) and v,(-) are continuous.
Proof: The proof follows the proof of Lemma 3.5.4 and Corollary 3.5.5. n

We make one additional assumption. This assumption is satisfied when G, is composed

of piecewise constant functions and Vg,(-) is piecewise constant. See Section 6.5.

Assumption 6.33: Forne Z,, ifue G,and
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W) = arg min{ 41v — ul® + (Vg,@),v-u) }, then, v(u) € G,.
ve G 2 ||

Lemma 6.3.4: For all § > 0 there exists p >0 and ng such that if X e G is such that

©@) = -8 <0, then ©,(u) < -% for all u € G,NBg(%,p) for all n 2 ny, where By(k,p) &

{ueGlilu-g<p ).
Proof:

(i) Recalling the definition of ©,(-) and applying Assumption 6.3.3, for all n € Z, and all

ue G,
©,u) = vnéu‘l; { %lv —ul’+ (Vg,),v-u)}, (6.3.4a)
O() = min{ ~lv—ul + (Vgw),v—u) . (6.3.4b)
veG 2

By the uniform approximation property, Assumption 6.2.2 (vi), for all & > 0, there exists ng
such that for all n>ny and all ue G, ve G, 1{(Vg,u)-Vgw),v-uil<

IVg,(u) = Vgu)llv — ul < g,. Let Vbe the arg minimizer of (6.3.4a). Then
W) - 8, < [%w- Ul + Vg(u), - u)] - [%IV- ulP + Vg, (u), V- u)]
< 1( Vg) - Ve, @), v—u)l < g (6.3.5)

Similarly by letting v be the arg minimizer of (6.3.4b), 8,(u) — ©(u) < €,, and so for all

n2nyand u € G,, 18,(u) — W)l < g,.

@ii) Since ©(-) is continuous on the compact set G, it is uniformly continuous. So for all
€, >0, there exists p>0 such that for all u,ve G such that lu-vig<p,

B) - 8O € &,

! The norm I:lg, is defined in (5.1.4).
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Combining (i) and (ii) and setting €; = € = % and noting that ©(u) = ©(u) for all ue G
(Lemma 5.3.3), we prove Theorem 6.3.4. |
Next, we show that n increases to infinity.

Lemma 6.3.5: Let the sequence { m;} be generated by Algorithm 6.3.1. Then,

lirnni=°°.
i— oo

Proof: Suppose { n; } is bounded. There exists %, ie Z, such that n; =% for all i 2%
Therefore, for i 27 the steps carried out by Algorithm 6.3.1 are identical to Algorithms 3.5.1

and 5.3.1 with g, and Vg, replacing g and Vg. Since g.(*) is continuously differentiable, by
n n n

Theorem 5.3.8, Ig.(u;,1) — 8.(u)l — O thereby contradicting the Step S assumption that
n n

8 (1) — g () < —€ foralli 2% .
n n

Lemma 6.3.6: Let { 4; ] ©G be the sequence generated by Algorithm 6.3.1. Let A be the
set of all accumulation points of { u; } in the relaxed control topology. Then A<G is closed

and therefore compact.

Proof: The set A is closed and therefore compact by Theorem 3.5.2 in Munkres [Mun.1].8

A

Lemma 6.3.7: For any €£>0, there exists % such that for all 2%

min{ ly;—ullue A} <e

Proof:  Suppose there exists € >0 such that for all i, there exists /(i) 2 such that

min{ lu;—ullue A} >e. We construct a sequence {v;), v;8u, ie Z, The

sequence (v;} must have an accumulation point Ve A However,

min{ lv—-ul l u € A} 2 € which is a contradiction. [ ]

Theorem 6.3.8: Let { 4; } ©G be the sequence generated by Algorithm 6.3.1. There



§6.3 Implementable Algorithm 81

exists % e G which is an accumulation point of { u; }, and ©®(®) = 0, i.e., a necessary condi-

tion for optimality is satisfied.

Proof: Since ©() is continuous and A is compact, if ©(u) < 0 for all u € A, there exists
8 > 0 such that ©(u) < -5 for all u € A. We set € in Lemma 6.3.7 equal to p in Lemma

6.3.4. By Lemmas 6.3.4, 6.3.5 and 6.3.7, there exists iy such that for all i2 i,

o
eni(ui) < ) .

By differentiability of g,(-), Assumption 6.2.2 (ii),

8n (i + MV; = u)) = 8o (u) = M Vg, (), vi— ;) + (6.3.6)

1
Xl[ (Vg (u; + sA(v; = w)) — Vg, (u),v; — u; ) ds.

Subtracting 0A©,(u;) from each side of the equation and noting that ( Vg,(u),v; - u) <

©,(u),

8a (i + AMY; = u)) — g, (u) — 0AO, (1) (6.3.7)

1
S - A8, ) + AJ (Vgn (u; + As(v; = w)) = Vg, (1) ,v; — u; Yds.

We shall now show the existence of i; 2 iy and e (0,1) such that forall i 2 i;, A € [0 ,X]
and s € [0,1],
(Vgn(u; + As(v; — u)) — Vgu(u) vi - u;) S ﬁ(-l;'—“l. (6.3.8)

Since Vg(:) is uniformly continuous, Assumption 6.2.1, for all € > 0, there exists it > 0 such

that for all ¥,ve G such that lu— vl <p, WVg(u) — Vg(WIl < &. Therefore, there exists

%e (0,1 such that foralli e Z,, A e [0,3), s e [0,1),
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IVo(u; + As(v; — u)) — Vg < €. (6.3.10)
By Assumption 6.2.2 (vi), there exists i; 2 i such that for all i 2 iy, s € [0,1],

IV, (u; + As(v; — u) — Vg(u; + As(v; — up)l s e. | (6.3.11)

lVg,,.,(u,«) - Vg(u,-)l <E. (6.3.12)
Furthermore, there exists b<e such that for all u,ve G, lu—-vI<b. Choose

e=-§§ﬁ. Then for i 2 iy, » € [0,%], and s € [0, 1),

(Vga(u; + As(v; — u)) = Vg, (u) ,vi— ;) <
(IVg, (i + As(v; = u) = Vg(u; + As(v; — u)l

+ IVg(u; + As(v; = u)) — Vel + 1Vg(u) — Vg, ulv; — ul

< 3[5(1 k) ]b =1-a (6.3.13)

12b 4

By (6.3.13), we see that the Amijo step size rule (Step 3) of Algorithm 6.3.1 chooses

A; 2 PA for i 2 i) and so

8n(Uis1) — 8a(U) S aﬁﬂe,.‘(ui) < _2;@_ (6.3.14)

By the uniform approximation property of g(-), Assumption 6.2.2 (vi), there exists i; 2 i;

such that for all i 2 iy

18, (Uis1) — &n (i) S 3;&. (6.3.15)

Therefore,

8n,, (Uir1) — 8n (W) < —“Iiﬁ . (6.3.16)
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which contradicts the fact that g, (¥) — g(. . -

The result in Theorem 6.3.8 is not strong. There may be many accumulation points of
the sequence { &; } such that at these accumulation points © <0, i.e., the necessary condition
for optimality is not satisfied. It may be difficult to find the accumulation point % such that
©@) = 0. However, by replacing Assumption 6.2.2 (vi.a) by the stronger Assumption 6.3.9,
we can show that if % € G is any accumulation point of { ; } in the relaxed control topol-

ogy, then &(%) = 0. A similar algorithm was first proposed by Klessig and Polak [Kle.1] for

the case with ODE dynamics and no hard-control constraints.

Assumption 6.3.9: There exists real numbers ¢ € (0,1) and b < = such that for all

ne Z ,and u e G,
g(u) — ga(u)! S bo™. ' (6.3.17)

Theorem 6.3.10: Let Assumption 6.2.2 (vi.a) be replaced by Assumption 6.3.10. Let
{ u; } ©G be the sequence generated by Algorithm 6.3.1. If e G is an accumulation point

of { u; }, then ®(®) = 0.

Proof: Assume that u; — % on the subsequence K< Z, and &%) = =3 < 0. By Theorem

6.3.8, there exists iy such that for all i2 i, i€ K, ©,(u) < -g-. and consequently there

exists #; 2 i and X e (0,1) such that A; 2 BA for all i 2 i}, i € K, and so

gn(Miv1) = gn () < —Egﬁ (6.3.18)

fori2ijandie K.

For ie Z,, g,(ui1) — 8,(4) <0, and nyy = n; if 8n(Uiv1) — 8a(4) S —€, otherwisc,
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Ry =n+1. Define K& (ie Z,Inyy #n }. If i ¢K, then since g, (4;) = 8n (ir1)s
Br i) Sg(u). X i€ K, then g, (uiy) - g (i) S g, (i) = gl
+ 1g(U;01) — 8aUi)! S 0™ + 0" Consequently, g, (4is1) = g, () <™ + o™

For i 2 i;, there are four cases:

G)ie Ky8K-K,
8n,,, (i) — 8n ) < -ﬂiﬁ , (6.3.19)

(ii) i e K, 2 KNK,
8n.,,(Uir1) = 8a ) S _gliﬁ +0™ 4+ g™, (6.3.20)
Gii) ie K3 A K-K,

8n, (Uis1) = 8 () S 6™ + 6™, (6.3.21)

i+l
Gv) i KUK,
8n,,,(Uis1) — 8a(u) S 0. (6.3.22)

Therefore,

‘_lix.n 8n(u) = 8, (u;) + E (8n, ,(%p,,,) — 841

i= i

< 8i(u;) + E “(—xﬁz& + i -g;m +0™+ o+ i o +d"

i’:-il,iGKl i=il,i€K2 l.=l'1,i€K3

< g,-l(u,-l) + z -—La 228 + Z Onm + Cn‘
i=i|.iE K1UK2 i=il.i€ KzUK3
< ofAs +—2

<gi(u)+ Y .
T iziie KyK, 2 l1-0
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Therefore, lim g,(u) = —e= which contradicts the fact that g, (4) — g@. -
[ R

We shall present an alternative algorithm for the case in which Assumption 6.2.2. (iv.a)
is satisfied, but Assumption 6.3.9 may not be satisfied. This algorithm uses a different

refinement criterion to produce a sequence { ¥; } and a filter to produce a sequence

{w, ) <{ %} such that any accumulation point "€ G of { w, } satisfies (%) = 0. This
algorithm is identical to Algorithm 6.3.1 except that the refinement criterion (Step S) is

replaced by Step 5°:

Step §:  If ©,(u;) <& (Setw,=uy,n=n+1,e=1}

Algorithm 6.3.11:

Data: upe G, e (0,1),pe (0,1),ye 0,1),ne Z,,g>0.

Step 0: i=0,€=9% |

Step 1: Calculate Vg, (u)).

Step 2: Calculate ©,(x;) and v; using (6.3.1a) and (6.3.1b).

Step 3: If ©,(u) = 0, set A; = 0, otherwise compute the step size A; using (6.3.2).
Step 4:  Set u;,y = u; + A(v; = up), nyy = n.

Step §:  If O, (u;) <& (Setw, =y, n=n+1,e=v)}.

Step 6: Seti=i+1; goto Step 1. [ ]

Lemma 6.3.12: Let {u;) and ( »n;) be generated by Algorithm 6.3.11. Then

.lim n; = oo,
i— oo

2 The use of a filter or sieve to obtain a subs i i : . .
. equence whose accumulation points satisfy a necessary condition fi timal-
ity was first proposed by Klessig and Polak [Kle.2]. po y ry n for optim
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Proof: Suppose { m; } is bounded. There exists %,7e Z, such that n; =% for all i 271

Since { ¥; } ©G., and G, is compact, there exists 2 € G, and a subsequence K< Z, such
n n n
K
that u; & % and therefore by Theorem 3.5.6, ©,(%) = 0 thereby contradicting the assumption
n

_that —©,(u) > € for all i 271
n ||

Theorem 6.3.13: Let { w, } be generated by Algorithm 6.3.11. If # € G is an accumula-

tion point of { w, } in the relaxed control topology, then ©(#) = 0.

_ K
Proof: Suppose that there exists w e G and a subsequence K € Z, such that w, — #, and

O =-9<0. By Lemma 6.3.4, there exists % such that for all n2% ne K,

e,w, < —-g However, for all n € Z,, —©,(w,) < Y'g, or ©,(w,) = —Y"e, which is a con-

tradiction. |
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6.4 EXAMPLE - PRELIMINARIES

In Section 6.2, we made a number of assumptions regarding g,(-) and Vg,(-). In the
next two sections, we present a simple optimal control problem; we provide a discretization

scheme; and we show that this scheme satisfies the assumptions of Section 6.2.

We seek to solve the following problem:
P:min{gw)lueG Q(ue (0,1 | bu()l, < b,t e [0,1]} }, (6.4.0)

where g(u) can be either the potential or kinetic energy of system (6.4.2) at the final time.

That is

86 = P@) = P(Lu), Py & 21w P, 64.13)
or

86 = K@) = K(L,w), KG) & 212wir, 2, (6:4.1b)

where w(-,-,u) is the solution to system (6.4.2):
02 w( ) 2 92
-y tnxou - 0= tv ’ - e WAy = [} ’ ’ ) ’ ) S,
32 ataxZW( X, ) axzw(t.vcu) Rx,u()), te [0,1], xe [0,1] 6.4.2)
with boundary conditions:
w(tOu)=iw(t 1,u) =0, te [0,1]

,0, FlaURE , 11 (6.4.3)‘

and initial conditions:

w(0,x,u) = Y(x), %W(O,x,u) = B(x), x € [0,1], (6.4.4)

with ¥() and B(-) chosen to be smooth in x and to satisfy the boundary conditions; o > 0;
and f{:,-) chosen such that for all ¥ € R™ such that lul, < b, fx,u) is smooth in x and

satisfies the boundary conditions (6.4.3). Finally f{-,u) e C([0,1]) is continuously
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differentiable with respect to u.

Let us assume we are interested in minimizing the potential energy at the final time,
g(w) = P(u). The case in which g(u) = K(u) follows easily. By putting (6.4.2) into abstract
form as was done for system (A2.2.1) and (A2.2.2) in Appendix 2, we follow the steps in
Appendix 2 to show that the partial differential equation (6.4.2) gives rise to an infinitesimal

generator of semigroup. The semigroup is analytic if o > 0. Furthermore, we can see that

g 8 -%-l%—:—(l ,~.u)I? is a continuously differentiable function in u € L,NL,, and therefore

all requirements of Assumption 6.2.1 are satisfied.

We now derive the gradient Vg(u) for g(-) defined by (6.4.1) for the case with no
damping ( & = 0 ). The case with positive damping ( o > 0 ) follows easily.

Lemma 6.4.1: . Differentiability Let ow(-,-,u,du) be the solution to:

a—zﬁw(t,-.u.Su) - a—28w(t.-,u.8u) = iﬁ-.u(t))ﬁu(t), ) (6.4.5)
o ox? ou

with boundary conditions:

dw(r,0,u) = %Sw(t,l,u) =0, te [0,1], (6.4.6)

and initial conditions:

Sw(0,x,u) = -aaTSW(O,x.u) =0, xe [0,1]. 6.4.7)
Then,
hlimo %Iw(t,-,u + hdu) — w(t, ,u) — hdw(t,- ,u,dwly = 0, 6.4.8)

where I-ly is the energy norm, i.e.,

10,2 + 18w, 2. (6.4.9)
2 ox

Iw(, )12 & % £
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Proof: Let NG, x.h,8u) 8 wit,x,u + hdu) — wit,x,u) — hdw(t,x,u,du) and

oAt,x,h,du) 8 fx, u(t) + hdu(®) - fx,u(®) — h-ga;f(x,u(t))&z(t). Then 7 satisfies:

a2

or?

32

n(t.x,h,du) - 2 n@,x,h,du) = 5ft,x,h,du), (6.4.10)

with boundary conditions and initial conditions:

Nn(z,0,h,8u) = %n(r,l.hﬁu) =0, te [0,1], (6.4.11)

N0, x.h,84) = -g;n(o.x,h,ﬁu) =0, xe [0,1].

Multiplying (6.4.10) by %n(:.x,h.&u) and integrating from O to 1 in x yields

1

190,90 .. 2,190,909 . 2 _ 9 4
>IN0 BB + =S b B = 1[ 85 h BTN x Bz, (64.12)

where we integrated the second term by parts and employed the boundary condition (6.4.11)},

Integrating in time from 0 to t and using the initial conditions,

11
1,0 .. 2, 1,0 . 2 _ Kl
S 1SN AP + S (,e b, 8l —Maﬂs.x,h.su) (5.2, Bu)dads. (6:4.13)

1
Noting that l[<‘§f(s,Jc,h,Su)-a%'n(s.-,h,Su)d:tS %lSj(s,x,h,Su)I2+l-g—sn(s,-,h,ﬁu)lz and

adding %l%‘r\(::,-,h,au)l2 to the right hand side of (6.4.13), we obtain

1,2

> -a—tn(t.‘.h,ﬁu)lz + %l%n(t,-.h.&u)lz (6.4.14)

1§l denotes the L, norm unless otherwise stated.
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4
Lisss.- 24+ 119 s 2, 110 2
S![ZISﬂs, B, SuP + 2'as"(s’ w2 + 2'ax"(s' Jh, SuI2)ds.

Applying the Bellman-Gronwall Lemma (see Section 6.6),

!

119 2, L1 9 s 21 : 24s 2
TS SR + =G, LSl < > [[ISf(s. Jh,Su)lPds &2, (6.4.15)
Equivalently,
1 171
2 2
?ln(t;.h,&z)lx << z[ -h—zl8f(s,-,h,8u)l ds 2. (6.4.16)
Since f{*,u) is differentiable,
.1
hh_IPOIIn(t,-.h.Su)Ix =0, 6.4.17)
and the theorem is proved. ‘ |
Lemma 6.4.2: (Differentiability.) Let g(u) = %I%w(l.-,u)lz. Then,
lim llg(u + hdu) — gu) - h{ -é-w(l * 1) i5w(1 u,0u) ¥ =0. (6.4.18)
A=0 h ox 7 ox -
Proof:
1 d d =
—Ig(u+ hou) — g(u) —h(—; w(l, .u), SW(I. Ju,8u)) | (6.4.19)

—-[—‘n(l, Jh,Ou) + 2—w(1, ) + h-a—8w(1. S, ou),— m n(l, Jhu) + ha—Sw(l, ,u,0u) )

9 1.
- ( $W(l ’ ou)'

—a-8w(1,-,u,8u) M
ox

—-—l-( 9 l‘](l, Why Su) T](l, Jh,0u) ) +— (—1’1(1. WAy Su), 9 Sw(l. Ju,0u) ) .
1,0
+7(3‘ ("u)O T](lo vhsu))
L 5. 2. 2 Sw(l. 2
+ > ( axﬁw(l, Ju,0u), ax‘l‘](l, Jh,du)) +h|ax5w(l. Ju, ol
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The limit of the right hand side as h approaches zero is zero by (6.4.17). |
Therefore the directional derivative of g(-), dg(u;du) = (-aa—xw(l ,~,u).-a%—8w(l ,,u,8u)}. By
Lemma 3.4.3, there exists Vg(u) € L,NL,, such that { Vg(u),du} = dg(u;0u).

