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ABSTRACT

In this thesis the problems of local stabilization and output tracking are considered for
the class of single-input single-output nonlinear control systems which are affine with

respect to the control variable.

The local stabilization problem is considered for nonlinear systems with degenerate
linearizations, i.e. with linearizations whose uncontrollable modes are on the jo-axis. A
methodology for designing a stabilizing control law in this case is presented. It involves
the following steps: 1) Reduction of the stability problem to the stability of the center man-
ifold system. 2) Simplification of the vector field on the center manifold using the theory
of nomal forms. 3) Finding conditions under which the simplified vector field is asymp-
totically stable. Following these steps, three cases of degeneracies in the linearized system
are treated and s.ufﬁciem conditions for the existence of stabilizing controls are given in
each case. In addition, a theorem is presented regarding the robustness of the foregoing

control strategy to perturbations.

The notions of relative degree and minimum-phase for nonlinear systems are
reviewed. Given a bounded desired tracking signal with boundcd derivatives, a control law
is designed for minimum-phase nonlinear systems which results in tracking of this signal

by the output. This control law is modified in the presence of uncentainties associated with



the model vector fields in order to reduce the effects of these uncertainties on the tracking
errors. Two types of uncertainties are considered: those satisfying a generalized matching

condition but otherwise unstructured, and those arising from linear parametric uncertaintics.

It is shown that for systems with the first type of uncertainty, high gain control laws
can result in small tracking errors of O(E), where  is a small design parameter. Further-

more, it is shown that such control schemes are robust with respect to unmodeled dynamics

provided that € is of O(s%). where ¢ represents the singular perturbation parameter charac-
terizing the time scale separation between the unmodeled dynamics (fast) and the dynamics
of the reduced model (slow) of the overall system. An altemate scheme which is based on
the variable structure control strategy is presented as well. It is shown that in the absence
of unmodeled dynamics this scheme results in zero tracking errors. In the presence of

unmodeled dynamics, however, satisfactory tracking may not be achieved.

Adaptive control techniques are employed in dealing with systems having linear
parametric uncertainties. A distinction is made between systems with relative degree one
and those with higher relative degrees. For systems with relative degree larger than one, a
new direct adaptive control scheme is presented which is considerably éimplcr than the
augmented error scheme suggested previously by Narendra, Lin, and Valavani for linear
systems and by Sastry and Isidori for nonlinear systems. Contrary to the augmented error
scheme, however, in the absence of unmodeled dynamics this scheme results in small
rather than zero tracking errors. But, in the presence of unmodeled dynamics the scheme
is shown to be robust for systems with relative degree one and two, while the augmented

error scheme is not known to be robust.
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Introduction

We study two important pmblems‘in connection with controller design for single
input-single output (SISO) nonlinear systems, namely: local stabilization of an equilibrium
point by a smooth state feedback control law, and stable output tracking of a desired trajec-

tory via state feedback.

In connection to the first problem, it is well knom that local stabilization of a non-
linear control system is immediate through a linear state feedback design based on the
linearized system about an equilibrium point, provided the linearized system hés all
unstable modes in its controllable subspace. In particular, if the linearized system has
uncontrollable modes in the right half plane, then the nonlinear system is not stabilizable
by any smooth feedback. If, on the other hand, the uncontrollable modes are on the jw-
axis, the linear information is inconclusive regarding the stabilizability of the nonlincar sys-
tem. In this case, it may be possible to construct feedback controls of higher order than
linear in the state variables which stabilize the nonlinear system. We will refer to systems
whose linearizations have uncontrollable jw-axis eigenvalues as systems with degenerate
linearizations. Thus in connection with the local stabilizability of nonlinear systems the
only nontrivial cases are those of systems with degenerate linearizations. In such cases one
. is interested to know under what conditions the nonlinear system can be stabilized and

given that those conditions are satisfied, how the actual feedback control law is



constructed. These questions were partially answered in a recent paper of Aeyels [3]
where he considered the case in which the degeneracy is of the Hopf type; i.e. the degen-
erate part consists of a pair of imaginary eigenvalues. Using the center manifold theory he
reduced the stability problem of the original system to that of a two dimensional system on
a center manifold of the system. On the center manifold system he used the results of
Chow and Mallet-Paret, and Hassard and Wan (which are reported in Guckenheimer and
Holmes [15]) to find conditions for stability. Taking a different approach Abed and Fu
[1,2] also considered the Hopf degeneracy in addition to the case of a single zero eigen-
value. Their approach is based on the computations of bifurcation formulae using the pro-

jection method.

In this study, we will generalize the approach taken by Aeyels through a systematic
use of the normal form theory of differential equations in order to find explicit stability
conditions on the center manifold. These conditions on the normal form vector fields are
then translated to explicit conditions on the original vector fields of the system which may
be checked easily. Using this methodology, three new cases of degeneracies will be treated,
namely: the cases of double zero eigenvalues with nonzero Jordan block, a pair of ima-
ginary and single zero eigenvalues, and two pairs of imaginary eigenvalues. Stability con-
ditions are derived through standard Lyapunov type arguments for the normal form vector

fields on the center manifold.

The second problem that we will address in this thesis concemns the design of a con-
trol law which causes the output of a nonlinear system to follow a desired trajectory. This
problem is now a classical onc in linear control theory and has been studied from several
viewpoints (see for example Callier and Desoer [10] for an algebraic approach, and Won-
ham [38] for a geometric approach). The extensive research effort of the past decade in
nonlinear systems has had a profound effect on the solvability of this problem and a host

of other problems for nonlinear control systems. In particular the works of Jakubczyk and



Respondek [25], Hunt, Su, and Meyer [21], and Su [34] in connection with state spacc
linearization of nonlinear systems, allowed the application of all the state feedback tech-
niques in linear theory to fully linearizable nonlinear systems. For the purpose of design-
ing a tracking control law, however, full linearizability of the system is not necessary. It
is, on the other hand, well known that the solvability of the tracking problem is closely
related to the invertibility_ of the input-output map of the system. The invertibility problem
was studied by Brocket and Mesarovic [8] and Silverman [33] in the context of linear sys-
tems, and by Hirschom [19], Isidori et al [24], Claude [13)], and Nijmeijer [30] in nonlinear
systems. In his work, Hirschom introduced some regularity conditions under which the
techniques of Silverman for linear systems can be generalized to nonlinear systems. These
conditions turn out to be less restrictive than those required for the state space linearization
techniques. This is expected since the invertibility of the input-output map merély implics
the input-output linearization of a nonlinear system, and not the state-space linearization of
the system, as demonstrated by Bymes and Isidori [9]. Similar developments in this area
have been reported for discrete-time nonlinear systems as well. In particular Monaco and
Normand-Cyrot [28] developed the discrete version of the concepts introduced in [24] in
connection to the state-space linearization of a nonlinear system. In addition, there has been
recent contributions by Jakubczyk {26] in relation to state-space linearization and by

Nijmeijer [31] in input-output decoupling of nonlinear discrete-time systems.

As indicated above, the input-output linearization of a nonlinear system is bascd on
the invertibility of the input-output map, and therefore it relies on exact cancellation of
nonlinear terms. This presents a limitation to the theory in that in the presence of modcl-
ing errors and unmodeled dynamics exact cancellation is not possible. In this study we will
consider those systems whose dynamics are not exactly known and/or contain dynamics
which are neglected, possibly pummly in order to simplify the controller design task. We

will identify two classes of uncertaintics which will be dealt with: those uncertainties



which satisfy a generalized matching condition, and those arising from linear parametric
uncertainties in the model vector ficlds. For the first class of uncertainties we will employ
high gain and sliding mode control strategies and for the second class of uncertainties we
will use adaptive contrpl techniques. Later we will examine the robustness of the high gain
and adaptive schemes to unmodeled dynamics and make conclusions about the applicability

of these techniques in a practical situation.

The organization of the thesis is as follows. In Chapter 1 we will briefly review the
mathematical tools which will be needed. In Chapter 2 we will present the stabilizability
results for systems with degenerate linearizations. Chapter 3 presents the basic output
tracking theory for nonlinear systems along with the various schemes for dealing with
modeling uncertainties in the vector fields. In Chapter 4 we will introduce the class of
unmodeled dynamics as the dynamics evolving on a much faster time scale than the dom-
inant dynamics of the system. We will use the standard singular perturbation model in
order to represent the unmodeled dynamics. In this setting we will investigate the robust-
ness properties of the high gain and adaptive control schemes with respect to the unmo-
deled dynamics. Finally in Chapter 5 we will give some concluding remarks along with
directions for further research. In particular we will present a simple example in order to

demonstrate some of the open problems in the linearization theory for nonlinear systems.



Chapter One

Preliminaries

In this chapter we review some basic definitions and analysis tools which will be
used in subsequent chapters. We will first give some elementary definitions from
differential geometry which set the notation as well. Next, we will review some basic facts
from center manifold theory and normal form theory for differential equations, in the con-
text that we need them here. The center manifold theorems are taken from Carr [11] and

the normal form theorems from Guckenheimer and Holmes [15].

1. Some Basic Definitions

Let U be an open subset of IR". We will assume that the reader is familiar with the

concept of a tangent space to U at a point x € U, denoted by T,U (see e.g. Boothby [7]).

Definition 1.1.1: A C" vector field, f, on U is a C" mapping which assigns to each point
x € U atangent vector x) e T,U.
O

Denoting the cotangent space at a point x € U, the dual space to T, U, by T;U, we

can define a covector field or a one-form in a similar fashion.

Definition 1.1.2: A C” one-fom, ®, on U is a C" mapping which assigns to each point

x e U a covector o(x) € TeU.



Now, let A be a C™*! function from U into IR. Then we define the differential of A,
denoted by dA, to be the one-form:

Mlx:'_'i'alf'lx 1.1.1)

]
=1 0%;

where f is any vector field on U. The right hand side of (1.1.1) is sometimes written as
d\+fx). A one-form which is the differential of a function is referred to as an exact one-
form. The expression in (1.1.1) also defines what is known as the "Lie derivative” of A
with respect to f, denoted by Ly A, which is the directional derivative of A along the vector
field . Note that 'L,-A is a function on U. Thus, if g is any other vector field on U we can
define L,L,A as the Lie derivative of Ly A with respect to g. We can, therefore, compute
successive Lie derivatives as permitted by the degree of differentiability of the function and
the vector fields. Next, we define the Lie derivative of a vector field g with respect to a

second vector field f.
Definition 1.1.3: Let f and g be vector fields defined on U of class C’. Then the Lie
derivative of g with respect to f, denoted by L g, is a C™! vector field on U which is
uniquely determined by:

deLy g(x) = d(dh=g)f(x) — d(dr+)*g(x) (1.1.2)
where A is any C™ function on U. L; g is sometimes denoted by ady g which is the notation

we will use in connection with the normal form theory of differential equations. It is easy

to check that Ly g is bilinear over R, is skew commutative, and satisfies the Jacobi identity:
LLig=LiLg—LL,f (1.1.3)

Next, we will present some results from center manifold theory.



1.1. Center Manifold Theory

Consider the following C* dynamical system in IR":
x=L£x) (1.2.1)

A set SeIR” is said to be a local invariant set if for all xoe S there exists 7>0 such that the
solution of the differential equation (1.2.1) passing through xg at =0 remains in S for [f<T.

If T can be chosen to be oo, then S is said to be an invariant set.

Now consider the following C* dynamical system in IR™™

. x=Ax+ fixy) xeR”?
. m (1.2.2)
y = By + g(x.y) yeR
where (x=0,y=0) is an equilibrium point, that is:
£0,0=0 ; g(0,0=0 (1.2.3)
Further f and g comprise only of quadratic and higher order terms , that is:
D,f(00=0 ; D,0,00=0 ; D,g(0,0)=0 ; D,g(0,0)=0 (1.24)

We also assume that o(B)c €° and o(A)c{jo | ®eIR}. For this system we have:

Definition 1.2.1: A local invariant manifold M for the system (1.2.2) is called a center

manifold if it contains the origin (x=0,y=0) and is tangent to y=0 at the origin.

Remarks

1) {(x,0) | xeR"} is the generalized eigenspace of the jw-axis eigenvalues of the
linearization of the system (1.2.2). Thus a center manifold is a "nonlinear eigenspace”

corresponding to the jw-axis eigenvalues.



2) If M is given locally as the graph of a function y = A(x), then:
h(©0)=0
Dh(0) =0
It is a basic theorem that center manifolds exist (though elementary examples show

that they are not unique) and are locally given as the graph of a function y = h(x).

Theorem 1.2.1: (Existence of Center Manifolds) If f and g in (1.2.2) are C* vector fields

for &2, then there exists a center manifold y = h(x), [xj<e, where & is of class c*.

The flow on the center manifold is governed by
u = Au + fu,h(u)) : (1.2.5)

The following theorem connects the stability of the system (1.2.5) to that of the system

(1.2.2).

Theorem 1.2.2: If the zero solution of (1.2.5) is stable (unstable, asymptotically stable),

then the zero solution of (1.2.2) is stable (unstable, asymptotically stable).

Remark

In the instance that the zero solution of (1.2.5) is stable or asymptotically stable, we
can relate the solutions of (1.2.5) to those of (1.2.2) for (x(0),y(0)) sufficienly small. Let
(x().y()) be a solution of (1.2.2) with (x(0),y(0)) small enough. Then there exists a solu-
tion u(t) of (1.2.5) such that:

x(=u(t) + O(e™)

Y(O=h(u(t) + O(e™ as 1—o0



where the rate of convergence to the center manifold, ¥ , is related to the eigenvalues of B

alone.

Thus we see that the study of stability (instability) of the system (1.2.2) may be
reduced to the study of stability (instability) of (1.2.5), provided we have an expression for
the function A. To solve for h(x), we use the fact that y = h(x) is invariant under the flow

of (1.2.2), thus:

y= -%h(x) = Dh(x)[Ax + fixh(x)]

= Bh(x) + g(x,h(x))

that is 4 satisfies the partial differential equation (PDE):
Dh(x)[Ax + fx,h(x))] = Bh(x) + g(x,h(x)) (1.2.6)
with A(0) = 0 ; Dh(0) = 0.

Any solution of the PDE (1.2.6) i$ a center manifold for (1.2.2). Typically, it is difficult

to solve the PDE (1.2.6), consequently the following approximation theorem is of interest.
Theorem 1.2.3: Let ¢ be a C! mapping from a neighborhood of IR” into IR™ such that:
$©0) =0 ;D¢©0)=0

if ¢ satisfies the PDE (1.2.6) modulo terms of O(1x") then there exists a center manifold of

(1.2.2) given by the graph of y = A(x) such that as x—0, we have:

1h(x) - )| = O(IxfH)

Remark

In particular, Theorem 1.2.3 allows us to approximate A(x) by polynomials in x to any

desired accuracy.
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Theorems 1.2.1, 1.2.2, and 1.2.3 allow us to explicitly compute an approximation of
a center manifold system (1.2.5), whose stability properties coincide with those of the ori-
ginal system (1.2.2). Since the linear part of the vector field in (1.2.5) has all its eigen-
values on the jw-axis, we need to study the higher order terms of the vector field in order

to determine the stability of the system. This is done next in a systematic way.

1.3. Normal Forms

To study the behavior of the solutions on the center manifold it is helpful to simplify
the vector field but the simplifications should preserve the qualitative behavior of the solu-
tions at least locally around the equilibrium point. In the following discussion a systematic
procedure of simplifying the vector fields by means of repeated coordinate transformations

is presented. The resulting simplified vector fields are called rormal forms.

Define H, to be the real vector space of vector fields whose coefficients are homo-

geneous polynomials of degree k. Given a linear vector field L(x) we have the subspace:

ad L (Hy = { ad h(x) | h(x)eH, }
and its complement G;; i.e.,

Hy=adL (H) @G, (1.3.1)
Theorem 1.3.1: Let x=f{x) be a C" dynamical system with 0) = 0 and DRO)x = L(x).

Then there exists an analytic change of coordinates in a neighborhood of the origin

transforming the system to y = g(y) such that:
g =g+ L0+ - +ZO)+R, (132)

where g'(y) = L(y); g5(»)e G, 2<k<r and R, = o(lyl).
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Proof: It suffices to show that for a given k22 the components of ad L (H,) can be locally
removed from the vector field by an analytic change of coordinates. Performing this for
k=2,..,r we obtain the desired coordinate transformation as the composition of the transfor-

mations for each k. Thus we let:

x=y+ P(y)

where P(y) is a homogeneous polynomial of degree k. We point out that D, x(0) = so that
we have a local diffeomorphism (thus preserving the local behavior of the flow of the vec-

tor field around the origin). Using this transformation, we get:

¥ = (+DPO)) " [RyHDRYIPOHo(y ] (1.33)

Now note that:

(I+DP))™ = I-DP(y)y+o(yl) ' (1.3.4)
and

DAy)P(y) = DROYP() + oyl

= DL P(y) + o(yl) (1.3.5)

Using (1.3.4) and (1.3.5) in (1.3.3) we have:

y =f0) + DL P(y) - DP(y) L + o(y[") (1.3.6)
If we set:

£9) = fir0) +£10) + oy
with i 10) = (F/0) | j=1,..k-1} and f(y)e H, we get:

80) = 810 + g° 0o (13.7)

where:

8k-100) = fi-10) (1.3.8)
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g"0) =£0) + ad L (P(y)) (1.3.9)

By choosing the coefficients of P(y), components of ad L (H,) can be removed from f*o)

while all lower order terms remain unchanged. Thus g(y)e G,
(]

Although the transformations for each & leave all lower order terms unchanged, they

do alter the higher order terms. We have the following corollary to this effect.

