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Abstract

Circuit simulation is the key to shorten the design and development time of complex

integrated circuits. Several methods have been recently proposed to speed up this task.

For digital circuits, relaxation techniques have been able to achieve up to two orders of mag-
nitude speed-up. For analog circuits where distributed components and steady-state behavior are of
imponance, harmonic balance methods have been successful. This thesis addresses fundamental

theoretical questions on these algorithms: convergence, accuracy, and stability. .

In the first part, the numerical properties of Implicit-Implicit-Explicit (IIE) method, a relaxa-
tion method, are investigated. The ITE method has becn proven to be consistent, stable and conver-
gent. Experimental results showed that IIE gives fairly accurate solutions; however, the time-step

required for the iteration is smaller than desired.

In the second pan of the thesis, numerical properties of the harmonic-Newton method. a har-
monic balance method for microwave circuits, are analyzed The barmonic-Newton method is
shown to converge to the solution of the circuit equations when applied to periodic nonautonomous

systems, almost-periodic nonautonomous systems, and periodic autonomous systems.

A complete error analysis on the harmonic-Newton method is also presented. The theoretical

results are used to develop ap algorithm to estimate the number of barmonics needed for given



(S

error objectives prior to the application of the harmonic-Newton iteration. Simulation results show

that this method can effectively improve the overall efficiency of the harmonic-Newton method.
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CHAPTER 1

Introduction

Circuit simulators are one of the most important computer-aided design tools for the design
and analysis of large scale integrated circuits. A circuit simulator is normally designed or optim-
ized for performing a certain class of circuit analysis such as dc analysis, ac analysis, transient
analysis, steady-state analysis, noise, and distortion analysis. In this thesis, we devote ourselves to
the time-domain transient analysis and the steady-state analysis, with special emphasis on the
theoretical aspects of the algorithms used in these analysis.

/

In PART I of this thesis, we will concentrate on the time-domain transient analysis, one of

the most complicated and expensive type of analysis.

Despite of their accuracy, conventional circuit simulators such as SPICE [1] and ASTAP [2]
can only be used on relatively small circuits because the run time goes up rapidly with the circuit
size. Because of this limitation, Relaxation-based circuit simulators were proposed. They provide
accurate solutions as in conventional simulators with up to two order of magnitude speed improve-
ment for larger digital MOS circuits. In this thesis, varicus relaxation-based techniques will be dis-
cussed. Among them, one special relaxation methods called timing analysis algorithm has a
characteristic of performing only one relaxation iteration per time-step while one or more Newton-
Raphson iterations may be used to solve each nodal equation. One particular timing analysis algo-
rithm called Implicit-Implicit-Explicit method [3] has nice numerical properties for two-node cir-
cuits even when tightly-coupled feedback loops are present. In PART I of this dissertation, we for-
malize the IIE method and present its numerical properties. Both the theoretical and computational
aspects of the IIE method will be discussed in detail. Implementation of the method and its experi-
mental results are also discussed in depth.

Chap. 1. Introduction ‘ -1-
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In the analysis of many communication circuits and oscillators, one is frequently interested
only in the steady-state periodic responses. If conventional numerical techniques are employed,
one has no altemnative but to integrate the differential equations over a sufficiently long interval of
time until the transient waveform dies out. This procedure is acceptable only if the tramsient
response decays rapidly. For many lightly damped circuits, the transient response will last for a
long time, resulting in expensive and costly simulations. Frequency-domain simulation techniques
on the other hand, assume the absence of transient response and search for steady-state response
directly. This significantly reduces the overall simulation CPU time. In PART I of this thesis, we
will examine one particular method called the harmonic-Newton method(4] which finds the periodic

steady-state solutions in the frequency domain.

When we transform a nonlinear system from time-domain to frequency domain, it becomes
an infinite-dimensional problem. In order to make the frequency-domain processing practical, we
have to truncate the number of frequency elements, or harmonics, considered. Since some kind of
truncation is inevitable, it is very important to study the convergence properties of the numerical
method used in order to ensure that the solution obtained is meaningful. The convergence proper-
ties and the computation of the emor generated by the harmonic-Newton method will be the focus
of PART II of this thesis. In addition, we will describe how this error bound can be used to predict
the number of harmonics needed for a given error objective before applying the harmonic-Newton
method.

Organization of PART I and PART II are similar. First, we formulate the problems, review
the basic principle or algorithms used in existing simulation programs, and state the numerical pro-
perties and simulation problems associated with these algorithms. Then, we will present the IIE
method and the harmonic-Newton method in PART I and PART II respectively, with their numeri-
cal properties examined in detail. Finally, some experiment results for both methods will be

presented.



3.
PART I : RELAXATION-BASED SIMULATION
CHAPTER 2

Introduction

When performing transient analysis, traditional simulators such as SPICE[1] and ASTAP([2]
use a direct method which consists of an implicit integration method, the Newton-Raphson method,
and a sparse matrix technique to solve the circuit equations in the time domain. These simulators
give accurate time-domain current and voltage waveforms based on device level descriptions of
integrated circuits. However, they can only be used on relatively small circuits because the compu-
tational run time increase rapidly with the circuit size.

In the past few years, several techniques have been used to extend the capability of circuit
simulators to larger circuits. One of the techniques is the timing anélysisbwlﬂchwasﬁxstimro-
duced in MOTIS(S] for simulations of MOS digital circuits. It applies a particular relaxation
method on the nonlinear algebraic equations derived from the nonlinear differential equations after
the implicit integration method is used. The particular characteristic of these relaxation methods is
that they do not carry the iteration to convergence. In fact, each node equation is solved only once
at each time point. For circuits with no floating capacitors, i.e. capacitors connecting two nodes,
none of which is either ground or a voltage rail, these methods have been shown to be consistent,
stable and as accurate as the backward Euler method. Although these methods offer a substantial
saving in CPU-time and memory usage, when floating capacitors are present in the circuit, all these
methods have serious accuracy problems.

In light of the problem, the Implicit-Implicit-Explicit (IIE) method [3] bas nice numerical
properties for two-node circuits containing a floating capacitor as shown by experimental results.
However, it was not clear how this method behaves when it is applied t<; a general circuit in which

more than two nodes are connected by floating capacitors. The purpose of PART I of this disserta-

Chap. 2. Introduction



Chap. 2. Introduction - 4

tion is to formalize the IIE method and present its numerical properties.

The organization of PART I is as follows. In Chapter 3, we start with an introduction to cir-
cuit simulation problems, showing how the differential equations are formulated from the circuit
topology. Then, a brief review of some standard simulation approaches and a comprehensive dis-
cussion and classification of various relaxation techniques will be given. Finally, several commonly
used timing analysis algorithms and their numerical properties such as consistency, stability, and
convergence are described.

A detailed discussion of the IIE method is given in Chapter 4. We investigate rigorously its
numerical properties on a test problem to provide some insight on how it behaves in general. The
experimental results using the IIE as the initial waveform generator in RELAX][6] will also be
presented.

In PART I of this thesis, the following conventions are used; Bold face letters represent vec-
tors of variables or functions, and italics are used for scalar variables or functions. For variables of
functions, superscript with parentheses is used to denote Newton iteration count while superscript
without parentheses is used for node numbers. Subscript with parentheses represents relaxation
iteration count, and subscript without parentheses is used as time index. Matrices are written in
boldface capital letters, and elements of matrices are given by lower-case letters with subscripts

denoting the matrix indices.



CHAPTER 3

Overview of Circuit Simulation Techniques

In this chapter, we will give an overview of various circuit simulation techniques and discuss
how circuit equations for transient analysis are formulated. Special attention will be given to tim-
ing analysis algorithms, their numerical properties, and inherent problems associated with various
techniques.

3.1. The Circuit Simulation Problem
The most general form of equations describing the circuit behavior is
F(x(¢), x(t), u(t)) = 0 x(0) = xo 3.1.1)
where x(t) is the vector of the circuit variables, x(¢) is the time derivative of x(¢), u(?) is the vec-
tor of the independent source, ¢ is time, and F is a function which maps x(t), X(¢) and ¢ into a

vector of real numbers.

The first question to ask is whether a solution of Eqn.(3.1.1) exists and is unique. It turns cut
that, under rather mild conditions on the continuity and differentiability of F, it can be proven that
there exists a unique solution. However, these conditions can be difficult to verify in practice. If
the circuit is well designed, it is obvious that the »circuit should have wnique solution for a given

initial condition. In this thesis, we will assume that Eqn.(3.1.1) has a unique solution.

Since it is impossible to find a closed form solution to Eqn.(3.1.1) in general, one must resort
to some numerical methods to obtain the solution. The numerical methods available are all itera-
tive. They produce a sequence of approximate solutions which hopefully converge to exact the

solution x* ().

Chap. 3. Overview of Circuit Simulation Techniques -5~
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3.2. Numerical Integration in Standard Simulators

When doing transient analysis, the values of some branch voltages and branch currents for
some time interval, say for 0 <S¢ < T, are computed given the initial conditions of the capacitor
voltages and inductor currents. This is done by solving systems of nonlinear first-order ordinary
differential equations of the form given in Eqn. (3.1.1). In standard simulators, the numerical pro-
cess of finding the solution is broken into three steps and the following three conventional numeri-
cal methods are used at each step of simulation:

(1) Given a differential equation describing the circuit, an implicit integration method is used to
approximate the time derivative operator to yield a discrete-time system of nonlinear alge-
braic equations.

(2) The Newton-Raphson (NR) method is applied on the system of nonlinear algebraic equations
generated by step 1. This results in a system of linear algebraic equations.

(3) Apply direct sparse-matrix techniques to obtain the solution to

the system of linear algebraic equations generated by step 2.
The implicit integration method used in Step 1 subdivides the interval [0, T'] into a finite set
of distinct points:
t0=0, tr =T, tt=ty +hyy, £k=0,1,2,.,K~1

The quantities h.,, are called time steps and their values are called step size. By applying an

implicit integration method, Eqn. (3.1.1) is transformed into a discrete time sequence of algebraic

equations with x(f;,,) being replaced by a combination of x at #,,, %, and possibly proceeding
points. In doing so, we form a set of algebraic difference equations which approximate Eqn.