The weak form of (6.4.2) is:

Forall¢e H' 2 (ye H' I y(0) =0},
Ci & Y+ (2 )
( ?W(‘,',“),¢(') ) +Qa ( —at_a;W(t’.'u)’ q)( ) + W(t, ’u)t ¢( ) (6.4.20)

= (ﬂ' cu(t))s¢(') )-
We now prove an inequality relating the energy of the system at any time to its initial energy
and input energy. In Section 6.5, we shall propose a discretization scheme and use a discrete

version of this inequality to show stability and convergence of our scheme.

Lemma 6.4.3 Energy Inei;uality: There exists ¢ < e such that for all initial states and

inputs and times ¢t € [0,1],

!

K(t,u) + P(t,u) < c{ KO,u) + PO,u) } + cf IR, u(s)i%ds, (6.4.21)

where K(t,u) & El—w(t. .u)l2 P(t,u) & —I—w(t, "

Proof:  Set ¢() 2 Ew(t.- ,u) in the weak form (6.4.20):

2
at,w(:, ), ,“’"' '“”*“‘aaa (,.u>, w(z, ) (6.4.22)

( W(t .u). W(t. MY = R ,u(t)),—vv(t. W) ).

Equivalently,

H'2 { u € Ly([0,1]) | u is differentiable and &’ € Ly([0,1]) ).
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10,0 2,190,090 2
28' w(t, -, u)l* + 23 aW(t..u)l

= (R u(t)), w(t, ) - aaa w(t,- ,u)l. (6.4.23)

Integrating with respect to time, we obtain:

L9 e i+ 112w o = L1900 - 2 + L1200 - i
7 5l + Sl W = 2 50l + S =mw(0,- )l (6.4.24)

t

4 az
+ g(ﬂ-,u(s)) (s, u) Yds - al[ |—a—a—w(s,-,u)|2ds.

: : 9 s, L weoi + L1 wts - o2
Since (f(-,u(s)), atw(s, W)Y < 2lj‘( N76))] S zlatw(s, LI and

2
9 2 119 ois - 2 :
(['aa ws, WP S0 < = !Iaxw(s, ,u)l ds, (6.4.24) becomes:

109 e o2+ L1 wir - 2 € L1900 i 4 L12oro0 - w2
2Iarw(t, JOIC + 2laxw(t, JWIF S ZIBtW(o' JI° + 2laxw(O, Ll

t[lf( Ju(s)ds + — l[l—w(s. uids + = il%w(s,.,u)lzds. (6.4.25)

2 2

Finally, by applying the Bellman-Gronwall Lemma to the right hand side of (6.4.25), we

obtain:
1,0 . 2. 1,0 . 2
2latW(t. JI- + 2Iaxw(t. Sl (6.4.26)
t
139 0 i+ L1 w0. - R + L[ 1 s HiRdste
5[.2'azw(°’ ,f;)l + w0, )l + 2l[lf(,u(s))l ds)e’?.

6.5 EXAMPLE - DISCRETIZATION

We use the Finite Element Method and Newmark’s P integration scheme [New.1] with § = 0
to solve (6.4.2) - (6.4.4). The analysis of this integration scheme with § 2 0 was originally
done by Fujii [Fuj.1] for a class of vibrational problems. In this section we adapt his

analysis to show that the Uniform Approximation Property, Assumption 6.2.2. (vi), is valid
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for optimal control problem (6.4.0). Oden and Fost [Ode.1] have extended Fujii’s analysis to
the non-linear wave equation u, — F(u,) = fix,) where F(u,) possesses properties generally

encountered in non-linear elasticity.
Spatial Discretization (Finite Element Method)

Since our PDE is of second order, we use linear elements to approximate the solution. For a
given g, there are 27 + 1 discretization points spaced equally over [0,1]. We choose basis
functions { wi() )& Let k827

(x=(@—- 1)k xe [(i = 1k,ik]

wf,(x) =11 - (x-ik)l/k xe [ik,@i+ 1)k]. 6.5.0)
0 otherwise

This basis generates the subspace H,:

2¢ .
H A (yeHIiy= I hyi,Ae R"*!}, (6.5.1)
i=0

pad .
where 29 + 1 is the number of grid points. It is clear that for y = 3 Ay, to be a member
i=0
of H" A must be zero. We subsequently ignore the Ay term. We approximate w(z,-,u) by a

2 .
member of Hy; w(t,.u) = ¥ ni(t,u)yi() where n, : [0,1]XG - R¥. The weak form

i=1
(1.9) becomes: For ¢ € H,,

aZ 2¢

3 Z ; i i : d
( ?Eonq("“)"""(')'q’(') Y+ ol WE. n,,(t.u)\vf,(-),atb(-) Y+ 6.5.2)

3 % o )
T p> nq(:,u)qr,(».%d;(-)) = (R u(0),00) ).
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Temporal Discretization

For ne Z,, we discretize time into a grid of 22" intervals of equal size and consider as

inputs members of

G,4R,NG, (6.5.3)
where
R, 4 { u e L7([0,1]) | u is piece-wise constant, continuous from the right 6.5.4)

and changes only when ¢ = 2" forje { 1,2,..2" } },

where h 42728 we approximate nf,(jh,u) by &f,'q(i,u), je {0,1,---2%}, and the time

derivatives by finite differences. We use Newmark's B scheme to approximate the

differential equation. We approximate the second order time derivative % by

Zoho) = DOAG) = 560 + 1) ~ 250, + 5~ 1.) 655
and the first order time derivative % by

-%n(ih,u) = %(D, + DYEG ) = —21};(5(; +1,0) - EG — 1,)). (6.5.6)

Applying this discretization scheme (6.5.2) becomes:

2 . 2 .
(DP;‘Z g:l,q(l’u)“fq()o(p() ) +a ( -;—(D, + Df) z g:.,q(lou)%%()'%M) ) (657)

i=1 i=1

2 .
+ 0T B G0ZV0.200) = (U0,

i=1

for all ¢(:) € H,. By setting () = Wj() € H,, i € 27, (6.5.7) becomes

DEG.u) = '-,1;(!;0 + 1,u) = EGu)): DEG.) = %@o‘.u) - &G - L)),
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MQ‘DfD;E-m.q(j'u) + %Kq(Dt + Df)gn,q(j'u) + qun,q(i'u) =fn,q(j’u)v (6.5.8)
where
9y 9yl 9yt 92y
¢ e ¥l ax Yo E)x“’3 '
K, 4 R s , (6.5.92)
9 ¢ O 1 A 9 9 O q
(Bx\ﬁ”axw") (ax 4'ax"’3>
(wewe) - Cwhyd) CWh A uGh) )
ma|l AR R RS B . (6.5.9b)
QAR AR GV RV (2! S uGh)) )

M, is positive definite, and X, is positive semi-definite. If { E_,,,'q(j,u) ],3:8 is the solution to

A ,
(6.5.8), then we hope that 3, &, ,(,u)y,(") is a good approximation to w(jh,-,u). We shall

i=1

determine the validity of this approximation.

Stability

To show stability of this discretization scheme, we shall show the discrete analog of the
energy inequality (6.4.21). We have an important lemma from Fujii[Fuj.1]:

Lemma 6.5.1 [Fujii]: Forge Z,and £ € 29,

,Y2

ETKE < F‘E_,TM‘,E_, where v, = 2¥3 and £ = 279

| |
Lemma 6.52: Discrete Energy Inequality.
Forqe Z,,ne Z, such that 2n — q 2 log,3, there exists C < oo such that foru € G,,
WMyDEr WP + IKFE(r )l < ' _ (65.10)

r-1
CAMIDEQO,u)P + IKLEQ. 1% + C T, MR- uGh)P.
=
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Proof: Set ¢() 2 —(D + D) z EX (G, W)WX() in equation (6.5.7):
k=1

(DD; ;:1 éf.,q(i.u)\lﬁ,(').%(D. + D,aél &x (U W)
1 2

+al>(D, + D,—)’El & U u) \p‘( W

+ ¢ }: &n.qU u)a 708 (D, + Dy ): &) \v*() )

= (- ,u(ih)),%(o, + D,—)él En g WD), (6.5.11)

Define M = M, and K = K as in (6.5.9). Then (6.5.11) becomes:
%(D,D,ﬁ,,‘q(j,u))TM(D, + Dl () + (s + D U 1)TKD, + Dl G0
+ 2y (G )TKD, + Db i)
< %[If(- UG + %I(D, + D;)é;l g GVEOR],  (65.12)

1

where we have used the fact that (x,y} < El:rl2 ]

> —Iyl%. Mutltiplying (6.5.12) by A and
summing from j=1tor -1,

r-1
=7 o7 T o+ 100 = 2 000+ 8 = 10 MG+ 1,80 = B = 1.0
>: EnqUs ) KEn gl + 1,1) = En o = 1,4))
] 1
- % i [ft-m(ih»t’ + 110, + Dy, G
- %I(D, + D,—)K"“@,,'q(i,u)'lz]. . (6.5.13)

For simplicity, define §J- a F,,,'q(i,u). We can remove the o term so that (6.5.13) becomes:
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—2}—22-[@!44&, - 2ETME, , + BT ME,.,) - (ETME, — 26TME, + EIMED)] (65.14)
+ 5 €LIKE, - EKEn) < %;gh[lf(-.u(ih))lz + D, + DIM™E, (G.)P)
Regrouping terms, (6.5.14) becomes:
L0z MDE) - 5 DETMDED + SIEKE, + Emt - EVRE, (65.15)

r-1
~ EBKEy - &1 — ETRE] S 5 T AL UGRDI + 31D+ DpM "y o 10F)

j=1

LOEMOL) + TETKE) < SDETMPDEY + 8K (65.16)

- l(hK“D,-ir,K"’a,) + %(hD.K’*E,o.K”éo)

r-1
+ -1- z ROVC ,uGiR)I® + —-I(D + DIM™E, (G ).

J

Since = { x,y) < %mz + %lylz for € > 0, Lemma 6.5.1 implies

2
(RK*DE, K%, ) < Z(ETKE) + L(D,i,’KDé,)

§7K§,) + = i ;(D{,)TMD—%, 6.5.17)

And since

ri;'gn 1 =& Ps 4’§|§i - & P42k, - T o
P P

(6.5.16) becomes

1 Y R
205 F " —)(Dﬁ»’M(D{,) +(1- —)(E..TK*,,) <
% 2

—(1 + ——)(D,ao)TMw,éo) +(1+ )(&T.K&))
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r-1
+ % 3 AU uGR)P + IDMAELR + ETKE,). (6.5.18)
j=1 |

If there exists a positive constant 1} such that for some € > 0,
l-%anandl—————Zn, (6.5.19)

then we can apply the discrete Bellman-Gronwall Lemma (see Section 6.6) to (6.5.18) to

2
obtain (6.5.20) for some C < oo. Therefore if 1 — 37’;- --’2—’- > 0, then there exists such a

7 > 0 such that (6.5.19) is true and

r-1
IMYDE I + IKXE 12 < CIIMADE? + IK#E] + C 3 AIAC ,u(r)I%, (6.5.20)
A 5 .

Convergence

2 .
The purpose of this section is to show that the finite element solution ¥, &, ,(-,u)y,(") con-

i=1 .
verges in the L, and the H! norms to the true solution w(-,-,u) as n and g become large.
This is done in two parts: we introduce the interpolation of w(jk,-,u) in the H, space for
je {0,1,---2%). We determine the error between w(jh, ,u) and its interpolation.
Second, the error between the interpolation and the finite element solution is found. The sum

of these two errors bounds the error between the finite element solution and the true solution.

Suppose u € G, for ne Z,. Let w(,,u) denote the solution to (6.4.2) which has a
nodal vector W, ,(-.u) € R®"* % (ie., w(h,i2¥,u) = W 4G.u) for i e (1,2,..27) and

je {0,1,.2%)). Againk=2%and h =272,

To obtain the first part, we invoke the following lemma from Strang [Str.1]:
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Lemma 6.5.3 [Strang): There exists ¢ < e such that for all u € G such that if w(-,-,u) is

the classical solution to (6.4.2),

29 .
1S Wy GO — wih, i)l S k2, (6.5.21)
i=1
12 3 @, Ghadi) — Sowh, 0l € ck (6.5.22)
ax ‘. “ 1 n'q * q ax L ] . et -

Since all 4 € G,, where G, is defined in (6.5.3), are piecewise continuous, all u € G, admit
classical solutions to (6.4.2), see Pazy [Paz.1]. Since u € GNR, is piecewise constant, a
classical solution exits to (6.4.2). Temporal discretization has been done in the following
way. For any n € Z,, the time horizon [0,1] is divided into 2% equal segments for the pur-
pose of integration. However, for determining controls, the time horizon is divided into only
2" equal segments. This means the control can change only after 2" integration steps have

been performed. We define J, 2 (0,1, ---2%} and K, 8 (0,2",22", ---2*}. For

Jj€ Jp
. , . R . LI
W((] + l)ht"u) = W(jh,',u) + hw-(-(jh"’u) + _2-W+(ih,',u) + ?w.‘,(ih.'.u) (6.5.23)
[ A
+ 24 W+((] + ej)hv"u)’
, . .. W . W
w((j = Dh,-,u) = w(jh,- ,u) = hw_(jh,-,u) + -?w_(ih,',u) - ?w_(jh,-.u) (6.5.24)

WK =
+ EW-«’ - ej)h,',u),

with 0;,8;€ [0,11. For je J /K, w,(h, .u)=w_(h, u), WGk, u) = w_(jh," ,u),

. . i, . .
w,(h,- 1) = w_(jh,-,u), and w,(h,-,u) = w_(jh,-,4). Summing (6.5.23) and (6.5.24),

. 2
DDw(h,-,u) = w(jh, ,u) + %p(jh,',u). (6.5.25)

. 1 =
where p(h,-,u) & (WG + 8)h, ) —w((j — Bph,,u). Substituting (6.5.23), (6.5.24) into
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(6.4.20) and neglecting damping (& = 0)?,
(DD .00 ) + CLowh, 1), 200) Y + L ( pGh, ,,00))
A S ox VT tex T 24 "

= (f.u(h).6C) )
for all () € H, and j € J /K,

We state the identity:

2 : 0 ¥
(DD; T #ngUWg():00)) + (== 3

i=1 Xi=1

AR EIORION
i . ; 0 X
= (DD;T WUy 00)) + (5= 3
i = Xi=1
Adding equations (6.5.27) and (6.5.26) and subtracting (6.5.7), we obtain:
2¢ . . ) 29
(D:D:Z’ En gl ott) = W g W) 0O + ( X (€ qGrw) - i qUs u))
i= i=1
2 .
DRDi(.zl W:x.q(i'“)‘v‘q(') - W(jh,‘ vu))!¢(') \l
a}f GOV h e ), -
-a_ < q - W(] ’ 'u)'-§;¢()>

2
+ 2= PGk, ).60) ) for all 60) € Hy

For j e K,, (6.5.26) does not hold. We subtract (6.5.7) from (6.5.27) yielding

L : : 2
(DD;Y, (G gliotd) = Wn g )We(),6() ) + 21 (EL.oU 1) = %h oG )= \y;()
. i=1 i=

2¢

= (DD;Y w,.q(.lu)\vi,()¢())+(2w”(/u) w;() ¢()>

i=1

2The case in which & > O can be similarly handled.

W G WS .00) ).

“"q()!

100

(6.5.26)

6.5.27)

¢()‘

(6.5.28)

¢(') )
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— (R-,u(h),6() ) for all &() € H,. (6.5.29)

Define ¢ = €, G.u) & W, 1) = E, oGow), and set ¢() & —(D +D) Z €,qU V() in

i=1
equations (6.5.28) and (6.5.29). Multiplying (6.5.28) and (6.5.29) by A and summing from
j=11tor-1, and applying the Discrete Bellman-Gronwall Lemma (c;,i € {1,2,--- }are

real, positive numbers less that infinity.),

2
%[1 - -f-‘e-"?](ope,)wo;e, +(- %)e’,fxe, < ‘ (6.5.30)
[1 + -f-”?](o,eo) MD.ey + (1 - -;-)egxeo
r-1
+h ) ckt + el + caht| + h Y ¢
i=li32*je I, =li=2"je Z,
%[1 + ih—](D,eo)TMD,eo +(1- %)egl{eo + (27U + 27,

Let eg = W, 4(0,u) = &, /0,u) = 0. Since the forcing function is bounded, le;! £ cgh. There-

fore, when the stability requirement (6.5.19) is met, (6.5.30) becomes

(D-e,)TMD-e + e Ke, < c-,(2‘24 +27M, (6.5.31)
Therefore,
| z eh o0, W)= w‘q( W = elKej < (274 + 27, (6.5.32)

i=1

By Friedrich's inequality, 16()1 < cal%q;(-)l for all §() € H",

2 .
1Y €GOl = €277+ 272, ' (6.5.33)

i=1



§6.5 Example - Discretization 102

We define g, ,(4) to be an approximation to the potential energy at the final time, g, (u) 4

_l Z 3 q(22",u)-§;\p‘;(-)lz. Applying Lemma 6.5.3, we obtain the following theorem:

i=1

Theorem 6.5.4: There exits c < oo suchthatforallne Z,and all u € G,

(1) 1) = g ()l S c(h'? + i) = e + 27%), (6.5.34)

) |§x-w(;h,~,u) z‘, &l q(;.u)%w;c)l < c(h + k) = c2% + 27%), (6.5.35)
i=1

Corollary 6.5.5: Theorem 6.5.4 is also true for any damping & 2 0. |

We define an approximation to &w(h,,u, 8u) to be Z 8En oG ou, 8u)\y‘q() where
i=1

8, (- 14, 8u) is the solution to

M D D3E, (u,8u) + %K.,(D, + DY, o, u,u) + K 88, o(j,u,du) (6.5.36)
3, .
= -a—uf,,.q(l.u)Su.

We define an approximation to the directional derivative of g(u) to be

dg, (uidu) = ): & q<22".u> V0 ): 8} (2% u, Gu)—\p‘q(ﬂ (6.5.37)

i=1

Since w(:,-,u) and Sw(-,,u,du) solve similar partial differential equations, and &, .(-,u) and
88 ,.4(1u,8u) solve similar finite difference equations, a result similar to Theorem 6.5.4

applies.