Corollary 13.1: Let x=f(x) be a C" dynamical system, such that Ffe G; for
j=2,...k-1 , k<r. Let y = g(y) represent the transformed system afier the removal of O(k)

terms in the span ofad L (Hp. Then we have:
o) = fH4y) + ad FHO)PG)) =0, k=2 (1.3.10)
£10) = f*y) + ad f *3)(PB)) - DPG)lad LP(Y))] (1.3.11)

where (1.3.10) and (1.3.11) make sense provided j+k<r and 2k~1<r respectively.

o
Proof: Using the change of coordinates x = y+P(y) we have:
¥ = (#DPO)) " fy+P()) (13.12)
We note:
(I+DP(y))™! = I — DP(y) + (DP(y))* + O(2k-2) (1.3.13)
So+PO)) = fy) + DFYIPG) + O(2k) (1.3.14)
Now using (1.3.13) and (1.3.14) in (1.3.12) we get:
| y =Ry) + DfP — DPf — DP[DfP — DPf] + O(2k) (1.3.15)

Collecting the O(J) terms for various values of ! we obtain (1.3.10) and (1.3.11) for g(y).
a
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Chapter Two

Stabilization of Nonlinear Systems with Degenerate Linearizations

2.1. Introduction

In this chapter we discuss the stabilization of nonlinear systems with degenerate

linearizations, i.e. systems whose linearizations are not stabilizable by linear state feedback.

We consider systems of the form:

E=d(E)+bu 2.1.1)

where EeR”, ucR, ¢:R"->R" is smooth, beR" and O is an equilibrium point of the
undriven system (2.1.1) i.e. ¢(0) = 0. The extension to systems of the form E=o0E) +wE) u

is straightforward and will be discussed in Section 2.6.
By way of notation, let A = Dy¢(0), the Jacobian of ¢ at § = 0. We partition the spec-
trum of A as:
o(4) = o’ Yo Uo”

where ¢°c €2, 6 €2, and o°c(jo | ve R}. Using basis vectors for the (generalized) eigen-

spaces of ¢*,6%, and o° we may transform (2.1.1) to the form:

g.l An 0 0 |l&] [8:EE28)] |B
El=| 0 Az O |[62|+[6:816280) |+ [ba|u (2.1.2)
& [0 0 Anl&) [8:E:889] [bs
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where 6(41))=0°, 6(Ax)=0" o(An)=c*, £ieR™, & R™, and &, R™.
It is easy to see that (2.1.2) is locally stabilizable by linear state feedback when

(4,15, and (35.55) are completely controllable. It is also easy to see that if (4;,,5,) is not

controllable, then no feedback law which is smooth at the origin can stabilize the system
(2.1.2). Consequently we shall be interested in the case when (A33.55) is controllable, and
the critical eigenvalues (those of 4;;) are completely uncontrollable, i.e. 5, = 0. Now our
objective is to construct a feedback law u = F(§;§,€5) to stabilize the system. From the
preceding discussion it is plausible that higher order (quadratic, cubic, etc) terms in &, are
needed to stabilize the system. By choosing u of the form u=v+ K,€; such that

o(A:3+5:K3)c €2, we may rewrite (2.1.2), after a diagonalizing transformation, in the fol-

lowing form:

2| fan o] [@Ed] o
| T L0 Azl * [0:EiD)] T [Bf (2.1.3)
where &, =&, A;; = 4,1, and 6(A)c €. Then we must find v = F(§, &), an analytic feed-

back law, such that the equilibrium point of (2.1.3) is asymptotically stable. It follows that

when we set v = F(,.£;) with Ay, stable, that any center manifold of (2.1.3) is tangent to

(¢€,.0) | £,eR™) and is given locally by &;=h(,). Further from (1.2.6) it follows that (")
satisfies the following PDE:

DhENANLE) + 01(E1.M)] = Ak + 02(81.h) + bF(E,.h) (2.1.4)
and the flow on the center manifold is govemed by:
& = Ank; + 01 E1h) (2.1.5)

Thus, we need to choose F(E,£,) in such a way that the resulting k1 produces an asymptoti-

cally stable equilibrium point on the center manifold. While a general solution is not
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available to this problem we consider several cases for the matrix A;,. The case where
A€ R?2 and has a pair of imaginary eigenvalues was considered by D. Aeyels [3]. In [1],
Abed and Fu treat the same case using bifurcation formulae derived from the projection
method. The same technique is also employed in [2] where, the case of a single critical
mode is treated. The cases covered here, which have not been treated by Aeyels or Abed
and Fu, are the following:

(i Double zero eigenvalues with nonzero Jordan form.

(ii) Pair of imaginary and a simple zero eigenvalue.

(iii) Two pairs of imaginary eigenvalues.

In the next three sections we will examine each of the above cases individually. We
will assume, for simplicity, that &, R. We will show in Section 2.6, by way of an exam-
ple, that there is no loss of generality in this assumption. In Section 2.5 we will investigate
the robustness of the control laws presented in Sections 2.2 through 2.4 with respect to
perturbations in the vector fields. We will end the chapter with Section 2.6 where we will

give some illustrative examples, and discuss our assumptions.

2.2. Case of Double Zero Eigenvalues

We consider here the case where A;;€ R?? and has the form:

01
An=|g o
We let [xy]” represent &, and we will drop the subscript from &, and represent it by & We

further let:

¢l(§l’§) = U(XJ@)-S(XJ»&)]T

Now rewriting (2.1.3) with the above notation we get:
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x 0 1jix x,y'g)
u B [0 0] [y] * [g(x,y,ﬁ)] @.2.1)

E.’ = -k& + MxJog) +v

where k> 0. Since we will choose v to be of the form F(xy.g), we can assume that

dx(x.y.E) = 0. The center manifold is given locally by & = h(x.y) with A satisfying:

+ fxyhC |
Dh(x,y)[y IS j,(,,;;i”] = —kh(zy) + Feyhxy) KO =0iDH®=0  (222)

We now use Theorem 1.2.3 to approximate the center manifold up to terms of O(3), that is:
h(xy) = a+bxy+cy® + O(3) (2.2.3)

Note that the choice of k in (2.2.3) automatically gives h(0,0) =0 ; DhA(0,0) = 0. Next we

choose F to be of the form:

F(xy.) = a+Bxy+yy’ (2.24)
Using (2.2.3) and (2.2.4) in (2.2.2) we get:

Qaxsby)oHflx ) + @eyrba)g(xyh) = —kar-kbry—key oyt + 03)  (2.2.5)

Recalling that f and g are both of 0(2), we may equate terms of O(2) in (2.2.5) to get:

£

0
0
For k # 0, we see from (2.2.6) that (a,b.c) can be arbitrarily assigned by a choice of (a.B.Y)

N =

o

in the control law (2.2.4). In other words, the control law determines a center manifold up
to terms of O(3). The remaining problem is to determine what choice of the paramecters

(a.b,c) in (2.2.3) stabilizes the flow on the center manifold, which is given by:

£ |0 1ix]|  |feyhCey)
U B [0 0] [Y] * [?(x.y.h(x.y))] Q2.7



17

This program is continued using the normal form theory of Section 1.3 in the following
theorem, where by a slight abuse of notation we let flxy)=flx.y.h(xy)) and
g(x.y) = g(xy.h(xy)). Further in the sequel we use Df to denote the kth partial derivative of
f with respect to x.

Theorem 2.2.1: A necessary condition for the zero solution of the center manifold system

(2.2.7) to be: stabilizable is:

D3 =0

Dig+D¥=0 2.2.8)

Furthermore if (2.2.8) is satisfied, then the zero solution of (2.2.7) is locally asymptotically

stable provided that:

%Dﬁ+aﬁf<o
D},g + DY - DAD%f + Dig) < 0 (229
where all the derivatives above are evaluated at the origin.
]

Proof: For the vector fields in R?,

seral b Ll

Further for the system in (2.2.7), L(x,y) = [y,0]". Then:

s o=

Thus a complement to ad L (H) is given by:

o]
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And, the normal form of (2.2.7) can be written as:

x=y

j=82+exy +0(3) . (2.2.10)

where § = %D? and e =D2%g+D¥. It is easy to see that the zero solution of (2.2.10) is
unstable for all nonzero values of & and e. Thus a necessary condition for stabilization is
(2.2.8). Further with (2.2.8) holding, we may consider the O(3) temms in the expansion of

the vector field in (2.2.7). We have:

s o H e

Then:

e o 4 e e

Therefore a complement to ad L (H3) is given by:

o))

Thus we see that the normal form of (2.2.7) up to terms of O(4) may be written as:

xX=y

j=rdepdy T 09 (2.2.11)

where: A = %Dig’, and p = -;-(D';‘,,g' +D¥". Here [f’.g7" is the O(3) vector field obtained

from (f,g)” by removal of the O(2) terms. Now using Corollary 1.3.1 to relate (r’.g1" and

(f.g)" we find for A and p:
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o= %(Dz,’g +D¥) - %DZf(Di, +D2%)

Next consider the 3-jet of (2.2.11), that is the system obtained from (2.2.11) by neglecting
the O@d) terms. Takens [35] proved that local stability properties of this system coinéidc
with those of (2.2.11) for nonzero values of A and p. Now using the following Lyapunov

function candidate for the 3-jet of (2.2.11):
S TV I §
== A+ > 3
we have for V:
V== dy + ALy + uy?

Thus for A <0 and p <0, V is a positive definite function whose derivative V is negative
semi definite. From LaSalle’s theorem [37] it follows that the zero solution of the 3-jet is
globaily asymptotically stable, since the set Q= { x| V=0 } contains no nontrivial trajec-
tories. Therefore for A < 0 and p < 0, the equilibrium of (2.2.11) is locally asymptotically

stable.
O

Cdrollary 2.2.1: The zero solution of (2.2.1) is stabilizable by a control of the form
v = ax’+Pxy+yy?, provided (2.2.8) is satisfied and D%g = 0.

]
Proof: By inspection, if D%g # 0, then the values of Dig and Di,g can be assigned arbi-

trarily by a proper choice of (a,b,c) (and thus by (a.8.y)). Thus through the control v the .

parameters A and p can be made negative.
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2.3. Case of a Pair of Imaginary and a Simple Zero Eigenvalues

We consider here the case where A;;¢ R*® and is of the form:

In this case (2.1.3) may be written as:

x| [0 -1 O]|x xy:2.8)

=11 0 O|py|+ |sCxy28) (2.3.1)
Z 0 0 0]z x,y.2,8)

E=—-kE+v k>0

The center manifold is represented by & = h(xy.z). Letting v =F(x,y,é,E_,). we get that A

satisfies the following:

Dh(x,y.2) | x+g(xy.z.h(xy,2)) | = —kh(x,y2) + F(x.y,2.4(x.y,2)) (232)

pxy,z.h(x.y.2))

-y+f(x.y.z,h(xaz))]

h(0) = 0 ; Dh(0) = 0

As before, using Theorem 1.2.3, we approximate the center manifold up to terms 6f oQ3),
that is:

h(x,y.2) = a+by*+cz>+dxy+exz+lyz + O(3) - (2.3.3)
Next we choose the following form for the feedback law F:
F(x,y.2.E) = ax?+By>+y2+0xy+Nxz+)tyz ' 2.39

Using (2.3.3) and (2.3.4) in (2.3.2) and equating the coefficients of the 0(2) terms we get:

'k 00 1 0 Olfa] [af
0 k0-1 0 Ollp| |B
0 0k O O Ollc] |v
220 k 0 olld=|e 233)
0000 & 1|l In
0 00 0 -1 KU Il
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For k # 0, (2.3.5) implies that [a,,..] can be arbitrarily assigned by a choice of the control
parameters [a,B,..). Thus the controi law determines a center manifold up to O(3) terms.
Next we wish to determine what choice of [a,b...] renders an asymptotically stable equili-

brium point for the center manifold system:

x| 10 -1 Of[x]| [fxyzh(xy.2)
y|={1 0 Of|y|+|e(xy.z.h(xy2)) (2.3.6)
z| 10 0 0flz] Ip(x.y.z.h(x)y.z2))

This is done in the next theorem, where as before [f’,g".p 17 denotes the vector field obtained

from [f,gp)” after removal of the O(2) terms.

Theorem 2.3.1: The zero solution of (2.3.6) is not stabilizable unless:

Dif+D}g=0 (2.3.72)
Dp+Dip=0 (2.3.7b)
D=0 (2.3.7¢)

Furthermore if (2.3.7) is satisfied, then the zero solution of (2.3.6) is asymptotically stablc

provided that:
DY + D3g’ + D}, f + Diyg’ <0 - (2.3.8a)
D3p’<0 © (2.3.8b)
D,’;,{ +D3,.8' <0 (2.3.8¢)
Dip +D}p’ <0 ' (2.3.8d)

Conditions (2.3.8¢c) and (2.3.8d) may be replaced by the single condition:

sgn(D3Sf + D}g) = - sgn(DLp’ + D}.p') (2.3.8¢)
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Remark 2.3.1: We may use Corollary 1.3.1 to express (2.3.8) in terms of the vector ficld
[fgp)". The resulting expressions, although extremely involved, would consist of the terms
appearing in (2.3.8) plus additional terms involving various second order partial derivatives
of [fgp)’. The stabilizability conditions on [fgp)’, however, can be determined from

(2.3.8) alone, since the control can only affect the 0(3) terms in Fepr).

Proof: In R? we have:

H, =span{{0

0)(0Y(0)[0] (0] (0]
ollollo|{o][o]]o
2 o) xz) yz)

And for the system in (2.3.6):

=Y
Lixyz2)=|x
0
Thus:
20| [~207] (0] [y 2| [=
ad L (Hy) =span{| 22 || ¥* ||2|| o ||xz|| >z |
oJLoO JwJL 0 JLojLo
'..xﬂ '—yzq -2 -xyl —xz||-yz
2xy| -2y || O ||y*=22|{ ¥z ||-=2}s
LoJL O JloJL 0 JLO)LO
0 o )folf o Y{o)[o
0 0 {joti 0 ||0]1 O
o) L2 lo] by b Lo
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It is easy to show that a complement to ad L (H,) is given by:

=l

Therefore the O(2) normal form assdciated with (2.3.6) is of the form:

X=—y+8xz+¢eyz
y=x+8yz-ex + 0Q3) 2.3.9)
i = M2+yP) + p2

where, &= (D4 +Dig), €= FO%f - DLg), A= +0 +Dip), wnd p= 2D%p. Now
transforming the normal form in (2.3.9) to cylindrical coordinates we get:

F=8z + O(raP)
i= AP+ p2+ O(rz2d) (2.3.10)

=1 + O(razP)

It is easy to show that the zero solution of (2.3.10) is not asymptotically stable for any
nonzero values of 8,A, and p. Therefore conditions (2.3.8) are necessary for.stabilization.
Note also that € does not appear in (2.3.10).

Next, assuming (2.3.8) is satisfied, we consider the O(3) terms in the expansion of the

vector field in (2.3.6). We have:

Y,
w

|2 (22 2] 2] [ ) o]

Hy=span4{0}|0
oJlojloJtoJloJloJlolo]lo]

ls
(=]

-

~




Then we get:

(2xy2
x’z
[ 0

37y
0

¥ (1Pl &
o JloJl o

ad L (H,) = span

-302] [o‘ 20y%-x

vx || ¥z ||| A || o
[ 0 o JloJloJL o

R

(P
3x%y
Lo

[ [ 2| )
y-22y||-2xyz || 2y | |-
0 JLO 0 )

olf o
oif| o

04 \ 2—x3

5 ][_zs][ By [
-3x%|{ 0 2y2=x3 | [2xyz
0 0 0 JLO

y2-2z|,
0

0
0

2xyz

[0 0 (o) o 0
0 o |lollo]] o
.}'3"2*2)’ —2xyz) Lzzy —22x) ly2z—x*z

It can be shown that a complement to ad L (H;) is given by:

Crxy? || ey 2| -2 o )[o
G, = span { [y*+2y | |- |[y2|| 2 || O |0
o JU o JloJlo i)l

Then the 0(3) normal form of (2.3.6) can be written in the form:

i = —preyr+ o (PP P OOy Y Py 2
y = r-ex+a 2y HyZenx? + 0()
7= ()’

where with some algebra we may find:

24

(2.3.11)



o= 1—16(1)3;' +D3g’+ D} f + Dg)
B = %(—D’,g’ + DY - D3¢’ + D)

Y = 2O + D)

Next transforming (2.3.11) into cylindrical coordinates we get:

F=aryyr? + O(r.aY)
=8P’ + O(ral) (2.3.12)

0=1 + O(rzP)

Now we know that the local stability properties of (2.3.12) coincide with those of its 3-jet
because the vector field in the 3-jet of (2.3.12) is a homogeneous polynomial vector field
[17). Therefore we only need to prove the theorem for the 3-jet of (2.3.12). To this end

consider the following Lyapunov function candidate:
1,2 1
= 2Rr2+5s:2
where R and S are positive constants. Differentiating V we have:
V =Ra'r® + RYPZ + So'r’ + Sp'st

Therefore for a’.¥,o’, and p’ all negative, or for o’,n” negative and sgn(yY) = - sgn(c”), the

equilibrium point of (2.3.12) is asymptotically stable.
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Corollary 23.1: The zero solution of (2.3.1) is stabilizable by the control
v = ax+By*+y22roxyinxz+ityz provided (2.3.7) is satisfied, D%p #0, and either Df # 0 and
D%g #0, or Dkf# 0 and Dig # 0.