(3.1.1). Then, we can solve for x(#;,) fork =0, 1,2, --- ,K-1. The fact that we can choose a

implicit integration method in a variety different ways gives rise to a number of integration

methods with different numerical properties. Among all the implicit integration methods available,
we will consider the backward Euler method with constant step size as an example since it has

been widely used and has nice numerical properties.
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In the backward Euler method, Xy, is expressed as a function of X;,; and x;:

Backward Euler: Xeq1 = X + AXpy ‘ (3.2.1)
Since the value of x; is known at time £, X;,; can be written as a function of x.,, , or:

ik-o-l = il‘-l-l(xk«l-l) for £k=0,1,2,--- K-1. (3.22)
Substituting Eqn. (3.2.2) into Eqn.(3.1.1), we have: |

F(ig.,.l(x,,.,,,), Xe410 (l(tk.n)) =0 for k= 0, l, 2, co- K-1. (3.2.3)
Now, Eqn.(3.2.3) is a system of discretized nonlinear equations with x,,, being the unknown vari-
able.

If the differential equations are nonlinear, the discretized algebraic equations are also non-
linear. These nonlinear equations can be converted into linear equations using the NR method (step
2 of the conventional simulators). Let j be the iteration index of the NR method, then Eqn. (3.2.3)

can have the following iteration form:

x40 - 28 = = F <), s 0t s))F&e s (xE)), ), ultesr)) (324)
for j=0,1,2, --- and £=0,1,2,--- K-1.

where J(Xi41(Xe41)s Xeats Wteay)) = ?{(ikﬂ(xtﬂ)’ Xp41, U(teqy)) is the Jacobian matrix. Notice that

the computation of each Newton iteration involves the evaluation of the function and its Jacobian

matrix.

The linear equations Eqn.(3.2.4) generated by the NR method can be solved using direct
sparse matrix techniques such as LU decomposition or Gaussian Elimination (step 3 of conven-
tional simulators ). The hierarchical organization of standard transient analysis simulators is shown
in Fig. 3.1.

Although these conventional methods have been proven to be extremely reliable, with the
increase in circuit size, these standard simulators demand more computation time and have higher v
storage requirements than desired for the analysis of VLSI circuits. For circuits with less than a
thousand devices, because of the efficiency of sparse matrix techniques in solving linear equations,

the computation of the Jacobian matrix and the evaluation of the function dominate the complexity
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of the simulation. The computational cost of performing the matrix solution for circuits with more
than 1000 nodes grows rapidly with the circuit size despite of the use of sparse matrix tech-

niques([7].

33. Relaxation Techniques

Recently, a pew ciass of algorithms have been applied to the electrical integrated circuit
simulation problems. These algorithms use relaxation methods at one of the steps in the numerical
process to solve the circuit equations. Relaxation-based simulators such as RELAXI[6] and SPLICE
[8] provide the same level of accuracy as the standard simulators. and may significantly reduce the
overall simulation run time. Both RELAX and SPLICE have been proven to be very effective for
the analysis of digital MOS integrated circuits.

Relaxation methods can be applied at any stage in the solution of Eqn. (3.1.1), as illustrated
in Fig. 32 [9,10]. The advantages of relaxation methods are that they avoid solving a large system
of equations directly and they p&mit the simulator to exploit latency efficiently.

Several assumptions are required by the relaxation-based simulators:

(1) Each MOS device and its interconnections can be modeled by lumped (linear or nonlinear)

voltage-controlled capacitors, conductors, and current sources, (i.e. branch equations are such
that nodal analysis can be used.)

(2) Every (internal or extemal) node in the circuit has a (linear or nonlinear) capacitor connected
either to ground or dc supply voltage rails.
For LSI MOS circuits, these assumptions are usually satisfied. Under these assumptions, the nodal
equation can be written in the following form:
C(v(2)) ¥(2) + £(v(z), u(z)) = 0 v(0) = vo (33.1)
where v is the vector of all unknown node voltages, v, is the vector of the initial values of v, u is
the vector of the independent source waveforms, f is a continuous function whose components

represent the net sum of currents flowing out of the capacitors connected to the node, and C
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represents the nodal capacitance matrix. Under these assumptions, the capacitor matrix has nonzero

diagonal entries and is often diagonally dominant.

If we assume that (1) the inverse of C(v) exists and is uniformly bounded with respect to
v, u; (2) u(t) is piecewise continuous; and (3) f is globally Lipschitz continuous with respect to v
for all u, then Eqn. (3.3.1) has a unique solution on any finite interval [0, T][11]. Again, these
conditions are difficult to verify in practice; we will also assume that Eqn. (3.3.1) has a unique
solution in this thesis.

The two most commonly used relaxation methods are the Ganss-Jacobi (GJ) method and the
Gauss-Seidel (GS) Method[12,13]. We will use these two methods to illustrate how relaxation

techniques can be applied at different stages of the numerical process.

33.1. Linear Relaxation Methods

Consider a system of n linear equations of the form:

Av=b (332)
where v=[v!, -+, v, b=[b%, -+, b"F, v, b’ € R, and A=(a;;), A € R"™. Note that
the system of equations generated by Step I of standard simulators are written in this form. The
solution vector v exists and is unique if and only if A is nonsingular and this solution vector is
given explicitly by

v=A"". (3.33)
We assume throughout this section that the matrix A is nonsingular. Instead of the direct sparse-
matrix method, one can use a linear relaxation method such as the GJ or GS method to solve Eqn.
(3.3.2). To be able to‘ use the GJ or GS method, we also need to also assume that the diagonal

entries of A are all nonzero numbers.
Let A be split into L + D + U, where L is strictly lower triangular, D is diagonal, and U is

strictly upper triangular, then Eqn. (3.3.2) will have the following form when the Gauss-Jacobi

method is applied:
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DV(k+1) =-(L+ U)V(k) + b, k20. (3.3.4)
where k is the iteration index. The advantage of this method is that all n equations can be solved

simultaneously using parallel processing since the order in which the equations are solved is
irrelevant.

If the Gauss-Siedel iteration is used, then Eqn. (3.3.2) becomes:

(D + L)Vg4p) == Uvg + b k20 (3.3.5)
It uses the lastest estimate viy,;) of the component v’ of the solution vector v in all subsequent
computations. When the linear equation (3.3.2) is obtained by the NR method, this combined
method is a special case of the Newton successive ovemelaxation (Newton-SOR) method. The
order in which these n equations are placed in the matrix form is critical to the speed of conver-
gence. It is obvious that if A is a lower triangular matrix, it will only take one GS iteration to
reach the solution. Hence, it is desirable to arrange the matrix A as close to lower triangular as
possible or to have the matrix U as sparse as possible.

Since relaxation methods are iterative, it is important to ask under what conditions they are
guaranteed to converge to the solution. In the case where A is diagonally dominant, it has been
proven that both the GJ and GS methods converge to the solution. This property is described in
the following theorem [12] .

Theorem 3.1. Let A be a strictly or irreducibly diagonally dominant nxn complex matrix,
then for the problem Av =b, both the Gauss-Jacobi and the Gauss-Seidel iterations converge

to the solution for any given initial guess vector.

The rate of convergence for both methods is linear. That is, after a sufficiently large number

of iterations, the error at each iteration decreases according to

V1) = Yaoll = €4y (3.3.6)

€41 S Ceyy ]
where C is a positive constant smaller than one. Since it is guaranteed that the exact solution can

be obtained in one iteration when the sparse-matrix techniques such as Gaussian elimination or LU
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decomposition are used, relaxation methods described here are advantageous only when the number
of iterations needed to reach the convergence is small. Moreover, the convergence property for the
GJ and GS methods is guaranteed only under the condition that A is strictly diagonaily dominant.
For this reason, sparse-matrix techniques have been used more widely than relaxation techniques at

linear system level in conventional circuit simulators.

3.3.2. Nonlinear Relaxation Methods

Relaxation methods can also be used at the nonlinear equation level. Examples of simulators
using nonlinear relaxation methods are MOTIS[S] and SPLICE. Consider the following system of
n nonlinear equations:

gw) =0 33.7)
where g:R"—R" has components g', g2 -::,g’, ---,g", and Vv:R" has components
vlv? --- v, --. v* with i being the node index. Recall that the Gauss-Jacobi iteration in
the linear algebraic equation level is simply to obtain the solution of the i* equation vji,;, with
the other n—1 variables held at iteration k, with k¥ being the iteration index. We can extend the
same prescription to the nonlinear algebraic equation level. Then, the basic step of the nonlinear

Gauss-Jacobi iteration is to solve the following equation:
W&y v ViE) Vieany Vi, - vE) =0 (3.3.8)

fori=1, ---,n, k20.
Thus, we can solve all v,y fori =1, - -+, n from vy, simultanecusly.

In a completely analogous fashion, the Gauss-Seidel iteration can also be extended to the

nonlinear Gauss-Seidel iteration. Written in a component form, the i equation becomes

8 W da1ys o ViEbtys Vikanys v, e viy) =0. (33.9)
fori=1, ---,n, £20.
If the one-dimensional Newton method is used to solve Eqn. (3.3.8) and Eqn. (3.3.9), then we

will have a double loop iteration where the inner loop is the Newton iteration and the outer loop is
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thé ‘GJ or GS nonlinear iteration. In the case when the Gauss-Jacobi-Newton method is used, the

iteration becomes
G+1) i
Vik-o-l) = V&) =
QLi 1 i1 i) i+l " - ifyl i=1 Li0? i¥l n
= T V@ Ve VE s Vi) | 8 0dy T Vay s Ve VE s T Vi)
for j=01---, k=01 ---, i=1 --,n (3.3.10)

Similarly, when the Gauss-Seidel-Newton method is used, we have:

G D
Vik4)) = VD)
dg’ ) - o
=T 3%7("(}'")' YR VE Vi) | 8 Wy Ve v/ Vi),
for j=0,1, ---, k=0,1, ---, i=1, ---,n (3.3.11)

We may, of course, replace the NR method with other one-dimensional iteration method as the
inner loop to obtain the solutions of Eqn.(3.3.8) and Eqn.(3.3.9).

Itisduirabletoﬁndtherequimdcondiﬁonsongtoensu:eméconvergenceoftheGauss-
Jacobi-Newton and Gauss-Seidel-Newton method. This is described in the following theorem.
Theorem 32. [13]

Let g(v) be continuously differentiable in an open neighborhood S° of a peint v° for

which g(v') = 0. Assume that %—(v') is symmetric and positive definite. Consider again the

decomposition of %—(v) into diagonal, strictly lower-triangular, and strictly upper-triangular

parts and suppose that the diagonal matrix is nonsingular. Under the above assumptions, the
Gauss-Jacobi-Newton and Gauss-Seidel-Newton iterations described in Eqn. (3.3.7) and Eqn.
(33.8) are well defined on an open ball B(v", §) belonging to S and the iterations converge
tov'.