Theorem 6.5.6: There exists ¢’ € [¢c,0) such that for al ne Z,, ue G, and

oue G, - u,

(1) Ia—8w(l. 0, 8u) — z 8! (2% u, su)—\;rq( N< @™+ 279, (6.5.38)
i=1
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Q) ldg(u:du) — dg, ((:dw)l < '@ + 279). (6.5.39)
Proof: The proof of (1) is similar to that of Theorem 6.5.4, part 2. We must show how
dg, o(u;0u) approximates dg(u;du):

0
X

|dg(u; 8u) — dg, ,(u; du)l = ( s—w(l .-,u),sa;SW(l L1, 0u) )

- ): §nq(2"'.u) — Y0, 2 885 422 u, Su)—-\v:,())‘

i=1 i=1

<12t - % 8oL ion-L st )
i=1

. 2¢
+|z & 4(22" x%()ll%&w(l,-.u.ﬁu)- > 88 (u 8u) WO

i=1 i=1

<@ +279). (6.5.40)
: B

If we choose ¢ = n in the above equations, then all assumptions in Section 6.2 are satisfied

and Theorem 6.3.6 is true.
Summary

We have presented an example problem to illustrate how the assumptions of Section 6.2
can be satisfied. In this example, we chose the spacial and temporal discretization to be the
same and the control to be piecewise constant with Vn discontinuities where n is the number

of time intervals. Fujii suggests that the restriction between space and time discretizations

(6.5.19) can be removed if Newmark’s B integration scheme with BZ% is used. Further-

more, from experimental results (see Chapter 8) it appears that the piecewise constant con-

trols with n discontinuities can be used without problems.
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6.6 APPENDIX FOR CHAPTER 6
Bellman-Gronwall Lemma:

Suppose ¢ 2 0, 7(-) 2 0 and &(:) 2 0.

t (] Ks)as)
Ifri)<c+ 1[ k(s)r(s)ds for all ¢ € [0,T], then r(t) < ce® for all ¢ € [0,T].

Discrete Bellman-Gronwall Lemma: Suppose ¢ 2 0 and ; 2 0.

N-1 N-1
IfrySc+ X krythenrys TT (1 + ke

i=1 i=1
N-1

Proof: Letsy a c+ Z kr, Thenry<Ssyand sy, — Sy = knrn.
i=1

SN+1 = knry + Sy S (1 + ky)sy.

N-1 N-1 '
YNSSN'H (A +k)s; = n(l + k)c.

i=1 i=1
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CHAPTER 7
ADVANCED ALGORITHMS

In chapter 3, we presented a conceptual algorithm to solve fixed-time problems with
control constraints. In Chapter 4, we showed that by using a specific time scaling, free-time
problems can be transcribed into fixed-time problems. In Chapter 6, this conceptual algo-
rithm was transcribed into an implementable algorithm by introducing: (1) a scheme to
diséreﬁze the PDE spatially into an ODE; (2) a scheme consistent with (1) to discretize the
ODE into a finite difference equation; (3) a rule to determine when and how to refine the

spatial and temporal discretizations.

Chapter 7 provides an extension of the Polak-Trahan-Mayne‘ algorithm to solve both
fixed-time and free-time problems with control, terminal state and stafe-space constraints. In
Section 7.1, we derive a formulation for these problems. Section 7.2 presents an algorithm to
solve the resulting problems. With the PDE discretized to a finite difference equation, the
algorithm can be implemented. Section 7.3 presents two subprocedures to find a éearch

direction for the algorithm in Section 7.2.

7.1 FORMULATION

In Chapter 3, we discussed a conceptual algorithm to solve the fixed-time problem with

hard control constraints:
P:inf{guw)lue G). 7.1.1)
In Chapter 4, this was extended to the free-lime problem

‘i‘nt;{ gi.Dlide G(1),T€ [Tmin+ Tmax] }- (7.1.2)
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The problems encountered in Chapter 2 are more complicated:

inf{ gGa,t) ) @@i,1)<0,je p=1,6(,1,0<0,te [0,1], (7.1.3)
u,tT
e GT),T€ [Tmin» Tmax) }»

where gi,1) =KW@, %(1,), 6@,1.0) = H(1,x¢,&)), for all re (0,7] and
K : RxX — R are continuously differentiable for all je {0, --- ,p }, and X(-, &) is the

solution to (4.1.10).

By performing the time scaling as in Section 4.2, we obtain the problem:
in{{ gu,7) ! gu,1)<0,je p=1,¢u,t,0<0,re [0,7), (7.1.4)

ue G.TE [tmin"tmax] ]'

where g(u,1) = H(1,%(1,u,7), je {0, - ,p=1), ¢u,T,0 = h@ %, u,1), with

the dynamics from Section 4.2:
%‘J‘c(t,u.'t) = ARt u,T) + FG@.u,7) . u@)], te [0,1], 30.4.1) =%  (7.15)

The functions g’ are dependent on both the state and a parameter 1. To simplify exposition,
we define an additional state whose value is T for all ime. We can therefore transform

(7.1.4) to a new problem in which the function g’ is dependent only on the state.

We define X°¢,u,T) € C([0,1]) so that X°(t,u,T) =1 forz e [0,1]. Then,

1[‘5:0.:4.1)] = [x°(t,u.tﬁ(iér.u.t),u(t))}' te (0.1, [?r(O.u.t)] = F‘o‘ (7.1.7)

dr |2, u,7) 2O0,u,1)| |t

Define x(t,u,1) 4 E‘oii';'%] e XxR.

By defining fix(¢, u, 1), u(f)) = [xo(’ '“"‘)7&6‘ 4,7 '“('))] , (7.1.7) becomes:
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%x(t,u,‘t) = fx(t, u,7), u@), x(0,u,T) = H (7.1.8)
Hence (7.1.4) becomes

inf{ g, w) 1 gu,w)<0,je p=1,6(.,w,)<0, te [0,1], ue G, we C}, (719

where gu,w) = Hex(1,u,w), je {0,1,.p—1) and
o, w,0) = KP(xt,u,w), te [0,1], with # :XxR—->R being contnuously
differentiable for  je (0,1,---,p). C 2 %X [Tmin+ Tmax) S X X R and

x(:,u,w) € C([0, 11X X R) satisfies
%x(z,u,w) = fx(t, u, W) u(®)), X0, 4, W) = w. (7.1.10)
In what follows, we will generalize to the case in which C is any compact, convex subset of

XxR. The functions Izi(-) in (7.1.9) are different than those in (7.1.3).

We close this section with a discussion of state-space constraints
Gu,w,?) s 0,z € [0,1)). The algorithm presented in Section 7.2 does not solve problems
with state-space constraints explicitly. However, if we define

1
Fu,w) b 1[ [max{ &(u,w,t),0 )]t (7.1.11)

Then gP(u,w) = 0 if and only if ¢(u,w,) <0 for all € [0,1]). If we append a new state,

X .,u,w) e C(0,1]) such that
%f(t.w.u) = max( WO, u,w)),0 12, TO,u,w) =0, ' (1.1.12)

we obtain a new system:
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dxtu,w)| _ | Rx(e,u,w),u() xO,u,wW)| _ [W] (7.1.13)
& |2 u.w)| T |max{ RPGx(r u,w)), 0 | WO, u,w)| L0
With this notation, (7.1.9) is transcribed into (7.1.14) with no explicit state-space constraints.

Py : inf( g%, W) | g, W)<0.je pue GweCl, (7.1.14)

where gl(u ,w) = e, u,w), ¥e (1,2,.p-1), &u,w) =x1,u,w).

Note of Warning: There may be inherent poor conditioning associated with this tran-

scription. ‘This shall be discussed in Section 7.2

In Sections 7.2 and 7.3 we present algorithms to solve (7.1.14). It is clear that any
such algorithms are conceptual ; they still require exact solution of an partial differential
equation. However, by applying a discretization scheme with a consistent refinement rule,

we obtain an implementation.

7.2 POLAK-TRAHAN-MAYNE SEARCH DIRECTION

In 1979, Polak, Trahan, and Mayne [Pol.5] proposed a method based on earlier work of

Polak and Pirroneau [Pir.1, Pir.2] to solve the problem:

min 21 g <0.jep), (7.2.1)

with ¢/ : R" - R being continuously differentiable. We define

v &max( g 1jep) (71.2.2)
and

v, & max{ y(x),0 }. (12.3)

The optimality function and search direction are:



§7.2 Polak-Trahan-Mayne Search Direction 109
6(x) = min{ —lz—lhl2 + (7.2.4)

}nea:{ - Py () + (Vg%x),h) 5 g+ (VM) . hY -y, () ) ).

(x) = arg min -%-Ihlz + (7.2.5)
max{ — py,(a) + (V%) , k) @) + (V) ,h) = yu(x) } ).

The Polak-Trahan-Mayne Algorithm consists of using (7.2.5) to obtain the search direction,
h(x), and using the Armijo rule to determine a step-size. By taking h = 0 in (7.2.4), it is
easily seen that ©(x) <0 and that ©(x) = 0 is a necessary condition of optimality (see
Theorem 7.2.2). The positive number p is a scaling factor. For x infeasible, y(x) >0, 2
larger va]ue of p makes the term —py,(x) + { Vg®x), k) in (7.2.4) more negative for any .
Consequem.ly, the minimizing A in (7.2.4) is "less concerned” with (Vgo(x) h) being a
large negative number than with smaller p. In the case p = o and x is infeasible, (7.2.4)
reduces to finding a search direction based on minimizing a convex approximation to
y(x + h).

We present an algorithm which is an extension of the Polak-Trahan-Mayne algorithm
and the Polak-Mayne [Pol.2] algorithm for optimal control. We consider the case in which

the explicit state-space constraints have been removed by way of the transcription in Section

7.1. We define an optimality function:
©u,w) 2 min{ ¢@.,w,v,2)Ive G,ze C}, (7.2.6)
where

ou.w,v,2) 4 pow?s -l-lz—wl2+max { oy, w) + { Vgu,w), [:— "] Y;
2 2 jep -W

glu,w)+ (Vglu,w), [;’:“f,] Y- ww,w) ), (7.2.7)
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where
w(u,w) 4 max( gu,w) ), w.u,w) 8 max{0,y@u,w},
JER

[v(u.W)] 4 arg Ou,w),

2(u,w)

ie., [;’szg] is the unique minimizer of (7.2.6).

We present the extended Algorithm.
Algorithm 7.2.1:
Data: upe G, wye C, ae (0,1), pe (0,1),ye 0,1],p>0.
Step 0: i=0.
S;ep 1:  Calculate Vg/(u) forje { 0,1, -+ ,p}.
Steé 2: Calculate v; € G and z; € C such that ¢(u;, w;,v;,2) < YOu; , w).
Step3:  If O(;,w) =0, 1,20
| Else if y(y;,w) > 0 (Phase I),
AQmax(Ae {1,B,B% - }I
Y + My — 1), wi+ Mz; = w)) — Y(u;,. w) < ohd(u;, w;, v;,2)
Else (y(u;,w) < 0, (Phase II)
Admax{Ae {1,B.P% - - }I
g+ Ay — ), Wi+ Mzi - w)) — g W) < oM, Wi, v, 2)
yu; + A(v; — u), w;+ A(z; - w)) <0.
Step 4: Set uyy = u; + AQv; = u), wyg = w; + Afz; — w).

Step S: Seti=1i+1; goto Step 1.

110

(7.2.8)

(7.2.9)

and
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We now show that with ©(u,w) = 0 is a necessary condition for optimality for Py
(7.1.14).

Theorem 7.2.2: Forue C and w € G, if Ou,w) = -0 <0, then (u,w) is not a minim-

izer of (7.1.9) and Algorithm 7.2.1 will not jam up at (u,w).

Proof: Assume that (#,w) e GxC is such that ©(u,w) = =0 < 0. Then there exists
(v,2) e GxC such that ¢(u,w,v,z) < -yd where y e (0,1] is datum in Algorithm 7.2.1.

We consider two cases:

Case I: y(u,w) > 0O:
Since ¢(u,w,v,2) < -9y,

gu,w)+ (Vgiu,w), [;':“;] Y = wu,w) < d(v.zuw) <-dy, je p (7.2.10)
Let

Ju,w)8 (je plgu,w)=yu,w) (7.2.11)

be the set of active constraints. For j € J(u,w), (Vgiu,w), [:::;] } < =8y. Since g(,")

is continuously differentiable, it can be seen as in Theorem 3.5.2 that there exists A; > 0 such

that
Pu+ AW —u),w+ Mz —w)) - glu,w) S cM(v,z,u,w) (7.2.12)

for A e [0,A] Let A A min{ 1,4;1) € J(u,w) ). Let
¢ 2 min( y(u,w) - gu,w) | j €Ju,w) ). Then € >0 and since g, is continuous for

j e p, there exists X e (0,X] such that
S+ My = u),w+ Az — W) — y(u,w) < oM, z,4,w), Ae (0,A] (7.2.13)

for j € p,and therefore
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W + MY — u),w + Mz = w)) — Y ,w) < oAp(v,z,uw) < —oAdy <0, (7.2.19)

and (u + AMv — u),w + Az — w)) € GxC so (u,w) is not optimal, and Algorithm 7.2.1 will

not jam up at (u,w).

Case II: y(u,w) <0:

(Vgou,w), [::::,] Y S o(vzuw), (7.2.15)

g+ (Vglawy, [P T E]) s 00zum. je p (7.2.16)
Let

Jou.w) & (jeplguwy=0)(0). (1.2.17)

For j € Jo(u,w), there exists A; > 0 such that
g+ My = u),w + Mz - w) — glu,w) < cMp(v,zuw), A e [0,A] ~(1.2.18)

Let A&min{ 1,01 je Jou,w)} ). Let €2 min{ yu,w)-glu,w)l jeJou,w)).

Since g/(-,-) is continuous and € is strictly positive, there exists A € (0,X) such that for all

Ae [0,A):
& + A(v = u),w + Az = w)) — g%u,w) < cAp(v,zuw), (7.2.19)
gi(u + My — u),w+ Az — w)) < cAp(v,z,u,w), forall je Jou,w)/{0}, (7.2.20)
Fgu+Av-—uw,w+Mz-w)<0, forall j &Jou,w), ' (7.2.21)

and (K + Mv—w),w+ Az - w)) € GXC so (u,w) is not optimal and Algorithm 7.2.1 will

not jam up at (u,w). | |

The requirement ©(u,w) = 0 is not a strong optimality condition for problem Py
(7.1.14). Suppose that at (u,w), all constraints are satisfied, but that (k,w) is not optimal.
Since the state-space constraint is satisfied, g?(u,w) = 0 and VgP(u,w) = 0. Since all con-

straints are satisfied, g/(u,w)< 0 forje (1,2, --- ,p=1]}, yu,w) = 0. Consequently,
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(7.2.6) and (7.2.7) become

©(u,w) = min{ ¢(u,w,v,2)lve G,ze C}, (7.2.22)
O, w,v,2) = %Iv -uP + %Iz -+ (7.2.23)
0 v—=ul\. j ; v—=ul.\
max{ (Vg (u.W).[z_w]).g’(u.WH (Vg’(u,W).[z_w] y.Jje{l, - ,p-1};0}

because gP(u,w)+ (VgPu,w), v:x]) =0 for all ve G, ze C. Hence, Ou,w) =0

and [;8’::3] = 0. Consequently, as soon as all constraints become satisfied, Algorithm

7.2.1 will stop.

Even in the case that there are no state-space constraints, if for some (u,w) € GxC,
all the constraints are satisfied and one of the constraints is of the form:
gi(u W =x(1,u .w)TQx( 1,u,w), such as the terminal potential energy wns&aint in (8.2.8),
Ou,w) =0. |

There are several solutions to this problem:

(1) Use a pehalty function method to solve the problem. It is not possible 10 use exact -
penalty functions for this problem since Vg/(u,w) = 0 when g(u,w) =0 for some
jep

(2) Guarantee that for each iterate some constraint is not satisfied. (Case II in Theorem

7.2.5)

(3) Introduce a tolerance vector € € IRP, € >0, such that each constraint gu,w)<0
becomes g/(u,w) —€; < 0. This allows all of the new constraints to be met, and as
long as Vg/(u,w) # 0 when y(u,w) < 0, the algorithm will not jam at (u,w).

(4) Introduce a vector € € IR? as in (3) and apply an exact penalty algorithm to solve the

perturbed problem.
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Method (3) has been used successfully for solving the problems involving a flexible,

rotating beam, P, - P,, in Chapters 2 and 8. Because of the physics of the problem, at the

optimal point (u,w), all constraints are active (i.e., gk, #) = ¢ and Vg/@, %) #0, je p))

For numerical results, see Chapter 8.

We now proceed to show convergence of Algorithm 7.2.1.

Lemma 7.2.3: The functions v(-,"), z(:,-), and 8(-, ) are continuous.

Proof: Follow proof of Lemma 3.5.4 and Corollary 3.5.5. |
Theorem 7.2.5: If { (u;,w) } ©GxC is the sequence generated by Algorithm 7.2.1, then
any accumulation point (&, #) € G x C satisfies the optimality condition ©(%, #) = 0.

Proof: Assume that Algorithm 7.2.1 generates a sequence { (¥;,w;) } ©GxC such that
there exists a subsequence X < Z, and an accumulation point (&, #) ©G % C such that 4; = U
and w; = W. on K, and O, %) = -8 < 0. By continuity of &(-,), there exists i such that
for all i 2 ig, 00, wi,vi,2) < 10, w) < 1O H < -%1

Foreachje (1,2, ---,p} and each subsequence K;C Z,, we examine two possi-

ble cases:
() lim glu;, w) — yu;,w) = 0.
1€ KJ

First, there exists 7,- such that for all i 2 71-. ie K,

(Vi) [:8::3] s (72.24)

Second, for all i, j,

gui W) — w(u; W) + ( Vg, w), [v(u"w‘) ] Y < o, wi,vi,2) < —%1 (7.2.25)

2(u; , Wy
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There exists i'jz?,- such that for all i 2 7, i € K;,

1 1 i

"2'(1 - )b, wi, v, 2) < -";(1 - a)dy < glu;, w) — y(u;, w). (7.2.26)

Consequently,

( Ve, wi, [ﬁgﬁj:xg] S QG Wi i 21 = (1 = 0] = Qs Wi vi 2X (5 (1227)

Using the first order expansion for g’

i+ A; = ). Wi+ A = W) = Wi W) = T Vgl w), [:E:f.' :3] )
_gi(u- w) — Y(u; Wi)_,_x(l-a)(v ;Wi v(u; , w) \
= (R4 ‘I’ (B4 l+CV. g 12" z(ui'wa /

1
+ l{[ ( Vg/u; + sA; — ), w; + sMz; = wp) = Vgl , ) [”(“" 'WD] Yds.  (1.2.282)

" l2(u; . W)

Combining (7.2.27) and (7.2.28a), and noting that g, w) = yu;,w) s 0, we obtain

R 200 i v(uivwi)
i + Avi = 1) Wi+ Mzi = w)) — Y w) — 72 ( Vel wy, [z(u,-.w‘-)] )

sx[(}:gxl;“x %")

1
+ t[ ( Vet + sMv; — u) , w; + sz = w)) — Vi, w)), [:E: :g] Yds. (7.2.28b)

By continuity of Vg/(-), there exists A;>0 and §;2 ; such that for all A € [0,A)) and all
i > i, i € Kj, the right hand side of (7.2.28b) is less than or equal to zero. And so for all
i2 z,,xe KJ, and all )\-E [0,)\.1].