O

Proof: In view of the Remark 2.3.1, we see that with D%p = 0 (2.3.8b) and (2.3.8d) can
be satisfied by making D3p, and D3_p or D3,p arbitrarily negative with a proper choice of
the parameters ¢ , and a or b of the center manifold. Furthermore with D%f+0 and
Df;g #0, we see that (2.3.8a) and (2.3.8c) may be satisfied through the parameters a and [
- by making D¥ and D},g arbitrarily negative. In addition (2.3.82) and (2.3.8c) may be

satisfied with D%f # 0 and D}g # 0 in a similar fashion.

|
2.4. Case of Two Pairs of Imaginary Eigenvalues
Here we consider the case where A,;€ R* and has the following form:
0-100
1000
An=1lo 0 0 -5
0 08 0
where we assume J ¢ (+%.+1+24+3). Rewritting (2.1.3) for this form of 4, we get:
X[ 0-10 Of|x x.y2wE)
y 1 0 0 0}ly g(x.y,z.w,E)
;|10 0 0 -8z (x.y,2.W,E) 240
wl 10 038 oflwl [eGxy.zwb)
& =<kf+v

Letting v = F(x,y,z,w) and representing the center manifold by &=h(x,y.zw) we get:
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=yAxy.2wh(xy.z,w)
x+g(x,y.z.w,h(xy.z,w))

Dh(x.y:2W)|_gypx yz.wh(xyzw)| =~ kh(xyz.w) + F(xyz,w) (24.2)
—Bz+q(xy 2. wh(x.y.2:W))
h(0)=0; Dh(0)=0
Choosing the following form for the control law F:
F(xy2w) = a+By*+y+ 3w HxyHuxz+pxw+
Ayz+vyw+{zw (24.3)
and approximating the center manifold up to terms of O(3) as:
h(x.y.2. W) = ax®+by*+c2+dwPrexy+ixz+mxw+

nyz+syw+izw + O(3) 2.44)

Using (2.4.3) and (2.4.4) in (2.4.2) and equating the O(2) terms we find that for nonzero
values of k there is a one to one correspondence between the control parameters (c.B,...)
and the center manifold parameters (a.b,...) regardless of the value of 8. Thus again the
control law determines a center manifold completely up to terms of O(3). Now in relation

to the stability of the center manifold system:

x| 10-10 0}fx x.y:2w,h(x.y.2,w)) ,
y_[1 00 0fly| [s&xyzwhxyzw) 04
[0 0 0 -8]]z x,y,2.w,h(x,y.2,w)) 24.5)
wl [0 08 0]iw| [exyzwh(xyzw))
we have the following theorem:
Theorem 2.4.1: The zero solution of (2.4.5) is asymptotically stable if:
DY + D3¢’ + D},f + D38’ <0 (2.4.6a)
DY + Dy + D30’ + D34 <0 (2.4.6b)

Dif +D3.f +D}ug’ + D}ng’ <0 (2.4.6¢)
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Di.p’ + D3’ + D3’ + Dyd’ <0 (2.4.6d)
Conditions (2.4.6¢) and (2.4.6d) may be replaced by the single condition:

sgn (D% + DS + D38’ + D38 =

- sgn (DL p+D3.p" + D34’ +D3i) (2.4.6e)

Proof: We give a short sketch of the proof since the details, although quite similar to the
proof of Theorem 2.3.1, are extremely lengthy and tedious. Calculating ad L (H,) and
ad L (H) for the system (2.4.5) we can show that all O(2) terms of the vector field may be
removed and that the O(3) normal form can be written as:

i = —yHox+BY) PP HY x40 Y)Y

¥ = 2HOY-B RV -0 0)(+y)

i = ST THE W)W 2V W24
W = S+ W 2) (2w w-V'2) (x2+y?)

0@4) (4.7

where:

o = 1—‘6(02f+03g'+03,,f+0i,g’)
p'= %(D’J-Dis'wif D38

= %(DE,{+D§,,,{+D§,,g’+D3wg')
o= -;-(D3,J+D3,,J—D3,,g'—D3m8')
N = 1—16-(D2p'+D.3.q'+DEmP'+D3M')
W = 25 O DI DD}
o= %(Diao'-i-D;no'-i—Diwq#D;Wq')

’ 1 4 ’ ’
V = 20545y’ D2 -D3pd)
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Now transforming (2.4.7) into cylindrical coordinates we obtain:

n=oing  +00nrl)
ra=phrann  +0(nsd)
6, =1 + 0Qr, 2P
0,=8 +00nrP)

(2.4.8)

Conditions (2.4.6) are now clear by considering a Lyapunov function candidate of the form

V=Rr3+Sr} for some positive constants R and S.
(m]

Corollary 2.4.1: The zero solution of (2.4.1) is stabilizable by the control law in (2.4.3) if
DZf, D%g are not both zero, and D%p, Digq are not both zero.

The proof is very reminiscent of that of Corollary 2.3.1 and will, therefore, be omitted.

2.5. Robustness Considerations

In the previous sections we gave conditions under which the equilibrium point of a
system with degenerate linearization can be stabilized. Since it is often the case that some
inaccuracies exist in a model of a physical system, it is important to know what effects
modeling errors have on the stability properties of the system. Thus, in this section we
investigate the effects of perturbations in the vector fields on the stability properties of the
system after a stabilizing control has been implemented. We consider unperturbed systems

of the form:
x=fx) xe Uc R" (2.5.1)

where we assume that £0) = 0 and x = 0 is a locally asymptotically stable equilibrium point

of the system with U as its domain of attraction. As the class of perturbed systems we con-

sider all vector fields J(x) which are e-C° close to fix), that is all Rx) satisfying:
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sup 1) -fx)l<e 2.5.2)
Thus we may write any perturbed system as:
x=fx) + € &x) 2.5.3)

where 8(x) is any vector field whose C° nom is less than one.

We point out that the class of perturbations considered here is quite large in that it
contains all bounded perturbations of size e. Since our system is not exponentially stable,
however, we cannot expect to have bounded states for large values of e. Nevertheless, we
will show that for € small enough the states will remain bounded. More precisely, we will
show that there exists an open ball centered at the origin which remains attractive in the
presence of perturbations and whose size depends on €. The following theorem is to this

effect.

Theorem 2.5.1: Let the equilibrium point of the system (2.5.1) be locally asymptotically
stable with domain of attraction U c R*. Let the class of perturbed systems be given by
(2.5.3). Then there exists €* > 0 and a monotone increasing function r(-) with r(0) = 0, such
that for all € <€, and all 8(x) with sup. | 8(x) | < 1, there exists a ball of radius r(g) centercd
at the origin which contains the @-limit set of all trajectories of (2.5.3) starting in U.

W]

Prpof: By assumption the equilibrium point of (2.5.1) is locally asymptotically stable.
Therefore by a converse theorem of Lyapunov [16] there exists a locally positive definite
function V(x) whose derivative along the flow of (2.5.1), that is %{-(x) f(x), is locally nega-

tive definite. Now using this function for the system (2.5.3) we have:

J = %(x) fi) + e%-(x)G(x) 2.5.4)

Since %%(x) fx) is locally negative definite, we can find a class-K function a(-) such that:
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%(xmx) <-o) V xeU 2.55)
Furthermore, let:
12w 1
L =xs2% -—M— (2.5.6)

Then using (2.5.5) and (2.5.6) in (2.5.4) we get:

V < - a(i) + eLix 2.5.7
where we have also used the fact the C° norm of 8(x) is less than one. Now, let R be the
radius of the largest ball centered at the origin which is contained in U. Then define:

¢ = 2%-:-)- . 2.5.8)

From the monotone increasing property of o() we can see that for all € < £, there exists a
monotone increasing function r(-) with ~(€") = R and r(0) = 0, such that:
o) -eLi 20 V re)<ix <R (2.5.9)

Then it is clear that for all € < € any trajectory of (2.5.3) starting in U will converge to the

ball of radius r(g) centered at the origin.

2.6. Discussion and Examples

The previous sections were based on several seemingly restrictive assumptions. Here
we will show the extension of the previous results to more general cases. In Sections 2.1
through 2.4 we considered systems of the form E=¢(E)+bu. Let us now consider the more

general case of systems of the form:

E=0E) +yE) u 2.6.1)
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where ¢(0) = 0. Letting b := y(0), we may define ¥(E) by:
YE) =yE€) - b (2.6.2)

Then, rewriting (2.6.1) using the above notation we have:
E=0E) + b u+¥E) u (2.6.3)

Now letting A = D¢$(0) and transforming the system as in Section 2.1 we have:

G fan o ol [0w®| [o] [w®
L =10 Az O |[Eaf+ |[02®)]+ |b2| u+ [va®)|u @64
& 0 0 Anll&| [¢:®] [bs y3(€)

Representing the center manifold by (€,7.£s7) = (h€1) 1)) we get:

DhED[ALE; + 01 E1ha(E1)aED) + Wi (G E1)ohaEr)) U] =

Axshy(E1) + 021,820 h3E81) + b 1 + waG1.ha(E1).ha(Ey)) u

Asahy(E:) + 031 haEsEr)) + by 1 + WaErohaE)oha(Er)) 1 2.6.5)

Assuming the control u is a smooth function of the §’s , it is clear that the terms y;u’s are
at least of O(2) and will, therefore, have no effect on the O(2) expansion of the center man-

ifold. The flow on the center manifold, on the other hand, is now determined by
€1 = Ats + G1E1hEDAED) + i) hsE) u (2.6.6)

Since the stability of the zero solution of (2.6.6) is determined by the quadratic and highcr
order terms, the presence of y,u will only relax the stabilizability conditions by adding
more flexibility in satisfying the conditions of Theorems 2.2.1, 2.3.1, and 2.4.1 . In other

words the special class of systems E=¢(E) + b u represents a least controllable situation.

We next present two illustrative examples. The first example demonstrates the control
design procedure and the effects of perturbations on the stabilized system. The second

example involves the case where the controllable part of the system is not a scalar.
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Example 1: Consider the system:

%= y-+xy?-2yE
§ =Rt .6.7)

& =-58+u

With 4=0, a center manifold for (2.6.7) is given by &=0. The flow on this center manifold

is governed by:

% = y-x+xy?
o 2.68)

The origin of (2.6.8) is unstable as shown in Fig. 2.1 by the phase portrait of the system.
To stabilize the system we choose the control as in (2.2.4) and represent the center
manifold by (2.2.3). Then the flow on the center manifold is governed by:

¥ = y-C+xy?-2y(ax’+bxy+cy?)

§ = Paxlaebryrey’) + 0@4) (2.6.9)

From Theorem 2.2.1 we see that a choice parameters of the center manifold which stabilize
tﬁe origin of (2.6.9) is given by: a=—2, b=0, and c=0. Using (2.2.6), the corresponding con-
trol parameters are given by: a=-10, f=—4, and y=0. Thus a stabilizing control law is given

by:
u=— 10x> - 4xy (2.6.10)

Fig. 2.2 shows the phase portrait of the stabilized system (2.6.9) for the above choice of

parameters.

Next we introduce a linear perturbation in the original system. The perturbed systcm

is given by:

% = exHy-x+xy’-2yE
y = ey+x’+xf 0 (2.6.11)

E=—5E+u



Figure 2.1 Phase portrait on the center manifold of the unstable system.
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Figure 2.2 Phase portrait on the center manifold of the stabilized system.
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Figure 2.3 Phase portrait on the invariant manifold of the perturbed system.
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Clearly the origin of (2.6.11) is unstable irrespective of the control u. From Theorem 2.5.1,
however, we expect that for e small, using the control (2.6.10) the trajectories of the sys-
tem converge to a small ball centered at the origin. To demonstrate this we compute the

center manifold of the suspended system obtained from (2.6.11). This is given by:

h(x.y.€) = — 222 + 0.8ex? — 0.32exy + 0.064ey> + 0(4) (2.6.12)

Then the flow on this invariant manifold is determined by

% = Ex+y=X+xy’—2yh(x,y,€)

y = ey+x>+xh(x.y.€) (2.6.13)

The phase portrait of (2.6.13) is shown in Fig. 2.3 for £ =0.5. Comparison of Figs. 2.2
and 2.3 shows that as € changes from zero, the stable equilibrium point at the origin bifur-
cates into a stable periodic orbit around the origin and an unstable equilibrium point at the
origin.

Example 2: In this example we consider a system whose hyperbolic portion is not a
scalar. Since the approach to all higher dimensional problems is identical, we consider a

two dimensional example. Thus consider the system:
= [-ofp )
S=15]= lo o)y * begratssy
&y =-Ertu (2.6.14)

&3 =—285tu

Representing the center manifold as:

H [hz(x-y) [a,xub,w,yz]
ga =h(x,y)= hs(x.y) = azx2+b2.ry+czy2 +0(3) (2.6.15)

we have that with the control u=0®+Bxy+yy?, h(x,y) satisfies:



38
y+x3+xy2 —xhz(IJ)
DAGE | 2y 4yt yyexhs(y)| =

[—a1x2—b,xy—c,y2+af+ﬂxy+yy2

—202“2-21?21,}“207_)'2+0-11+ﬂty+‘¥yz] +003) (2.6.16)

Now equating the O(2) terms we get:

[

[0}

B
Y

100|a|lf200
21 0|l;yl=[2 2 0
011,12

The flow on the center manifold is given by

i prQ-aP+-c)oP-bidy
|~ lax+Har bt D)y Hb +chytery?

]
by |= (2.6.17)

C2

o

+0(4) (2.6.18)

Then from Theorem 2.2.1 the zero solution of (2.6.18) is asymptotically stable if a,<0 and
3(1-ay)+a+by+1<0. Thus for example choosing (@1,b1,61)=(-2,-14,2) and (a3,b2,c2)=(-1,-8,-2)

satisfies (2.6.17) and the above inequalities. Then we get that the control law:

u = =2x-18xy-12y* (2.6.19)

stabilizes the zero solution of (2.6.18) and thus that of (2.6.14).

It is clear from (2.6.17) that although the control law does not determine the center
manifold completely, it does give us the same number of degrees freedom in choosing the

center manifold as was available in the case with a scalar hyperbolic state.
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Chapter Three
Output Tracking in the Presence of Uncertainties

3.1. Introduction

The output tracking problem involves the design of a control law which causes the
output of a system to follow a desired trajectory. This problem is now a classical one in
linear control theory and has been studied ftﬁm several viewpoints (see e.g. Callier and
Desoer [10] for an algebraic approach, and Wonham [38] for a geometric approach). It is
well known that the solvability of the tracking problem is closely related to the invertibility
of the input-output map. The invertibility problem was studied by Brockett and Mesarovic
(8], and Silverman [32], in the context of linear systems, and by Hirschom [19], Isidori et
al [24], Claude [13], and Nijmeijer [30], in nonlinear systems. In his work, Hirschom
introduced some regularity conditions under which the techniques of Silverman in linear
systems can be generalized to nonlinear systems. Later, the same philosophy was adopted
by Bymes and Isidori [9] for input-output linearization of a nonlinear system. Invertibility
of an input-output map, and thus the construction of a tracking control law, involves exact
cancellations of nonlinear terms which requires complete knowledge of the dynamics of the
system. This presents a limitation to the theory in that in the presence of modeling errors

exact cancellations are no longer possible.

In this chapter we study the problem of output tracking of a desired trajectory for

SISO nonlinear systems when the dynamics of the system are not completely known. In
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Section 2 we review the basic theory and present the tracking control law in the ideal casc
where the dynamics are completely known. In Section 3 we will characterize the nature of
the uncertainties that we will deal with in this chapter. We will introduce two classes of
uncertainties: those satisfying a generalized matching condition, and those arising from
linear parametric uncertainties. In Sections 4 and 5 we present modifications to the basic
tracking control law of Section 2 in order to achieve robustness with respect to the first
class of uncertainties. In Section 6 we present an adaptive control scheme in order to deal
with the second class of uncertainties. Finally, in Section 7 we close the chapter with

some concluding remarks.

3.2. Output Tracking in the Ideal Case

Consider a single input-single output nonlinear system of the form:

x = fla+g(x)u

3 = h(a) (3.2.1)

where xeIR" , ue R, yelR, f{-) and g(-) are smooth vector ficlds on an open sct UcR",
f0)=0, and A() is a smooth function on U. We are interested in the problem of finding a
control input ¥ which would result in asymptotic convergence of the output y to a desired
function of time y,. In view of the results in linear control theory, it is clear that the prob-

lem may be solved if there exists a control of the form:
u=o(x)+pE) v (3.2.2)

which results in a linear map from v to y. The form of the control (3.2.2) is attractive since
the affine structure of the control in (3.2.1) is preserved under this form of feedback. The
existence of such a linearizing feedback is in tum guaranteed if the system (3.2.1)
possesses a so called "relative degree” from u to y. We will next define this term which

was first introduced by Hirschom [19] in the context of invertibility of nonlinear systems
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and later used by Isidori (23] in linearization theory.
Definition 3.2.1: The system (3.2.1) is said to have a relative degree at xy (from u to y) if

there exists a positive integer 1 < v < oo such that:

Lh(x)=0
LLh(x) =0

LLY?h(x)=0
for all xe B(xp), an open ball centered at xo, and

LoLY 'hixp) # 0

In this case we say the system has relative degree v. A point xo at which the system has a

relative degree is called a regular point of the system.
O

Definition 3.2.2: The system (3.2.1) is said to have strong relative degree v in an open set
D, if there exists a positive integer 1 < v < o such that the system has relative degree v at
every point xge D.

m]

Remark 3.2.1: The term “relative degree” is used here in analogy with the terminology
used in linear systems theory. Let H(s) represent the transfer function of an SISO linear
system, then the relative degree of H(s), the difference between the degrees of the denomi-
nator and the numerator polynomials in H(s), is precisely the number of times the output
must be differentiated before the first appearance of a control term.. For the nonlinear sys-
tem, it is clear from the above definitions that the control « first appears in the vth deriva-

tive of y, and hence v is called the relative degree from u to y.
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Remark 3.2.2: We point out that nonlinear systems for which no relative degree may be
defined are considerably more complicated than those with relative degrees. Furthermorc
no general theory as yet exists for treating them.

o

We make the following assumption throughout; this assumption is central to the

development of the theory presented here.

Assumption 3.2.1: (Regularity) The system (3.2.1) has a strong relative degree in its

domain of definition, namely U.
O

Assumption 3.2.1 allows us to find a diffeomorphic coordinate transformation in U,
resulting in a normal form for the system (3.2.1) which is particularly suited for the input-
output linearization of the system. The following two propositions concem the construc-

tion of such a transformation.

Proposition 3.2.1: Let v be the strong relative degree of the system (3.2.1). Then the set

of 1-forms:

dh(x)
dL(x)

dL"h(x)

is a linearly independent set for all xe U.

To prove the proposition we need the following lemma.

Lemma 3.2.1: Let v be the strong relative degree of the system (3.2.1). Then the following

relations hold:

. \ EDLLTRGR) =k
d(l," h(x))-Lfg(x) =1lo 1 <I<v (3.2.3)
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for all £ =0,..,v—1 and for all xeU.

O

Proof: Clearly for k=0 the assertion is true by the definition of v. Now suppose (3.2.3) is
true for k = kg < v—=1. We will show that it is true for k= kg+1. Now, for k = kg1 we

have:

d @) » L 8) = d (LR » LLPER)
= d [d P RG)) * LPg®)]  fx)
— d[d @)  f9) * Ls® (3.24)
where the second equality follows from the definition of a Lie bracket of two vector fields

given in (1.1.2). Rewriting (3.2.4) we have:

d (-he) « L g0 = d 1d WHRG) » LPg) « )
- d (L) © LPg() (3.2.5)

Since, by assumption, (3.2.3) is true for & = kg, the right hand side of (3.2.5) is zero for all ’
1> ky+2. And for ! = kg+2 we have:

d @) » L o) = - d @7 h0) « L)
= = (1L LR = (1)L LY R (3.2.6)

where the second equality in (3.2.6) follows from (3.2.3) for [ = kg+1. This proves the

lemma.