It is clear that the GJ or the GS nonlinear iteration is the primary iteration and the NR itera-
tion is the secondary iteration. We can argue intuitively that it is not necessary to be too critical of

the accuracy of the NR method at least for the first few GJ or GS iterations. In fact, it has been
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shown in [13], that the asymptotic rate of convergence for the case where one NR iteration is taken
for each GJ or GS loop is the same as the case where an infinite number of NR iterations are taken
for each GJ or GS loop. Therefore it does not improve the speed of convergence to take more than

one NR iterations.

33.3. Waveform Relaxation Methods

When relaxation techniques are applied at the differential equation level, we call this class of
algorithms Waveform Relaxation (WR) method [10]. While relaxation techniques use real vectors
(belonging to R") as the variables in the linear and nonlinear algebraic equation level, the unknown

variables are waveforms (elements of a function space) in the case of WR method.

As in the case of algebraic equation level, both the GJ and the GS relaxations can be used at
the differential equation level. As mentioned before, the speed of convergence of the GS method is
heavily sensitive to the order in which the equations are arranged. For most MOS circuits, transis-
tors are almost unidirectional from gate to source and from gate to drain. Therefore, the circuit
equations can be properly ordered to vgive the GS iteration the speed advantage over the GJ itera-
tion. If the circuit contains no MOS transmission gate nor any feedback connection, the circuit
equation (3.3.1) can be reordered such that the system of equations are in the form:

CiOMe) - VNV + £, - v ue) =0 fori=1,2, ---, 133.12)
In this special case, only one GS iteration is needed. This is also the main reason why relaxation
methods have the speed advantage over conventional circuit simulators for the simulation of MOS
circuits. Here we will only discuss the Waveform-Relaxation Gauss-Seidel Algorithm used in

RELAX.

Consider the first-order differential equations as shown in Eqn. (3.3.1):
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CHw(e)) ¥(t) + £ 1(w(t), u(t)) = 0, vi0)=v'"

....... (3.3.13)

C (v() ¥(t) + f V(1) w(t) =0, v (O)=v"
The basic idea of this method is to fix the waveforms v2, ---,v" at some initial guess

waveforms and solve the first equation as a one-dimensional differential equation in v!. The solu-
tion obtained for v is substituted into the second equation which will then be reduced to another
first-order differential equation with one variable, v2. The new v2 is again used in the third equa-
tion. This process continues until all the eqnation.:; in Eqn. (3.3.13) are solved. Then the procedure
is repeated until the waveforms converge to the solution waveforms. In mathzmatical'term:

Véan (@)

Vieary ()
ClWhan@h =) Vieay() VI (), -+ - V() ,:fg)%’(,)

V) (@)

+F Wha @) o V@O V@ Y E) =0,
fori =0,1,,---,n ad k=01,2,... (3.3.14)
The outer iteration loop of WR method is the Gauss-Seidel iteration and the inner iteration
loop can be any numerical integration method which can be used to solve the resulting one-
dimensional differential equation. The convergence of WR method is guaranteed under some con-
ditions similar to the ones needed in the linear or nonlinear algebraic equation cases. The conver-

gence property is stated in the following theorem [14]:

Theorem 3.3.

Assume that C(v)eR"™ is strictly diagonally dominant uniformly over all v(z):R" and
Lipschitz continuous with respect to v(t) for all u(¢), and the initial guess waveforms are
differentiable, then the sequences of waveforms { v(t) } generated by the: Gauss-Seidel or
the Gauss-Jacobi WR algorithm will converge uniformly to the solutions of the above equa-

tions for all bounded intervals [0, T].
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Waveform relaxation method has been implemented in RELAX. This simulator has been
proven to be effective for the simulation of integrated circuits. More detailed description of the pro-

gram RELAX will be given in a later section.

3.4. Timing Simulation

Timing simulation is a time domain circuit simulation technique which uses a particular non-
linear relaxation approach to solve the nonlinear algebraic equations derived from discretizing the
circuit nonlinear differential equations. The basic characteristic of timing simulation is that the
iteration of the relaxation methods is not carried to convergence: only one sweep is taken. Because
of this, the numerical properties such as consistence, stability, and‘ convergence of the integration
methods used to discretize the derivative operator no longer hold. In Section 3.4.2, a complete
analysis of their numerical properties will be discussed.

Since only one sweep of relaxation is taken, the time steps must be kept sufficiently small to
ensure the accuracy of the solutions of the nonlinear equations. However the computational
expense of taking one iteration is very small. In addition, the total run time can be reduced even
further due to the fact that timing analysis algorit.hms allow circuit latency to be exploited by using
bypass or selective-trace techniques. Thus, the total computer time used in timing simulation is
usually much less than that of a standard simulator. However, there are cases where these methods
can not obtain an accurate solution. Examples are circuits containing tight feedback loops, pass

transistors, or floating elements. We will discuss these problems in more detail in Section 3.4.3.

3.4.1. Timing Analysis Algorithm

To illustrate the basic steps of timing simulation, we again consider the circuits whose node

equations can be written as in Eqn. (3.3.1):
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C(w(2)) v(t) + f(v(t), u(t)) = 0 v(0) = v, (34.1)

To discuss timing analysis methods in this section, we need to assume that no floating capaci-

tor (i.e. capacitors connected between two non-ground nodes) is present in the circuit. Therefore C

is a diagonal matrix. We also assume that C™'(v) exits for all v such that Eqn. (3.4.1) can be writ-
ten as follows:

v(t) + F(v(t), u(?)) = 0 v(0) = vy, . (3.4.2)
where

F(v(t), u(r)) = Cv(1))f(v(r), u(r)) (3.4.3)
In timing simulation, the time derivative is replaced by any implicit integration formula such
as the Backward Euler or the Trapezoidal formula. In this section, we only consider those methods

of which the time derivative isdisctetizedbytheBackwaxdEnlerformulawithconstant time step:

. 1
Veu = I(Vh-l-vk) (3.4.4)
where v, and V4 are the computed values of node voltages at time £, and &4, and h = a1 — &
is the time step. Thus, the iterative process of the nonlinear equation becomes:
Vesr = Vi + AF(Vey, 0(4)) = 0 (34.5)
One sweep of nonlinear relaxation methods described in Section 3.3.2 can now be used on Eqn.
(3.4.5). If we use one sweep of the Gauss-Jacobi relaxation on Eqn.(3.4.5), we get the following
iterative process:
Via =vi=h Fil vl i e v u(tg) (3.4.6)

i=1, ---,n
where i is the node index. If one sweep of the NR method is used to obtain the solution of Eqn.

(3.4.6), this combined scheme is the one step Gauss-Jacobi-Newton method discussed in Section
3.3.2. with the exception that the outer loop Gauss-Jacobi iteration is carried out only once. More
specifically, at each time point 7, the Gauss-Jacobi-Newton method computes new values of all
node voltages using only one iteration and accept the results as the correct solution at #,, and goes

on to 4 ,,. With some modification, this method has been used in MOTIS.
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We can also use the Gauss-Seidel relaxation method to obtain the solution of Eqn. (3.4.5) as

in SPLICE1.3[7]. The iteration process of the Gauss-Seidel method is:

. , . o
Via =vi—h Fida, - vishovia, v, oo, vl u(tey) (34.7)

i=l' e .n
where i is the node index. The solution of Eqn. (3.4.7) is also approximated by using one step of

the Newton-Raphson algorithm. This resulting timing analysis algorithm is also a combination of
the implicit integration method with one sweep of one step the Gauss-Seidel-Newton method (both

the inner and the outer loop iterations are carried out only once).

Note that neither method carries the iteration to convergence; In fact, only one sweep of
relaxation iteration is taken. Hence the original numerical properties of the backward Euler
integration method no llonger hold. In the following section the numerical properties of these timing
analysis methods which combine the discretization formula, relaxation steps and the Newton-
Raphson method will be investigated.

3.4.2. Numerical Properties

The numerical properties of an integration method, such as stability, are studied on test prob-
lems[15, 16] which are simple enough to allow a theoretical analysis but still general enough that
one can gain insight into how the integration method behaves in general. For the analysis of the
conventional multistep methods, the test problem consists of a linear, time-invariant, zero-input,
asymptotically stable, differential equation. -

Unforwnately, this simple test problem cannot be used to evaluate the timing analysis tech-

niques described in the previous section. The test problem chosen should be a circuit that satisfies

the following conditions:

(1) It consists of positive linear time-invariant resistors and capacitors, and linear time-invariant

voltage-controlled current sources.
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(2) Each node has a capacitor to ground or to dc supply voltage rails.
(3) It is an asymptotically stable system.
(4) There is no floating capacitor in the circuit.

Mathematically, this particular test problem can be written as:

X = Ax, x(0) = x,, (34.38)
where A€R"™" and the eigenvalues of A are in the open left half complex plane. Let I be the
identity matrix and A =L + D + U, where L D and U are all nxn matrices with L being strictly
lower triangular matrix, D being diagonal, and U being strictly upper triangular matrix. Now apply
those algorithms discussed in the previous section to this test problem:

(a) The Gauss-Jacobi integration algorithm:

0-4Dlx,yy = X + AL + U))x, (3.4.9)
or Xeq1 = Mgy (h)x, (3.4.10)
where Mg =[I-hDI'I + AL + U)]
(b) The Gauss-Seidel integration algorid?m:
(=D + L))x¢yy = [ + A UIx, (34.11)
or X4 = Mgy (h)x, (3.4.12)
where  Mgs = [I-h(D + L)@ + 2 U]

Note that the test circuit is linear, hence the inner loop of the NR method is eliminated. The
matrices Mg;(h) and Mgs(h) are called the companion matrices of the methods. If we denote
M (h) as the generic companion matrix of a method, then the method to be investigated using a
fixed step size h will give the following solution:

x¢ = [M(R)}*x, (3.4.13)
We now define the numerical properties of the integration algorithm described by Eqn.
(3.4.13).

Definition 3.1 (convergence)
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Let x(¢) be the exact solution of the test problem. An integration algorithm is conver-
gent if the sequence of the computed solution, x;, converges uniformly to x(¢) as the step-size

h goes to zero.

One useful measure of the error introduced by the integration technique is the local trunca-
tion error whose definition is given as follows:

Definition 3.2 (local truncation error)

Let x(t,) be the exact solution of the test problem at time r,, x; be the computed solu-
tion at time ¢, assuming x,_; = x(;;) (i.e. no error has been made in computing x at previous )
time point), and i = t,~#,_,, then the local truncation error € is defined as:

' €= [ix(4) = x| (3.414)
If € = O (h"*'), then r is said to be the order of the integration method.