&u; + Mv; - u) ,w; + Mz; — w)) — y(u;, w) < addu;, w;, v;,2z). (7.2.29)

(b) There exists €>0 and a sequence K;CK; such that for all ie K,
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g"(ui,wi) - y(u;,w) < —€. Since,

& + Av; = u) . w; + Mz; — w)) — y(u;, w) = glu; W) — yu;,w) + (7.2.30)

2(u;, W)

1
ll (VgIu; + sA(v; — u) ,w; + shMz; = WD), [v(u, ,w)] Yds,

There exists A; such that for all A e [O,Xj], and all i K,

1
l;\.{( Vg(u‘- + S).(V,' - Uy, w;+ S?\.(Z,' -w)) [;8:“::3] Ydsl £ % (7.2.31)

and so
s + My — u) ,w; + Mz — w)) — Wu;, w) < -% (12.32)

Choose A; € (0, ij) such that -% < oAd(u;, w;,v;,2) for all ie K; and so for all
A e [0,A]

gu; + Mv; = u) ,w; + Mz; = w)) — Wi, w) < ohd(u;, w;, v;, 2). (7.2.33)
Similarly, we can show that for any subsequence Ko< Z, such that l}gnm(u,-,wb = 0, then
there exists iy and Ag > 0 such that for all i 2 i, i € Kpand all A € [0,Ag),

80u; + Av; = ), w; + Az; — w)) — g%u;, w) < oAd;, w;, Vi, 2). (7.2.34)
We now consider three cases:
Case I (yw(lu,w) > 0)
We construct the proof using a step by step procedure:
Step0: Setj=1,K,=2Z,A=1i=0.
Step1: If il;n}(ig"(u,-.w,-) ~ W@;,w) =0, set Ay, = min{ A;,A; } and i,y = min{ i} ,i; )

where A; and j; are determined in case (a) above; Set K, = K], go to Step 3.
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Step 2:  Set Kij = K; Set Ajy =min{ A;,A;) and i},; = min{ ij,i; } where A; and i;
are determined in case (b) above;

Step 3: Setj=j+1 Ifj<pgotoStepl.

Step 4: End.

Consequently for all i € K, and A € [0,A,],
W+ A, = ).+ Al = W) = W, ) S 0MG wi v 2) S =28 (7.235)

and so y(u;,w;) — —eo which is a contradiction.

Case I (y@, W) = 0, y(u;,w) >0forallie Z,)

The proof is Identical to Case I.
Case III (y(it, W) < O and there exists¥ such that for all i > wu;,w)<0)
There exists ig >"i and Ag > O such that for all i = iy and A € [0,Aq]

8 + Mw; — ), w; + Mz; = w)) — 82, w) < A Wi, v, 2) S —ﬁ;ﬁ. (7.2.36)

Consequently, g%u;,w;) = — which is a contradiction. [ ]

7.3 SEARCH DIRECTION SUBPROCEDURE

Step 2 of Algorithm 7.2.1 requires computation of (v;,z) € GXC such that
o(u;, w;, Vi, w) < ¥YO(;, w). We will present two methods to solve this subproblem. The
first is to transcribe the calculation of ©(-,-) (7.2.6) into a canonical quadratic program and
solve the QP using a standard routine. The second is a special purpose iterative QP routine
which is truncated when an appropriate (v;,z) is found. In either case it is necessary 10

discretize the' PDE in time and space to make the problem finite dimensional. We assume
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that the discretization is consistent with the requirements of Chapter 6. We assume special

forms for G and C. Let G and C in (7.1.9) be defined:

GA {ue L7(0,1DNLFI0, 1) 1 u@t) e U,z [0,1] },

0
X
chq ;;; e XxRxR 1) e [I%),h%s)] all s € S,

xl € fil,zl].xze [72’;;2] }'

where
U8 (ue R™";Sy;<h;, foriem)

and X is a space indexed by s € S.

- METHOD 1
We shall transform (7.2.6), (7.2.7) into a canonical QP. By (7.3.1) - (7.3.3),

eu,w) - min {-l-lv-ul2+-;-lz-wlz+al

ve LX(0,1]),z€ XxRxR,ae R 2

@ -py.(u,w)+ (Vg°(u,w).[::x])—as0;

®) glu.w) -y, w)+ (Velu,w), V:,’f,]>—qso,jez;
© %) -2%)s0, ) - %) <0,5¢€ S,

d V-7<0,7-W<0,je (1,2)

@ L-v(<0, v()-h;<0,iem, te ([0,1)) },

with 2%-) and 7°(:) chosen so that C is compact.

(7.3.1)

(7.3.2)

(7.3.3)

(7.3.4)
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We have used Stanford’s quadratic programming package, LSSOL, to solve (7.3.4). LSSOL
is an implementation of a two-phase (primal) quadratic active set programming. method
developed by Gill et. al [Gil.1] and is closely related to the method of Stoer [Sto.1]. The
algorithm keeps track of an active set, those constraints which are satisfied exactly, adding a
new constraint when one is encountered and deleting a constraint if (1) the current point is
the minimum on the subspace defined by the active constraints and (2) its deletion provides
for a direction of feasible descent. The algorithm treats constraints (7.3.4.c)-(7.3.4.e) spe-
cially, removing the associated variables from the QP calculation when the constraints are
active. This speeds the calculation of the QP particularly when the solution has many values

at its upper or lower limits (e.g., bang-bang solution).
METHOD 11

Method II is a dual method. We transcribe ©(u,w) (7.3.5) into dual form (7.3.8):

. 1,lv- u] 2
. = o | I©+ I,
e(u ) (v.z?}su(l;xc{ 2 =W (1.3.5)

;nea)g({ -y, w) + (Vgu,w), [:::f,]) s @, w) + (Vgu,w), [:::f,]‘/ -y, (u,w) ).
This is equivalent to:

I 1 [v-u] 2 _ 0
Ou,w) = 2(v.z)n;méxc p?a;;*’{ 2| Z=W, - Py w) (1.3.6)

+ 5 uj(gi(u,w)-\lf+(unw))+(
j=1

J

2

iVeitu,w), | T XY ).
=0Ll & [z—w]
where

P , X
P14 (pe R Y W=1andw20forallje (0,1, --,p}. (7.3.7)
. R

Since TP *! is a compact, convex set and GxC is a closed, bounded, convex set and the

expression between the braces in (7.3.6) is concave in p and strictly convex in (v, z), we can
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switch the "min" and "max" according to Ky Fan's [Fan.1] extension of Van Neuman’s

Minimax Theorem to obtain:

= . 1 v-ulp & Vo v—-u
O(u,w) = p.g‘g;"”{ (v,zﬂl%xc{ 2'[;-—w]l + (jgo Wvgu,w), [z—w]\’ ] (7.3.8)

P ..
- 1WOpy, ., w) + T wWigiu,w) -y, u,w)) ).
Z

For convenience, we define the following quantities,

Cuw, ) 8 §i(u,wo ) + Lolu, w, 1) + Gy(u, w, ), (7.3.9)
where
G, wop) & —min { —1v - ul? + ¢ S WV, gu,w),v-u)}, (7.3.10)
ve G 2 j= 0
A . 1 o P . ,
Cou,w,p) 8 -mu}:{ Elz -whif+ { T WV, Jdu,w),z-w)}, (7.3.11)
zZ€ j=o
| 2 ‘
Lo, w, ) 8 WOy, (u,w) — 3 Wieiu, w) - yo(u,w)), (7.3.12)
j=1
where Ve( o Ve W i i . .
gu,w) = Ve, W ith this additional notation, we rewrite (7.3.8) as

Ou,w) = —“éngl#l{ Cl(u;w'p) + §2(“,W’ll) + Cs(U-W:u) } (7.3.13)

=- min { C(M.W.p.) }.
pe ¥*!

We shall show that {y(u,w,p), Co(u,w,n) and {3(u,w,n) are convex and twice
differentiable in p so that so we can use a constrained Newton-type algorithm to find
©(u,w). From inspection, we see that {3(u,w, ) is convex and twice differentiable in p.

We now proceed with §;(u,w, i) and {(u,w, ).

Lemma 73.1: The function {;(u,w, ) is convex in p € =P*!,
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Proof: Lety;,1; € ZP* 1. Then for A € [0, 1], there exists v, € G such that

Ciuw . w, A+ (1 =)y = -—lv;L B Z M+ (1 = VD)V, w), v - w)

j=

P R .
= -k(-%lvl —ulP+ 3 VW —u))
j=0

+—1- l)(—lvx— ul® + 2 PV g, W), vy — u))
i

S AL aw, ) + (1= D8, w, 1. (7.3.14)
[
Corollary 7.3.2:  {,(u,w,p) and hence {(u,w, 1) are convex in p. n

We now establish differentiability of {;(u,w,p) in n. We define

Ew) 8 -Cyu.w,p) = min %lv—uh ( i WV g, wy,v—u) ). (1.3.15)
Ve ]=0

By completing the square, &(i) becomes E() = &;(1) — &,(1) where

P R .
E1(w) = min { -l-lv-(u— Y WV u,wi}, (7.3.16)
vVE G 2 j= 0
P
Ea(1) =% Z WV, 2lu, w. (7.3.17)
We define
A p . .
o) 2 Y wWV.2u,w). . (7.3.18)
j=0

Then, &G0 = 0GR, S-5xG) = T0)2-000. = §z(u> 30700 -0,

Define v : "' x G = L,NL,;

¥(t,) & arg min( —;»Iv' - (1 = S ). (1.3.19)
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Lemma 7.3.3: The function v(i) is continuous.
Proof: See Theorem 3.5.4. u

Since G is defined by (7.3.1) and (7.3.3), forte (0,1]and ie { 1,2, ---',m},

h; if u(o); — 6()(®); > h;,
v(r)(); = L if u(®; - ¢()(0); < 4, (7.3.20)
u(@®); = oUXD; otherwise. :

We define
S(u,u) A {te [0,11 1 u(®); = dQW)(®); = h; or u(r); — d(u)(2); = ; for some i € m (7.3.21)
We make the following assumption.

Assumption 7.3.2: S(u,u) as defined in (7.3.21) is of zero measure. [ |

Then v(-, u) is differentiable at any p. € Z"*! and for ¢ & S, u),

0 (V2% W) ... Vg, w)®);), if lu@); — o) € [, u;
3RO = { (0 % 0" O $73.22)
Therefore since,
&) = %lv(u) - (u - o), (7.3.23)
ié W =[(viw) - uw) + ¢(u)]T[-a—V(u) + ifv(u)] (7.3.24)
op ! o op ' =

and since &) = &;(u) + E(1),

9 e = — (1 — &(unT-9- NN N
M ) = (V) = (u - o) M v(p) + (v() = u) n o). (7.3.25)

Since if W(u)(®); — (u(®); — SO > 0 G.e., u(®); = ¢(W)(®; €[4, A)) then ';;V(u)(z)i =0,

the first term in the right hand side of (7.3.25) is zero and
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5. T 3 ( Vg, w) () — u)
VEW = |5-EW| = (W - u)T—a—tb(u)]T = : : (7.3.26)
" W (V.87 W), V(1) — u)

Therefore, the second derivative of &(-) is

&(u-) = (u) ¢(u) + (v(p) - u) ¢(u) (7.3.27)
Since - 0
ince — 5000 = 0.

32 T Vugo(u 1w)T a
—&W = (u) ¢(u) = : — V(). (7.3.28)
W V. W) O

Therefore, we have proved the following theorem:

Theorem 7.3.3: &() is twice differentiable and its first and second derivatives are given by
(7.3.26) and (7.3.28). ]

2
Finally, we show that %g(-) is continuous. We first prove a lemma.
18

Lemma 7.3.4: Let{V; }ie (0.1, - .p)SLx([0,1]) and V€ L.({0,1]). We define

T d (te [0, 1]|v+f‘,u‘v20} (7.3.29)

Swé{re 0,117+ f‘, wv; =0) (7.3.30)
i=0

RWA (e (0,1]17+ f‘, Wy, <0) (1.3.31)
i=0

and we assume that m(S(i)) = O for all p € R”* ! where m(-) denotes the Lesbegue measure
on [0,1). Then for all fi e IR”*! and € > 0, there exists § > 0 such that m(T(w) A T()) < €

for all p € B(f, &) where
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T AT A (te [0,1]11e T(w) and ¢t T() )

Ulte [0,1]1téTw and r e T() }. (7.3.32)

Proof: We define p, 2 %) + $ wvgo), and Q(L.p) 4 (re T 1 p,<p ). Then there
i=0

exists g >0 such that m(Q(f,p)) < % If such at p does not exist, then for all p >0,
m(Q(@.p) > 2. Since O@.p)SOW.PD if pi<pz m( O OR.p)2 2 and so for
te pQOQ(n,p), te S(fY), and therefore m(S(f) z-;- which is a contradiction. Similarly,
there exists p e (0,p) such that m(P(fl,p)) S% where P(f1,p) A{re RMYI p>—p ).

Consequently, since { v;} is bounded and m(S(f))) = 0, there exists 8 >0 such that

m(T(w) A T(fl)) < ¢ for all p € B(fi, ). [ ]

2
Theorem 7.3.5: The Hessian %ﬁ(-) is continuous.
I8

Proof:  Since for S(L,u) defined in (7.3.21), m(SGt,u)) = 0, and u(-), and Vgi() are

bounded measurable functions, the proof follows from an extension on Lemma 7.3.4. ]

Therefore, {;(u,w, ) is twice continuously differentiable in . We can similarly show that

Co(u,w, ) is twice continuously differentiable in p. Hence,
Corollary 7.3.6: The function {(u,w, ) is twice continuously differentiable in p. [ ]

The Levitin-Polyak algorithm [Lev.1] is essentially a constrained Newton method. At
each step, a quadratic approximation is minimized on the feasible set, and this becomes the
new point from which a new quadratic approximation is derived. Levitin and Polyak have
shown that if the method converges, then the convergence is quadratic. For numerical com-
putations, we use an implementation by J.E. Higgins [Hig.1]. This implementation has a sta-

bilizing step-size procedure. We have slightly modified Higgins’ implementation by adding a
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stopping criterion. Since this is the search direction finding subproblem, the algorithm must

stop in a finite number of iterations.
Algorithm 7.3.7: (To solve Step 2 of Algorithm 7.2.1.)
Data: poe ¥*LueGweCae (0,1),pe (0,1),ve 0,1)

Step0: . i=0, vpy=u, zg=w.
aZ

Step 1: Calculate V{(u,w, ) and -5—2§(u VWL L.
1)

Step 2: Calculate ©(y;) and o(u;) using

2
o(n) & arg min{ { Ve, w. 1.0 = i)+ (0 - “‘)T—aazu Cu,w,pm)(c -1} (7.3.33)
G €

&) 4 min { (VEu,w,.p),0-p)+
ce P!

2 .
(c- uz)ri-l;(u JWLR)E - 1) ) (7.3.34)
u |
Step3: A 2max{Ae {1,B.B% - }I

G, w, 1 Ao — 1) = §u,w, 1) < ocAB().

Step 4:  Set By = W; + A{o() — K1), and calculate v,y and z;, using

P . )
Vil = Wi) & arg min{ Lo+ Y WV, wy,v-u)}, (7.3.35)
ve G 2 ]=0
p . .
Zi1 = 2(Wiyy) 4 arg min( -l-lz -wi+ Y waV.gu,w,z-w) . (7.3.36)
ze C 2 J=0

Step S: " Calculate O, w, vy, 2:1) by (7.2.7).
If O, w,Visy s 2iy) S =¥C(u, W, 1iyy), STOP.
Step 6: i=i+1; gotoStep 1. . [ ]

Lemma 7.3.8: The functions v(-) and z(‘) are continuous.
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Proof: The continuity of v(") is proven in Lemma 7.3.3, and the continuity of z(-) follows

analogously. [ |
Higgins has proven convergence of Algorithm 7.3.7 for the case with no stopping rule:

Theorem 7.3.9 [Hig.1]: If the infinite sequence { W; } is generated by Algorithm 7.3.7

with no stopping condition and the function {(u,w,-) is convex and twice continuously
differentiable, then any accumulation point of { ; }, fl is 2 minimizer for {(u,w,"). |
From (7.2.6), (7.2.7), and (7.3.13) it is true that forany u,ve G,w,ze Candpe Z** Y
Lu,w,n) <Ou,w) <ou,w,v,2). ' (7.3.37N)
When the stopping criteria is met, there exists v;,q, 2;,; and p;,, such that
O, W, Vi, 2i41) € =YW W, Hipp) < YO, W). (7.3.38)
The pair (v ,2;,1) can then be used bjr Step 2 in Algorithm 7.2.1.
Theorem 7.3.10: Algorithm 7.3.7 terminates in a finite number of steps.

Proof: Assume that Algorithm 7.3.7 does not terminate in a finite number of steps. Then,

Algorithm 7.3.5 produces an infinite sequence { {; }. Since TP+ 1 is compact, { i; } has a

‘ K
subsequence K CZ, and an accumulation point fe ¥ *! such that w; = i By Theorem

7.3.8, fLis a minimizer of {(u,w,) and so

im G, w, 1) = Gu,w,f) = -0, w). (7.3.39)

[ = oo

Since ¢u,w,v({),z()) = O(u,w), and ¢u,w,',?), v() and z(-) are continuous,

K K
¢u,w,v;,z) > O(u,w). Consequently, lou,w,v;,z) + {(u,w,u)l > 0 and Algorithm

7.3.7 terminates in a finite number of steps. n
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CHAPTER 8
NUMERICAL RESULTS

This chapter reports on numerical experiments on the problem of moving a flexible
beam. An optimal control problem is formulated and transcribed into a form which can be
solved using semi-infinite optimization techniques. All experiments were carried out on a

SUN 3 microcomputer with a Floating Point Accelerator.

8.1 PROBLEM STATEMENT

We consider thé hollow aluminum tube depicted in figure 8.1 (page 153). The tube has
a length of one meter, a cross sectional radius of 1.0 cm, and a thickness of 1.6 mm.
Attached to one end of the tube is a mass of 1 kg; attached to the other end is a shaft con-
nected to a motor. For simplicity, we assume that the torque produced by the motor can be
direcdy controlled. Our aim is to determine the torque necessary to rotate the tube and bring
it to rest. The maximum torque produced by the motor isAS newton-meters. The equations

of motion determined by application of the standard Euler-Bemoulli tube with Kelvin-Voigt

visco-elastic damping are:

MW, 3) + ClWpeee(t,%) + Elwoeo(1,3) — mQA(OWAt,%)

m
= ————u(x,x € [0,]]
Mlz + _;_ml'} 8.1.1)
with boundary conditions:
w(t,0) = 0,w,(1,0) = 0,Clw,(t,1) + Elwg(t,1) = 0. 8.1.2)

MIQ¥nw(t, 1) — w,(t,1) = u@®l] + Clw,(2,1) + Elw(2,1) = 0, 8.1.3)
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and rigid body dynamics:

d d 1
—O@) = Q@), —Q@) = u(®),
dt dt MP + %m,s | (8.1.4)

where w(z,x) is the displacement of the tube from the shadow tube (which remains unde-
formed during the motion) due to bending as a function of time and distance along the tube;
u(r) is the torque applied by the motor, and Q(r) is the resulting angular velocity (in radians
per second). We shall denote by ©(7) the angular displacement of the rigid body (in radians).
The values for the parameters in (8.1.1) - (8.1.3) are: /=10 m, m = .257 kg/m,
C = 6.30x10 pascals/sec., E = 6.30x10° pascals, / = 1.005x107%m*, M = 0.914 kg. The tube
is very lightiy damped (0.1 percent ).