Proof of Proposition 3.2.1: Consider the following matrix multiplication performed point-

wise for each x:

dnx) ]
dLh(x) .
: [(-1)"-‘L}"g(x) LEDVA M), g(x)] =: A(x)
dlqv—2 h(x) :
bdlfv—l h(x)

It is easy to see from Lemma 3.2.1 that A(x) has the following form:

© 0 - 0]
* A - O
AR =] * = . 0

e )
where A(x) = LSL}’"h(x) and *’s denote other terms which are possibly nonzero. Since the
system (3.2.1) has strong relative degree v in the set U, the matrix A(x) is nonsingular for
all xeU. This proves the proposition since the nonsingularity of A(x) implies the linear
independence of the 1-forms dLfh(x) , k=0, . . . v-1.

O

Proposition 3.2.2: Let v be the strong relative degree of the system (3.2.1). Then we can
find n—v functions N(x) , /=1, . . . ,;n—v, with the following properties:

) dneg)=0 YUY/, ...n»v.

ii) The set of n 1-forms { dnyx), dL}‘h(x) |j=1,....n~v ,k=0,... -1} is a linearly

independent set for all xe U.

Therefore defining:
&) = h(x)

&2 = Lh(x)

&, =L} h(x)
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we have that ®(x):= (£,n) is a diffeomorphic change of coordinates in the set U, where
g = [E-ll ?c . ”gV]Tandn = [Tl] [2CECI 'nH]T.
m|

Proof: By assumption g(x) is a nonzero vector field for all xe U. Therefore by Frobenius'’
theorem [7], the annihilator of g(x) , denoted by Q(x), has dimension n—1 and is spanned

by a set of n—1 exact 1-forms. That is:
Q(x) = span{ dnx) | i=1, . . . ,n~-1}

In addition, from the definition of v we know that:
dLbh(x) € Q(x) k=0, ... v-2

Since dl}‘h(x)’s are in fact linearly independent, they form a partial basis for €(x) which
may be completed with the addition of n—v of dn(x)’s which are linearly independent of
the dLth(x)'s. Relabeling these n;’s from 1 to n—v we have that: '
Q(x) = span{ dLfh(x), dni(x) | k=0, ... v=2, j=1,... ,n-v}
Finally since dL}'h(x) » g(x)#0 Yxe U, we conclude that dL} *h(x) is linearly independent
of Q(x) and this proves the proposition. A
a

Proposition 3.2.2 enables us to transform the system (3.2.1) into the following normal

form:
&1 = 52
§2 = gS
&1 =E, (3:2.7)
E, = bEM) +aEm) u
n=4q¢En)

y=§
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where:

bEM) = Ltho ®7'(EM)
a&m) =L L tho @7'EM)
qEn) = dnfix)o 7'EM)

moreover a(€n)=20, Y(En)e ®).

The choice of the linearizing control law is now apparent from the normal form
(3.2.7). Since a(E,n) is bounded away from zero, its inverse is well defined and the con-

trol law:_

__1
a€n)

[-bEm) + v] (3.2.8)

u

which is of the form (3.2.2), results in the system:
‘ &1 =&
E2=8

: 329

Ev=v ( )

1 =qEn)
y=§&

Thus the dynamics goveming the state variables & are that of a linear system. In fact, the

new control v affects the output y=£; through a chain of v integrators. This new control

can now be designed in a number of ways to achieve output tracking.

The control law (3.2.8) also makes the state vector 1| completely unobservable at the
output. Since we are interested in achieving stable tracking, we require that n remains
bounded for bounded &. However, we can see from (3.2.9) that € can be thought of as an
external input vector with respect to the dynamics of 1. Since & is expected to track arbi-
trary time functions, it is clear that boundedness of n is entirely dependent on the vector

field q(: , -), which belongs to the tangent space to R™*". The dynamics
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N =q0m) (3.2.10)

is referred to as the zero dynamics [9], since it corresponds to the dynamics of the system

(3.2.1) restricted to the submanifold
S:=(EM1E=0}= {x1hx) =LA@ = --- =L{'h(x)=0)

The stability properties of the zero dynamics are extremely crucial since they determine
whether or not 1| remains bounded when a tracking control is applied. At this point we will

introduce some further terminology.

Definition 3.2.3: The system (3.2.1) is said to be a minimum-phase nonlinear system if the

equilibrium point N = O of the zero dynamics (3.2.10) is asymptotically stable.
m]

Remark 3.2.3: The above definition was made in analogy with linear systems and was
first introduced by Bymes and Isidori [9]. In the case of linear systems it can be shown
that the zero dynamics are linear with eigenvalues equal to the zeros of the transfer func-
tion from u to y. If the transfer function zeros are all in the left half plane, the system is
called minimum-phase. Thus for minimurr'n-phase linear systems the dynamics (3.2.10) are

asymptotically stable, and the above definition for nonlinear systems parallels this property

of linear systems.
(]
For purposes of stable tracking, however, we require that the dynamics:
1 =q@EMm) (3.2.11)

be bounded-input bounded-state (BIBS) stable. It is easily shown that asymptotic stability
of (3.2.10) is not sufficient to guarantee BIBS stability of (3.2.11), and stronger stability
criteria are needed. The difficulty with extending the asymptotic stability of (3.2.10) to

BIBS stability of (3.2.11) arises from some cases in which the linearization of (3.2.10) has
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eigenvalues on the jw-axis. A sufficient condition for the BIBS stability of (3.2.11) is the
exponential stability of (3.2.10). We have the following definition to this effect.
Definition 3.2.4: The system (3.2.1) is said to be a hyperbolically minimum-phase non-
linear system, if its corresponding zero dynamics are exponentially stable.
0
The following theorem is our basic stable tracking theorem when we have complete
knowledge of the vector fields fix) and g(x) in (3.2.1). In the theorem 52’ denotes the
(k-1)st derivative of the desired tracking signal y¢) for k=1, . . . v, and &% := (&{.... ED.
Theorem 3.2.1: Let the system (3.2.1) be hyperbolically minimum-phase, and the control

chosen according to (3.2.8) with:

v=E+ aEE,) + L) + -+ aEFE) (3.2.12)
such that the polynomial:
sS+as*+ - +a, (3.2.13)

is a Hurwitz polynomial.
Then there exists a positive constant ¢* and an open set Q € ®(U), such that if
|§"’| < ¢*, then for all initial conditions in  asymptotic output tracking is achieved with the

trajectories remaining in the set ®(U) for all time.

a
Proof: With the control v given by (3.2.12), the system (3.2.9) can be written as:
él =é
&=¢
: (3.2.14)

ey = —@18y—G28y_1~ * * * €}

1 = qE.n)
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where ¢, = &, — EJ. Since the polynomial in (3.2.13) was chosen to be Hurwitz, it is clear
that ¢,—0 as t—e Vk. Thus it remains to show that there exists a constant ¢” > 0 such
that for |E4| < ¢, the vector 7 is also bounded and in addition (E().N(N)ePW), Y ¢. The
system is hyperbolically minimum-phase by assumption, therefore by a converse theorem

of Lyapunov [16) there exists a positive definite function Vo(n) satisfying the following

inequalities:
o, mi2 < Vo) < 6, P ' (3.2.15a)
v, .
-ﬁq(O.n) <A i (3.2.15b)
v,
—1< : 3.2.15
! S R (32150

where 6,,02,A;, and A, are positive constants depending on ¢g(0,n). Differentiating Vo(n)

along the trajectories of (3.2.14) yields:

. aVv,
Vo) = —= q&n)

o
vV, v,

= —a (0, —_— ) - g(0, 3.2.16
F qOM) + P [g(En) - q(O.N)] ( )

Using (3.2.15) in (3.2.16) we obtain:

Vo) < = Ay i + Az i lgEm) — O (32.17)
Recall that the original system is defined in an open set U € R". Thus the system (3.2.9)

is defined in ®(U). Then define:

L= Jg@&n) — 9@ 32.18
&medW) €l G218

We will assume that L is finite. This is certainly true if the system is analytic and U is

bounded. We will say more about this later. From (3.2.17) and (3.2.18) we conclude that
for all (§,n)e ®(U) we have:

Vo) < — Ay M2 + A, L Il €] (32.19)
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Thus ‘}o < 0, whenever

L
inl > %— i (3.2.20)

Therefore, we can see that 7} is bounded whenever £ is bounded. On the other hand, we
observe that & is bounded if &4 is bounded. Thus, we conclude that i remains bounded for
all bounded tracking signals £%. However, we also need to guarantee that both § and 1
remain in ®(U). So let:

Q¢ = {n| V() < C} 3.221)
C(r) =inf(C | B, © Q) (3.2.22)

where B, denotes a ball of radius r centered at the origin. It is easily seen that if Vo < 0 for

il > K, and if n(0) € Qc,), then:

n®e Qi Y (3.2.23)

On the other hand from the error dynamics we know that there exists a constant M1

such that:

le@l<Mle©), Yr (3.2.24)
In addition, we can write:

@I < le(] + EX) < Mie(O)| + IE%)] (3.2.25)

where the second inequality follows from (3.2.24). Now letting €% < ¢ and |e(0)] < 2¢, we

define:
€ = 2M+1)c
AL
= T(2M+l)c (3.2.26)
1

G(o) = {EM) | Bl < ¢ ;neQg,)

Then from (3.2.24) and (3.2.25) we conclude that for all initial conditions in G(c), we have



51

that:
B@ise, ¥t .
NWeQqe,y. Y2 (3.2.27)
Finally let:
¢ =sup { ¢ | (&M | l<e; s neQgey) € BW) ) (3.2.28)

Then the theorem is proved with [£9<c’ and Q = G(c").
O

Remark 3.2.4: We point out that if the domain of definition of the system (3.2.1), namely
the open set U, is the entire IR” or an unbounded subset, then L as defined in (3.2.18) may
in fact be infinity. However, in that case for every open and bounded subset of U, U, con-
taining the origin we may give an upper bound for IE9 such that output tracking is possible

with the trajectories of the system remaining in the set U.

3.3. Characterization of Uncertainties

In this section assume that the system (3.2.1) is not completely known and that the

true system is a perturbation of the known model in the following form:

x = fx) + g(x)u + ARx) + Ag(x)u
) = h) (3.3.1)

where xe R”, ue R, ye R, f-), g(), AR-), and Ag(-) are smooth vector ficlds on an open sct
UcCR" f0)=0, and A(-) is a smooth function on U. We wish to modify the tracking
control laws of the previous section in order to reduce or eliminate the effects of the per-
turbatiqn vector fields, Af(x) and Ag(x), on the tracking error. The extent to which we will
be successful in robustifying our tracking scheme will, of course, depend on the charac-

teristics of the perturbation vector fields. The following definition introduces a terminology
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for classification of perturbations.

Definition 3.3.1: Let the unperturbed system (3.2.1) have a strong relative degree v. A

vector field ¢(x) is said to have an index y with respect to the system (3.2.1) if
¢(x) € Ker {dh(x), dLA(), - - , dLF'h(x)} (332

|

It is clear from the above definition that the index of a perturbation vector field with
respect to an unperturbed system is simply the number of times the system output must be
differentiated with respect to time before the first appearance of the perturbation terms.

Thus the following facts are rather obvious.

Fact 3.3.1: Let the unperturbed system (3.2.1) have strong relative degree v. Then this
relative degree is unchanged by the addition of perturbations if the perturbation vector

fields Af(x) and Ag(x) have indices larger or equal to v-1.
(]

Fact 3.3.2: Let the unperturbed system (3.2.1) have strong relative degree v. If the pertur-
bation vector fields ARx) and Ag(x) have indices equal to v+1, the system with the control
law (3.2.8) and (3.2.12) is completely robust with respect to these perturbations provided
that the stability properties of the zero dynamics are preserved in the face of the perturba-
tions. |
a
In addition to index considerations, we will differentiate between those perturbations
arising from linear parametric uncertainties and all other perturbations. Hence in this

study, we consider perturbations which satisfy one of the following two assumptions.

Assumption 3.3.1: (Generalized Matching Assumption) The perturbations Af(x) and Ag(x)

are smooth vector fields with indices v, and ¥, and
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min {y,,7;} 2 v-1 (3.33)

(m]

Assumption 3.3.2: The perturbation vector fields are the result of linear parametric uncer-

tainties in the vector fields of the model (3.2.1), and are of the form:

N
Aflx) = -21‘“" - 0)f(®)

M (3.34)
Agx) = X(B; — B)g/x)
ml
In addition:
N
)= Ziaﬁ(x)
g (3.3.5)

M
g(x) = Y Bjgi(x)
Fl

where f(x)'s and g(x)’s are known vector fields and the scalar quantities c;’s and B;’s are
our estimates of the parameters o;'s and B;’s, respectively. The parameters &;’s and f;’s

are constant unknowns which lie in known open intervals. That is:

oielhg)  i=1..N

BicUphp)  j=l..M (3.3.6)

for some known scalars I, s, h,,,’s, IB,'S- and hpj’s.

0

It is worth pointing out that Assumption 3.3.1 is a generalization of the so called
"matching condition" which is the basis for the current state of robust tracking and regula-
tion for nonlinear systems. We shall state the matching assumption here for completeness

and comparison with our assumption.
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Matching Assumption: The system (3.3.1) is said to satisfy the matching condition if the
unperturbed system is completely feedback linearizable and the perturbation vector fields

satisfy:
Afix) and Ag(x) € span{g(x)} (337D
o

In our Assumption 3.3.1, the system need not be completely feedback linearizable; it
is only required to have a strong relative degree. Moreover, the condition (3.3.3) is
satisfied if (3.3.7) holds. However, it is easy to see that (3.3.7) is a much stronger condi-
tion than (3.3.3). In fact the two conditions coincide only when the relative degree of the
system, v, is equal to n, that is the system is feedback linearizable. For all relative degrees
v < n, the set of perturbations satisfying (3.3.7) are a proper subset of the set of perturba-
tions satisfying (3.3.3). Thus Assumption 3.3.1 is a significant generalization of the match-

ing condition and is much less restrictive.

As robustifying techniques, we will use high gain and the sliding mode control
methodologies for perturbations satisfying Assumption 3.3.1. For perturbations which
satisfy Assumption 3.3.2, we will use adaptive control. In high gain and sliding mode
control strategies we will treat the perturbations as disturbances and will try to reduce their
effect on the tracking error. For systems satisfying Assumption 3.3.2, on the other hand,
due to the parametric nature of the uncertainties we are able to use adaptive control tech-
niques to update our model of the system in order to achieve zero or small tracking errors.

These tasks will be carried out in the next three sections.
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3.4. Robust Tracking Using High Gain Control

Consider the system (3.3.1) and let the perturbation vector fields satisfy Assumption

3.3.1. Then using Proposition 3.2.2 we may transform the system to the following form:

&=t
E2=&
£, = BEM) + a@Em)u + 5 1 &) + 3 & 4.1
f] = ¢I(§'11)
y=§
where:
bEM) = Liho ®7'EM)
aEm) = LL " ho @71EM)
g&n) = dn « (FrAfo 7' EM) (342)
8 1EM) = Ly L Tho ®7'EM)
3 2EM) = Lag L} ho ®7EM)
Now using the control (3.2.8) in (3.4.1) we have:
&1 = E..z
§2 = §3
£, = v+ SEM) + SEMY 343)
N =qEMN)
y=§

where:

CF e _F o DETD
Bi&m =8 & -5 6w 221

=3 1
S,Em) =8 €M) aGm

Let y(t) be the desired tracking signal and let E4(r) denote the v dimensional vector

whose kth component is the (k-1)th derivative of y(t). Define ¢, := £, — EZ. Then rewriting
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(3.4.2) in the error coordinates, we obtain:

e =e

é=¢6;

: (3.44)

éy = v+ 8EN) + HENW - &

1 =qEm)
In order to reduce the effects of the unknown perturbation terms 8;(§.n) and 3,(§.n) on the
tracking error e, we will choose a large gain in the control v which decomposes the error
dynamics into a fast and slow part. Then it will be seen that the perturbations formally
appear only in the fast dynamics and the slow dynamics will be independent of the pertur-
bations. Thus in the overall dynamics the effect of the perturbations on the tracking errors
will be of the order of the time scale separation between the slow and the fast dynamics.
This design is carried out in detail in the following theorem. We will give a direct proof
here which does not rely on the standard results in singular perturbation theory. This has
the advantage of providing estimates on the size of the domain of attraction and bounds on

the norm of the error vector as time tends to infinity. Before stating the theorem we give

* the following definitions:

g = @ns)ggw)lﬁ(i-ﬂ)l

su U)lﬁz(é.n)l

- (3.4.5)
Ene

€ :
Theorem 3.4.1: Let the system (3.3.1) be hyperbolically minimum-phase and the control
law chosen according to (3.2.8). Let &,, as defined in (3.4.5), be less than 1. Let the con-

trol v be chosen as:

V= 53(0 - % ey + a1y + - -+ +ay 6] (3.4.6)
where ¢ is a small positive constant and the polynomial s*! +a;s¥ 2+ - - +a, is

Hurwitz. Then there exists a positive constant €', a set D C IR? containing the origin, and
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an open set Q € @(U) such that for all € < " and [E%(9)] < ¢, and [ES()| < d for all ¢ with
(c.d) €D and all initial conditions in Q, the trajectories of the system remain in the open

set ®(U) and the tracking errors converge to an e-neighborhood of the origin.

a
Proof: With the control v given by (3.4.6), the system (3.4.4) becomes:
él =é
€ = e
: (3.4.7)

év = -—g_l [ev + aiéy + .- + av-Iel] + sl@’ﬂ) + 52(5.;’“)"

1 =qEn)

To prove the theorem, we will first assume that the system trajectories remain in the open
set ®(U) so that the bounds given by (3.4.5) are valid. With this assumption we then
show that the tracking errors converge to an e-neighborhood of the origin. Later we will
show that for a proper choice of € and tracking signal y,(7) the trajectories do indeed

remain in the set ®U).