Using this definition, we have the following definition for consistency:

Definition 3.3 (consistency)

The numerical method is said to be consistent if

x(t) - x¢ = O(hP)
where p 2 2 for all k.
Based on the above definition, we know that a timing algorithm is consistent if its companion

matrix can be expanded as a power series of the step-size & of the following form:

M) =1+hA+ O
Convergence implies that if the step size is chosen sufficiently small, then the numerical solu-
tion can be made arbitrarily close to the exact solution. Consistency only ensures that the local
errors are small, but does not tell us anything about how the errors propagate from one time point
to the next. To insure convergence of a numerical integration method, we need to verify that it is
also stable. N

Definition 3.4 (stability)
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An integration algorithm is stable if for any & > 0, M > 0 and for all xjcR”, there exists
a k > 0 such that the difference between two numerical solutions generated from two different
initial values is bounded. i.e.

lixe = x’ell < Mllxo — X'oll for all k 2 k, and for all h between [0, §)

where x; and x’, are the computed sequences given the initial values x, and x’, respectively.

Stability implies that a small perturbation in the initial value can only cause a bounded
change in the answer as & approaches zero. Since each step in the timing analysis algorithms is
effectively a new initial value problem, stability guarantees that the change due to a small perturba-
tion at any step in the computation is bounded. The following classical theorem nelate:s con-
sistency, stability, and convergence together:
Theorem 3.4:[15]

If a numerical integration method is consistent and stable, then it is convergent.

The numerical properties of the Gauss-Jacobi and the Gauss-Seidel integration algorithms
have been discussed in [17]. It states that the Gauss-Jacobi and the Gauss-Seidel integration algo-
rithms are consistent, stable, hence convergent. Moreover, the Gauss-Jacobi and the Gauss-Seidel
integration methods are first-order integration algorithms.

To extend the analysis of stability, let us define A-Stability.
Definition 3.5. ( A-Stability )

An integration method is A-stable if for any N > 0 and for all x, €R", there exists a &
such that
Ixll<N forall k 2k and all h between [0, )
where {x,} is the sequence generated by the method.
Stff problems arise when the circuits under simulation contain bypass or coupling
capacitors(inductors) which are several orders of magnitude larger than the parasitic elements of the
circuits. This often implies that the solutions contain both the fast components due to the parasitic

elements and the slow components due to the bypass and coupling elements.
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To analyze stiff circuits effectively, one must use variable step sizes, so that, after the fast
transient response has died off, the step size can be increased to quickly observe the slow transient
response. To do so, the region of stability of the integration method should be large enough to
allow a large step size for large time constants, without being constrained by the small time con-
stants. Clearly, if the method is A-stable, it can be effectively used to handle stiff circuits. It is
reasonable to ask under what conditions the GJ and the GS timing analysis methods are suitable for
solving stiff circuits. To do so, we need to use the following proposition:

Proposition 3.1 [18]

The sequence of vectors x, = [M(h)]*x, is bounded for a given & if and only if the spec-
trum of M(k) is contained in the unit ball B(0, 1), i.e. all eigenvalues of M(k), s(M(h)), are
contained in B (0, 1), and no multiple zeros of the minimal polynomial of M(#) has modulus
equal to 1.

Theorem 35

The Gauss-Jacobi method and the Gauss-Seidel method are A-stable when applied to the

test problem described above if A is negative definite and strictly diagonal dominant.

To be effective in circuit analysis, an integration method has to use variable time-step. Stan-
dard integration methods control the time step by monitoring the local truncation error. Since these
timing algorithms do not carry the nonlinear iteration to convergence, computing the local trunca-
tion error of the timing analysis algorithms is very complex. Fortunately, from our analysis, we
found that any error contributed by taking only one NR iteration is negligible. This property cer-
tainly simplifies the computation of local truncation error.

Theorem 3.6:

The Gauss-Jacobi and Gauss-Seidel integration methods are first order algorithms, and

taking only one sweep of the Newton-Raphson method does not produce any first order error.
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3.43. Problems with Timing Analysis Algorithms

A major problem with timing analysis algorithms is its inaccuracy and instability when they
are used to analyze circuits with tightly-coupled feedback loops or bidirectional circuit elements.
One such element is the floating capacitor which is often an important element in the design of

integrated circuits.

To see the effect of floating capacitors on the timing analysis algorithm, let us consider a
linear time-invariant circuit described by
Cv=-Gv v(0) = vy (3.4.15)
where C is the node capacitance matrix and G is the node conductance matrix. If there is no float-
ing capacitor, then C is diagonal and can easily be inverted. In this case, the analysis described
previously applies. When floating capacitors exist, C is no longer diagonal, inverting C is expen-
sive and most of the advantages of the timing simulation algorithms would be lost. If we do not
invert C and just apply the timing analysis algorithms directly on Eqn. (3.4.28), then all the algo-

rithms described previously are not even consistent.

Another major drawback of the timing analysis algorithms is that these algorithms are A-
stable only under some strict conditions. This forces us to use small step sizes in the numerical
computation even though large step sizes may be acceptable. For a technique to be robust, one
will prefer any A-stable numerical integration method over these timing analysis algorithms
because the time step of an A-stable method can be safely chosen as long as it satisfies the local
truncation error criteria. Since these timing analysis methods is not A-stable in all cases, the time
step must also be bounded to ensure stability. This requires some knowledge of the time constant
for the circuit under analysis. However, tt is difficult to estimate the time constant of a circuit, thus
these algorithms have to rely on the user to intelligently select an appropriate time step.

Although timing analysis algorithms improve the computational speed by taking one sweep of
displacement method, all these problems described above are also due to the fact that the relaxation

iterations are not carried to convergence. This severely limits the application of these techniques to
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some restricted class of circuit topologies.
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CHAPTER 4

The Implicit-Implicit-Explicit Method

As mentioned in Chapter 3, one major drawback of the timing analysis algorithms is the
accuracy and stability problems when the circuit under analysis contains elements that form
tightly-coupled feedback loops. One such element is the floating capacitor. For this reason, special
techniques must be used. The Implicit-Implicit-Explicit (IIE) method has been proposed to handle
floating capacitors. In this chapter, we formalize the IIE method and present its numerical proper-
ties using the frame work set up in the previous chapter. In particular, we show that the method is
consistent, stable and as accurate as the backward Euler method even when floating capacitors are
present in the circuit. The details of this algorithm are described in Section 4.1. In Section 4.2, we
will investigate its numerical properties, such consistency, stability, and convergence on a test prob-
lem. In Section 4.3, some implementation results are presented. Then, the concluding remarks are

given in Section 4.4.

4.1. Mathematical Formulation
In this section, we will study the IIE algorithm by applying it to the following system:

Cv)V + fivau(t)) =0 v(0) = v, 4.1.1)
Note that we allow floating capacitors to be present in the system.

Before we study this general system, let us first examine a two-node circuit. Applying the
backward Euler integration method and nodal analysis to the circuit of Fig. 4.1, we have:

Chap. 4. The Implicit-Implicit-Explicit Method | 26-
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T L ¢ c2 = a2

Figure 4.1 Circuit Example

(C,+Cy) _E_s_

h h v! )
- ', ey [V’], 4.12)
h h
where h =ty ~ 1,

The key to the [TE method is to decouple Eqn. (4.1.2) by taking the voltage at node (2) one

step back in time when solving the first equation. Thus, G3vd, is replaced by Gjv and the

c 2 s
current flowing through the floating capacitor is given by T’[(v,'_,, -v) = (v& = v&y)). There-

fore, Eqn. (4.1.2) becomes:
Ci+C,
G] +G; + h 0 V;
Cs C,+C v e
-GS_T Gz+63+( 2+ Cs) +

h
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(C1+C3) C3 0 __C.i
h G- | [w h v! (4.1.3)
€ (€+Cy) | (2], F|o v, -
h h

The IIE metho& has been shown[3] to be unconditionally stable for this particular two node
circuit ( i.e. all eigenvalues of the companion matrix are less than 1 for all values of the circuit
parameters and for all #). In addition, this method is free of oscillatory error for this two node cir-
cuit if we keep the time step sufficiently small.

In order to generalize this method, consider the following splitting:

C(v)=C,(v) + C,(v)
where C..(v) is strictly upper triangular and C,(v) is lower triangular with nonzero diagonal entxies.

Eqn. (4.1.1) can be rewritten as follows:

C,(v)v + C,(V)V + f(v,u(t)) = 0 (4.1.4)

To solve Eqn. (4.1.4), the time derivative operator is discretized to convert the nonlinear

differential equation into a nonlinear algebraic equation. In contrast to other timing algorithms, this

algorithm discretizes the derivative operator in Eqn. (4.1.4) at two different time points, &, and #,
ie.

Cr(en)Viar + CoGra)Ve + f (Vears Ultean)) = 0 4.15)

where V;,; and v, are the time derivatives of the vector v evaluated at #;,, and 1, respectively. If

the backward Euler integration formula is used, then we have:

) Via1 =V, . Ve =V
Ve = """_h"_ V= % 4.1.6)

where h = Lyt =L =4 — by then Eqn. (4.1.5) becomes:

Cr(VealVist = Cr(Via)Vie + Co (Vea)Ve — C (Ve))Viy

= — hf (Vi41, U(teq1)) 4.1.7)
Using one sweep of Gauss-Seidel, we have:
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F1vin . vd, e, v u(ten)
. FaViar, v, v - o Vi u(ten))
Cr(ves Vea)Vea + 1 e
@i e Vi s Vi U(tes))
= [C/ (ks Vi) = CoVe, Vea)IVie + Ca(Vi, Vear)Vear (4.1.8)
where C;'(vy, Vi41) and C, (v, Vi) are defined as follows:

Cl (Ve Vi) =

114y 1
zC[ (vl'-l-l N sz, covey V:) o 0 0
1 2 .3 2 .3
CAH s Vs V&, e WD) CROEa VLY, - ovD) 0 0
Cnl 1 R | an 1 I | R o 1 n)
T (Vesls s Vis1) T (Vesr s Vil ) T (Vial s v VEal

and

Ct: (vk ’ vk+l) =2

13,1 2 ... n
0 C.u(vl,lo-l, v -, vE) 2?: I(Vk-a»hz Ve, 3 Vi) R C:‘(v};,, vl? cee, V)
0 0 Ca (Veats Vg1 VEy *° 4 Vi)
-tag, 1 -1 -
o Co M wiy, ~ v, vD)

Eqn. (4.1.8) is the formalized version of the IIE method when applied to general circuits. Since
there is only one unknown in each row of Eqn. 4.1.8, the solution can be readily obtained.

In general, when a circuit description is read by a timing simulator and translated into data
structures in memory, the elements may be read in any order. Unless some form of connection
graph is used to establish a precedence order for signal flow, the new node voltage will be com-
puted in an arbitrary order. Since the Gauss-Seidel relaxation is used in the IIE method, the order
of processing elements can substantially affect the simulator preformance. To improve the prefor-
mance of the IIE method, one must include a scheduling routine to properly order the system of

equations.