We assume that the tube is initially at rest with no deformations, and so the following

initial conditions hold:

w(0,x) =w,0,x) =0, xe [0,1]. (8.1.53)

6(0) = Q) = 0. (8.1.5b)
We consider four problems:

P,: Minimize the time required to rotate the tube 45 degrees, from rest to rest, subject to

the given torque constraint.
P,: Minimize the total energy required to rotate the tube 45 degrees, from rest to rest, sub-
ject to the given torque constraint and the maneuver time not exceeding a given bound.
P;: Minimize the time required to rotate the tube 45 degrees, from rest to rest, subject to
the given torque constraint and an upper bound on the potential energy due to deforma-

tion of the tube throughout the entire maneuver.

P,: Minimize the total energy required to rotate the tube 45 degrees, from rest to rest, sub-

ject to the given torque constraint, the maneuver time not exceeding a given bound, and
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an upper bound on the potential energy due to deformation of the tube throughout the

entire maneuver.
82 MATHEMATICAL FORMULATION OF THE FOUR PROBLEMS
We will formulate the above problems Py, P,, P;, and P, in the form of the following

canonical optimization problem:

P, (8w, gu.n<0,jep}l, 8.2.1)
T

: Te [‘mr.?i?.l.ne G
where T, >0 and T <o, p2 (1,2, - ,p ]

'Gyé {ue LJO,T]Ilu(@ <5,te [0,T]}, . (8.2.2)
and ¢:GrxT — R is continuously differentiable for je { 0,1, ---,p}. We define

vy, é max( gw,T) } and y,(u,T) & max{ 0,y(u,T) }.

For theoretical purposes, see Chapter 4, we constrain the final time, T, to be in an inter-
val [Toin,Tmax] Where T, > 0 and T, < . These values Tp;, and T, can be chosen so
that these constraints are not active at the solutions to P, through P,. We shall be making

use of the following functions. First, noting that T denotes the final time, we define
gwnDAT (8.2.3)

The input energy is defined as the integral of the square of the input; hence we define

T
S2w,nl 1[u(:)’d:. (8.2.4)

Next we define
gw,T) 4 e - w4y (8.2.5)

to be the square of the angular error at the final time. We say that the tube is at rest when

the total energy of the tube is zero. This energy is composed of the energy due to rigid body



§8.2 Mathematical Formulation of the Four Problems 130

motion and energy due to vibration and deformation. Rigid body energy at final time is pro-

portional to the square of the angular velocity. Hence we define
g, & (8.2.6)

The kinetic energy due to vibration of the tube at time ¢ is given by

1
K(u) 2 -’21 {w,(t.x)zdx, (8.2.7)

and the potential energy due to deformation of the tube at time ¢ is given by

1
P@,w) & 52’- ‘[w,,(t,x)zdx. _ (8.2.8)

We now define the values of the kinetic and potential energies at the final time:
gw. T 3 K(T,u), g8u,T) & P(T.u). (8.2.9)
The tube is at rest if g%u,T) = g, T) = gu,T) = O.

For problems P, and P4, we require that the potential energy due to the tube deforma-
tion be within a specified range throughout the entire maneuver. This constraint has the form
P(t,u) S 1) for all t e [0,T), where f*) is a given positive bound function with a finite
number of discontinuities. This is a state-space constraint, and does not fit the canonical
form Py. However, we can replace it by an equivalent form which fequires that we define

T
g'u.1) 8 g[mu{ P(t,u) - fi5),0 }12, (8.2.10)
then since P(t,u) is continuous, g’(u,T) = 0 if and only if P(t,u) < f¢) for all ¢ € [0,T].

The functions g : GrX[Tmin Tmax] = R are continuously differentiable for all
je {1,2,---7}. To improve conditioning of the problems P, - P4, we relax each of the

equality constraints by a small amount (Section 7.2). The relaxation can be be chosen to be
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sufficiently small so as not to matter from a practical point of view. The four problems now

acquire the following mathematical form

P, : min{ g'(w, 1) | g%, 1) - €< 0,8, 1) - < 0,8°u. 1) -e<0,

8.2.11
gu,D-e<0,ue Gr); ¢ )

P, : min{ g%(u.T) | g'(u.T) - T;< 0,8’w,1) - e < 0,8*w,T) -€<0, @212
gw.nN-€<0,8%u,D-e<0,ue Gr}; 212)

P; : min{ g'w.T) | .1 - €<0,8*u,7) -€<0,8°u,T) -€<0, (8.2.13)
fw.nN-¢<0,g'w.N-c<0,ue Gr};

P, : min{ g%, T) | g'u,T) - T;< 0,8°w,7) — €< 0,8, T) - €< 0, (8.2.14)

gs(u,T) -£< 0.g6(u.7') -£< 0.g7(u,T) -e<0,ue Gr}.

In our experiments, we set € = 107%. Thus, with this relaxation, we are requiring that the

final value of the angle © be in the interval [45 - 0.5,45 + 0.5] degrees.
8.3 SPATIAL DISCRETIZATION

In this section using spatial discretization (Chapter 6) and time scaling (Chapter 4), we

transcribe problems P, - P, into a sequence of problems P} - PJ. In Section 8.4, we shall

transcribe problems P} - PJ into §'9 - $19 using Newmark’s method. In Section 8.5, we
shall state a refinement criterion that is used to determine when n and g are to be increased.
In Section 8.6, we give solutions to P; - P, which are solved using the implementable ver-
sions of the algorithms described in Chapter 7. Spatial discretization is accomplished by
applying Galerkin’s method. A basis of Hermite cubics is substituted in the weak form of

(8.1.1) to derive an ordinary differential equation. The resulting ODE is discretized by

Newmark’s method.
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We begin by deriving the weak form of (8.1.1) - (8.1.3). Forn e H% where H is the

completion of

H} 4 (n e HY0,1]) IM©O) =1n'©) =0}, (8.3.0)

1
! NOIMW,(1,X) + ClWeer(t.X) + Elw o (2,%) = mQA(n)w(z, x))dx

+ DM, (e, 1) = Q(DOW(2,1)) = Clw(t,1) = Ewg(2,1)]

1
= (—umg Nexdx — MR(1))u(r), (8.3.1)

M+ % 8.3.2)

Performing integration by parts and applying the boundary conditions (8.1.2) and (8.3.0),

(8.3.1) becomes:

1
£ (mw, (8, )N(X) + Clwo(t, )N (X) + Elwg(t,x)Ng(x) = sz(t)w(t.x)n(x))dx

1
+ Mn(D)[w,(t, 1) - Q¥Ow(2,1)] = (—m t[n(x)xdx - MNQ))u) (8.3.3)

for allm e HZ.
Galerkin’s Method

Galerkin’s method consists of choosing a subspace S, of H% and solving (8.3.3) restricted to

that subspace. Let { N{x) }je (12, --- .0 Where Q 8 27*), be a basis for S,. (There are O

: Q0 . .
basis elements.) Then for we C([O.l],Sq)cC([O,I],H};), w(t,x) = Y, w(ON() with
j=1

{W }je (1.2 --.01SC(0,1]). Restricting (8.3.3) to the subspace S,CH%:
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g . 1 g 1
mY wi) t[ NN @xdx + CI 'S, wi(n l N (ONX (x)dx
j=1 j=1
g .1 g L
+EIS w() g NLOONE(x)dx — mQ*() § l[w'(t)N’(x)N"(x)dx

i=1 j=1

+M % W ON(DNK1) - MQ*() S w(ON()NK1)
[ R

ji=1" J
1
= (-umg N¥()xdx + MN¥(1)u(s) (8.3.4)

for all ke {1,2,---,0), with initial conditions w*0)=wK0)=0 for all
ke {1,2,---,0 ). Define matrices M € R?*¢, K e R?*2, V ¢ R%*2, G e R%:

1

M;4 ! NN xdx, V8 N(ON(Q). (8.3.52)
1 1
K;4 l[Nf,,(x)Nf,(x)dx, G Ap t[ NiGxdx + %N‘(l) (8.3.5b)

forie {1,2,---,0 },je (1,2, -,0 ). If we define W(-) e C2([0,1)),.
W) = W) WA - - we), (8.3.6)
then (8.3.4) can be written in matrix form:

(MM + MV)W,(9) + CIKW,(z) + EIKW() = Q¥ (O)(mM + MV)W() = -mGu(.  (8.3.7)

e .
For w e C([0,11,5,), w(t,x) = 3, W()N/(x) and so K(r,u) and P(z,u) defined in (8.2.7) and
j=1

(8.2.8) are
1
_m,d & 2. Moo
K@) = 2 ,[(at,.Z:, W(ON(x)%dx = 2 WM. (8.3.8)
1
S Ep 2 & ionioyds = ElwT
P(tu) = = 1[(8 x2j§, W(ON(x)2dx = = WOKWQ). (8.3.9)

Hermite Splines:
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The subspace S, consists of functions which are twice differentiable and satisfy the boundary
conditions (8.3.1). Linear elements (see equation (6.5.0)) are only once differentiable and
hence are not an acceptable choice of basis functions for S,. The standard choice for a basis
for S, are the Hermite cubics. By using Hermite cubics as a basis, we guarantee existence of

a second derivative. There are two types of Hermite cubics denoted ¢() and (). Let

=-L Thenforie {1,2,---,27}):
Y]

(ll-n-l)z(zl%-iul) for-Jhie li-1,i+1]

icon A (8.3.10)
P = 0 otherwise.
X _nax —-il-1)2 X i—1.i
m"(x)A h( z)(lh il=-1) for p e [i-1,i+1) 8.3.11)
Q= 0 otherwise.
These cubics are chosen so that such that forallie { 1,2, ---,29},
$iGin) = < wi(in) = 1 | | 8.3.122)
q ox e ’ 3.
oD = L4iceEnm = aion = LojEnh = o, (8.3.12b)

thereby guaranteeing continuity of the first derivative and existence of a second derivative.

We define { Ni() Jie (12,---0)
NF1 8 ¢i), N¥ 8 eiw), (8.3.13)

forie {1,2,---,29) and x e [0,1). Given the basis functions { Ny() }ie {12, .0 )
the matrices M, K, V, and G can be calculated. There derivation of the matrices M and K
are found in Strang[Str.1]. We first define symmetric matrices ni, £ € R*** : (only the upper

triangular part is given)
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156 22h 54 -13h

i = [m” lz}é _h_ 4n? 13h -3h°

T |m? m*?| T 420 156 -22h|’

4n?
12 6k 12 6h
p= K K2 a L] 4n* —6h 20

Sl B g 12 —6h|’

4h?

then M, K, and V are:

(422 k2 ﬂ
k2] kll + k22 k12
. P
K+ k2 k12
| e e
ol 4 2 m?
y m2! ml! + m2
m!'! + m®2
i m2!
00
000
00
V= :
1 O
0 0
Calculation of G:

Forie (1,2,---,27-1},

1 1
Gy = H-g $5()xdx, and Gy; = llt[ @} ()xdx.

By combining (8.3.10) and (8.3.19), we obtain forie { 1,2, ---,29-1},
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(8.3.14)

(8.3.15)

(8.3.16)

(8.3.17)

(8.3.18)

(8.3.19)
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@+ D 2
Gy = u j [I— —il- 1] [21% —il+ l]xdx. (8.3.20)

Deﬁney:—;——isothalx=(y+z)handdx=hdy.

1

0
Gaer = [ 0+ VX1 =200 + 0y + 1] = 1701 + 20 + Dy
|

0 1
= B[ 0P+ 2y + 1)(=2% + (1 - 20y + iy + hzt[oﬂ =2y + DY + (1+ 20y + dy
1

0
=R [ 2+ (1 =20 -4 + (1 +2-4i = 2% + Qi + 1 - 20)y + i)dy
|

1
+h2‘[(2y4+(1+2i-4)y3+(2-2—4i+z')y2+(1+2i—2i)y+z)dy

= B[—= 2y5+ 4 34+ 3y3+—y +yz]|
+h2[2y5+ - =344 g 3 ly2+yz]l (8.3.21)
Gy = uhz[m' : ] + uhz[l—o%i] = i, (8.3.21a)
Fori = 29,
Gy = uh’[l%] + -"”% (8.3.22)
By combining (8.3.11) and (8.3.19), we obtainforie (1,2, ---,29-1},

@i+ 1A 2
Gu=p [ m|Z2 =il E-il-1|xdx
. (""'fl)" [h ][h

0

1
= uh? I, YO + DXy + ddy + pi’ gy(y - DXy + idy
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. |
= "h31[ OO - DXy = D) + Yo = 12 + idy

= 3_1.y5_l4+l3l =.E£ 8.3.2
2uh [5 4y By(l)] 15 o (8.3.23)
Fori = 29,

1 1
Gy = ph? L[ Yy = 1)%dy - ‘{ yo - 1)%]

- B 5 3.24
% @ - 5. (8.3.24)

Time Scaling:

By appropriate choice of A, B, C, D, and F, (8.3.7) and (8.1.4) can be rewritten:

AW, (D) + BW () + CW(D) + DQXOW() = Fu(), t e [0,T], (8.3.25)
Q) = pu@, te [0,T] (8.3.26a)
e, = Q@), te [0,T] (8.3.26b)

with initial conditions:

W) = W,0) =0, ©(©) =Q0)=0. (8.3.27)
We introduce an additional state z(¢) such that

2()=0, 200 =T. (8.3.28)

We define W(z) & W(T), @) & ueT), Q 4 QuT),6(r) & 6T and %) & 2(:T) for t e [0,1]

as in Section 4.2. Then (8.3.25) - (8.3.28) can be rewritten:

AW + BL@OW ) + CL0*W(0) + D°0*QA)W(r) = F2(0)*me), t e [0,1], (8.3.29)

Q0 = L2@m).t e [0,1], (8.3.302)
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8,0 = 220Q(),t € [0,1],
2 = 0,t e [0,1).

We introduce additional states z!(-) , 22():

20 = 220u@)?, ') = 0.
22(t) = max{ P(t,u) - fi1),0 )

= max{ = W(t)TKW(t) -f5,0 )%, 20) =
We define the state y(f) € IR€xIRExR5:

( h
W(r)
W)
Cl6)
@ = Q(t)
z (t)
z (t)

and denoting the dependence of y(f) on the control and initial state ®,

138

(8.3.30b)

(8.3.31)

(8.3.32)

(8.3.33)

(8.3.34)

y(t) is written

¥(t,u,»). We define the functions ?(u,co), je {1,2,.7} in terms of the state variables

defined in (8.3.34):

2.7, ) & 2%).
22, w) & 2'(1).

zmw) &4 @) - %)2.

£ ——0 2
Zmo) 8 - (1) ()2

5@w) 8 250 2 W )TMW,1).
2@.0) 4 %W’(I)TKW(I).

z,,0) 8 (D).

(8.3.35)

(8.3.36)

(8.3.37)

(8.3.38)

(8.3.39)

(8.3.40)

8.341)
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We define the set C,CRZXRZXR?xRXR%:
C, 8 0X0XO0X [Ty Toyax) XO.
With these definitions, P3 - P are of the form:

P: inf {Z@o)lgrw)<0,jeJ)

7e G,oe C,,

where JCp, k € p and

-g;y(t.u,w) = fy(t,u,0),u(®), yO,u,0) = ®.

139

(8.3.42)

(8.3.43)

(8.3.44)
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8.4 TEMPORAL DISCRETIZATION AND CALCULATION OF GRADIENTS

In Section 8.3, we derived problems P} - P} from P, - P, by discretizing the system
dynamics (8.1.1)-(8.1.3) in space using Galerkin’s method with Hermite splines as basis func-
tions. In this section, we will discretize the ordinary differential equations (8.3.29)-(8.3.33)

in time to obtain a set of finite difference equations. Let the number of temporal discretiza-

tion points be a function of an integer n. Then, problems ?1"" - ?‘3"' are derived from P} -
P by replacing the final state y(1,u,®) in gf,(x?, w,je {1,2,---,7]) (83.35-(8.341)
by the final state of the finite difference equation (8.4.1)-(8.4.6) resulting in (8.4.7)-(8.4.13).
Finally, we derive expressions for the gradients, v@f,,,,(ﬂ, w,je {1,2,---,7}.

For ne Z,, we discretize time into N 4 2" intervals of equal size and consider as
inputs Te G, (6.5.3). Let u; & w(jh) and £; & fjh) for je (0,1, -+ N} and uy,; = 0.