Thus define:
E) =aeyq+ - +ayy
Ey =ae 1+ - - +an1-aE;
=e +E (3.4.8)

e=(epe2 " .ev_,)T

€:=(e1,€3 * * * 1Eu_1EW)
Then (3.4.7) can be written as:

6=¢

=6
. 3.4.9
éy-1={ - E (3-49)

el = —[1-ea,-8,EMIG+ €5,EM) + e8,EN)ET + €E;
f] = Q(E»Tl)
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Consider the following positive definite function in the (¢,{) coordinates:
ViEe.D=¢"Pe+ % ey (3.4.10)

where P is chosen such that

PA+ATP=-] (3.4.11)
and
) 1 oo Q)
A=| ! : P
0 o --- 1
((Bv-1 “Ov2 " Ty

and y is a positive scalar to be determined later. Differentiating V; along the flow of

(3.4.9) we obtain:

V, =g I + 22 TPbL — Y(1-ea-5,(EM)L2

+ eY8,(Em) + S,EMIED + E)L (3.4.12)

where b :=[0,0,..,1]TeR*!. With the assumption that the trajectories of the system

remain in the open set U, we can use (3.4.5) in (3.4.12) to obtain:
Vi S g - ¥ (-erea)iEl + pylE iG] + everterd+ple DIL| (34.13)

where p; and p, are positive constants such that [2e TPb| < pyle’| and |Ey| < pofe’], and we

have also used the bound I&‘J(t)l < d. Define:

¢ = 1-6—€a,

€3 = YEHEd) 2414

P = pr1teEwP2 (34.19)
O l"f/z

¢ =2

By assumption, €, < 1, thus €>0 and for all e <& we have that ¢,>0. Now using the
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inequality:
plellt] < + Ie+p%E? (34.15)
in (3.4.13) we conclude that:

Vis— % I8 — (Ye-pOICE + ecall) (34.16)

If y is chosen such that yc, > p?, then it is easy to see from (3.4.16) that there exists
a positive constant R such that for all (&;0) outside of the ball of radius €R, denoted by B,
we have V’, < 0. Now let:

Q, = (@D IV, Sc)
¢=inf {c|Q; D By}

Then it is clear that ¢ is of O(¢) and that the trajectories will converge to the set . This
ends the first part of the proof. To complete the proof we need to show that for a proper
choice of the tracking signal the trajectories in fact remain in the open set ®(U). Thus

consider the following Lyapunov function candidate for the system in (3.4.9):
V@ELm) =g P+ -;-evtz + 1Vo(m) (3.4.17)

where P is the solution of (3.4.11), V; is a Lyapunov function for the zero dynamics and
satisfies the inequalities (3.2.15), and y and p are positive constants to be determined later.
Differentiating V we have:

V=- [+ 22 7Pbl — Y1 - ea, - S,EMNE2

. oV,
+ e, EM) + S,EMEIHEL + uﬁq@m) (34.18)

where b is defined as in (3.4.12). Using (3.2.15), (3.2.18), and (3.4.14) in (3.4.18) yields:

V< — e - ye, 2 + plellgl + ecilfl — p Ay mP
+ PA,LKTEm| + pALiniIG) + phsLetm| (34.19)



where K is a positive constant such that |e] < K] +{{|, and we have used €9 < c. From

(3.4.19) and the inequalities:

KALLKTE Il < &  + WALK 7

1 (3.4.20)
WAL < 7 IGP + wAZLmP
we can write:
Vs - Lzl - Gorp? I - b0 — LK
+ €c,lC| + pAyLein| (3.4.21)

Now it is clear that we can choose y and W such that the square terms in (3.4.21) are all

negative. Thus for example take:

=1 (1.25+p?)
(5]

M

= 2M3LY(14+K?)

Then (3.4.21) becomes:
. A
V- %w P - IGF - nZH P + ecald] + haLelnl (34.22)

Recalling from (3.4.14) that ¢, depends on d (the bound for Eﬁ(t)), we conclude from
(3.4.22) that for every &, ¢, and d there exists an R(e.c.d) such that Vis negative outside

the ball of radius R. Let:

Qc = (@M | VS C)
Cled =inf (C 10 > Bger, )

Then we can find a set D € {(c,d) | c20;d =0} such that whenever (c.d) € D we

have that

@Ln)e Qpc.qy => EM)e BU)
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Define:

Q = {EN | ENedU) => @GELMeQgcq . Y (ch)eD)

" Then with € < €, [E40)| < ¢, €4V < d, and (c.d) € D, we have that for all initial conditions

in Q the system trajectories stay in the open set ®(U) and this completes the proof.

3.5. Robust Tracking Via Sliding Mode Control

Consider the system (3.3.1) with the perturbations satisfying Assumption 3.3.1. For a
given desired tracking signal y(r) we have shown in the previous section that the system
(3.3.1) can be reduced to the system:
e =e
& =6

: (3.4.3)
éy=v+BEM + &ENY - &
n=q@Emn)

In this section we remove the restriction that the control input be smooth. Rather we
consider piecewise smooth inputs in order to achieve zero tracking errors despite the uncer-
tainties present in our model of the system. Our objective is to choose a (v-1) dimensional
subspace in IR¥ with the property that the error dynamics restricted to this subspace are
asymptotically stable. It is clear that with the presence of uncertainties no subspace can be
made invariant with a smooth control. We will therefore use the discontinuities in the con-
trol in order to force the dynamics to evolve on the chosen subspace. We will refer to this

subspace, made invariant via discontinuous control, as a sliding surface. Thus define:
S=e,+ajey 1+ - +a,9 (3.5.1)

where the scalars g, through a,, are chosen so that the polynomial

s+ a5 2+ -+ - +a,, is Hurwitz. Clearly if the dynamics were forced to evolve on
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the surface characterized by S = 0, then e,(z) through e,.,(f) would converge to zero as ¢
tends to infinity. Thus we will choose S = O as our sliding surface. The following theorem
states our result.

Theorem 3.5.1: Let the system (3.3.1) be hyperbolically minimum-phase and the control

law be chosen according to (3.2.7) with v given by:
v=El-aie,— -+ - a6 - K 5g0(S) (3.52)

where K is a positive constant. Let €, as defined in (3.4.5), be less than 1. Let §3 be
bounded. Then there exist positive constants K~ and ¢", and a set Q € ®(U) such that for
K> K" and |E9 < ¢°, we have that for all initial conditions in Q the trajectories of the sys-

tem remain in the set ®(U) and the tracking errors tend to zero as t—eo.

a

Proof: Using (3.5.1) and (3.5.2) we can, through a coordinate change, write (3.4.3) as:

él = €

éz =é3

) 3.5.3

by-1 = =016y = " — g +S ©:33)

S ==K sgn(S) + 8,(Em) + 8, En)v

ﬁ = Q(E.-oﬂ)

We will now show that if the states £ and n remain in the set ®(U), then there exists a
constant K~ such that for K > K* we have that &0 as t—-, where € is defined in (3.4.8).

To this end consider the positive definite function of S:
Vi(s) = %sz (3.54)
Differentiating V, along (3.5.3) we have:

V, = S[=K sgn(S) + 8,En) + 8,(Env] (3.5.5)
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Then using the bounds for the perturbations inside the set ®(U), as given by (3.4.5), in
(3.5.5) gives:

Vy < =KIS| + (er+e;v) IS] (3.5.6)
From (3.5.2) we have that:
IVl S d+K+Ale| (3.5.7)

where d is the bound on |§$|, and A is the nom of the vector [a;,.., ay,_;]. Let C be the
maximum of [€| in ®(U). Then since, by assumption, the trajectories stay in ®(U), we
conclude that |E% < C. This implies that le] < 2C for all Ee ®(U). Then we have from

(3.5.7) that:
vl € d+K+2AC (3.5.8)

Using this bound in (3.5.6) we obtain:

V) S —[K-€,-€,(d+2AC)-€K] |S| | (3.5.9)
Since g, < 1, we can define:

K = €,+€5(d+2AC)

5.1
- (3.5.10)

It is clear from (3.5.9) that for K > K", V, will be negative definite and thus S will tend to
zero. In fact we can see from (3.5.3) that S reaches zero in finite time. To conclude that
-0 as t—oo, we need only to look at (3.5.1). With $=0, (3.5.1) describes a stable (n—1)st
order homogeneous differential equation which impiies that @ tends to zero assymptotically.
Thus in the error coordinates, the uaje;:tories first reach the sliding surface S=0 in finite

time, and then converge to zero exponentially on the sliding surface.

To show that the state trajectories of the system remain in the set U for all time, we

consider the following positive definite function as a Lyapunov function candidate:



2
VESn) =¢Pe+ x—sz— + —‘ii) + uvp(n)

(3.5.11)

where P satisfies (3.4.11), V(n) satisfies (3.2.15), and the positive constants y and p will

be specified later. Then we have:

V=g + 22 TPbS + AS+5°) [-Ksgn(Sy+3,Enr+5,Enw)

oV,

(3.5.12)

where b = [0,0,...177e IR¥"!. Then using (3.2.15) and (3.5.10) in (3.5.12) we conclude that

in the set ®(U):

V< g + plelISl - W(1-e)(K=K"YISHSP) — pA,mf?

+ pALIMISE + pALL(A+D)IE Il + phsLeinl

where p satisfies |2'e‘TPb|<p|F |. Next employing the inequalities:

2
pletis s EL + psp
2
HAZL(A+T)E IIn] < 13—41- + WAL A+ NP
ot < 55 + ya3ein?
we obtain:

Vs -%w:- 2 = pIM—pASLA(A+1)241)] + (924%)512

“Y1-e)(K—K")(SHISP) + phsLetm
It is easy to see that:
“H1-e)K-KYISHST) + (P24 <0 ¥ 540
if

Y1-e)K—K) > (%)

(3.5.13)

(3.5.14)

(3.5.15)
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Thus choose:
2.1
LAy L
(1-€)(K—K")
A (3.5.16)
_ 1
b= ey

Then letting Q¢ := {(&S.n) | VSC]), it is clear that with the above choices for y and p, we

can find C(c) > 0 such that Vis negative outside of ¢. Furthermore C(0)=0. Thus letting:

¢" = sup {c | @SN)e Q) = EMe D)} (3.5.17)

we can find an open set Q € ®(U) such that for all c<c” and all initial conditions in Q the

trajectories of the system remain in @(U).

3.6. Adaptive Tracking in the Presence of Parametric Uncertainties

We will now turn to the class of perturbations satisfying Assumption 3.3.2. Because
the perturbations in this case arise from parametric uncertainties in the vector fields, we can

see that the true system has the form:

N M
x = Y ouf(x) + YBjg xu

i=1 j=l A
y = h(x) (3.6.1)
where f(-)’s and g()’s are smooth vector fields in the open set U € R", (0)}=0, Y i, and
h() is a smooth function. Moreover the scalars a;’s and B;’s are constant parameters
which are assumed to be unknown. Our model of the system then, is based on our esti-
mates of these parameters, i.e., 0;'s and B;’s. Our approach here in dealing with the uncer-
tainties is fundamentally different from those of the previous two sections. Because of the

special structure of the system, namely linearity in the unknown parameters, we will be

able to update our estimates of the parameters based on the observations of the tracking
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errors. Thus the controller parameters in this case are time varying rather than fixed. This

is in contrast to the controllers studied in Sections 3.4 and 3.5.

In our development we will first consider systems with relative degree one, and later

generalize the approach to higher relative degrees.

3.6.1. Relative Degree One Systems:

The system (3.6.1) can be transformed to its normal form according to Proposition

3.3.2. Thus in the new coordinates we can write:

N M
y= ga: Leh(x) + gﬂ} Ly p(xu
&= F

| = q&n) Go2
If the paraméters were known, the control law:
. 1 N . .
u = gr———[-X 0 Lh(x) + ya = a(-y4")] (3.6.3)
2B Lep) =
Fl

would result in asymptotic tracking of the desired signal y«t) by the output, fora>0. In
the absence of perfect knowledge of the parameters, however, we will replace them in

(3.6.3) with their estimates. Thus the actual control law is given by

N
U= =30 Lh(x) + s — GG-340)] (3.6.4)
;;,ﬁ,- Lptx) =
£

Because the system is assumed to have strong relative degree one, we know that the

function:
M »
2Bj Lgh(x) (3.6.5)
1 :

is bounded away from zero, and thercfore its inverse is well defined for all xe U. Thus the

control law (3.6.3) is well defined for all xe U. However, the control law (3.6.4) may not
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be well defined, since the function:
M
2B; Lp(x) (3.6.6)
Al

may become zero for some choice of the parameter estimates B;’s. To eliminate such a pos-
sibility we shall restrict the parameter estimates to take on values which guarantee bound-
edness of (3.6.6) away from zero. We make the following assumption to this effect.
Assumption 3.6.1: Let the bounds (3.3.6) be given. There exists a constant 8> 0, such
that the function in (3.6.6) is bounded away from zero for all parameter estimates satisfy-
ing:

B; e (IB;'S . hpj+5) =: ’B: (3.6.7)

O

Thus Assumption 3.6.1 guarantees that whenever our estimates of the parameters lie
within the bounds (3.6.7), the control law (3.6.4) is bounded for all xe U. Now using this

control law in (3.6.2) we have:

M
N 2B Lepny
¥ = 305 Lih®) + H———1I T Leh() +Ja - aGy - o)) (3.6.8)
=1 zlﬁj Lg /l(X) =1
F

which can be written in the following form:
. . N N ® M .
¥ =Y4—aQ =y + T(0 — &) Lh(x) + XB; = B) Lgh(x) u (3.6.9)
P 1

Define:

@7 = [of- 0y, . . . N — O, Bi— By, - - - Bar — Byl

W) = [LhQD), . . .\ Leh(), Ly h, . . . o Ly i) (3.6.10)

Then (3.6.9) becomes:
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é =—ae + D'W(x.0) (3.6.11)

where e =y — yA1).

Theorem 3.6.1: Let the system (3.6.1) have strong relative degree one and be hyperboli-
cally minimum-phase. Let the control law (3.6.4) be chosen with the parameter update law

given by:

®=-We Y Bgelp, (3.6.12)

and the parameter resetting law given by:

I, if Bl =1Ip~8

BAY=hg, if Bl =g+ (3.6.13)

Let yf) be bounded. Then there exists a positive constant ¢~ and an open set Q © ®(U),
such that if |y < ¢, then for all initial conditions in  output tracking of the desired sig-
nal y(¢) is achieved with the trajectories remaining in the set @(U).

O

Remark 3.6.1: The parameter resetting law (3.6.13) is adopted from [14], where it was
first introduced in the context of adaptive control of robotic manipulators. The purpose of
parameter resetting is to keep the parameter estimates within the bounds (3.6.7) so as 10

ensure the boundedness of the control u.

Proof: We consider the positive definite function:
V=& + dTd (3.6.14)

We will first compute the change in V due to resetting of a single parameter, say Be at

time ¢. We have:

AV() = V() — V()
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N M
= (") + }:l<a: - o (M) + zl;@,’ - B?
= ) o

N M
- &) - X0 - a0)® - ).‘;(B} - By (3.6.15) .
i=l =

It is clear from (3.6.11) that there will be no discontinuity in e as a result of a parameter
jump; thus e(f*) = e(s). In addition all parameters other than B, will remain unchanged at

t*. Therefore (3.6.15) becomes:
AV = B} — Bie*)? — (B} — BUO)® (3.6.16)

Now using the resetting law (3.6.13) in (3.6.16) gives:

- -2 -1p)d if P =1l -3

AVO =182 2, —BD S if Bun=hg+8

(3.6.17)
Therefore the change in V due to a parameter resetting is always negative since

Bz —ls, >0 and hg, — By > 0 by definition. Furthermore from (3.6.17) we can conclude

that for all parameter resettings:
AV() < - & (3.6.18)

Now, differentiating V along (3.6.11) and (3.6.12) we have:
. 3
V=—aeée*+ T80t - )AV(1) (3.6.19)
i=1
where ¢;’s are the instants of time at which resettings take place, s is the total number of
resettings, and &(-) is a delta function. From (3.6.19) it is clear that Vis always negative
for e # 0. Therefor from (3.6.14) we conclude that, e and @ will be bounded. In addition,
with e and ya bounded, & is bounded and thus from the minimum-phase property of the
system we know that | remains bounded as well. Moreover from inequalities (3.2.15) and
the bounds on ® we may find a constant ¢’ and an open set Q € @®(U) such that if

vd < ¢, then for all initial conditions in Q we have that (§,n) remains in the open set
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o).

To show that e = 0 as ¢ — o, we note that boundedness of e, @, M, and y4(?)
implies that W is bounded. This in tum implies that e is bounded. Therefor e is uniformly
continuous. Furthermore, since by (3.6.18) we know that |[AV(z)| is bounded away from
zero, and since V is positive, we may conclude that at most a finite number of resettings

may occur. Thus s < . So after all parameter resettings have occurred, that ist>t, we

have V = — a €. Therefore I € dt < o. This and the uniform continuity of e establish con-
A

vergence of e to zero.