In addition, large digital circuits are often relatively inactive. There have been a number of
schemes used to avoid the unnecessary computation involviag the reevaluation of voltages at nodes
which are inactive or latent. The selective trace technique used in SPLICE saves a significant

amount of computer time. For the IIE method, bypass schemes such as selective trace technique
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may be used to exploit latency.

Since only one sweep of the Gauss-Seidel iteration is taken, the stability and accuracy pro-
perties of the backward Euler integration method used to discretize the derivative operator no
longer hold. In the following section, the numerical properties of this formalized ITE method will
be investigated.

Before leaving this section, we would like to mention that in order to compute v;,, in Eqn.
(4.1.6), one needs’to know v; and v,_,. To compute v, given v,, one can use any timing analysis
method that computes v,,; based only on v,. Once v, and v, are obtained, the algorithm described

'in this section can be used.

42. Numerical Properties of the IIE Method

The test problem chosen for the IIE method is a circuit similar to the test problem described
in Section 3.3.2 with the exception that floating capacitors are present. The test circuit must
satisfies the following conditions:

M It coqsists of positive, linear, time-invariant resistors and capacitors, and linear, time-invariant
voltage-controlled current sources.

(2) Each node has a capacitor connected to ground or to dc supply voltage rails.

(3) Itis asymptotically stable.

For this particular class of test problems, Eqn. (4.1.1) can be written as:

Cv=-Gv v(0) = v, 4.2.1)
By conditions (1) and (2), C is strictly diagonally dominant and G is the nodal conductance matrix
of the circuit with controlled sources. Now let us apply the IIE algorithm described in Section 4.1

to Eqn. (4.2.1) to get the following equation:

Vil = Vi Vi = Vi
7 1+C, [—h_

where C;, G, are lower triangular matrices (including diagonal elements), and C, and G, are

Gl 1==GViey1 = Gu v 4.2.2)
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strictly upper triangular matrices.
Theorem 4.1 [19]

The IE algorithm is consistent.
Proof:

Rewrite Eqn. (4.2.2) in a different form:

CilVess = Vel + Co[Ve = Vi) == Gy Ve = h G,V @4.23)

Let v(r;) be the exact solution of C v=- Gv, and v, be the computed solution using the IIE
method. For consistency analysis, we wish to show that the local truncation error is O (h2), i.e.

Vet = V(tey) + O (D) 424

The key tool for proving consistency is to use the Taylor series expansion of the exact solution at

& while assuming that the previously computed values are equal to the exact solution:

Vltea1) = V(te) + h¥(t) + O () 42.5)
Wtet) = V() = h¥(t) + O(HY) 42.6)
Vi1 = V(teay) 427

Vi = V(&) (4.2.8)

From Eqn. (4.2.5) and Eqn. (4.2.6), we have:

V(t) = V(te_y) = V(feyy) = V(1) + O (B2 . 4.2.9)
Substituting Eqn. (4.2.7) and (4.2.8) into Eqn. (4.2.3), we get the following equation:

CilVes1 — v(1)) + C[¥(te) = V(tx )] =~ A G Viyy — K G, V(1) (4.2.10)
Using Eqn. (4.2.9), we have:
Ci[Vess = ¥(1e)] + C.[V(teay) = V(&)] = — hGyVyy — hG, () + O(h?) 4.2.11)
Consider the original equation:
Cv=-Gv v(0) = vy

If we evaluate this equation at time r,, we have:

Clv(1)] = —Gv(z,) 4.2.12)
Since
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V(ten) = V(t) + hV(t) + O (h?)
Eqn. (4.2.12) becomes:

CI¥(te41) = ¥(&) + O (h%)] = ~h Gv(z,)
or

[C + C.1[¥(te1) = V(1) + O (hD)) = =h[G; + G, Iv(t)
Rewrite Eqn. (4.2.15):
G [V(te41) = v(1:)] + C, [W(ty) = V(1))
=-hGv(t)-h G, v(t,) + O (h?)
Subtract Eqn. (4.2.16) from Eqn. (4.2.11), we have:

Ci[Vest = ¥(te1)] = = B Gy[Vis — ¥(8)] + O (h?)
Rearranging Eqn. (4.2.17), we get

[Ves1 = V()] = = ACTIGy[Vigy — ¥(8)] + O (1Y)
Since v(t;) = V(te41) + O (h), Eqn. (4.2.18) becomes:

[ + AC'G,)[Vet — V(tea)] = O (A
Now, using the series expansion [I + AC;'G,]™ =1 + O (h), we have;

Ve = ¥(tea)] = L+ O(h)] O(h?) = O (h?)

Hence, we conclude that the ITE method is consistent.
QED.
Corollary 4.1

The IIE algorithm is a first order integration algorithm.
Progf:

The proof follows directly from Theorem 4.1.
Q.ED.
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4.2. 13)
(4.2.14)

(4.2.15)

(4.2.16)
42.17)
(4.2.18)
(4.2.19)

(4.2.20)

It is difficult to study the stability of this method by analyzing Eqn. (4.2.2) since it involves

the evaluation of v at three different time points. Let us make the following definition:
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Then, Eqn. (4.2.2) can be rewritten as :

= 0 I
Xew) = [(C} + hGl).lC,, < + hG,)-l(C’ -C, - hG,)} X 4.2.21)

Xe41 = M(h )%, (4.2.22)
where

0 ) |
M"‘”[ (€ +hGY'C. (G +hGYHC, - Cu —hGL) ]
M(h) is called the compp.nion matrix of the method. If we assume that a fixed step size 4 is used,
then we have:

Xea = M) x (42.23)
Note that the exact solution of Eqn. (4.2.1) at #.,, assuming v, being computed exactly is

given by:

Vin=e< %y, ' (42.24)
Expanding the right hand side of Eqn. (4.2.24) as a power series a of the step size h, we have:

Ve =I-ACIGHORD) ] v, 4.2.25)
or
-1 0 I
Xesl = 0 I- hc—lG + O(hz) X (42-26)

Since we have proven that the IIE method is consistent, the companion matrix of the IIE method
should have the same form as the matrix given in the right hand side of Eqn. (4.2.26) with this new
variable definition. This property is restated in the following lemma:
Lemma 4.1

The IIE method is consistent and its companion matrix can be expanded as a power

series of the step-size h as:
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mor=[ §1]en] 8 Qi |voud
Proof:
We first rewrite Eqn. (4.2.2) in a different form:

(€ +hG e =(C, = C, = hG,)v, + C Vi,
If we subtract (C; + 2 G;)v, from both side of Eqn. (4.2.28), we will get:

€ +hG)Vey = V) =(=C, = hG, = hGy)v; + (C, )iy

Since the IIE method is consistent, we have:

Vi =V + AV + O(hD)

Or Vi =V = hik + O(hz)

Vi =Viy +hv +O(hD)
. or Ve =V, = hv"k-l-O (hz)
With a first-order approximation, we can ignore O (k). Thus,

Vil = Vi SV = Vg
Substituting Eqn. (4.2.32) into Eqn. (4.2.29), we have:

(€ +hG) Ve = Vi) =(=C, = hG, = hG)V; + (Cy)Viy
Thus, we can solve v,_; as a function of v,:

C+hrG+ hG})Vk = (C + hGl)Vk..l

or Vi1 =(C+hG)YYC+hG +hG)v,

Substituting Eqn. (4.2.35) into Eqn. (4.2.28), we have the following equation:

(€ +hG )y =(C, - C, - hG,)v;
+(C.XC + hG Y (C + kG + hG))v,
Eqn. (4.2.36) can be simplified into the equation given below:

Vi1 =(C; +hG)NC, - kG, + C.(C + hG))hG]v,
Define

(4.2.27)

(4.2.28)

(4.2.29)

(4.2.30)

4.2.31)

(4.2.32)

(4.2.33)

(4.2.34)

(42.35)

(4.2.36)

(4.2.37)
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0 I

MB)=10 (€, +hG)C, - hG, +C,(C+hGY'hG] | (42.38)

Since M’ (h) was derived based on the expansions of v,,; and v, as given in Eqn. (4.2.30) and

Eqn. (4.2.31), M*(h) is equal to M(k ) up to the first order of 4.
Therefore, M(k) = M" (0) + h%M' ©) + O ().

‘We need to show:

)

ii). %M'(0)=[ ) }

i. Cleary, by setting # = 0 , we have:

LR ]

i). M'(O):[ )

wo=[ 1] (4.2.39)

dayeopnr_[0 0 _
-;h-M ®=|0 B ] (4.2.40)
where B =~ (C; + hG;)"'G,(C, + hG))[C; - kG, + C,(C + hG,)'hG

+(C; +hG)[=G, +C,(-(C+hG)'G/(C +hG;)'hG + (C + hG))"'G)]
Setting k& = 0, we have:

dyere [0 0
M O= [ 0 -C/'G,C/'C, + Ci(- G, +C,C'G) ] 4.2.41)

dyen | 0 0
M (0)_[ 0 Cri(-1+C,CHG ] (4.2.42)

Substitute I by CC™!, Eqn. (4.2.42) becomes:

daeeon |0 0
™ (0)‘[ 0 Cil(-CCt+C,CH6 }

|0 0
0 -c/(Cc-cC,)C'G
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_lo 0 _lo o
0 -c/lcCle 0 -C'G

Hence
M(h) = M° (0) + h%M' ©) + 02

01 0 0

=[ 01 ] +h [ 0 —clg |TO®) (4.2.43)

Q.ED.

We will now discuss the stability characteristic of the IIE method. Note that stability means
that the sequence {v,} be bounded for small step size. In this chapter, we restrict the analysis to

constant step-size. Using proposition 3.1, we can prove the following theorem:

Theorem 4.2.
The IIE algorithm is stable.
Proof:
It follows from Lemma 4.1 that:
M(h) = [ S - hcig | +O®Y (42.44)
Xy _| o I x 2
or [ ‘2]::+1-[ S 1o reig H‘z]fo(h) (4.2.45)
Since X) 441 = Xpp
Xopm = @~ hCIGYXy,
Xiea = @~ RC'G)xy
we have:
_| 1-aCG 0 2
M(")'[ 0  1-aclG |TO®)
-— 1 .
[58]n] 7§ g |00 w240

Clearly,
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<6 0 - [ 1
By the spectral mapping theorem [18] :

o(M(h)) ={§i'§: =1+hA; +0(h2)}

where A is an element of o( -C™'G);i =1,2,..,0 4.2.47)
From Eqn. (4.2.47), we have:

El=11+a0+00YH), i=12, .,0 (4.2.48)
&2 =[1 + k& Re\)1? + [k Im(A)]? + O (D) (4.2.49)
Since M* (0) = L, its eigenvalues are all 1, and 1 is a simple zero of the minimal polynomial of the
identity matrix.
I€; 2 =1+ 2 h Re(A;) + h2 (Re*(A;) + Im2(\,)) + O (h2) (4.2.50)
Since we assume that Re();) < 0, there exists a positive number 8 such that for all 4 in (0, )
&1 <1 for all h in[0, 5) (4.2.51)
or
o(M(k)) in B(0, 1) (4.2.52)
Therefore, this algorithm is stable.
Corollary 4.2
The IIE algorithm is convergent.