To solve (8.3.29), we use Newmark’s method[New.1] with B = —. Newmark’s method is

.'hl'-‘

an implicit method, and is ideally suited for systems described by second order dynamics. We
approximate W(jk) by d;, S(jh) by Q;, B(jk) by ©;, 2%(k) by T}, z'(jh) by z}, 2%(jh) by 2}, for
je {0,1, - N} where { d;,Q;,0; T} 7}, 2 } satisfies

»or

A B K2
?jD,D;dj_,,l + -i-i(D, + Dﬁdﬁl + (I + TDlDﬁCdj-bl

+ 920+ Eppypa,, = Fa+ £
J( -+ T fDl_) i1 = F(I + TD,Dﬁuj.H ’ . (8~4'1)
Q)""l = Q} + p.hT,uﬁ.] ’ (8.4.2)
T =T, (8.4.4)
We recall that |t = 1
M+Z

3
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2 = 2} + KT, (8.4.5)

forje {0,1,..N-1} with D,D; and (D,+ D; defined as in (6.5.5) and (6.5.6). For sim-
plicity, we drop the bar on & e G, Therefore, for u € G,, we define the functions

ﬂ,‘q(u.(o). je {1,2,---,7} in terms of the state variables from the finite difference

equations (8.4.1)-(8.4.6):

8.0 8Ty (8.4.7)
A CROEE (8.4.8)
B0t @ -7 (8.4.9)
2008 Lk | (8.4.10)
TR
.. 0) & T-(dyar = ) Mdyar = dy). 84.11)
AOROL %d{,KdN. (8.4.12)
OROYF (8.4.13)
We shall sketch the derivation of V?;f,'q(i, o) forje {1,2,---,7). We first take

the variation of equations (8.4.1) - (8.4.6):

A 24 B B
?D,D;&ijﬂ - —Fop;dhlsrj + ==(D, + DY8d;,) — == (D, + DPd;y, 8T},
; 3

i1 —
: 2T; 217

h2 2 h2 h2
+ (I + TD,D,—)CSdH + QiU + TD,D,—)DGd,-,,, +2Q;|(J + TD,D,—)Dd,-H 8Q;

2
= FU + "71.),13,3&4,.+1 , 8dy=8d; =0, (8.4.14)

SQ_,,H = SQI + ph?'lﬁum + phu,',,lsT}. 590 =0, (8.4.15)
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89}:,.1 = 5@,’ + hn&gl + hQ,ﬁTj, 590 =0, (84.16)
8Tj, = 8T;, 8T, = 8T, (8.4.17)
8zl = 8z} + 2T Buzy + hu, 8T, 824 = 0, (8.4.18)
82, = &7 + 210* hmax( 2L (d;.Kd)) - £,0 }EI'K8d;, 25 =0, (8.4.19)
for je {0,1,.N-1} where Sue R, Ou;238uGn) for je {0,1, -+ ,N} and

duy,y = 0. Taking the variation of equations (8.4.7)-(8.4.13):

8%, (4. ©,8u,80) = 8Ty. (8.4.20)
8%, (. 0,8u,50) = 8z, (8.4.21)
5% (u,®,5u,50) = 2@y — £)50,. (8.4.22)
Jq\% * ’ N 4 n N
_ 2 A2 2
S?gﬁ. 4, 0,8u,60) = _'TQNSTN + = QnOQy (8.4.23)
Ty Ty
8%, o, @, 8u,800) = m(dy,y — dy)"M(Sdyiy — Sdy). (8.4.24)
Sﬁ Ju,@,8u,8w) = EIdIK8dy,. (8.4.25)
8%, o, ®,8u,80) = 2zydzy. (8.4.26)
Expanding (8.4.14) and noting that 8Tj for all valuesof je { 0,1, --- ,N } are equal:
8dj+2 + Eﬁdﬁl + C-'Jﬁdj = D,d,,,,ST} + EJSQ] + Fjﬁujﬂ , (8.4.27)
where

~A A . Br K = —1, 24 , h?
AdAL LB A 2y, = A -2 4 A 2

¥ T} + o, + 2 (C +DQj) B; = A; ( T} + > (C + DQy)) (8.4.28a)
CALVA - B B poy paxtedd -
CAZY 7t (C+DQ) D;A&"h ,3 DD+ - 7}? —— D, +Dp) (8.4.28b)
E A A (20 + K 5 DiD3Dd; FAZ'RFu+ "—zopa (8.4.28¢)

j = vaj) . j =4 ] 1 e

In order to derive vy,’,‘,,c ,*), we recast the dynamics (8.4.1)-(8.4.6) into first order form. We
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define

5d} 8 5d;, &4 8 8d,, (8.4.29)
for je {0,1, - ,N ). Then system (8.4.27), (8.4.2)-(8.4.6) can be written in matrix
form:

8y = Ady; + Buy,, | (8.4.30)

forje {1,2, --- ,N-1} where

_ (0 I 00 0 00 ) _
& < B, E 0 D 00 7
j
gg; 0 0 H 0 uhu,-,,l 00 hTJ
8, =[0©|, A;4{0 0 AT; 1 hQ; 00|, B4 0 (8.4.31)
o7 0 0 00 1 00 0
521 ' 2thuJ+1
82 ]; 0 0 00 h 10 | 0 ]
' G; 0 00 0 01
and
Gj = 2x10*hmax{ =" (4;.Kd;) - .0 )EIK (84.32)
With this notation, (8.4.25) and (8.4.25) become
Sﬁ.q(u,(o,ﬁu ,60) = m(dnyy — dN)TM(Sdle - Sdfl\’ ' (8.4.35)
8% (u, @, 8u,80) = EIdLKSd),. (8.4.36)

We observe that 8%, ,(u,®,5u,8w) is a linear function of the final state, yy (8.4.2).
We can therefore write  8F, ,(u,0,5u,80) = (8%, [(u,®),8y) where
8%, o1, ®) € R%*S,

Since the matrices { A; }j¢ (0,1,.~) e not commutative, we shall define left and

right products: For u 2 [, the left and right products are defined:
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13 u
TTEALAA - AnA, TIRAGAAL - ALA, (8.4.33)
i=1 izl
Since 8y;y = Ady; + By, forje (0,1, -+ ,N-1} and 8yp = dw,
N-1 -1
8}’N HL A5m + Z 1-_[ A;|Bug (84.34)
k=1 li=k

We derive expressions for Vz, Ee ,-) by noting that for (8u, éw) € (G, - W)X (C — w),
(Vg (0. 0), [ ] ) = 8%, (u,0,8u,80) = (&Y, (u,®).8y) (8.4.37)

where Jyy is the solution to (8.4.30). We shall drop the j superscript for readability in what

follows. Combining (8.4.34) and (8.4.37),

N-1 —
(Vg (u,w), [88 ] = (03, 4u,0,0u,d0), H" Adw + Z [H A]Bk_luk)

k=1 li=k

N-1
= ([HRA?]Sg'q(u.m,Su,Bm),S(o)
i=0

N N-1
+ ¥ (TIRATSg, L(u, @, 8u,80) , By 18 ). (8.4.38)
k=1 i=k
If we define
N-1
P8 [TRAT|82, (. 0, 84, 30) (8.4.39)
i=k

for ke {0,1, ~--N-1} then p,= Alp,,, and pn = 0%, u,0,0u,dw). We define

Vg, o, ®) and V2, (u, ) such that
(V8.0 [ ) = (Vs J,0),80) + (V2, [(u,0),0u). (8.4.40)

Then by (8.4.38) and (8.4.39), V2, ,(u,®) = po and



§8.4 Temporal Discretization and Calculation of Gradients 145

0 ]
)
N N AT
(V&.q(uvm)vau) = Z (pkak-]Suk> = z (Pk, g 8uk)
k=1 k=1
2th_1uk
0
.
h2 h2 h2
'4—5“k+1 + 75;‘/: + Tauk-l
hT;_,0u
N k-10Uy 8.4.41
= Y (diagd ,A{.1,1,1,1,1)p,, 8 >.( )
k=1
2th_1uk5uk
0
We partitionp, forke (0,1, --- ,N}:
[ ]
p!
2
P
P
pe= [P (8.4.42)
T
p 1
P,
Pk
where p} and p? € R2. To simplify (8.4.41), we define
A2 4 AT pt. (8.4.43)
Then
h h? H
Tlﬁuhl + —2'l%8uk + T)&%Sllk_]
N PERT 1 8uy
(Vuzu,q(u-w)'su) = Z 0
k=1 0
Pi 2hT )y ity
0




§8.4 Temporal Discretization and Calculation of Gradients 146

[ 0 . 2 2
K., ha2, B52
_2_)\'1 2 ll + 2 A.z
0 pinT,
= 8 Sugy + 8 Ouy +
9 2pThT oy
- ° > 0 -
" W K K W
T?s.z_l + —2-7\.% + T}\.%.H —2-7\.2_.1 + Tl%/
Q Q
N-1 PihTy PNhT N
Z 0 Suk + 0 SuN(8444)
k=2 0 0
20} KTy 2pihTy- 1ty
0 ] i 0 ]
Since
N
( V&_q(“ ’ 0)) ’ 8“ ) = Z ( Vugn,q(u ’ m)ks auk\l ’ . (8.4.45)
k=0

where V.3, (u,0)®) =V.32, (u,0); if te [ja,(j+1)h), we can readily determine
V... u, 0)by (8.4.44).
Calculation of p;:

By (8.4.39), we can write a recurrence relation:

_fo==e o o 00 Gl |
p; ! =B, 0 0 00 O p;
gfz 0 E, B hT, 00 O gn
=2 =0 0o o0 1 00 oflp® (8.4.46)
P, 0 D, phuy, hQy 1 kg 0] |P,
ﬁ,zk 0- 0 0 0 01 0 ﬁ,z »
S o o0 o o oo 1)bF

Substituting pZ,; = ATAZ,, into (8.4.46), we obtain:
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pi Pia
AL A} A
Q Q
Px Di+1
pke = C Pl?q-] ’
PZ p{+l
P} Phn1
72 22
Pk Pi+1
where
A _Bh B~ gy
0 (Ti 2Tk+4(C+Q"D» 0 0O 00
! —(——+—(C+92D))T 0 0 00
0 KE2QU+— D-)de)T L WAT, 0 O
Ce 0 o 0 1 00
0 TGD,D—+ TZD,D-)dM Ry hQ 1 hul
0 0 0 0 0 1
o0 0 0 0 00

Equations (8.4.47) and (8.4.44) can be used to calculate v,.g,,,,,(u , ).
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8.4.47)

(8.4.48)

In sections 8.3 and 8.4, we have presented methods to discretize the PDE dynamics in time

and space. The resulting cost and constraint functions are denoted z, ¢ GaxCi > R

(8.4.7)-(8.4.13)l . To present an implementable algorithm, we make the following

definitions:

ém :G,xCy o R, é,,'q(u,w)émin{ % .z, uwive G, .2€C, ) @

! G, and C, are defined in (6.5.3) and (8.3.42) respectively.
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®n.q - GaXCyxG,xCy > R, (8.5.2)
$n,q(V.z,u,w) a -%Iv- ul® + -;-lz— wl2+x]pg);[ —pﬁ},,'q(u,w),*-}- (Vﬁ‘q(u,w), [;’::] \:

'g,'q(u.w)+ (V’gf,'q(u,w), [::::]‘, -y (u,w) },

Yo, w) @ max{ g, (u,w)} (8.5.3)
JER
Vn, o, W), & max{ 0,, ,(u,w) ) (8.5.4)

The refinement criterion in this chapter is similar to the refinement criterion in Chapter 6.

Namely, we refine the discretization if insufficient progress is being made. If the algorithm is

in Phase I, this means that \TI,,. ¢ is not decreasing sufficiently fast. In Phase II, this means

that §2.q is not decreasing sufficiendy fast.
We present the Implementable Algorithm we used to solve problems Py - Py.

Algorithm 8.5.1:

Data: ne Z,, qg<nsuchthat2’e Z,. ype G,, woe C,, ae (0,1), pe 0,1,
Yye 0,1, pe (0,1),p>0,¢>0.

Step 0: Seti=0,¢e =g,

Step 1:  Calculate Vg, (u) forje (0,1,.p ).

Step 2: Calculate v; € G, and z; € C, such that §,(v;,z;, 4;, W) < 'y@,,. /(i W).
Step3:  If6, (u.w)=0,120

Else if W, (4;, W) > 0 (Phase I),

A8&max(Ae {1,B.B%, --- }I

Yo, ot + MV — ), Wi + Az = WD) = W, o, W)
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< MDA (Viy 2, Ui W)
Else (\Tr,,, ¢, w) < 0, (Phase II)
A;8max(Ae {1,B,B% - }I
80 + Mvi — u), wi+ Mz = w)) = g°ui, w) < oAp(v;. 2, u;, w) and
Vo, ot + A; = u), w; + AMz; — w)) S 0.
Step 4:  Set uyy = u;+ A(v; — u), wyy = w;+ A(Z; = W), niyp =1, Gy = 4.
Step 5: Refinement Criterion
If W, (4;, W) > O (Phase I),
If WnqWis1 Wist) = U (W) > €, { Setn=n+1,g=q+1,e=pe}.
Else (4;,w)) < 0, (Phase II)
P8, Wi W) =B () > €, (Setn=n+1,g=q+1,e=pe}.
Step 6: Seti=i+1; goto Step 1. m
We have implemented Algorithm 8.5.1 on a computer and the results are displayed in the
next section. We have not proven that any accumulation point %e G of Algorithm 8.5.1

satisfies the optimality condition ©(%) = 0. However, if we assume that the discretization
scheme satisfies Assumption 6.2.2 (vi), the uniform approximation property, then a conver-

gence proof can be obtained by combining Theorems 6.3.8 and 7.2.5.

8.6. COMPUTATIONAL RESULTS

This section is divided into two parts. We shall first discuss the solutions to P, - P,
without reference to the specific algorithm used. In the second part, we compare the relative

efficiency of two different implementations of Algorithm 8.5.1 which use Method I and
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Method II in Section 7.3 to find the search direction for step 2 of Algorithm 8.5.1.

The results presented here are for the case in which the Qz(t) terms are neglected in
equations (8.1.1) - (8.1.3). Similar results have been obtained by performing experiments for

the case in which the Q%(z) terms are included.
PROBLEM SOLUTIONS

For all problems, we choose the zero function as initial control and 2 for an initial value

for the maneuver time. These results are from [Bak.1].

Problem P;:

Figure 8.2 is a graph of the control after 150 iterations. The number of time steps is
256 and the number of finite elements is 48.

Figure 8.3a is a graph of ¢n'q(u,a))é max {z,'q(u,m)lje {3,4,5,6)) as a
function of the iteration number. Figure 8.3b shows Q,,‘q(u. ) for the first 15 iterations. The
initial discretization is 32 time steps (# = 5) and 3 finite elements (g = In,3). The discretiza-
tion is refined at iterations 67, 99, and 123. After precision refinement, the algorithm finds a
feasible value for the control and final time for the new problem ?1"" in only a few additional
iterations. At each refinement 'the value of §, , increases. This is due to improvement in the

accuracy of the evaluation of the partial differential equation. This increase in ¢, , decreases

each time the discretization is refined and in the limit is zero.
Figure 8.4 is the graph of the cost as a function of iteration number.

Figure 8.5 is the graph of w(t, 1), the displacement of the tip of the tube, from the sha-
dow tube, as a function of time. There is a maximum displacement of the tip of about 5 mm.
This is within the range of validity of the Euler-Bemoulli model. The tip displacement is

large between 0.36 seconds and 0.437 seconds.
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Figure 8.6 is a profile of the tube deformation, w(z, x) (see figure 8.1), during this inter-

val. The total time for the entire maneuver is 0.7883 seconds.

Problem P,:

Formulating the slewing problem as a minimum time problem has two drawbacks. First,
the solution to the problem is a bang-bang control (figure 8.2). Bang-bang controls may be
undesirable because they may cause premature aging of the equipment. Furthermore, bang-
bang controls tend to excite the high frequency modes of the system. Higﬁ frequency modes
are less well modeled by system (8.1.1) - (8.1.3), and it is therefore best not to excite them.
Second, the simple minimum time formulation does not take into account the amount of input
energy expended in performing the maneuver. In certain applications, the total input energy
available may be limited, while the total time of the slewing motion is less critical. For-
tunately, both of the problems arising from minimum time control can be mitigated by refor-
mulating the problem. We minimize the total input energy while cdnstraining the final time

to be less that a specified amount.

Figure 8.7 is the graph of the control produced by minimizing the total input energy
while constraining the final time to be less than 0.800 seconds. The resulting final time is
0.800 seconds. This is an increase of only 1.4 percent in the final time. The control has
become much smoother and the total input energy is reduced from 19.15 to 15.72, a reduc-

tion of 18 percent.

Figure 8.8a is the graph of the control for the final time being 0.90 seconds. This is an
increase of 14 percent in the time over the minimum time case, but the total input energy is

reduced to 9.87, a decrease of 48 percent.

Figure 8.8b is the graph of the control for final time being 1.00 second. This is an

increase of 27 percent in time over the minimum time case, but the total input energy is
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reduced to 7.27, a decrease of 62 percent.
Problem P

In Figure 8.9, curve A is the graph of the potential energy of the tube as a function of
time for the control generated in solving the minimum time problem P;. In problem P;, we
have the additional requirement to keep the potential energy, which is a measure of the total

tube deformation, below the parabola (B) for all time.

Figure 8.10 shows the optimal bang-bang control for problem P;. The optimal final time
for this case is 0.8250 seconds, an increase of 4.6 percent over the solution of problem P,.
The total input energy is 16.55. Figure 8.11 shows the potential energy curve for the optimal

control (Figure 8.10).

I

Problem P :

The final time is restricted to be less than 0.90 seconds. The minimum input energy is

10.49, a decrease of 57.8 percent from P; Figure 8.12 showé the optimal control for Py.

The above results are summarized in Table 8.1.
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Figure 8.1 - Configuration of Slewing Experiment
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Figure 8.3b - Problem 1 PSI
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Figure 8.4 - Problem 1 Cost
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Control

Figure 8.12 - Problem 4 Time of Maneuver = 0.900 seconds
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Table 8.1 - Summary of Problem Results
Problem | Final Time | Input Energy
P, | 0.7883 19.15
P,(0.80) 0.8000 15.72
P,(0.50) 0.5000 9.87
P,(1.00) 1.0000 7.27
P, 0.8250 16.55
P,(0.90) 0.9000 10.49

IMPLEMENTATION COMPARISONS

We shall compare the performance of the two implementations of Algorithm 8.5.1. In
Method I (Section 7.3), the search direction is calculated using the general purpose quadratic
program LSSOL [Gil.2]. In Method II (Section 7.3), the search direction is calculated using
a special purpose quadratic program. By experimeptation, we have determined that the per-
formance of Algorithm 8.5.1 is sensitive to two parameters, p > 0 and y € (0,1). The first
parameter, p, determines the effect of the cost function in determining a search direction
when the algorithm is at an infeasible point (Phase I). If p is large, then the effect of the
cost function is negligible during Phase 1. If p is large, then the algorithm finds a feasible
point quickly; however, if p is too large, then the this feasible point is far from a local
minimum. A value of p which is too small results in a very large times to find the first
feasible point. In the limit that p = 0, the algorithm may never reach a feasible point. We

have solved problems P; - P4 using Method I with various values of p.

The other parameter, v, can only be set in Method II. It is set equal to one in Method
I by the producers of the QP package. The parameter Y € (0, 1] determines how accurately
the QP (7.2.6) is solved. A large value of v, (y near one) forces precise solution of the QP
while a small value (y near zero) requires only an approximate solution of the QP. This solu-
tion will also be a direction of descent for Algorithm 8.5.1, but is probably not as good a

direction as if the QP had been solved exactly. Since a more exact solution of the QP is
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more time consuming, we have found that there exists a tradeoff between the quality of the
search direction and the time to find the direction. We have solved problems P, - P, using

Method II with various values of p and ¥.

We examine timings for the solutions to P, - P4 using Method I, Table 8.2. In these
experiments, we have fixed the number of time steps to be 256 and the number of finite ele-
ments to be 6. We fix these values to facilitate comparisons. Time to Feasible is the time in
cpu seconds the algorithm required to find a feasible point. Time to 1 percent is the time in
cpu seconds the algorithm required to find a feasible point whose cost is less that one percent
higher than the optimal cost. For problems P, and P, the first feasible point has a cost

within this one percent tolerance.

Table 8.2 - Timings with Standard Parameters (Method I)

Problem p Final Value of Cost | Time to Feasibility | Time to 1%
P, 0.5 0.78837 2539 - 12500
P, 0.5 15.711 15804 15804
P; 0.5 0.82501 11692 74701
P, 2.0 10.492 33300 33300

We examine in greater depth timings for the solutions to Problem P,, Table 8.3, and P,,
- Table 8.4. Blanks in Tables 8.3 and 8.4 correspond to values of parameters for which the
experiments were not carried out. It is immediat.ely apparent that proper selection of p is
imperative. For problem P4, when p is too small (p = 0.5), Method I does not determine a
feasible point after 100,000 cpu seconds. The performance of Method II with y = 1.10 is
similarly poor. As p increases, the time to feasibility decreases and the difference between
the time to 1 percent and time to feasibility usually increases since the first feasible point is
usually farther from the optimal point. It is clear that there is an optimal value of p which

causes the time to 1 percent to be minimized. However, this value is problem dependent, and
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we currently do not know how to determine it apriori. The best values of p which we tried

are 8.0 for P, and 0.2 for P,

It is also evident that the performance of Method II surpasses Method I by a factor
between 6 to 10. We believe this is due to the ability of Method II to take advantage of the
structure of the search direction finding problem. In particular, the matrix in the quadratic
term  of the QP is the Identity. However, the algorithm on which LSSOL is based does not
make use of this information. We also note that the storage requirements for Method II is
much smz;ller than for Method I. This is significant for computers which have little core

memory and even more significant for computers which do not support virtual address

memory.