3.6.2. Systems With Relative Degree Larger Than One

Assume that the system (3.6.1) has strong relative degree v > 1. Then by Proposition
3.3.2 it can be transformed to:
§1=&
E2=8;
: (3.6.20)
&y = Lrh(x) + LoLEh(x) u

1 =4qEn)

N M
where 1'(x) := zla: f(x) and g’() = 3B gi®).
= Al

In extending the straight forward approach of the previous subsection to the current
situation we encounter two sources of difficulties. First, the functions L}h(x) and
L-L¥"h(x) are no longer linear in the unknown parameters when v > 1. They involve vari-
ous products of these parameters. This can be seen from the following expressions:

N
L}h(x) = ‘-Zjvai'aiz ' Lf;"Lfiz te Lf‘vh(X) i (3.6.21)
s Lol
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N M .
Loli'h = 3 X - 0 By Loy, -~ Ly b (3.622)
ipey-y Jo1

This problem can be resolved by defining each of the products a;a; ce ‘1:, and

of - -+ a; Bj as a new parameter which can be updated separately. Such a definition
would allow us to parallel the development of the previous subsection for the new parame-
ters which now appear linearly in (3.6.20). Therefore, we define a new parameter vector

as follows:
0! := ()Y, (@)™ 03, . . . (o), @D IBY. . . . (o) 1Ba)” (3.6.23)
So that (3.6.20) may be written as:

& =&
E2=8;
: (3.6.24)
E, = 0" [Wy(x) + Wy(x) u]

n = q@Emn)
where W(x) and W,(x) are vectors whose components are the various successive Lie
derivatives of A(x) along the vector fields f(x) and g{(x), as they appear in (3.6.21) and

(3.6.22). Now, we use the control law:

us= e‘_’v:'(—).[- 8"'W,(x) + V] (3.6.25)
24X,

where 0! is the estimate of 8!*. Then with this control (3.6.24) becomes:

&1 = §z
& =&
: (3.6.26)
E, = v+ @ [W,(x) + Wy(®) u]

n=qEmn)

where ®! ;= 0! - o',



72

The second difficulty concems the availibility of the §,’s for use in feedback. At this
point, to parallel the development of the relative degree one case, we need to use the €;’s
both in the control v and in the update law for the parameters. Recall that

E, = L¥h(x), k=1,...,v. Since the vector field £'(x) is a function of the parameiers, so arc
f

the &,'s. Therefore, in the absence of exact knowledge of the parameters, the E.’s are also

unknown and can not be used in feedback.

As far as the control v is concemned, we can use the estimates of the states §'s in the
control law and in doing so we will augment the parameter vector 0!" with additional

parameters to be updated. The states ,’s can be written as:

N
Ee=LEh) = X oo Ly Ly oo Ly (). B2V (3.6.27)
1

iy iy
Therefore we déﬁne the parameter vector:
- N (o P () o 21 N (+20) AN (-0 (3.6.28)
Using this definition in (3.6.27) we can write:_
Ee= 6" WD), k=2....v  (3629)

where W,(x) through W,(x) are vectors whose components are zeros and various Lie

derivatives of A(x) along the vector fields f(x) , i=l,...,n.

The control v is chosen to be:

v =— 0¥ [@Wy(x) + @y y(X) + - -+ + 3y Wo(®) + &k

+ a0 + a ki O+ - - +akie) (3.6.30)

where 02 is the estimate of the parameter vector 6%° and the coefficients a, through a, arc
chosen so that the polynomial s’ + als‘"l + -+« +a; is Hurwitz. Defining

@? := 0% — 62, we can write (3.6.30) as:
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vE—age,— Gy — *°° —ae;+ ¢27W3(x) (3.6.31)
where we have defined Wj(x) by:
Wi(x) =aW,(x) + - + ay_ Wy(x) (3.6.32)

Using (3.6.31) in (3.6.26) we obtain:

e =e
e&=e
] 3.6.33
€y_1 = €y A ( )
by=—ay ey =Gy ey — -+ — ay €+ OV IWy(2) + Wy(n) 1] + @ W3(x)
f‘ = 4@-"1)

Defining:
eﬂ' = [epT , eon]
o7 =[0", 6%
=00 (3.6.34)
Wxt) = (WIx) + Wit u , W)

we can write (3.6.33) as:
é| =€
éz = 83
. 3.6.35
€y-1 =€y ( )
by=—ay e~y ey — -+ —ay e+ WD
n=4qEn)

Therefore with the new parameter vector we can repeat the development of the relative
degree one case if we are able to update the parameters. However, the parameter update
law requires the use of the ¢;'s &=2,...,v, which are not available. We note, however, that
the ¢,’s are the successive derivatives of e;, which is available. Thus we can gencrate

approximate derivatives of the output &; in order to construct approximate e,’s for use in
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the parameter update law which would result in approximate output tracking of the desired
signal. The approximate derivatives will be generated by a v dimensional filter which is

discussed in the lemma below.

Lemma 3.6.1: Suppose the function y(¢) and its first v derivatives are bounded, so that

b® < ¥;, k=0,....v where Y;'s are positive constants. Consider the following linear sys-

tem:
e =G,
eb2=0s
: (3.6.36)
eﬁv-l =&y .
eév == ble = bZCw-l -t T CI +y()

where the parameters b, through b,_, are chosen so that s* + s*1 +..41 is Hurwitz. Then

there exist positive constants Ky , k=2,....v and ¢’ such that for all ¢> ¢ we have:

Ry

% et = YW S Ky k=1, ... V-1 (3.6.37)

Further the constants K, are decreasing functions of the ¥, ’s.

a

Proof: We can use the last equation in (3.6.36) to find an expression for y. So that:

1 .1 . . .

;CZ_)’=-€'C2-8€v-b1§v— Tt = CI (3.6.38)
Next using (3.6.36) in (3.6.38) yields:

l . .. . .

ry L=y =€y + bylyy + - -+ + byalD) (3.6.39)
Now differentiating (3.6.39) and using (3.6.36) we have:

-:7 Lot —yP = — e SE)  p=1,..v-1 (3.6.40)

where S =8, + by + - * - + by§;. The proof is complete if there exist constants K
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such that |S®| < K,. To show this, we note that the derivatives of the vector { may be

computed as follows:

At
c(k)(f) = é Aket (£ + A} by(0) + EA-zb)"(O) + -+ 4! A—kby(k-l)(o)]
M _m
+ % e* £ e © byOma (3.6.41)

where A is the matrix cormresponding to the homogeneous part of (3.6.36) and
b := [0,0.,...,1)7. Therefore for any & > 0, we may find a ¢* so that for all +> ¢ the first
term in (3.6.41) is bounded by 8Y, for each k. Further since y® is bounded by Y, there are
constants D, such that the second term in (3.6.41) is bounded by D,Y, for each k. Now fix

an arbitrarily small 8. Then for ¢ > we have that:
IS®)| < B(D#8")Y, = K, (3.6.42)
where B is the norm of the vector [1,by,....by—1]. This completes the proof.
O

Having the filter in (3.6.36) we now define the approximate error vector, denoted by

&, as follows:

¢ =& - yd) % E2 =340, .. .. s‘}'l G-y’ (3.6.43)

We will use ¢ in the parameter update law in place of e, the true error vector. Before stat-
ing our result, however, we make a further assumption !egzirding the boundedness of the
control defined in (3.6.25) and the boundedness of the parameter estimates in the course of
adaptation. This assumption is the counterpart of Assumption 3.6.1 for the relative degrec
one case. In this assumption, we use the bounds in (3.3.6) to compute bounds on the new

parameters 6;'s. That is we find scalar constants kg, and Jo, s0 that 6;e (I, . /o).

Assumption 3.6.2: Let the parameters 6,’s be known to lie in open intervals (lg, , /o).
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There exists a positive constant & such that the function Blrwz(x) is bounded away from

zero for all parameter estimates satisfying:
0; E(lg‘—s » hg+0) =: Iy, (3.6.44)

O

We now present the main result of this subsection in the following theorem. In the
theorem b denotes the column vector [0,0,...,1]7 and P is the symmetric positive definite
matrix which satisfies the Lyapunov equation PA + ATP = —I with A being the matrix

corresponding to the error vector field in (3.6.35) when @ is zero.

Theorem 3.6.2: Let the system (3.6.1) have relative degree v and be hyperbolically
minimum-phase. Let the control law (3.6.25) be given with v specified by (3.6.31). Choose

the parameter update law:
d=-yTPW N 8¢l (3.6.45)

where 7 is a positive gain and the filter in (3.6.36) is tumed on at # < —". Let the parame-

ter resetting law be given by:

lo, if 8(t)=1lp,-d

04 = ho i 040 = ho + (3.6.46)

Then there exist an open set Q < ®(U) and positive constants ¢, dy, dp, and 1, such that
for I§"| < ¢ we have that for all initial conditions in Q the trajectories remain in the sct

O(U) and:

el <dy Ve, Y t>1 (3.6.47)

. . dz cd -
provided that v > - and &7 is bounded.
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Proof: We will first assume that the trajectories remain in the open set ®(U). Then we

consider the following positive definite function of e and ®:

V= ePe + -f; o’o (3.6.48)

We know from the proof of Theorem 3.6.1 that V will always decrease as a result of a
parameter resetting event. Now differentiating V yields:

V= lef? + 2e"PLOTW — 262 PbOTW (3.6.49)
Now we use the fact that ¢* = e — €p, where p is defined by:

p'=0,58 ...,5Y (3.6.50)
and S is defined in (3.6.40). This results in:

V =—|ef + 2¢ pTPOO'W (3.6.51)

We know from Lemma 3.6.1 that S® are bounded if & and &, are bounded. Now in the
region tb(U), E is bounded and by (3.6.26), &v is bounded if ?,3 is bounded. Furthermore
@ remains bounded by the resetting mechanism. Therefore, we know that there exists a

positive constant D, such that:

1 2p"PbdW | <D, Y (En) € BU) (3.6.52)
Thus in ®(U) we may write:

Vs—lef+eD (3.6.53)

Then adding on the effects of parameter resettings we have:

- s
V<—lef+eD-L38¢-1) & (3.6.54)

&=1
Since the parameters are bounded due to resetting, we can see from (3.6.54) that there is a
constant d; such that outside the set G := {(¢,®) | lef S € D , IR < d3), V is strictly nega-

tive. Thus we conclude that the system trajectories will enter and remain in the smallest set
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of the form Q. := {(e,®) | V < ¢} which contains G. Thus define:
c=inf{c|Q, O G} (3.6.55)

To ensure that |e| is small in the set £, we must have ¢ small. Now define:

_ Omax(P)
@=2D Grin(P)
. ds (3.6.56)
2" D OpuP)

where Gy (P) and Gpin(P) are the maximum and the minimum singular values of the
matrix P respectively. If y> %, then we can conclude that ¢ < 2€G,(P)D and thus we
have that:

lef<dVe, Y ee Q (3.6.57)

To prove that the trajectories will remain in the open set ®(U) we use the Lyapunov

function:

V, = Pe + %dﬁb + LVom) (3.6.58)

where P is as in (3.6.48) and V,(n) is the Lyapunov function for the zero dynamics and
satisfies the inequalities in (3.2.15). Differentiating V; along the flow of (3.6.35) and using

(3.2.15) and (3.6.52) we obtain:

Vy < = lef? = phini2 + pA’LINGE + €D (3.6.59)
Then using [E] < le] + €9 and [E9] < ¢, we conclude from (3.6.59):

Vi < - lel — pAmi® + phgLinflel + proLem| + €D | (3.6.60)

Using the inequalities:

KhoLinllel < -lef + WAL
1 22,20 12 (3.6.61)
WhoLein| € - + WAL
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in (3.6.60) we have:

. “ 2L2
Vi S = 2ief - w(1 - 22 + 52+ €D (3:6.62)
1

Then choosing j small enough results in a negative coefficient in front of M. Thus for

example choose:
M
= c— 3.6.63
b= (663

By virtue of the resetting mechanism we have |® S d;. Then with p chosen in (3.6.63)

we can see that outside the set:
Gy = (e®m) | 216 + TuhmP < eD + 25 [0F < dy) (3.6.64)

Vl is strictly negative. Now define:

Q¢ = {(e, @) |V, < C)
C=inf(CIQ¢ D Gy . (3.6.65)

Then clearly all trajectories starting in Q¢ will remain in ¢ for all time. From (3.6.65) we
can also see that C is a function of € and c¢. Therefore for € small we can find ¢" such that

for all ¢ < ¢* we have that:

(e,q’:n)e Qg(c) = (g,ﬂ)e Q(U)

Therefore we can find an open set Q € ®(U) such that for all £%(r) with |€% < ¢” and all

initial conditions in Q we have (E()n(®)e®V) , Y.

3.7. Concluding Remarks

In this chapter we have presented the basic output tracking control scheme for SISO
nonlinear control systems along with several techniques for robustifying the scheme with

respect to modeling errors. In Sections 3.4 and 3.5 we used high gain and sliding mode
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control schemes, respectively, in order to deal with the class of uncertainties satisfying the
generalized matching condition (3.3.3). Although this class of uncertainties was shown to
be significantly broader than the class of uncertainties satisfying the matching condition
(3.3.7), it does not encompass all uncertainties of interest. Thus, it is extremely desirable to
design schemes for dealing with uncertainties excluded by (3.3.3) as well. More work in

this direction needs to be done.

In Section 3.6 we presented a new adaptive scheme which is bascd on computing
approximate derivatives. This scheme should be compared with the augmented error
scheme of Narendra, Lin, and Valavani [29] for linear systems, and Sastry and Isidori [36]
for nonlinear systems. Although our scheme is considerably simpler to implement than the
augmented error scheme (the augmented error scheme requires as many filters as there are
parameters), it results in small rather than zero tracking errors. In addition, in our scheme .
the filter which computes approximate: derivatives must be tumned on before adaptation
starts. This is done to keep the initial transient error in the filter from entering the adapta-
tion loop.

In the following chapter we will focus on the issue of robustness to unmodcled
dynamics. The analysis of the robustness properties of a tracking system is extremciy
important from a practical point of view, in that it results in control design criteria which

must be met in order to ensure stability and adequate performance for the system.
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Chapter Four
Robust Tracking with Unmodeled Dynamics

4.1, Introduction

In choosing a model of a physical system for the purpose of control design, one often
tries to find the least complicated model which is adequate for the control task at hand. It
is inevitable that the simplicity of the model comes at the expense of neglecting some
characteristics of the system in the model. Often the neglected effects correspond to the
part of the dynamics which is, in some sense, secondary with respect to the control task.
Such effects typically arise from time scale separations inherent in the system. In this case,
if the control variations are on the slow time scale of the system, the faster dynamics of
the system constitute a secondary effect and may be neglected in the control design pro-
cess. In linear systems, this corresponds to neglecting high frequency effects of the system
which lie outside the bandwidth of the control input. The neglected part of the dynamics

is generally referred to as "unmodeled dynamics" in the control literature.

Although by neglecting part of the dynamics of the system the control design process
is greatly simplified, we are left with the additional task of guaranteeing robustness of the
design with respect to the unmodeled dynamics. That is, we must guarantee that the use of
the control input which was designed on the basis of a simplified model, results in stability

and adequate performance in the true system.

This chapter is devoted to the analysis of the controllers of the previous chapter when
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they are implemented in the presence of unmodeled dynamics. One method of introducing
the unmodeled dynamics is through the use of a small singular perturbation parameter,
denoted by €, which multiplies the derivative of the state variables corresponding to the
fast dynamics in the system. In this case, the simplified model, which is referred to as the
reduced model, is computed formally by setting € equal to zero. We, therefore, assume that
the system (3.2.1) of the previous chapter corresponds to the reduced model of the follow-
ing singularly perturbed system [12]:

i=fi()+ Fix) z+ g(x) u

2=+ Fyx) z+ g(x) u 4.1.1)
y =h(x)

where xeR", zeIR™, ue R, yeRR, fi(), (), 81(:), and g,(-) are smooth vector fields on an
open set U € R", £;(0) =0, 5(0) =0, Fy(-) and F,(:) are nxm and mxm matrices whose
columns are smooth vector fields on U, and A(-) is a smooth function on U. In (4.1.1) the
state variables z contain the fast dynamics of the system.

The basic assumption in singularly perturbed systems is the nonsingularity of the
matrix F,(x) fon: all xe U. This assumption is necessary for.the system (4.1.1) to exhibit a
two time scale behavior and possess a reduced model of dimension #. In our study, how-
ever, we make a stronger assumption which also asserts the stability of the unmodcled
dynamics.

Assumption 4.1.1: (Stability of unmodeled dynamics) Let O(F,(x)) denote the spectrum of

F,(%) for each xe U. Then there exists 6° > 0 such that
Re(cF,(0)) s -6 Y xelU

o

With this assumption we may compute the reduced model of (4.1.1) as follows: let-

ting € = 0, we obtain:
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0=L(x)+ Fy(x) 2+ g;(x) u ‘ 4.12).
Solving for z and denoting the solution by z, we have:
z, == F, 7'(x) [(x) + g2(x) u] 4.1.3)

The subscript s in z, refers to the fact that (4.1.3) represents the slow component 61‘ the
state variables z. Substituting (4.1.3) in the first equation in (4.1.1) we obtain the follow-

ing reduced model of the system:
i = fi(0) = Fi0F 7'(0) [H(0) + g2(0) u] + g1(x) u 4.14)
which can be written as (3.2.1) if we define:

D) =[G - Fy®F; " QA%

80 = £1(0) = Fi(0F (g0 @13
Following [i2]. we will define the fast component of the state z by:
Zr=z-2 4.1.6)
Then rewriting (4.1.1) in terms of z, we obtain:
x=fx) + g(x) u+ F(x) z
= Fy®) 77— &2 (2,(3) @.1.7)

y = h)
We note that in (4.1.7) the reduced model of the system appears explicitly and can be
obtained as the limit of (4.1.7) when € tends to zero. It is also clear from (4.1.7) that z;
represents the fasi dynamics of the system and if Assumption 4.1.1 holds, it will converge
10 zero as € tends to zero. To show the explicit dependence of the dynamics in (4.1.7) on
the control input u, we compute the derivative of z,(x) with respect to time. Therefore, we

have:



L= L B D+ g u+ @ 7
=L (7, @00 ) + 80w+ Fr8) 7

- Fy l()gy(x) 4 (4.1.8)
To simplify the presentation throughout this chapter we define the following quantities:

ne) = %(Fz 1500 D)
rax) = 'aa;(Fz “IfH00) 20) + ;%(Fz “1()g200) )

ra(x) = %cﬁz ~{x)g,00) g(x)
ra®) = Fy "'(0)g,()
Ri0) = (P, ") i)

4.1.9)

R = 2 " @a) Fi)

Using (4.1.8) and (4.1.9) in (4.1.7) yields:

x=fx) + gx) u+ Fi(x) z
€z, = [Fy(x) + eRy(x) + ERy(x) u] zp+ €[r(x) + ry(x) u + ra(x) 12 + ry(x) 1)(4.1.10)
y =hx)
The system in (4.1.10) is in the appropriate form for our subsequent analysis of the
robustness properties of the controllers introduced in the previous chapter. It contains the
reduced model of the system, for which the controllers were designed, and it is explicitly

written in terms of the slow and the fast modes of the system.