Proof: The proof follows directly from Theorem 4.1, 4.2, and 3.4.

As mentioned in Section 3.4, none of the one-sweep relaxation timing analysis algorithms
described previously are consistent when applied to circuits containing floating capacitors. This is
the major drawback for these one-sweep relaxation timing algorithms. From the theorems
pMd in this section, we can conclude that the IIE method has nicer numerical properties. It

eliminates the major obstacle for using one-sweep relaxation timing analysis algorithm.

The importance of stability for a one-sweep relaxation method has been discussed in Section

3.4. Here, we are not only interested in whether the IIE method is stable or not, but also its region
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of absblute stability. Let us examine the companion matrix given in Eqn. (4.2.22):

MkY=] (c + hOG, PG, (€ +hGYNC, - €, —hGL)
Consider the new splitting:
(1) G =Gy +Gp + Gy, where Gy, is strictly lower triangular, Gp, is a diagonal matrix and Gy
is strictly upper triangular.
2) C=C, +Cp +Cy, where C is strictly lower triangular, Cp is a diagonal matrix and Cy
| is strictly upper triangular. |

‘We can rewrite the companion matrix as:

M(h) = : (4.2.53)

0 1
[[c, +C, +hGy +hGplI'Cy [Cp +C +hGy + hGpT[Cp +C, - Cy - hGy]
Define:

y=Mk)x 4.2.54)
M0 = mx 425)
or
yl xl
AR O (4.2.56)
or
y=2 _ (4.2.57)

[CL+hGL )Y ==[CL +hG ] +Cyx'+[C, +Cp - Cy - hGy ] X (4.2.58)
Here, we would like to assume that |ly|l. =max ly’| € y%. This is because that the test circuit is

asymptotically stable, and as long as we stay in the region of stability, [|ly2l] 2 lly'|l since y' is

further ahead in time. Therefore, we can concentrate on Eqn. (5.2.58) and rewrite it as:

Y¥=-[C,+hG, I [C, +hG,] ¥
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+[CL+hG ' Cy x'+[CL +hG, "' [C, +Cp -Cy - hGy ] X (4.2.59)
Let 2,k be the index such that ||yl = ly**|. Then from the k™ equation of Eqn. (4.2.59), we
have:
Iylles S seliylles + relixllee + te[Ixlle (4.2.60)
where
n-ll I
5= IC +han | =1, n
J-IICM +hGu |
» ' C'..
= —_—t i=1 ---,n
! jainl Cu +hGy |
il ey 1 oalci+ng; |
;= |+|+ | =4 T4 i=1 --,n
,;1 | Ca +hGy | ,-E.ll Cii + hG;; |
Therefore,
llyll
(h) max —_— 4.2.61
Ty + 14
<
l-Sg
4+t
1Sisa 1 -4
| ol " | l c.. |
oS oy S0, > | Cij +hGy |
sl Ca +hGy | o | Cy +hGy | ;50| Cu +hGy |
= Jjui+l j=1 Jj=i+l 4.2.62)
1SiSa n-ll lj+kGlJ | *

I—E: Cii + hG; :

The region of stability for the IIE method is the set of 4 that satisfies M(1)jl. < 1. Thus, a
sufficient condition is to have & such that the right band side of Eqn. (4.2.62) be less than one. It
may be hard to evaluate this equation in practice; however, looking at Eqn. (4.2.62), we can see
that we need a stronger condition than having both C and G being strictly diagonally dominant to
ensure that the IIE method be A-stable. In fact, the off-diagonal terms have to be small enough for

the IIE method to stay in the region of stability.



Chap. 4. The Implicit-Implicit-Explicit Method -40-

4.3. Implementation of IIE as an Initial Condition Generator

The consistency and stability properties of the formalized IIE algorithm have been established
for a class of test circuits. To show the usefulness of this method in the analysis of VLSI MOS
circuits, it is important to test these properties on actual MOS circuits used in digital design. Since
RELAX uses constant valued waveforms as its initial guess waveforms, we decided to implement
an initial guess voltage generator for RELAX using the IIE method to see if any speed improve-
ment could be obtained. In this section, we will describe the implementation of the IIE method in
RELAX. The implementation results will also be presented. We start with a.bﬂef review of the
structure of the RELAX program. Then, a detailed description of how the IIE method is imple-

mented as an initial waveform generator is given. Finally, some implementation results are

presented.

43.1. Implementation

The first step in RELAX is to read in a circuit description file containing circuit topology,
device model parameters, analysis specification, and plotting requests. Before applying the
waveform relaxation algorithm described in the previous chapter, RELAX decomposes the circuit
into a collection of subcircuits. This is done by partitioning the circuit into clusters of tightly cou-
pled nodes. Since RELAX uses the Gauss-Seidel relaxation iteration, there is a scheduling routine
in RELAX which arranges the subcircuits in the natural directionality of the circuit as much as pos-

sible.

After the large circuit has been divided into ordered subcircuits, RELAX begins its waveform
relaxation process. Instead of perfonning the relaxation iteration by computing the transient
behavior of each subcircuit for the entire user defined simulation interval, RELAX divides the
whole simulation interval to many smaller simulation time-slots referred to as a windows. RELAX
performs waveform relaxation on one window until convergence, then move on to the next win-

dow. This method has been proven to increase the efficiency of the waveform relaxation method
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especially when applied to digital circuits with logical feedback. In fact, this windowing scheme
can improve most of the integration method because it limits how far the local truncation error can
propagate in time. An initial guess waveform is chosen for each of the node voltage waveforms (in
this case a coqstant waveform for each node). Within each window, the numerical solution for
each of the subcircuit is computed in the order determined by the scheduling routine. The compu-
tation is performed using trapezoidal integration algorithm, with the time step controlled by moni-
toring local truncation error. In the subcircuit, those nodes that are connected to the nodes in other
subsircuits are treated as external time-varying voltage sources. In each G-S iteration, the newly
computed waveform replaces the waveform generated from the previous iteration. This iteration
process is carried all the way to convergence. Then, we move on to the next scheduled subcircuit.
This continues until all subcircuits are analyzed for this window.

Let us focus on the circuit equation used in RELAX. To ensure charge conservation, the
decomposed differential equations generated by the waveform relaxation algorithm use charge as
the state variable. That is, the multistep integration algorithm is applied to

q(v(#)) = fq(r), u()) 43.1)
RELAX uses trapezoidal method and only need to save one copy of the variable vector. However,
the IIE method uses voltage as variable, and needs to save two set of vectors at two different time
points. In oﬁer to minimize the additional storage and implementation effort needed to implement
the IIE method in RELAX, we define a new set of charge definition to overcome this problem.

Since the ITE method uses backward Euler method to discretize the time derivative, Eqn. (4.3.1)

becomes:
Qe Qe
hﬂ’ - —h— = f(Qe41, Uest) 432)
Define: Qe = C (VIVen + C (Vv 43.3)

ﬁk = C[(V)Vk + C,, (V)Vk-] (4.3.4)
Substituting this definition of charge into Eqn. (4.3.2), we have: '



8
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Cr(V)veay + C(V)Vy _ Ci(v)ve + C (V)viy
h h
Then applying one sweep of the Gauss-Seidel method to this equation, we can obtain the same

= f(ﬁk«kl(vh-lo Vi )v uk+l) (4-3-5)

equation as Eqn. (4.1.8) in the IIE method. For example, consider the circuit given in Fig. 4.2.

The first step is to write the KCL equation using charge as the variable:

q1+q43=-G,

42+ 43=-Ga¥2
Then, we apply backward Euler by using the new charge variables defined in this section and apply

one sweep of Gauss-Seidel:
g, =41, +4s,,,~ds, =-hGmy,

92,,= 92, % ‘?3»1 - 43& = -thsz

Substituting Eqn. (4.3.3) and Eqn. (4.3.4), we have:

)
% Jmt

L} I
G)
»

1= == c1 c2:

Figure 4.2 Circuit Example
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Clvlh-l - C1V1k + C3vlu; - CSVZ‘ + C3V1k - C3V2t-| = —hG"ﬂr']h1

szzkﬂ - Cszt + C3v2&+l - Cszkﬂ + C;Vz. - C;V 1, = -hG"z'l"zu’l

or
C1+Cs + hG, 0 vy _
3 Co+C3+hGy || vy k+1-
Ci1+C; C; ] v 0 C3|{|w
[ —Cs C1+Cs [v,]k"'[o 0 H"JH 4.3.6)

If we apply the IIE method directly to the original problem using node voltages as the variables,

we will get the same equation as Eqn. (4.3.6).

Other than the modification stated above, a time-step control scheme similar to the one used
in RELAX is adopted for the IIE method. In addition, the technique that exploits the latency in
RELAX is also used.

43.2. Implementation Results

0y

The circuit in Fig. 4.3(a) is a three stage inverter chain. Fig. 4.3(b) shows the difference
between the generated initial waveform and the final solution. Note that the error between the two
waveforms is very small. The circuit in Fig. 4.4(a) is an enhancement-load NMOS bootstrapped
inverter. A floating capacitor, bootstrap , forces the load transistor to tum hard on when the input
voltage is rising; thus, improving the speed of the circuit. Again, Fig. 4.4(b) shows that the
difference between the initial guess waveform and the exact solution is almost negligible. Similar
results are obtained for the circuits given in Fig. 4.5(a), a shift register, and Fig. 4.6(a), an inverter

with delay, with their simulated waveforms given in Fig. 4.5(b) and Fig. 4.6(b) respectively.