From the available data, it is difficult to determine an optimal value or ¥ € (0, 1], how-

ever, 1.10 appears to be the best value of y for P, that we have tried.

Table 8.3 - Timings for P,
Y/p 0.5 2.0 8.0 16.0 32.0
Time to Feas. >100,000 | 33,300 6452 5800
Method 1
Time to 1% >100,000 | 33,300 | 30957 | 35468
Time to Feas. 848
Method 11 1.02
Time to 1% 4082
Time to Feas. >100,000 4262 933 1271 | 1470
Method II 1.10
Time to 1% >100,000 4262 2972 5568 | 5964
Time to Feas. 1264
Method II 1.30
Time to 1% 3900
Time to Feas. 975
Method II 2.00
Time to 1% 5945
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Table 8.3 - Timings for P,
Y/ p 0.025 0.1 0.2 0.3 0.5 2.0
Time to Feas. 10459 2539 1058
Method 1
Time to 1% 10459 12,500 | 31,526
Time to Feas. 373
Method II 1.02
Time to 1% 1877
Time to Feas. >100,000 1823 907 568 425 201
Method 11 1.10
Time to 1% >100,000 1823 | 1695 | 1819 1913 5146
Time to Feas. 425
Method 11 1.30
Time to 1% 1956
Time to Feas. 354
Method 11 2.00
Time to 1% 2068
Time to Feas. 355
Method II 4.00
Time to 1% 2074
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CHAPTER 9
CONCLUSION

In this thesis, we have examined a class of optimal control problems with control, ter-
minal inequality and state-space constraints in which the dynamics can be described by a
canonical abstract differential equation. We have presented conceptual algorithms to solve
these optimal control problems and shown convergence of these algorithms in the space of
both ordinary controls and relaxed controls. We have also presented implementable algo-
rithms and shown that for discretization schemes which satisfy certain reasonable require-
ments, the algorithms find stationary points. Finally& we have used these algorithms to solve
several optimal slewing problems rapidly (i.e., less than one hour cpu time on a SUN works-
~ tation) .

We see future work in the areas of
(1) Generalization of the abstract differential equation to admit a larger class of PDEs;

(2) The use of refined models to obtain more precise answers;

(3) More efficient algorithms that utilize recent advances in scaling.

Open loop optimal control is only a partial answer. Work is being done at Berkeley to
integrate these open loop optimal controls with finite dimensional compensators for robust

control of systems described by partial differential equations.



172

" REFERENCES

[Ara.1] Araya-Schulz, Roberto, ‘‘Control of a Large Space Structure Using a Distributed Parameter Model,”
Ph.D. Dissertation, U.C.L.A., 1986.

[Ath.1] Athans, M. and Falb, P., Optimal Control, McGraw-Hill, Inc., New York, 1966 .

[Bak.1] Baker, T. E. and Polak, E., Computational Experiments in the Optimal Slewing of Flexible Structures,
UCB/ERL M87/72, Electronics Research Laboratory, U. C. Berkeley, September, 1987.

(Ber.1] Bertsekas, D. P., “‘On the Goldstein-Levitin-Polyak Gradient Projection Method,’’ IEEE Trans. AC, vol.
AC-21, pp. 174-184, 1976.

[Bla.1] Black, F. and Scholes, M., “‘The Pricing of Options and Corporate Liabilities,”” Journal of Political
Economy, pp. 637-653, 1973.

[Bre.l] Breakwell, J. A., “Optimal Feedback Slewing of Flexible Spacecraft,”” Journal of Guidance and Con-
trol, vol. 4, pp. 472-479, September-October 1981.

Lockhead Missles and Space Co, inc Palo Alto Ca Bending Modes, Feedback Compatible Experimental
results, sensitivity to modelling error results )

[Can.1] Canon, M., Cullum, C., and Polak, E., ‘‘Constrained Minimization Problems in Finite-dimensional
Spaces,” SIAM Journal of Control, vol. 4, pp. 528-548, 1966.

[Che.1] Chen, G. and Russell, D. L., ‘‘A Mathematical Model for Linear Elastic Systems with Structural Damp-
ing,”” Quarterly of Applied Mathematics, pp. 433-454, January, 1982,

[Cho.1] Chow, N. S., Paret-Mallet, J., and Yorke, J. A,, “‘Finding Zeros of Maps Homotopy Methods that are
Constructive with Pobability One,”” Math. Comp., vol. 32, 1978.

{Chu.1] Chun, H. M., “‘Large~Angle Slewing Maneuvers for Flexible Spacecraft,”” Ph.D. Dissertation, M.L.T.,
1986.

[Cul1] Cullum, Jane, “‘Discrete Approximations to Continuous Optimal Control Problems,” Siam J. Control,
vol. 7, no. 1, February, 1969.

(Die.1] Dieudonne, J., Foundations of Modern Analysis, Academic Press, New York, 1960.

[Fan.1] Fan, Ky, “Minimax Theorems,”” Proc. National Academy of Sciences, vol. 39, pp. 4247, 1953.
Q11.N26

[Flo.1] Floyd, M. A., Brown, M. E,, Tumer, J. D., and Vandervelde, W. E., ‘‘Implementation of a Minimum
Time and Fuel On/Off Thruster Control System for Flexible Spacecraft,’” Journal of Astronautical Sci-
ences, To Appear.

[Fuj.l] Fujii, H., “‘Finite Element Schemes: Stability and Convergence,”’ Advances in Computational Methods
in Structural Mechanics and Design, pp. 201-218., 1972,

[Gib.1] Gibson, J. S., *‘An Anallysis of Optimal Nodal Regulation: Convergence and Stability,”” Siam Journal
for Control and Optimization, vol. 19, no. S, pp. 686-707, September, 1981.

[Gil.1] Gill, P. E., Murray, W., Saunders, M., and Wright, M. H., ‘‘Procedures for Optimization Problems with a

Mixture of Bounds and General Constraints,”” ACM Transactions on Mathematical Software, vol. 10,
1984,

[Gil.2] Gill, P. E. et. al., User's Guide for LSSOL, SOL 86-1, Systems Optimization Laboratory, Department of
Operations Research, Stanford University.



173

[Gol.1] Goldstein, A. A. and Price, J. F., *‘An Effective Algorithm for Minimization,’’ Numer. Math, vol. 10,
pp. 184-189, 1967.

[Gra.1] Graff, Karl F., Wave Motions in Elastic Solids, Ohio State University Press, 1975.
[Hal.1] Hale, Jack K., Ordinary Differential Equations, Robert E. Krieger Publishing Co., Malabar, F1., 1980,
[Hig.1] Higgins, J. E., Electronics Research Laboratory, U. C. Berkeley, In Preparation.

{Jun.1] Junkins, John L. and Turner, James D., Optimal Spacecraft Rotational Maneuvers, Studies in Astronau-
tics, 3, Elsevier, Amsterdam, 1986.

[Kle.1] Klessig, R. and Polak, E., ‘‘An adaptive algorithm for unconstrained optimization with applications to
optimal control,”” SIAM J. Control, vol. 11, no. 1, pp. pp 80-94, 1973. QA402.3 A1 S13 v.11

[Kle.2] Klessig, R. and Polak, E., ‘‘A Method of Feasible Directions Using Function Approximations with Ap-
plications to Min Max Problems,’’ J. Math. Analysis and Applications, vol. 41, no. 3, pp. 583-602, 1973.

{Lev.1] Levitin, E. S. and Polyak, B. T., ‘‘Constrained Minimization Methods,”” USSR Computational
Mathematics and Mathematical Physics, vol. 6, no. S, pp. 27-29, 1966. QAl.Ul4

[Lue.1] Luenberger, David G., Linear and Nonlinear Programming, second edition, Addison-Wesley, Menlo
Park, 1984.

[May.2] Mayne, D. Q. and , E. Polak, ‘‘An Exact Penalty Function Algorithm for Optimal Control Problems
with Control and Terminal Equality Constraints, Parts 1 and 2,”” JOTA, vol. 32, pp. 211-246 and 345-364,
1980.

[May.3] Mayne, D. Q. and , E. Polak, ‘‘An Exact Penalty Function Algorithm for Optimal Control Problems
with State and Control Constraints,”” /EEE Transactions on Automatic Control, vol. AC-32, no. 5, pp.
380-388, 1987..

[Mit.1] Mitter, S. K., ‘*Successive Approximation Methods for the Solution of Optimal Control Problems,”” Au-
tomatica, vol. 3, pp. 135-149, 1966.

(Mun.1] Munkres, J. R., Topology, Prentice Hall, Englewood Cliffs, N. J., 1975.

[Nas.1] NASA,, First NASA | DOD CSI Technology Conference, Proceedings, OMNI International Hotel, Nor-
folk, Virginia, November, 1986.

[New.1] Newmark, Nathan M., ‘““‘A Method of Computation for Structural Dynamics,”’ American Society of
Civil Engineers, vol. 127, pp. 1406-1435, 1962. TA 1 A5 v.127

{Ode.1] Oden, J. T. and Fost, R. B., ‘“‘Convergence, Accuracy and Stability of Finite Element Approximations
of a Class of Non-linear Hyperbolic Equations,’’ Intl. Journal for Numerical Methods in Engineering, vol.
6, pp. 357-365.

[Paz.1) Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-
Verlag, New York, 1983.

[Pir.1] Pironneau, O. and Polak, E., A dual Method for Optimal Control Problems with Initial and Final Boun-
dary Constraints, ERL-M299, Electronics Research Laboratory, U. C. Berkeley, May, 1971.

[Pir.2] Pironneau, O. and Polak, E., *‘On the Rate of Convergence of Certain Methods of Centers,’” Mathemati-
cal Programming, vol. 2, pp. 230-258, 1972.

[Pol.1] Polak, E., Computational Methods in Optimization: A Unified Approach, Academic Press, New York,
1971,

[Pol.2] Polak, E. and Mayne, D. Q., *‘A Feasible Directions Algorithm for Control Problems with Control and
Terminal Inequality Constraints,’’ JEEE Trans. AC, vol. AC-22, pp. 741-751, 1977.



174

[Pol.3] Polak, E. and Mayne, D. Q., “‘First-Order Strong Variation Algorithms for Optimal Control Problems
with Termianl Inequality Constraints,”” JOTA, vol. 16, no. 3/4, pp. 303-325, August, 1975.

[Pol.4] Polak, E., *‘An Historical Survey of Computational Methods in Optimal Control,” SIAM Review, vol.
15, no. 2, pp. 553-584., April, 1973.

[Pol.5] Polak, E., Trahan, R., and Mayne, D. Q., ‘“Combined Phase I - Phase II Methods of Feasible Direc-
tions,”” Mathematical Programming, vol. 17, pp. 61-73, 1979.

[Pol.6) Polak, E. and Wiest, J., Domain Rescaling Algorithms for Composite Minimax Problems, Electronics
Research Laboratory, U. C. Berkeley, In Preparation.

[Ros.1} Rosen, J. B., “Iterative Solution of Nonlinear Optimal Control Problems,”” SIAM Journal of Control,
vol. 4, 1966.

[Rud.1] Rudin, W., Real and Complex Analysis, McGraw-Hill, 1974.
[Sac.1] Sackman, J., Personal Communication.

{Sch.1] Schmidt, W. F., ‘‘Adaptive Step Size Selection for Use with the Continuation Method,"" International
Journal for Numerical Methods in Engineering, vol. 12, 1978.

[Sho.1] Showalter, R. E., Hilbert Space Methods for Partial Differential Equations, Pitman, London, 1977.

[Sim.1] Simo, J. C. and Vu-Quoc, L., *“The Role of Nonlinear Theories in Transient Dynamics Analysis of
Flexible Structures,”” Journal of Sound and Vibration, 1988 (to appear).

(Sto.1] Stoer, Josef, “‘On the Numerical Solution of Constrained Least-Squares Problems,’’ Siam J. Numer.
Anal., vol. 8, no. 2, pp. 382411, June, 1971.

(Str.1] Strang, Gilbert and Fix, George, An Analysis of the Finite Element Method, Prentice Hall, Englewood
Cliffs, N. J., 1973,

[Tay.1] Taylor, Larry, ed., SCOLE: Space Control Laboratory Experiment Workshop, NASA Langly Research
Center, Hampton, Virginia 23665, 1985.

(Tay.2] Taylor, Larry, Leary, Terry, and Stweart, Eric, *‘On Incorporating Damping and Gravity Effects in
Models of Structural Dynamics of the SCOLE Configuration,”’ SCOLE: Space Control Laboratory Experi-
ment Workshop, NASA Langly Research Center, Hampton, Virginia 23665, 1985.

[Vug.1] Vu-Quoc, L., “‘Dynamics of Flexible Structures Performing Large Overall Motions: A Geometrically-
Nonlinear Approach,”” Doctoral Dissertation, vol. UCB/ERL M86/36, Electronics Research Laboratory,
University of California, May, 1986.

[War.1] Warga, J., Optimal Control of Differential Equations and Functional Equations, 1972. QA402.3 W371

(War.2]) Warga, J., “‘Iterative Procedures for Constrained and Unilateral Optimization Problems,”* SIAM J. Con-
trol and Optimization, vol. 20, pp. 360-376, May, 1982. No. 3

[Wil.1] Williamson, L. V. and Polak, E., ‘‘Relaxed Controls and the Convergence of Optimal Control Algo-
rithms,”’ Siam J. Control and Optimization, vol. 14, no. 4, July, 1976.



175

APPENDIX 1
EVOLUTION SYSTEMS

A two parameter family of bounded linear operators, U(t,s), 0<s<t<1 on X is

called an evolution system if the following two conditions are satisfied:
i U@,s)=LUeNUr,s)y=U@ls)for0<s<t<1,
@) (t,8) > U(,s) is strongly continuous for 0 < s <z < 1.

Evolution Systems are the generalization of state transition matrices. We give a version
of an existence result from Pazy [Paz.1] for evolution systems which is sufficiently general

for our purposes.

-Theorem Al.l: Given A:D(A) — X, the infinitesimal generator of a semigroup { T(t). }izo
such that IT(Hl < Me® for M < = and & 2 0, and B(:) € L.([0,1],B(X,X)) there exists a

unique evolution system U(t,s) for A + B(-) such that:

@ WEsNSMeX9 for0<s<sr<s1, @20,

(ii) %U(t’s)v | = (@A +B@E)v, forve DA),ae.on0<s<t<1forve DA),
t=s

(iii) -aa?U(t,s)v = =U(t,s}A + B(s))v, forve D(A),ae.0<ss<t< 1.

Proof: Since B(:) € L.((0,1]1,B(X,X)), 1Bl < . For almost all ¢t € [0,1], A + B(?) is the
infinitesimal generator of a semigroup [ S,(5) };»0 satisfying IS(s)l < Me® where
o & @+ MmBl,.

Since the step functions are dense in L,, we can construct a sequence of partitions { e,

forne Z+ 4(1,2,3,--- Jwith0 = << < -+ Sty = 1, and
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B forf<t<fl,y ke (01,---.n=1)
B,(» &
" B({I:I(n)-l) fort=1

such that
) S,8max{f, -} >0asn—> e,

i) 1B,(NI<1Bl,, foralte [0,1],

1
Giii) lim ([ IB,(r) - B(r)P%dr - 0.

Next, we define a sequence of two parameter operators U,(t,s), 0Ss<:<1,

ne Z+ by:

S,}.(t—s). forf <ssts<fy,

Ut,s) 8 | i1 , :

Sq - | T1 S,;(g-'.,.l-t}')]S,;.(t;'+,-s)fork<l, f<t<Sf, . 0<s<,,
=l + 1

L

The evolution operators U,(-,*) have the following properties:
(i) U,(,’) is an evolution system,

) W N SMX=9 for0<s<e<1,

(iii) -aa-t-U,,(t,s)v = (A + B,(0))U,t,5)v , forve D), fort #4, ke {0,1,2,..N(n) }

Gv) —g—s-U,,(t,s)v = — U, (t,sNA + B,(D)v, for v e D(A), fort %6, ke {0,1,2,..N(n) }.

Let v e D(A) and consider the map: r — U,(¢,r)U,(r,s)v. From (iii) and (iv), it fol-
lows that except for a finite number of values of r, the map is differentiable in r, s<r <1t

and
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! H
W, (t,5)v = Uyt )Vl = lj %U,,(t.r)U,,,(r,s)vdrl = lj U, (t,r)(B(r) = B (N)U,(r,s)vdsl
t
< M%e™ =l j 1B,(r) — B(r)ldr < M*¢™ =B, - B, L. . (ALYD)

Since D(A) is dense in X, and (ii) from above, it follows that { U,(t,s) } is a Cauchy
sequence, and therefore, it converges in the operator topology uniformly on 0 < s<t<1 as
n — o=. We denote the limit U(z,s). U(z,s) is an evolution system and property (i) of the
theorem is satisfied.

fo prove (ii) and (iii), we consider the map r — U,(t,r)S:(r = s)v for v e D(A). This func-

tion is differentiable except for a finite number of values of r and
! a 1
W, (t,5)v = St = s)vl = | j =5 UntnIS(r = s)vrt = lj U, (r,)(B,(r) = BX)U,(r,s)vdsl
s s
4 t
< M2e™ = iyl j 1B,(r) = B, (t)ldr < M?e“¢ ~ vl j 1B,(r) — B(t)ldr. (A1.2)
s s
Passing to the limit as n — == (A1.2) yields

4
W(t,5)v = Sq(t — )V € M2 =il j 1B(r) — B(t)ldr. (A1.3)

CONTINUITY OF EVOLUTION SYSTEMS

Let { B }CC’([O.I],B(X X)) be a sequence of linear operators converging to
B e Ly([0,1],B(X,X))" L.([0,1],B(X,X)) in the L, nom. As previously shown, by choos-
ing a sequence of partitions, we can construct a sequence of evolution systems U,(¢,s) con-
verging to U(z,s) satisfying properties (i),(ii), and (iii) of Theorem A2.1. For each B, using
the same partition as for B, we can construct a sequence of evolution systems U(t,s) con-

verging to an evolution system U'(s,s). We state the following lemma.
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Lemma Al12: For { B’ }c=C!([0,1],B(X,X)) such that B = B e Ly([0,1],B(X,X))N
L([0,1},B(X,X)) in the L, norm, U"(t,.y) = U(t,s) uniformly in 0 £ s £ ¢ < 1 in the operator
topology.
Proof:

Uie,s)v = UGt,s)v = (Ut,s)v — Ui(t,5)v)

+ (Ui, 5 = U (t,5WV) + (U, (2.5)v = U(t,5)v). (A1.4)

By Theorem Al.1, for € > 0, there exists ny such that for all n > ng, W,(¢,s) = U(,5)l < €,
and for all i, there exists n; such that for all n > n;, Wit,s) - Ulr,s)I < e, for0<s<r< 1.
Applying the argument in Theorem Al.1, we see that except for a finite number of values of

r e [0,1], the map r — U,(t,HUL(r,s)v is differentiable for all v € D(A),
4 a t
W,t.5)v = Us(t, sl = If ;U,,(t.r)Uf,(r,s)vdrll < 1f Uy, )[Br) — B s)vdrl
S S
!
< M%e™ = W[ 1B,(r) - Bi(ldr, | (AL5)
] :
and !

t
j‘ 1B, (r) - Bi(nldr < 1B, - Bl, < 1B, - B, + 1B - Bil, + 1B’ - B},
s
<IB, - Bl, + 1B - Bl, + IB' - B, (A1.6)

For € > 0, there exists /iy > ng such that for all n > Ay, 1B, — Bl, < g, there exists iy such that
for all i>ip, IB-Bl,<¢g for all i there exists # >max{ fig,n; } such that for all

n>h;, 1B -BL<e.