4.2. Robustness of High Gain Control to Unmodeled Dynamics:

In Section 3.4 we applied high. gain control to the system (3.3.1) in order to reduce
the effects of the uncertainties of the system on the tracking errors. Here, we will assume
that (3.3.1) is the reduced model of a full order system of the form (4.1.10). Our goal is

to analyze the performance of the high gain controller when it is implemented in the full
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order system. Therefore, we start with the following variation of (4.1.10) which contains
the uncertainties in the reduced model.
x = flx) + g(x) u + Af(x) + Ag(x) u + Fy(x) z¢

ez, = [Fy(x) + &Ry (x) + eRy(x) u) 2+ €[ry(x) + ra(x) u + r3(x) 12 + ry(x) u) (4.2.1)
Yy =h@x)

where, as in Section 3.4, we assume that ARx) and Ag(x) have indices larger or equal to
the relative degree of the unperturbed reduced system, namely v. By Prbposition 3.2.2, we

can perform the change of coordinates (En,z)) = (®(x).zp) to obtain:
Ei=E+ Mz

&v-l =&y + YAv1(0) %
E, = bEM) + aEm) u+ 3 (EN) + 8 2EM) u+ X0 2 @4.22)
f‘ = q(E.nn) + X(x) zf
€zp = [F(x) + R (%) + ERy(x) u) 2+ E[ry(x) + ro(x) u + r3(x) 2 + ry(x) u]
y=§
where Y(x) := dEyx) * F1(x) for k=1,....,v , () := dn(x)  Fy(x), and all other quantitics
are as defined in (3.4.2). Next, given a desired tracking signal y (1), we choose the control

law given in Section 3.4, that is:

__1
a€.n)

u [-bEn) + & - '_lé_'[ev +ae + 00 +ae]] 4.2.3)

In (4.2.3), € is the high gain parameter ( which was denoted by € in Section 3.4 ) and
e =&, - & for k=1,....v where &4 denotes the (k-1)st derivative of the signal yf#). The
parameters a; through a,, are chosen such that the polynomial

s+ a2+ -+ +a,, is Hurwitz. Using (4.2.3) in (4.2.2) yields:
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él =e+ Xl(x) Zr

éy-1 = &y + Y1 (X) 7

ey = -%[ev tajeg + 0 Hagel+{EN +HEN v+ I (@24)

1l = q&m) + X o
€2, = [Fy(x) + R (x) + ERy(%) u] zp + €[ry(x) + ra(x) 4 + r3(x) w2 + ry(x) ul

y=¥§

where v is defined by:
v=§ - %[e,, tae+ - +anel “2.5)

We now use the definitions given in (3.4.8) to transform (4.2.4) to the following system:

él =¢ep + xl(X) Zr

ev-1=0-Ej + X1
T =~ [1 - Ta; - S, EMI +E §;EN) + SEN) & + v ) 4.26)

N =q@EMn) + X o .
az'f= [F2(x) + €Ry(x) + €Ry(x) u] z, + €[ri(x) + ro(x) u + ry(x) W+ ra(x) u}

y=§
Theorem 4.2.1: Let the reduced system of (4.2.1) have relative degree v and be hyperboli-
cally minimum-phase. Let the perturbation vector fields in (4.2.1) have indices larger or
equal to v. Let &, as defined in (3.4.5), be less than 1. Let the desired tracking signal and
its first (v+1) derivatives be bounded. Let the control law be specified by (4.2.3). Then
there exists a positive constant T, a monotone increasing function E(T), a set
D c { (c,d,d,')e R3 | ¢20, @20 ,d,20}, and an open set Q < O(U)xIR™ such that for all
T<T, all e<e(T), all desired tracking signals satisfying |E()| < ¢, [Ey()| < d, and
€9 < d, for all ¢ with (c.d)eD, and all initial conditions in Q, the trajectories remain

bounded and in ®U)xR™ , ¥ ¢ and the tracking error will be of O( T ).
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Proof: To prove the boundedness of the solutions, we consider the following positive

definite function as a Lyapunov function candidate:
_ =T 1.2 Ty
V=e'Pe+ > YC° + uVo(n) + zpP(x)z 4.2.7)

where €:=[ey, . . . ,ev_,]T. P is defined in (3.4.11), Vy(n) is a Lyapunov function for the
zero dynamics of (3.3.1) and satisfies (3.2.15), the scalars ¥ and p are positive constants to
be determined later, and P(x) is a positive definite matrix for all xe U and satisfies the fol-

lowing Lyapunov equation:
P)Fy(x) + FX(x)P(x) = -1 4.2.8)

where I is the mxm identity matrix. The existence of P(x) is guaranteed by Assumption
4.1.1. Differentiating V along the flow of (4.2.6) yields:

V=- g2 + 22 TP + 22 TPx(x)z — M1-Ea-8xEmIL

, aV, oV,
+ 281G + SEME + By + 1z + uﬁq@n) + uﬁmzf

= Lz + FPOR@ + R 1) + R + R®) WPl

+ ZPEN () + ra(x) u + r3(x) & + ro(x) 4] + z}?(x)z, 4.2.9)

In (429) b denotes the column vector [00,...,1)7eR¥™ and x(x) denotes the matrix

7). X1 )IT. At this point we give the following definitions:

p1 = [2Pb]
1B
- sup —
Fis1 [e]
p3 = suB Omax [2PX(X)]
xe

P2 -
P4 1= sup (D) (4.2.10)
Ps = 2’8 Omax [X(%)]

O = SUP Cax [P@ORx) + RIx)PX)] , k=1,2
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Using (3.2.15), (3.2.18), (3.4.5), and (4.2.10) in (4.2.9) we obtain:

Vs—[glR+pielit) + psiElizd - %a-tal-e,)m’
+ YEertesd) + WAT Tl + WalzfIG) — pAim + PAZLIEIM] + phopsinlizd
- %u—eol-eczv—eﬁx)mz,i’

+ BP(x) [ry(x) + ra(x) 1+ ra(x) u® + rq(x) 4] | |24 4.2.11)

Now, from (4.2.3) we can conclude that there are positive constants { 1 and I 2 such that

- ~ l
laf <7 ((EHIMD +1 od + —él@! (42.12)
where d is the bound on If;‘él. Also, from (4.2.3) and (4.2.1) we can find positive constants
1 3 through7 10 such that:
jil <T 5QEHND +1 4@ +1 s +T oy +1 o(Erterd)
Ly o
+ —|l| + —JE 42.13
—li+ =l (4.2.13)
where d, is the bound on Iﬁﬁl. From (4.2.12) and (4.2.13) we can conclude that for all
xe U we have:
RPG)[r () + ryx) 4+ r3(x) w2 + ra(x) il S LiE| + binl + ld + 1od”

1 I l
+ lgdy + lg(er+e,d) + ;8|z,4 + E—"zll;l + -f-l’e‘l (4.2.14)

for some positive constants /; through /. From similar computations we can find positive

constants py, p;, and p, such that for all xe U we have:
o, + Olul + 1P| < p—}; + pad + pilzf (4.2.15)

We define K by the inequality [§| < Kje HEHEY. Then using this inequality, (4.2.14),

(4.2.15), and the bound [E¥] < c in (4.2.11) yields:
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. l
V<-lgl+ @+mlE il + (p3+tlx+%°)|a' llzf - %(l—tal-e»mz
+ (w#;l’fﬂn)léllql - PP + PALKTE [ + (A0 sH)MlIz
+ PALICIM| + WEr+e2DIG) + (he+hdHd+HsdiHe(e+ead))izd

+phle - -:?(l—ef_é- — epyd — epslelzf? (4.2.16)

To simplify (4.2.16) we make the following definitions:

aq=1-%T-¢&
2 =p1+2
C3 = IIO +Ep3 +-511K

Cai=lo +EXPy + T2, @217
Cs = Aops + Tl;lz
Cs := hic + lid + 4d® + Isd, + lg(€+€xd)
Then using (4.2.17) in (4.2.16) we obtain:
Vsl - Lol - ki - 2 = Zpy — epsd — epslz) Naf’
+ CE I+ 2 leh + 3 lish + WALLKIE Il + sz
+ WALICINI + Y +e Ll + colzd + pAsLe (4.2.18)

In order to obtain an estimate of the region outside which V is strictly negative, we

use the following set of inequalities:
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G < T P + P

-'j:;"-:z-uz,; < %—Ié‘l’ + glzﬁ’

—:;—Izmq < }‘?t;lz + -:é-lz,i’

WALLKEE Il < 12 P + WASL2K P

4.2.19)
KALIGI] S 157 + WAL
hesnllzd < 7 lzf? + wcimP

Yerte DIl < B(er+erd? + le"c'z

colzh < ek + -’
to obtain:
e = e, ~ 8 - 7 - DGR - Wkl - .%agﬁ(mz) + Bl mi

-2 - SeE +Epd +EE+ c%%a—) ~ epalzfl Izf°

m
PN
ol

+ WhLe + ec2 + B (er+eyd)? (4.2.20)

From (4.2.17) we can observe that there exists an €, such that for all € < €; we have

1- € '
that ¢; > 2. Then we can choose Y= —14—52 With this choice, we can find €, such
that for all € < €, we have that:

1 € _1
~E;—=—-=>= 4221
Yo, — €3 > "33 ( )
Then letting:
£ =min(g , 5} (4.222)

we conclude that (4.2.21) holds for all T< T . Furthermore, we can find a monotone
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increasing function £"( € ) such that for all € < €'( T ) we have:

£

3
10 2429+ BG + G+ T) - epieg > -;- (4.2.23)

3_
4

for all (§.n)e ®(U) and z with |z4 < é;— Finally we can choose p small enough so that
3

the coefficient of |11|2 in (4.2.20) will be negative as well. So we choose:

A
T 2LY (14K + &)

m (4.2.24)

Then, with the above choices of the parameters, we conclude from (4.2.20) that:

; 12 12 1 2__1,p2
VE——lgP-—IfP - =p -—
2lel : IC 2 il 2 Izd

+ Phole + ek + EY(er+erd)’ (4.2.25)

for all (§,n)e ®(U) and z; with |z4 < —821;- Now we define the following sets:
3

1_ 1 1 1
G = (@Lnz) | Sl P+ P + Sudainf® + —tef’
< WhoLe + eck + EY(Er+erd)” )
0 = (@52 | 1 < 8#% )
1
Y= —_—
(2l lef < g~ )

Then we observe from (4.2.25) that Vis strictly negative in O N G°, where G denotes the

complement of G. Let:

QC = {(-e-’cvnvzf) I vsC ]
CeEcdd) =inf {C|Qc 2 G}

Clearly C is an increasing function of €, , ¢, d, and d;. Assuming that € and € are small

enough so that for c=d=d,=0 we can write:
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('e’.CJl.zf) € Qg(g,g‘o_o.o) = (§'Tl,2/)€ DU)xY

we can find aset D © {(c.d.dy) | c20 ; d20 ; d\20 } such that:
@LM2) € Qpiereapy = ENZYe®UXY Y (cdd) e D (4.2.26)

From (4.2.26), it is easy to see that there exists a set Q < ®(U)x¥ such that for all ini-

tial conditions in Q and all (c,d,d;) € D the trajectories remain ®(U)x'¥ for all time.

To conclude that the size of the tracking error vector, namely [€'|, will be of O(E),
we need only to look at (4.2.6). From the dynamics of z; we conclude that |24 will be of
O(g). Therefore the dominant driving term in the dynamics of € is € which is of O(E).
This implies that |&| will be of O( €). More precisely, we conclude that there are positive

constants #; and E such that:
el <TE, Yt>1¢

a

Remark 4.2.1: Theorem 4.2.1 indicates that reducing the effects of uncertainties by the use
of high gain can only be done to the extent that the gain is not too high to excite the
unmodeled dynamics. Thus if we have a fixed € for the unmodeled dynamics, the gain of
the controller (given by € must be small enough so that we have: €< £ ®).

O

4.3. Robustness of Adaptive Controllers to Unmodeled Dynamics:

Adaptive control of linear systems in the presence of modeling errors has been the
subject of investigation by several authors. Rohrs, et al [32] demonstrated that an adaptive
control scheme based on the reduced model of a plant can become unstable in the presence
of stable unmodeled dynamics which are even outside the bandwidth of the control input.

The prime instability mechanism was shown to be the slow parameter drift to infinity. It
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was observed that errors initially converged to a small neighborhood of the origin and then
slowly drifted to infinity along with the parameter estimates. Bodson and Sastry [6] later
showed the stability of the adaptive scheme is preserved if the control input satisfies the
persistency of excitation conditions. In the absence of persistency of excitation conditions,
Toannou and Kokotovic [22] suggested a modification to the adaptive scheme by the addi-
tion of a small term in the parameter update law proportional to the negative of the param-
eter estimates. This modification guarantees the boundedness of the parameter estimates
and results in the stability of the adaptive scheme. It was shown, however, that the

modified scheme no longer resulted in zero tracking errors in the ideal case.

All previous robustness results (in linear systems) in connection to output-error (the
input-error scheme of Bodson and Sastry (6] for linear systems does not rely on the Strict
Positive Realness of the system and can be applied to higher relative degrees than onc)
adaptive schemes have been formulated for systems with relative degree one. Here we will
define an index, ¥, 2 O for the unmodeled dynamics and we will show that if vy, 2 v-2,
where v is the relative degree of the reduced model of the system, then our adaptive
scheme of Section 3.6 is robust with respect to unmodeled dynamics and the tracking
errors converge to a small neighborhood of the origin. To ensure the boundedness of our
parameter estimates we rely on the a priori bounds on the true parameters and the resetting

mechanism.

Following Assumption 3.2.2 for the reduced model of the system (4.1.1), we consider

the following system:

N M
x= ga,-'f;(x) + %B;g,(x) u + Fy(x)z
&= =

€2; = [Fy(x)y+eR (x)+eR(x) ulz + €lry(x) + ry(x) 1 + ry(x) w2 + ry(x) 4} 4.3.1)
y = h()

where all the terms appearing in (4.3.1) have been previously defined in. We have the fol-
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lowing definition as a way of classifying the unmodeled dynamics.

Definition 4.3.1: The unmodeled dynamics in (4.3.1) are said to have index Y, if

d(L}h(x)) « Fy(x) is zero for all xe U and k < v, and is nonzero for k = v,
O

Based on the developments of Section 3.6 we can transform (4.3.1) into the following

system:
&, =&+ 010z

E:N-l = gv + xv-l(x)zf
&, = 0" T(W(x) + Wa(x) u] + Xv(0)zy 4.32)
N = g&m) + Xz
€37 = [Fo(XHER (XHER(x) ulzy + E[ry(x) + o) 4 + ra(x) u® + r(x) ]
y=§
where 6!" is defined in (3.6.23), Wi(x) and Wy(x) are as defined in (3.6.24),
1(%) = d&, * Fy(x), and ¥(x) := dn * Fy(x). Now, given a desired tracking signal y (1), we

use the control law of Section 3.6, that is:

1

u=——[-917Wx—ae—ae — e —ayey + DT Wa(x) - E9) (4.3.3
oWt 1(x) — arey — azeyy ae 3(x) = &3] (4.3.3)

where e, = E,~&¢ for k=1,..,v, & denotes the (k~1)st derivative of the tracking signal y ),
a, through g, are chosen so that the polynomial s'+a;s -l4 ... +a, is Hurwitz, and ?

and Wa(x) are defined in (3.6.34). With this control law (4.3.2) can be written as:
e = ey + Y10z

Cyop = ey + Yy (zy
by == 16y — Geyy — -+ — Gyey + DTWED + X,z
N = qEMm) + Tz
€3, = [Fy(HeR(OHERY(X) ulzy + €lry(x) + r(x) 1 + ra(x) 1 + ry(x) i)

4.34)
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We now recall Lemma 3.6.1 and the definition of ¢’ from (3.6.43) which will be used
in the following theorem.
Theorem 4.3.1: Let the reduced system of (4.3.1) have relative degree v and be hyperboli-
cally minimum-phase. Let the unmodeled dynamics have index ¥, 2 v=2. Let the desired
tracking signal and its first (v+1) derivatives be bounded. Choose the control law (4.3.3)

with the parameter update law:
0 = — y&*TPbW 4.3.5)

where 7y is a positive gain and the filter in (3.6.36) is tumed on at 7 < —t". Choose the

parameter resetting law:

19‘ if 0,(:) = ’e‘, -9
2
O =Y, if 040 = ho, + & (4.3.6)

Then there exists a positive scalar €, a set D € IR? a positive constant dj, and an open
set Q C DU)XIR™, such that for all e <€, all tracking signals with [E()l < c and
lE:,v(t)l < d for all ¢t with (c.d)eD, and all initial conditions in Q, the trajectories remain

bounded in ®(U)xIR™ for all time and the tracking error will be of O(e) provided that

Y= de

win
.

0

Proof: We will first prove the boundedness of solutions. Since ¥, = v—2, we know that
xix) = 0 for all xe U and k=1,...,v—2. We consider the following Lyapunov function candi-

date:
V=elPe+ %qﬂcp + WV, + n2f Pz, @.3.7)

where V() is the Lyapunoil function for the dynamics | = q(0,n) and satisfies the ine-
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qualities (3.2.15), P(x) satisfies (4.2.8), and p and &t will be determined later. We know
from the proof of Theorem (3.6.1) that the change in V due to a parameter resetting event

is always negative. Now, differentiating V along the flow of (4.3.4) we have:

V = = |ef + 2eTPbyx,(X)z+ 26T Py (x)z; + 26" PHOTW

vy

oV,
—qEm) + H‘ﬁ%(x)zf

n
= Zief + mefPOIR0) + Ry 1) + Ri®) + Ro®) WPz

- 2TPHOW +

+ 2uzfi7(x)[rl(x) + ry(x) + r3(x) @ + ry(x) u) + nsz’(x)z, 4.3.8)

where b = [00,...,1,07eR".
From Lemma (3.6.1) and (4.3.4) we know that:
& =e—Tp + by, Nz 4.3.9)

where T is the filter parameter from (3.6.36), and p = (0,5.5®, . . . S™) with § defined by
(3.6.40). Using (4.3.9) in (4.3.8) we obtain:

V == le + 26TP[by Xy (0) + by (02, + ZEpPHOTW
— 26" PHOTWy_ ()2, + u%n‘-,gq(é.n) + u%‘x’(x)zf
- %lz,az + el PR + Ry(®) 1) + (Ry(x) + Ry(x) u) P(x))zy

+ 2] Py () + ra(x) + r3(x) w2 + ro(x) i) + r Pz (4.3.10)

By virtue of the resetting mechanism, we know that @ is bounded. Therefore from

(4.3.3) we can write:
W <T el +1m+1sc+ld Y xeU 4.3.11)

for some positive constants 7 ; through 7 4. In (4.3.11) ¢ and d denote the bounds on |E4]

and |E9| respectively. From (4.3.3) we can also conclude that:

|u| < 'Y(lr’“lz'lﬂ) + I3|§l + l4|'ﬂ| + lleﬁ + ls(C,d.dl) V xelU (4312)



97

where [, through I5 are positive constants, d, is the bound on 'E;s, and l¢(c.d.d;) is an

increasing function of its arguments with /¢(0,0,0) = 0.
From (4.3.10) and (4.3.11) we can write:

RP)[ry(x) + (%) u+ ra(x) & + r4(x) @)l <
krHYkDIE] + (ks+ykgnl + (kstykellzd + (ka(c.didy)+yks(c.d)) (4.3.13)

where k, through kg are positive constants and k; and kg are increasing functions of their

arguments with k7(0,0,0) = 0 and &(0,0) = 0.