In the above test circuits, we have focused on tightly coupled circuits, especially those cir-
cuits with floating capacitors. The results confirm that the IIE method itself is fairly accurate as
predicted in the previous section. In fact, except for the inverter with delay, it is quite difficult to
distinguish between the initial guess waveform and the final solution. The shift register is con-

sidered to be the most tightly coupled circuits among these test circuits. It forces the IIE method to
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Figure 4.3a Three Stage Inverter Chain.
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Figure 4.4a Enhancemeni-Load NMOS Bootstrapped Inverter.
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Figure 4.5a Shift Register.
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use a very small time step hence increases the total CPU time. Although floating capacitors no
longer pose a problem to the simulation if the time step is chosen to be small enough, it tends to

decrease the overall efficiency of the program. The simulation run-time requirements of these cir-

cuits are shown in Table 4.1.

, Circuit with IIE method | without IIE method
3 stages inverter chain 2.94s 2.84s
bootstrapped inverter 0.35s 0.33s
shift register 3.76s 0.77s
inverter with delay 1.25s 1.27s

Table 4.1 Comparison of RELAX with and without IIE initial guess waveform generator

The run-time comparisons of some bigger digital circuits are given in Table 4.2. If indicates
that RELAX with the initial guess waveform generator usually requires about the same or more
CPU time for most digital circuits compared with the original RELAX program. One obvious rea-
son is that there is more overhead cost in generating the imitial guess waveform. However, the

major reason is that the time step required for the IIE method is smaller than one used by the tra-

pezoidal method used in RELAX.
Circuit Devices | Nodes | with IIE method | without LIE method
cmos inverter chain 767 259 1832s 18.07s
cmos inverter chain 3071 1027 7451s ~72.81s
input decoder 2607 282 81.52s 75.09s
input decoder 253 49 7.24s 7.32s
domino cmos circuits 8 12 1.62s 1.63s
nmos depletion-load integrator 64 13 1.05s 1.17s

Table 4.2 Comparison of RELAX with and without IIE initial guess waveform generator

As mentioned before, we are approximating the derivatives of the voltage at current time

point by the voltage values of previous and current time points. Since RELAX computes all node
voltages of a subcircuit at the same time and carries the iteration to convergence at each time point,

it approximates the derivatives using the voltage value at previous time point #,, and the newly cal-



Chap. 4. The Implicit-lmplicit-Explicit Method -53-

culated voltage value at current time point #,,,. The IIE method on the other hand, uses one Gauss
Seidel iteration, approximates the derivatives using the voltage values at either f,_, and #. or
and the newly calculated voltage value at current time point #,; depending on whether the voltage
at 1,1 has been computed or not. Intuitively, in order for the approximations of the derivatives
computed using voltage values at 1,_, and ¢, to have the same accuracy as the ones computed using
voltage values at ¢, and ., the time step of the former (IIE) method will most likely need to be
twice smaller than that of the latter method (RELAX). Fig. 4.7 shows a clearer picture why the IIE

method probably needs to use twice as small a time step to achieve the same accuracy.
We can also look at this problem from a different view point. Consider the following linear
time-invariant circuit:

Cv=-Gv
At any time 1, this circuit satisfies the KCL equation:

Voltage

g%

Figure 4.7
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C;(tk.ﬂ) = - GV(tk.H) (4.3.8)
Let v be the computed solution of trapezoidal method used in RELAX. At time t4 this method

satisfies following equation:
CViyy == GViy 4.3.9)

For the IIE method however, the capacitor matrix is split into two triangular matrices and the
derivative operator is discretized at two different time points to yield the following equation:

CrVeaWias + Cu(ia)Ve == G Vs = G,V (4.3.10)
where v, is the computed solution for the IIE method. Clearly, if the time step is too large, the
solution of Eqn. (4.3.10) can be very far away from satisfying the KCL equations without consider-
ing the error produced by the implicit integration method. Thus, we can conclude that comparing
with the trapezoidal rule, a smaller time step is needed for the IIE method to achieve the same
satisfication of KCL equations.

Anotherconsidetaﬁonismatweareumbletopmofd:atthgﬂEmemodisA-smble. In fact,
from our experience, the local truncation error may propagate rapidly in some cases and cause ins-
tability if the time-step is chosen to be too big.

This seems to be an inherent problem associated with the IIE method and other timing
analysis algorithms. If we choose a stricter time step control scheme, we will spend a lot of time
just to generate the initial guess voltage waveform, and hence increase .the total CPU time. If we
donot,itwilltakeRELAXadditionaliuemﬁonsjusttocouecttheerrorcausedbytheinacwracy
of the initial guess waveform. Therefore, adding the IIE method as the initial guess waveform gen-
erator has failed to improve the overall performance of RELAX.

4.4. Conclusions

In Part I of this thesis, we have discussed various different numerical integration methods for
circuit simulation with special attention given to timing analysis algorithms. As pointed out earlier,

the major problem with timing analysis algorithms is that they may fail when floating capacitors
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are present in the circuits.

_ We have also formalized the IIE algorithm and investigated its numerical properties. Based
on the theoretical finding, the IIE method was proven to be consistent, stable, and convergent for
circuits containing floating capacitors. However, to be effective in circuit simulation, it is desirable
for an integration method to be A-stable and able to control the time step simply by monitoring the
local truncation error. The timing analysis algorithms we introduced in this thesis are shown to be
A-stable only on small classes of test circuits. This is one of the major drawbacks of timing
analysis algorithms.

Finally, we have described the implementation of the IIE method as an initial guess
waveform generator for RELAX. Although it does not improve the overall performance of
RELAX, it confirms that the IIE method itself can give stable and accurate solutions for circuits
with tightly coupled feedback.
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PART II : CIRCUIT SIMULATION IN THE FREQUENCY-DOMAIN
CHAPTER 5

Introduction

The second part of this thesis focus on the simulation techniques which can be used to find
periodic steady-state responses for various circuits o_f interest. Periodic waveforms play an impor-
tant role in the analysis of many classes of circuits. Examples include the analysis of microwave
circuits and circuits in power transmission systems. Periodic steady-state analysis of oscillators or

periodically forced nonlinear systems is also an important example.

Many computational methods related to this class of problems have been explored
(1,20,21,22] . One classical approach to finding the periodic steady-state response is to integrate
the system of equations ﬁ'om‘ some initial conditions until the transient response becomes negligi-
ble. Another time domain analysis technique uses the Newton method {20,21]. This technique is
very popular because it can be applied to both autonomous (unforced) and nonautonomous (forced)
circuits. Let us assume that, for the system under study, there exists a periodic solution x(r) of
period T. The Newton algorithm searches for the steady-state solution by formulating the system
as a two-point boundary value problem, using the fact that x(0) = x(T) in the steady state. The
basic approach is to find the right initial (or boundary) periodic state x(0) such that when we
integrate this sysiem from 0 to T, x(T') = x(0).

Time-domain simulation techniques may be very inefficient for a certain class of circuits
when the periodic steady-state solutions are of the primary interest. Two examples are high-Q cir-
cuits and circuits containing many distributed elements. The quality factor, Q, measures the rela-
tive damping in a damped oscillation. The less damping the oscillation has, the larger the factor Q
is. For example, a lossless resonant circuit has zero damping or infinite Q. For lightly damped (or

high Q) systems, it takes a long time before the systems reach the steady state. Since traditional

Chap. 5. Introduction
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time-domain simulators integrate the system equations until the transient response dies off, the
integration could extend over many periods, making the computation very costly and inefficient.
Circuits containing distributed elements are difficult and often impractical to simulate in the time
domain because the distributed elements are described by partial differential equations. Although
distributed components can also be approximated by collections of lumped components, it usually

requires a large number of these components to achieve sufficient accuracy.

Simulation in the frequency domain can avoid those.problems mentioned above. First of all,
it finds periodic steady-state solutions directly without having to wait until the transient responses
die off. This greatly improves simulation efficiency for high-Q circuits. As for distributed ele-
ments, systems containing those elements can be modeled as algebraic equations in the frequency

domain, making it much easier to obtain the solutions.

In Chapter 6, we will start with problem formulation and discuss the Newton method used in
time-domain simulators. Then, we will review the method of harmonic-balance as a general
approach to converting a set of differential equations into a system of nonlinear algebraic equations.
These nonlinear algebraic equations can then be solved to obtain the periodic steady-state solutions.
In Chapter 7, we will show how we can combine the harmonic-balance method with the Newton-
Raphson method to form the harmonic-Newton method which has been implemented in Spectre
[4,23]. So far, S;.:ectre is limited to the simulation of nonautonomous systems. In Section 7.3, we

will discuss how we can extend the harmonic-Newton method to handle autonomous systems.

The convergeace properties of the harmonic-Newton method will be discussed rigorously in
Chapter 8. In Chapter 9, we will focus on the computation of the ermror gemerated by the
harmonic-Newton method and show how this error bound can be used to predict the number of har-
monics needed for a given error objective before applying the harmonic-Newton method, thus
improving the efficiency of Spectre significantly.

In PART II of this thesis, we adopt the following notation; lower-case letters are used to

denote time-domain variables and functions, and upper-case letters are used for frequency-domain



Chap. 5. Introduction 58

variables and functions. Subscxi;;ts H represents the number of harmonics contained in the vari-
ables or function, superscripts are used for node number, and superscripts in parentheses represent
the Newton iteration count. Vectors of variables or functions are in boldface. The superscripts C
on upper-case letter variables or functions means the Fourier coefficient of these variables and func-
tions are in complex form. The bar over variables or functions implies that discrete Fourier

transform is used.



CHAPTER 6

Overview

In this chapter, we discuss how the circuit equations for steady-state analysis are formulated.
The Newton method which has been widely used in the time domain to obtain solutions of periodic
systems is then introduced. Then we focus on the harmonic-balance method and discuss how we
can use the method to convert a system of differential equations into a system of algebraic equa-
tions. In this chapter, we will delay the discussion of the application of those simulation algorithms
on some special classes of circuits such as mixers, that have a steady-state response containing

almost-periodic signals until later sections.

6.1. Background

In order to understand the problem better, we first start with some background on periodic
and almost-periodic functions. To distinguish between periodic and almost-periodic functions, we
first give the definition of a translation number. The real number t(€) is called a translation
number for f (x) corresponding to ¢ if

lfx+2€) -fx)ISe for—o<x <oo, 6.1.1)
Note that a translation number 1(€) of f(x) is also a translation number corresponding to any

g>e

To understand this, let us consider the function s(¢) = & 4 e where j is the imaginary

number V=1. If there exist two integers n, and n, distinct from zero such that n,i—u = nzz—“,
. 1

o,

then s(¢) is a periodic function with period n,(zo—". If there is no integer multiple of i—" which is
1 1

equal to a integer multiple of %:—, then, for any arbitrarily small number 8 > 0, there exists a pair

| I
of arbitrarily large integers n; and n, such that Ih,%- -nz% :< 8. Let Tt be any number
i
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2n 2n
between n,— and 7,
0] 0]

, and & be some real number such that | s(t—t) — s(z) | < &, then 1(¢) is
a translation number of s(z) and < is almost a period for s(¢) since the difference between s(z + 1)
and s(¢) can be arbitrary small. We will now give the formal definition of almost-periodic func-
tions.