1 1
118, - BI, & J 1B.(r) - B(r)ldr; 1B, - Bl, & (I 1B.(r) — B(r)dr)%.
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Consequently, for all i > i, there exists #; such that for all n > n;, 1B, - Bil; < 3¢ and
W, (t,5)x — Ui(e,5)xd < M2e®Ixl3e, " (ALT)
for.all x € D(A). Since D(A_) is dense in X,
W, (t,5) — Ui(e,5)l < 3M%e%, (A1.8)
for all i > ip, n > n;, and
Wit,s) — UG, )1 < 3M%e"e, (A19)
for i > iy. Therefore, U¥(t,s) = U(t,s) in the operator topology, uniformly on 0 < s <1< 1.

Lemma Al13: Consider the Cauchy initial value problem:
L x(0) = (A + BORO + 10, X0 =x, (AL.10)

where A:D(A) — X is the infinitesimal generator of a continuous semigroup { T(¢) },»0: and

B e Ly([0,1],B(X,X))NL.([0,1],B(X,X)), and fe Ly([0,1],X)NL.([0,1],X). The mild
solution exists and satisfies:

!

x(t) = U@t,0)x + l[ U(t,s)Rs)ds, (A1.11)

where U(t,5),0 £ s < ¢ < 1 is the evolution system generated by { A + B(®) },¢ (0,1)-

Proof: Since x € X, B € Ly([0,1],B(X,X)) and fe Ly([0,1],X), there exists sequences
{ ¥ }eD(4), { B }=C([0,1]),BX,X)) and (f )} <CX(0,1],X) such that ¥ - x, B = B

and £ — f in the appropriate topologies. For each i, the system:
-g-z-f(:) = (A + BOX® + f(1), »(0) =* (A1.12)

has a classical solution
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t

X)) = Uit,0¢ + l[ Uit,5)f(s)ds (A1.13)

which is also a weak solution i.e.,

t

X1 = T(OX + t[ T(t — 5)[B'(s)x'(s) + f(s)}ds. (Al.14)

While (A1.10) does not necessarily have a classical solution, it has a weak solution:

t

x(8) = T@®)x + g T(t - 5)[B(s)x(s) + fs))ds. (A1.15)

Therefore,

t

() - x(O1 = IT(X - %) + ! T(t - $)[B'(5)xX(s) — B(s)x(s) + f£(s) — Rs))dsl (A1.16)

!

< Ml - x1 + If - fi, + suplBil 1[ Lxi(s) — x(s)lds + I IB’ — Bl,).
: .
Applying the Bellman-Gronwall Lemma, and noting sqplB"l < oo,

() — x()F < kollx' = x1 + If = fi, + 1B — BI). (A1.17)
Therefore, X¥(f) = x(r) uniformly in te [0,1). Since x() = x(:), U'¢,) = UG.),

t

£¢) = ), Bi¢) = Bi¢). It follows that x(t) = U(1,0)x + I Ut sYs)ds.
Lemma Al4: Consider the Cauchy final value problem:
%X(t) = — (A" +B'(O), te [0,1], x(1) =x, (A1.18)

where A":D(A") - X and B'():X — X are the adjoints of A and B(-) defined in Theorcm

Al.L
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Then the mild solution to (A1.18) exists and satisfies x(t) = U(1 ,0'x fort e [0,1].
Proof: We first define s & 1 -1, ¥(s) 4 x(1 =s). (A.2.2) becomes:

d

EX(] -5 = (A‘ + B‘(l -))x(1 —s), s e [0,1], (Al1.19)
Lys) = U+ B0 =)y, s € [0,1], 3O = x (A1.20)

We construct a sequence of partitions {s})}Y®forne Z with 0= SN(n) €
- Ss57<Ssp=1 by setting s; =1-1; where {1} is the sequence of partitions in
Lemma Al.1. Next we define a sequence of two parameter operators V,(t,5), 0 < s<r< 1,

ne Z,

r,

S;(I—S), sj+1SsStSs}'
]

a(ts5) = 1+1
' S,;(I-S?H)L H S(S"";+l)j| ,n(sn‘s)' +1-t<S"'S2+1SSSSk

-

r

Splt = 5), f<s<t<t,y,
k-

Salt = t”)[

-

Vil =s,1=1 =

. (A1.21)
lsfjﬂ(tj"'+l"'{;) S,‘n(t?"s)’ t}'SsSt;‘,,,.{k’StS{’“,.

Therefore V(1 - 5,1 =) = U,(t,5) or V,(t,s) = Us(1 —=s,1—1), 0Ss<t<1. Following
Al.1, there exists an evolution operator V(z,s) such that V,(z,5) converges to V(z,s) uniformly
in0<s<tr<1, and V(t,5) = U'(1 - 5,1 — 1) with U°(,"), the adjoint of U(-,-) defined in

Al.l.

By A1.20, y(s) = V(s,0)x; x(5) = y(1 - 5) = V(1 - 5,0)x = U'(l,s)x. [ |



APPENDIX 2
TRANSCRIPTIONS

A2.1 TRANSCRIPTION I

Lemma A2.1.1: A problem of the PDE-FORM II can be transcribed into a problem of

PDE-FORM 1.

Proof: Define X 2 Wx R", x(t,u) & w(t,u)@z(z,u),

Ad [g 8]' F(x(t, 1), u(t)) A [B(Z(I ’ u))W(t}( ‘fz)(:u)c’(;g)v)u)) + E(u(t))]_

Then D(A) = D) x R” and
C 9F = [BO B(w+C2)| oF _ |EW)
ox 0 0 " o  [ulzw)
Since B, C, and f are continuously differentiable, it follows that F e C'(X x R".X).

F e C¥X x R",X) follows similarly.

Fork = #P% and x = w@z,

IFG.D) — Fx,u)l = :: B@W+ CQ) + EQ) - Bz)w - C(2) - E(2) :: (A2.1.1)
i ﬁva) —ﬂz’u) I

= :: (B® - B@)W+ B(z)(Ww-w) + CG) - C(2) ::
I f@.ﬁ) -f(z,h) I

Choose S = S, @S,CW x R" such that S is bounded, i.e. there exists b such that Ixl < b for
all x € S. By Assumption 3.3.1(ii) there exists X, L and ® < e such that
IFG) — Fx,ul S LUz -2l + B — wl + L2 =zl + K[z =21 + T — ul) (A2.1.2)
SMG—-xI + Ti—ul)

for some M < oo, showing that Assumption 3.3.1(iva) is valid. Assumptions 3.3.1(ivb) and
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3.3.1(vc) can be similarly shown to be valid.

A2.2 TRANSCRIPTION II

We now show how the rotating beam equations (2.2.5)-(2.2.9) can be transcribed into

PDE-FORM II. The equations of motion are:

mw,(t,X) + Clw, (£, X) + Elw(t,x) = mQ(tw(t,x) = — ma@)x,x € [0,1). (A2.2.1)
The boundary conditions are:

w(t,0) = 0,wy(2,0) = 0,w(t,1)=0, (A2.2.2)

M(Q3(eyw(t, 1) — w1, 1) = o)) + Clw,(t,1) + Elw_,(t,1) = 0.

We define u(s) e X 4 L,({0,1]) xR, and F : X x R? - X:

Q2 (t)W(!.x) a(t)x] (A2.2.3)

A |W(t,3) 4
w0 [63]. ru.e.0m € (T 0

We define A with domain of A, D(A):

2
D)4 (w= [w'] o* 2w, € L,(10,1]), wy(0) = —w,(O) =L w(1) =0,w(1) =w,; ),

ox* ox?
El o°
——W(1,X)
A:D(A) - X is such matA[:((:’ﬁ] g‘] aa; (A2.2.4)
’ M af wt. )|
We define the operator Q : D(Q) — X:
C
DQ) =D@A), Q= EA’ (A2.2.5)

then
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u,+ Qu + Au = F(u,0,9Q). (A2.2.6)

Gibson [Gib.1] has developed a recipe to derive an infinitesimal generator of a semigroup

from A and Q if they satisfy the following properties:
(1) D(A) is dense in X.
(2) A is invertible, and A™! is compact.
(3) A is self-adjoint.
(4) A is coercive, i.e. there exists p>0 such that
(Ax,x) 2 pAxd3. (A22.7)
(5) A is a closed operator.
(6) Q is a nonnegative, symmetric linear operator.
(7) D(A)CD(Q), and there exists ¥ > 0 such that
10x1y < YlAxly, x € D(A). (A2.2.8)

Assumptions (6) and (7) are trivially satisfied. The proofs in this section were derived with

help from Ywh-Pyng Ham.

Lemma A2.2.1: D(A) is dense in X.

Proof: Choose any [:;] € X. Let

A 0 x e [-1/n,1/n)
Zx)2wi(x) xe [VUn,1-1/n) . (A2.29
, w, XE€ [1-1/n,1+ 1/n)

Let ¢¢ € C™ be such that: (1) ¢e(-2) = 0:(0). @) | ¢:)dx = 1. (3) ¢c®) = 0, x é(-€,0).

(4) $e(x) 2 0. We define
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Znéz * ¢_|o X € [Osllv

- (A2.2.10)
= [ ¢4 x - »%0)dy.
= 4n
. . d - _ _
Therefore, z, € C™. It is easily seen that z,(0) = Ez,,(O) = Sx_z-z"(l) =0 and z,(1) = w,,
and so, [;"2 ] € D(A). By showing that z, — w; we show that D(A) is dense in X.
liz, — wil, < Iz, = Z}; + llz, — wil,. (A2.2.11)
We consider the two terms on the right hand side of (A2.2.11) individually.
L
1 4n
Iz, - )} = l[ [] Eax =01 O)y - Z@Plax S (A2212)
=1 _n
2 4
L
1 4n
_ % %o,
< £ H @G- -2@) |6, 0| |01 0)] dyax.
-_l 4n 4an
4n
Applying the Schwartz Inequality,
L
1 4n
Iz, -ZB < g | & = ) - 7% | G)dydx, (A2.2.13)
s e

an

L
4n 1

s | dy[d)_l_(y)]l Batx = ) = F0OPd
—-— 4n

4n

1
Since the map y — l[ IZ,(x - y) = Z(x)I?dx is equi-continuous in y for all ne Z, (scc

Theorem 9.5 in Rudin [Rud.1]), for all €>0 there exists 8§>0 such that
1

'l[ IZ,(x — ¥) — Z,(x)Pdx < €2 if lyl £ 8. Choose ng such that % < §. Then for all n > n,
0
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lz,, - 'Z-,llz <E.
We consider the second term on the right hand side of (A2.2.11).

: .
wy(x)%dx + J' (W, — w;y(0))%dx. (A2.2.14)

1_—

Iz, - w =

o'—-.;|..-

2
For all € > 0, there exists a continuous function g € C([0,1]) such that Ig — w,l% < % (See

Theorem 3.14 in Rudin).

1
(wy(x) = g(x) + g(x))dx + j (W — g(0) + g(x) - w()’dx  (A22.15)

1-_

1z ‘—W]

o-—-,al.—

1
gx)dx +

cﬁ-—-—.al—
d—.al...

-1 1-4

n n

Since g(-) is continuous, there exists n; > ng such that for all n > n,;

1
r) 1 5
! g(0%dx + j Wy — g(x))z < % (A2.2.16)
1- 1
n
5o that Iz, — w1 < €2 and Iz, — w1, < 2¢ for all n.> ny, |

Lemma A22.2: The operator A is invertible, and A~ is compact.

Proof: We first give the inverse of A, and then show that it is compact. For [‘:;]

e L0, 1) X R,

@) — wy(x)dx + j (wp = (x»zdx + J (8() — wy(x))dx
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o ‘:Vl} i I I :[ I vi(D)dtdudzdy + vz(i;- - %) |

. (A2:2.17)
v, yzu vy
£ g ! ! vi(Odsdudzdy + ==

A"l is compact if and only if A'B, is compact where Boé {vivigl,

ve Ly[0,1]) x R }. We show that A“Bo is compact in C([0,1]) x IR. This implies that
V2

A7'B, is compact in the coarser L,([0,1]) x R topology. Consider [v'] € By. Then

|V1|2 < l and 'Vzl < 1.
x11

I—wl(x)l < :[ j j lvy(D)ldtdudz + W)l(x — %)2 <1, wl<2 (A22.14)
2K

Therefore A‘IBO is equi-Lipschitz continuous and for each x € [0,1], w;(x)| < 1. By the
Arzela-Ascoli Theorem, A™'B, is pre-compact in the C([0,1]) X R topology. Since Alisa
bounded linear operator and By is closed, it follows that A™'B, is closed and therefore com-

pact in C([0,1]) X R. |

Lemma A22.3: The operator A is self-adjoint.

Proof: Consider u, v € D(A). Then
= 90) = D-u0) = w0 = D1y = Dvi1) =
u(0) = v(0) = o u(0) = axv(O) = e u(l) = W2 v(1) =0
a4
—v()
) 4
Cu,AvY = ( [Z;] A[ ] Y= “((,))], o b (A22.15)
-ﬁv(l)

l N dx 1 &’ 1
= [[u(x)-a?va) - u(=5 w0



§A2.2 Transcription II 188

Applying integration by parts,

1

(u,Av) = -iu(x)v(x)dx - a—314(1)v(1) = (Au,v) (A2.2.16)
‘ :[ axt a3 .

Therefore u € D(A®) and D(A)CD(A"). Now suppose y € D(A") and p = Ay. Then,
(y,Au) = (p,u) for all u e D(A). Since p € X and A is invertible, there exists v € D(A)
such that Av = p. (y,Au} = (Av,u) = (v,Au) for all u € D(A). Since R(A)=X,y=v

so y € D(A). A is self-adjoint. ]

Lemma A22.4: The operator A is coercive.

Proof:
1 1 2
(Au,u) = ‘[ u(x)—u(x)dx u(1)2= u(l) = l[ & L ux)| ax. (A2.2.17)
ax* o o
Since u(0) = 0
W = W) + [Lugyl S 12wl (A2.2.18)
1[ ox = ox 2
Consequently lul, < 19%1,. Similarly, 1241, < |-a—“|2 Therefore,
ox T ox o
Wi = Wi + u(1)? < 21— it 2 2<2(Auu). (A2.2.19)
ax2 “

Lemma A2.2.5: The operator A is closed.

The operator A is closed if for any sequence { u; } ©D(A) such that u; = u and Ay; = v,
then u € D(A) and Au = v. Given a sequence { u; }©D(A), such that u; — u, we define
v; 4 Au;. Since A is invertible, there exists & = A", If u = T then A is closed. Since A~} is

compact, there exists K < oo such that
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ly; — W = 1Ay, — AW = 147 v; = Il < kv = .

Since v; = v, u; = & Since u; = u, = u.
] (] (3

189

(A2.2.20)

With A and Q satisfying the necessary properties we can employ Gibson’s method to

derive the infinitesimal generator of a contraction semigroup. We give a brief outline of this

derivation. See Gibson for the details. We define the space W:

w4 pa%) x X,

so that if

14!
Vz] e V, then

l[:;}l = (vl'Avl) + (v21v2>v

where (-,-) is the L, inner product. Define w(f) € V:

W](t.X) W(t,x)
W](l.l) A w(t, 1)
wa(t, )| = [w(t,x)|
wo(2,1) w(t,1)

v &

Define the operator A : D(A) — V where D(A) = D(A) x D(A)CV:

[ Wit %) '
- .1
Avr) & [_‘31 Dolro=| q 5 walt 351 3 .
_-;‘-—ang(l.x) - Fgax—JWl(t’x)
a3 El
I Zowt ) + axswl(t,l)-

(A2.2.21)

(A2.2.22)

(A2.2.23)

(A2.2.24)

By Theorem 2.2 in Gibson, there exists an extension of A to A where 4 is the generator. of a

contraction semigroup. Showalter[Sho.1] has shown that A generates an analytic semigroup.

To complete this section, we define: B:R — B(V,V) and EER — X:
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0 0

_ 0 =| 0
BP0 = o 2s o ol BEO) = | gyl (A2.2.25)

Q2w (1, 1) —(t)

Then from (A2.2.1) and (A2.2.2), we obtain the system of coupled partial and ordinary equa-

tions:
%v(t) = Av() + BOQUOV() + E(0L1)), (A2.2.26)
2o = o) (A22.27)
< . 2.

and therefore all assumptions of PDE-FORM II are satisfied.
A2.3 EXISTENCE OF MILD SOLUTIONS
Lemma A23.1: (Existence of Mild Solutions for PDE-FORM 1 with Condition 3.2.1.)

Given the system:
j%X(t) = Ax(t) + fo(),u(®)), x(0) = xg, ue G& (ue LT[0, 1D Iu@® e U} (A23.1)

for all ¢ € [0,1], where X is a Hilbert space, A:D(A) = X is the infinitesimal generator of a
continuous semigroup, 7(¢), and fiX X U — X is a nonlinear operator and U is a compact
convex subset of R™. If fis Lipschitz continuous with constant K, < = over X x U, then a

mild solution to (A2.3.1) exists.

Proof: Define a map F:C([0,1];X) — C([0,1]:X) by
¢
(Fx)() = T(t)x + ! T(t — SRX(S), u(s))ds. (A2.3.1)
Therefore, for all t € [0,1],

t

WFx)() - (Fy)(Ol < ! I7(t = SIKAX(S) — Y(s)Ids € Mpe K ix = ... (A2.3.2)
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(Fz,llt)(t) = T()xg + :[ T(t = SR T(Oxg + l T(s — NAx(r),u(r))dr,u(s))ds. .(A2.3.3)
IF20)@) - Fy)ol < (MAe“’*fi K,:[ Rx(r),u(r)) = fy(r),u(r)drds (A234)
< (MAem")sz‘ :[ x(r) — y(r)ldrds < g’-{"—ejﬁz-lx ...
By induction,
IF"() — Fy)l. < (i"*—‘:—"f)-u -l (A23.5)

@,
M,e “K)"
There exists n < « such that (—L-L) < 1 and so F is a contraction mapping. There exists
o pping

a unique fixed point x* € C([0,1];X) such that x" = Fx" or

!

x"() = TOxo + ‘[ T(t — YR (5), u(s))ds (A2.3.6)

for all t € [0,1].
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