By assumption the filter (3.6.36) is tumed on before the controller loop is closed.
Therefore, we know that during the control process p is bounded by the bounds given in
(3.6.42) if (é,n)g ®U) and 5‘3 is bounded. Thus, we can find a positive constant D, such
that:

Rp"PrOW < D; Y (Eme®U) (4.3.14)
Similarly, we can find a positive constant D, such that:

RbTPEO Wy, IS D, Y EMedP) (4.3.15)
Next, we define:

Py = sup [2P(byXv-1(0) + bYu(X))]

P2 = ng omuq(x)) (4.3.16)

Oy = sup Omax(POORUX) + RI(NP(x)) k=1,2

where 6,,,,(A) denotes the maximum singular value of the matrix A. Further from (4.3.1)
we can write:
IP()| < prtpolubtpslzg (4.3.17)

for some positive constants p, through p;. Using (4.3.13) through (4.3.17) and the ine-

quality [E| < |el + ¢ in (4:3.10) yields:
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V <~ lef? + pylellzf + EDy + Dilzg = Whyinl® + phoLiel|
+ WhoLe + Bhopolfllzd — = [1-e(@r+prHOz Pt PslzPlIaA

+ mkHpklellzl + mlkstykdmlizd + Tks+ykolzs®
+ w(krHykg)izd + mky+yko)clzd (4.3.18)

To simplify the following development we define:

D
= -n—2+k7-0-‘yks+klo-l-'ykzc

2
T

Cy = +k3+yk, . 4.3.19)
P1
= —+k
€= 1+Yky
Then using the following inequalities:

T2
meilgd < -l + 3enct

egnllzg < —1’2"—&|z,q2 + 3encinf?

- 4.3.20)
ncalellzd < —=—zf + 3encilef
12¢ :
WhaLlieln| € leL + pA3L2mP
in (4.3.18) we obtain:
) 2L2
Vs- (% - 3encd)lel? - phy(1 - u%— - 3enchim
1
- Z13 - lorprioppvipilpths ikl
+ D, + 3enc? + phyle 4.321)

It is clear from (4.3.21) that if y< < %, then for € small enough the coefficient of |z/|2 will

be negative. On the other hand, we recall from Section 3.6 that in order for the tracking



errors to converge to a small neighborhood of the origin, we need y to be as large as possi-

ble. Thus with this fact in mind we choose:

win

y=dye 4.3.22)

where d, is a positive constant to be determined later in the proof. This choice of ¥ will be
justified shortly. Now it is easy to see that we can find ¢ > 0 such that for all ee(0,€)

we have:
3 _ elorprHorpIvpiHsie) > 5 4323

for all (€,n)e ® d ith
or all (§,n)e ®(U) and z, wi |:z,4<&_:p3

From (4.3.19) we can see that with the above choice for y the constants ¢ through c;

2 . 1
will be of O(e 3). Therefore we need to choose x small enough (of O(e?) ) so that the

products mc? for £=1,2,3 are small of O(1). Thus choose x so that:

(4.3.24)

(4.3.25)

With the above choices for & and i we can conclude from (4.3.21) that:

Vs-%lelz M‘

|z,4 +ED, + 3enc? + pholc (4.3.26)

By the resetting mechanism we know that @ remains bounded. Thus we can find a

positive constant d; such that |®? < dj for all time. Now we define the following sets:
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M‘ l’+—|z,l2 < ED#3enciHuhoLe ; | < d3)

= {(eMzs®) | —|e|2+
= {((en.zp® —_—
((enzp®) | Iz] < 8%}

= {Gp | 1z < 8_81-;7;}

Then clearly Vis strictly negative in O N G° where G° denotes the complement of G. Let-

ting:

QC = {(e-ﬂ»zﬁd’) l Vs C}
CEEcd) =inf {C|Qc > G}

it is clear that C is an increasing function of €, T, ¢, and d. Now we assume that € and €
are small enough so that when ¢=a=0, for all the points inside Qgzog, We have that
(¢.n)e ©U). Then there exists a set D < {(c.d) | ¢ 20, d 2 0} such that:

(emzp®)eQpep e => ENe®W) Y (cd)eD (4.3.27)

From (4.3.27) we can conclude that there exists an set Q@ < ®(U)x¥ such that for all ini-
tial conditions in Q and all (c,d)eD the trajectories of the system remain in the set

D)XV for all time.

To find an estimate of the size of the tracking errors, we consider the following posi-

tive definite function of e and ®:

V,=éPe+ —;-¢T<b (4.328)

Differentiating V, along the flow of (4.3.4) we can write:
Vy S —el? + plellzd + TD, (4.3.29)

By the boundedness of states we can conclude from (4.3.4) that there is a constant d, such

that as ¢ tends to infinity we have:

2] < dyve (4.3.30)
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Using (4.3.30) in (4.3.29) we have:
V, < —el? + dgyelel + T, (4.3.31)

From (4.3.31) we can conclude that:
Vs~ -3-|el2 + PEd& +D, 4.332)

From (4.3.28) and (4.3.32), it is easy to see that when € < € in order to minimize the value
of V; on the smallest level set of V; which contains the set

((e.®) | lel? < 2y%€%d2 + TD, ; | < d,), we must choose ¥ according to (4.3.22) for some

1
positive constant d,. With this choice it is easy to see that le| will be of O(e?). That is,

there are constants ¢; and E such that:

1
le@l<e* E, Yi>p

4.4. Concluding Remarks

In this chapter we have studied the robustness of the high gain and adaptive control
schemes, which were presented in Chapter 3, to unmodeled dynamics. The unmodeled
dynamics were represented by singular perturbations of the model of the system used in
the control design process. The result presented in Theorem 4.2.1 indicates that high gain
control can be used in order to suppress the effects of uncertainties, but the gain must be
small enough so that the controller action will not excite the unmodeled dynamics. The
proof of this theorem also gives specific upper and lower bounds on the high gain parame-
ter, T, when the singular perturbation parameter, &, is known. In Section 4.3 we gave con-
ditions on the vector fields corresponding to the unmodeled dynamics under which the

adaptive scheme was shown to be robust. Theorem 4.3.1 indicated that in order to guaran-

1
tee that the controller will result in asymptotically small errors of O(e?), we must resort to
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fast adaptation, that is large y. But at the same time y must be small enough so that the

adaptation process does not excite the unmodeled dynamics.

It is clear from Theorems 4.2.1 and 4.3.1 that a robustness result based on the singu-
lar perturbation technique requires that the control action be on the time scale of the
reduced model, so that it does not excite the fast part of the dynamics corresponding to the
unmodeled dynamics (though it is easily seen that this condition is not in general sufficient
to guarantee robustness; e.g. the adaptive scheme is not robust without parameter resetting).
This is precisely why a result similar to the high gain and adaptive cases cannot be formu-
lated for the sliding mode control scheme. The difficulty in formulating such a result stems
from the jumps in the control law, which corresponds to very fast action. Thus, in this case
we cannot argue on the basis of time scale separation, and the Lyapunov arguments of Sec-
tions 4.2 and 4.3 will not be adequate. This does not, however, indicate that the sliding
mode scheme is not robust. In fact the results of Theorems 4.2.1 and 4.3.1 are merely

sufficient conditions.
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Chapter Five

Conclusions and Open Problems

This thesis has dealt with two problems of importance in the design of controllers for
nonlinear systems, namely: local stabilization of an equilibrium point by smooth state feed-
back, and local stable output tracking of a desired trajectory using state feedback. In each
case particular emphasis was .pla‘ce'd on the robustness properties of controllers to modeling
erTors aﬁd uncertainties. In particular, in cases where it was possible the controller structure
was modified in order to reduce (or eliminate) the effects of uncertainties; in other cases

explicit bounds were given on performance degradation due to modeling errors.

In the study of local stabilization of nonlinear systems, it was pointed out that the only
nontrivial cases are those of systems whose linearizations about the equilibrium point of
interest are degenerate. In such cases we know from the center manifold theory that the sta-
bility properties of the system coincide with that of a smaller dimensional system defined on
the center manifold of the system. Thus the control design process consisted of the following
steps: 1) computation of an approximate center manifold for the system and the subsequent
reduction of the stability problem to the stability of the system defined on the center mani-
fold, 2) simplification of the vector field on the center manifold using the theory of normal
forms, 3) finding conditions under which the simplified vector field is asymptotically stable
and the construction of a stabilizing control law under these conditions. In connection to the
robustness of these control laws, a theorem was presented which stated that although the sta-

bility of the equilibrium point can be destroyed in the presence of perturbations, there exists a
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small neighborhood of the equilibrium point (whose size depends on the size of the perturba-

tions) which remains attractive.

As was seen in Chapter 2, computing normal forms of the vector fields on the center
manifold requires working in the space of homogeneous polynomials of degree k in R”,
denoted by H}f', where n is the dimension of the center manifold. The dimension of H{ grows

rapidly with n. It can be shown that the dimension of H{ is given by the expression
n iy iz

n3Y -+ Y. Thus for example the dimensions of H3, H3, and H3 are 30, 80, and 175,
i-ria-a iy

respectively. Therefore, extending the results of Chapter 2 to systems in which the dimen-

sion of the degenerate part is large proves to be quite tedious and difficult. Thus, in such

cases we believe that it is more reasonable to apply the design methodology of Chapter 2 to

the specific system of interest rather than deriving general conditions such as the ones given

in Chapter 2.

The results of Chapter 2 can also be extended to lightly damped systems. In this case, if
a system has uncontrollable modes which are weakly stable (i.e. having eigenvalues with
small negative real parts), then by the use of nonlinear terms in the control law it may be pos-

sible to enlarge the domain of attraction of the equilibrium point.

In Chapter 3, following the presentation of the basic tracking theorem for minimum-
phase nonlinear systems, we introduced an index for the uncertainties which gave a measure
of their contribution to the input-output map of the system. We were then able to determine
what class of uncertainties can be dealt with by the use of high gain and sliding mode control
techniques. This class was identified as the set of uncertainties satisfying a generalized
matching condition. This condition was shown to be a significant generalization of the well
known matching condition in that the class of uncertainties satisfying the generalized match-
ing condition is typically much larger than the class of uncertainties satisfying the matching

condition and the latter always contains the former.
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Extensions to the cases where the uncertainties do not satisfy any matching conditions
are highly desirable. Some relevant work in this direction (although the problem considered
is that of disturbance decoupling) is reported by Marino et al [27] where they construct a

multi-time scale system in order to reduce the effects of uncertainties.

Linear parametric uncertainties were also treated in Chapter 3. Adaptive control tech-
niques were employed in this case to update the estimates of the unknown parameters which
were used in the control law. Parameter resetting was used in order to ensure the boundedness
of the linearizing control law. In this setting, a new parameter update law was presented for
systems with relative degree larger than one. This scheme was shown to result in O (¢) track-

ing errors where € is a small design parameter.

The analysis in Chapter 4 dealt with the robustness properties of the high gain and
adaptive control schemes presented in Chapter 3 with respect to unmodeled dynamics. The
unmodeled dynamics were represented by parasitic dynamics evolving on a time scale which

| is much faster than the dominant dynamics of the system on which the control design is
based. Thus, it was assumed that the model used for the purpose of control design is the
reduced model of a singularly perturbed system. In the case of the high gain control law it
was concluded that the gain of the controller can not be arbitrarily large and must be within a
bound specified by the unmodeled dynamics. In the case of adaptive control schemes an
index, ¥,, was defined for the unmodeled dynamics. Then it was shown that the adaptive
scheme of Chapter 3 is robust with respect to unmodeled dynamics if the index of the unmo- |
deled dynamics is larger or equal to v—2, where v is the relative degree of the reduced model.

In particular, the scheme is robust for all systems with relative degree one or two.

A worthwhile extension of the results in Chapter 4 would be a robustness result for the '
sliding mode control scheme. Due to the switching nature of the control law the arguments
which are based on the time scale separation between the reduced model and the unmodeled

dynamics are no longer valid. Therefore, a robustness proof similar to the high gain and
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adaptive cases can not be used and other techniques must be employed to prove robustness if

in fact the scheme is robust.

In the remainder of this chapter we will present an example of a simple physical system
for which the a controller can not be designed using the theory presented in Chapter 3. Our
objective in presenting this example is to point out two major shortcomings of the theory
presented in Chapter 3. This example involves the control of a two segment robot arm which
is pinned at one end about which it can rotate. The control input is torque applied to the arm
at the end which is pinned. The two segments of the arm are connected by a torsional spring
which produces a torque proportional to the angle between the two segments. Such a system
can be thought of as the crudest finite element approximation of a flexible arm. Higher order
approximations can be achieved by increasing the number of rigid segments connected by

torsional springs.

input torque

Figure 5.1 Arm configuration.

Figure 5.1 shows the configuration of the arm. The objective is to control the angle of the end

effector through the torque applied at the base. With the angles 8, and 6, identified in Figure
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5.1 we can write the equations of motion of the arm as follows:

% +cos(8) % +oos®)| [3] [u+ %sin(e,_)aé, +6,)6,
o= . 5.1)
% +cos(8,) -;- O | ke,- %sin(e,)e,2

where we have assumed, for simplicity, that the two segments are symmetric uniform rods of
unit mass and length. Also k denotes the proportionality constant of the torsional spring. We
can write (5.1) as a set of first order differential equations in the standard form:
X =f (x)+ g(x) u. Thus letting x;, x5, x3, and x4 denote 6, 6;, 0,, and 6, respectively, and

letting u denote T, we obtain the following expressions for the vector fields f (x) and g (x):

X3

X4
fix)= 52) .

%[%sin(xz)(2x3 +x)+ (% + %cos(xz))(kxz + -;-sin(x,_)x%]

| Ltk +-dcosteisin et - (-roostx)rpty sinGex ]

0
0
g(x) = 1 (5.3)
3A

2 + 3cos(xp)
L~ T.

where A denotes the determinant of the inertia matrix in (5.1) and is given by

A= L + lsinz(ez) > 0. We are interested in controlling the angle of the end effector. Thus

36 4
define the output y to be:

X2

> 54)

y=hx)=x,+

Then computing the Lie derivative of & (x) with respect to f (x) and g (x) we obtain:
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Lh(x)=0

2 - 3cos(xy) (5.5)

LiLeh(x)= A
The first difficulty is now apparent from (5.5). The function L, Lk (x) is neither identically

zero nor is it nonzero for all values of x. In fact, this function goes through zero at values of
x5 corresponding to cos(x) = % More generally in a system in which the first control term

appears in the vth derivative of the output, the singularities of L, Lf""h (x) present a major
limitation to the present theory in ihat as the trajectories approach the points of singularity,
the linearizing control becomes unbounded. It is, therefore, necessary to devise an altemative
control strategy in a neighborhood of singular points (or the singular manifold) of
L, L,""h (x). We beli;ve that this problem is a rather challenging one and a solution would .
be a major contribution to the theory. An attempt in this direction has been made by Hir-
schomn and Davis [20]. Their approach relies on identifying the class of tracking signals for
which the control input remains bounded as the system trajectories pass through the singulari-
ties. This implies that the initial condition <;an be chosen exactly so that the output of the sys-
tem starts on the desired path. Such a scheme, however, is practically unstable since the

slightest perturbation or noise in the system, which is unavoidable, results in instability.

Continuing with our example, we note that we are interested in keeping x at zero,
which is far from the singular points of L, sk (x). Thus, we can apply the construction in

Chapter 3 locally around x, = 0. To this end, define the new coordinates:

1
§,=x1+7x2

1
Ea=x3+ '2"14

n=x; G6)

=01+ —:-cos(xz))x;, +Xx4

where 1), and n; are chosen so that L,n; =0, i=1,2. The inverse of this transformation is
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given by:
1
x=§ - Enl
X2="M
48, -2n, (5.7)

¥3=32 3cos(ny)
_ 4np—2(2 + 3cos(p))E,

BT 2 3c0stny)
Clearly, the above transformation is a diffeomorphism for all x; with cos(xp) > % Now
computing the zero dynamics of the system we have:
. 4
n= 5—_32;(71) y
i e sty ¢ S ©8)

(2 - 3cos(my))?

Checking the stability of (5.85 we find that the linearization of (5.8) about the origin has
eigenvalues at + 2V3k . Therefore, the zero dynamics of the system with respect to the output
function (5.4) are always unstable. Thus, we can not apply a tracking control law based on
the input-output linearization of the system since the internal dynamics of the system will be
unstable. This is the second limitation of the theory, that is the non-applicability of the
current theory to non-minimum-phase nonlinear systems. Development of a theory for non-

minimum-phase systems would be a major advancement of the present theory.

The foregoing example has pointed out some directions for future research. There are
many other aspects of nonlinear systems which require close attention as well (e.g. extension
of the present theory to discrete time systems and multi input-multi output systems), and we
feel that the present work is part of an ongoing effort towards a better understanding and the

development of a comprehensive set of tools for nonlinear systems.
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