Definition:

A continuous function f (x), —o < x < oo is called almost-periodic if for any € > 0, there
exists a positive real number L (€) such that within each interval of length L(€) on x there is
at least one translation number t(g).

Obviously, a continuous periodic function of period T, is a special case of an almost-periodic
function. The period kT, for k =1, 2, - -- are translation numbers () for all ¢ 2 0. The

Fourier series of a given periodic function f is defined as an infinite series

jo &

f(t)=ki Flka,] e (6.12)

with coefficients satisfying

TO
Flka,])= = J F)e" (6.1.3)
T,
where T, > 0 is the period of the function f and ®, = 2%/T, is the fundamental frequency of the
function.
If f is not periodic, it has been shown in [24] that the class of almost-periodic functions is
identical to the closure of the class of all finite sums of trigonometric functions. This means that

every almost-periodic function can be approximated uniformly for —o < ¢ < oo by a sum of a

countable number of trigonometric functions:

F®= T Fo) ™ (6.1.4)

ko—ea
where the coefficients F€[w,] is any complex number and @, can be any real quantities. Here, we
limit ourselves to the discussion of series having at most denumerably many elements, i.e. functions

whose spectrum is not continuous but consists of discrete lines. Functions having continuous
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spectrum are no longer periodic in the time domain and therefore are not in the scope of the thesis.
Moreover, since we are only concerned with real functions, the following conditions are satisfied:

(1) The imaginary part of FC [0] is equal to zero, and (2) FC[-kw] = (FC[kw])".

We use AP (A) to denote the set of all almost-periodic waveforms over the set of frequencies

A= { 0, @, @y --- } Then, all almost-periodic waveforms can be written as

f0)= T FClo] '™ (6.15)

@y A

If there is a set of d independent frequencies { Ay, Ay, * -+, Ay } such that

A={mlm=k,ll+k224+ M +kdld :kl,kz, s ,kde Z} (6.1.6)
then A is said to be a module of dimension d and the frequencies { A, 25, - *- ,Ay } are
referred to as the fundamental frequencies and they form a basis for A.

To solve an equation in the frequency domain, it is necessary to truncate the number of har-
monics, H, considered. Let f(z) be a continuous periodic vector function of period 2%/, , then the
trigonometric polynomial

H-1 .
fy(t)= Y Flka,] e*™ (6.1.7)

kal-f
is a truncated trigonometric polynomial of the given periodic function f¢). Let us denote such a
truncation operator as Py. Then, the truncated polynomial fy(¢t) of a periodic function f(t) is

given as follows:

fu(t) = Pyf(t). (6.1.8)

Some further description is needed in order to extend the definition of truncation to almost-

periodic functions. Let f(¢) be a continuous almost-periodic vector function with fundamental fre-

quencies { A, *--,A; }. Following are two different ways of truncating the set of frequencies
in almost-periodic circuits:

- (1) Those frequencies with indices k; whose absolute values are greater than H are truncated.

Thus, the truncated frequeiicy space Ay is:



Chap. 6. Overview -62-
AH(A'I’ }\2, ttty, }"d) ={0)‘0)=klkl +k2)v.:+ o +kdhdi

kieZlk;| SH for1sj<d; k, 20}
(2) The absolute sum of all the indices ; is confined to be less than or equal to . The result-
ing truncated frequency space Ay is:

Ag(Ay, A, "’,M)={mlm=kl3\'l+kz’\c+ R ¥ 77 E

d
kjeZ;Zijl SH fOl'lSj £d; k] 20}
Jj=1

Then the truncated trigonometric polynomial is in the form:

fu)= 3 Floy) P

oyehg (6.1.9)
where FCS[m,JeC" is a wvector of Fourier coefficient corresponding to each
1 4 " _ 294ty

o, €Ay =10, o, °“,mx,andK=E((2H+l) + 1) for the first definition and K = ’T

if the second definition is used. Let us denote the operator which truncates an almost-period func-
' tion f(z) to order H as P’y. Thus, the truncated polynomial fy(z) of an almost-period function f(z)
is given by:

fu(t) = P'yf(e) (6.1.10)

6.2. Problem Formulation

For the analysis of the second half of the thesis, we assume that the circuit under study
satisfies the following two conditions:

(1) The circuit is asymptotically stable and, if the system is nonautonomous, it must have a

steady-state solution for the given excitation.

(2) All ponlinear devices must be lumped and their constitutive relationship must be algebraic,

and continuously differentiable with respect to the voltage.
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The condition that the constitutive relationship of the nonlinear devices must be described by
algebraic equations assures us that the response waveform is periodic when a periodic input is
placed on the circuit When applying the harmonic-balance method, ‘;ve need to transform the
stimulus of each nonlinear device into a time-domain waveform, calculate the resulting response
waveform, and then transform the response back into the frequency-domain. If the nonlinear dev-
ices can not be described by algebraic equations (i.e. the devices have memory), then the response
waveform will not be periodic and can not be accurately transformed back and forth between the

time domain and the frequency domain.

In the time domain, a nonautonomous circuit can be modeled as a system of » nonlinear

differential equations, here written in a compact form as:
gv, t) == u,(?)

or f(v,t)=g(v, t) +u8,(t) =i(v(*)) + q(v(2)) + :[Y(t-'t)v("-‘)df +u,()=0 (62.1)
where i, q : R® = R" are differentiable functions representing mpecﬁQer the sum of the currents
exiting the nodes due to the nonlinear conductors and the sum of the charge exiting the nodes due
to the capacitors, y is the matrix-valued impulse response of the circuit with capacitors and non-
linear devices removed, v :R— R" is the vector of unknown node voltage waveforms, u, :R— R"
is the vector of source current waveforms, and f is the function that maps the node voltage
waveforms into the sum of the currents exiting each node. Using the impulse response to represent

the linear portion of the circuit, we can include linear distributed devices in the circuit.

A system is said to be nonautonomous if the time variable ¢ is present explicitly in the func-
tion f(v, ¢). For periodic nonautonomous systems, we assume throughout this thesis that all inputs
are periodic with period T,. Since nonlinear devices are assumed to be algebraic, the circuit equa-
tions are also periodic with period T, :

f(v, t) =1f(v, t+T,) 6.2.2)
For almost periodic nonautonomous systems such as mixers, which have two or more inputs with

arbitrary frequencies and amplitudes, the signal waveforms are made up of several periodic
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waveforms which are not harmonically related.

A circuit is said to be autonomous if the function f is independent of ¢. This implies that all
elements have to be time invariant and all independent sources are constant valued. An oscillator
is an autonomous system because it can oscillate by itself without any external input. The system
of equations of a nonlinear oscillator assume the form:

f(v,t)=g(v,t)=0 6.2.3)

However, for the methods to be discussed in this chapter, different forms are used to describe

autonomous and nonautonomous systems. Specifically, an n—node periodic nonautonomous system

is described the following state equation:

x=8(x, t) 6.24)
where x is the vector of the state variable, both x and s are periodic n—tuple vectors with period

T,, and s has a continuous first partial derivative with respect to x for all x and all ¢. Since the

system (including all inputs) are periodic with period T,, we have:

8(x, t) = 8(x, t4T,) (6.2.5)
Similarly, for autonomous systems, the state equation of a nonlinear oscillator assumes the form:

X = 8(x) (6.2.6)

6.3. The Newton Method in the Time Domain

In this section, we first discuss how the Newton method can be applied to periodic nonauto-
nomous systems in the time domain. Then we show how this method can be extended to periodic

autonomous systems.

6.3.1. Periodic Nonautonomous Systemi:

Consider the system of equations described in Eqn. (6.2.4)

x = §(x, ¢) 6.3.1)
We will assume that this equation has a steady-state periodic solution x(t) of period T, with initial
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state x(0). Integrating both side of Eqn.(6.3.1) from time 0 to ¢, we obtain

[ 4

x(t) = Js(x(r). 147 + x(0) = x(¢, x(0) (632)
Since the system has a steady-state solution with period T, in steady state, we have
x(0) = x(T,) 63.3)
Therefore, we can treat the problem described by Eqn.(6.3.1) as a two-point boundary value prob-
lem. From Eqn. (6.3.2) and (6.3.3), we have

T,

°

xT,) = J $(x(t), 1)t + x(0) . (63.4)
Our goal is to find x(0) such that at ¢ = T, x(T,, x(0)) = x(0). This relationship is seldom satisfied
for an arbitrary choice of x(0). Let us define a new function

To
Ex(0) = Js(x(c), ©dt +x(0) (63.5)
then, what we want to have is:
x(0) = E(x(0)) . (6.3.6)

Observe that Eqn.(6.3.6) is identical to the standard form for a fixed-point iteration. Hence, if the
function E(x(0)) is a contraction mapping, the solution x(0) can be found by applying the fixed-

point iteration algorithm or the more efficient Newton-Raphson algorithm described in the follow-

ing:
xU*0) = x9(0) - [ - EVO)N ExY(0) (63.7)
where
E'xY(0) = ——ags(‘g;» L(O):xU)(O) (6.3.8)

-Note that it is necessary to determine the Jacobian matrix E’(xY)(0)) before we can evaluate
Eqn. (6.3.7), and there exist some efficient numerical techniques for computing the Jacobian matrix.
One method is the numerical differentiation technique. Another more efficient method is to evalu-

ate the Jacobian matrix by transient analysis of sensitivity networks [21].
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The Newton method converges quadratically to the desired initial state x°(0), if the initial
guess x%(0) is close to x° (0) and (I — E’(x(0))] is nonsingular in the neighborhood of x* (0). If the
initial guess of the initial state is too far away from x°(0), this method may diverge and another
initial guess has to be chosen to start the iteration again. If the network has more than one periodic
solutions of the same pexiodAT,, it may converge to any one of these multiple solutions, depending

on the choice of the initial guess.

6.3.2. Periodic Autonomous Systems

As discussed in the previous section, periodic autonomous systems can be described by the
following state equation: |
X = 5(X), (63.9)
Let us assume that Eqn. (6.3.9) has a periodic solution of period T which is generally unknown.
This additional unknown T causes the algorithm presented in the previous section to fail since the
number of unknowns n+1 is greater than the number of constraints n. Under this condition, the
system does not have an isolated solution. This is expected since autonomous systems have arbi-
trary time orgins. For example, if some solution x = a cosox satisfies the state equations, then
a cos(a¢ + 0) also satisfies the equations. If fact, even if the oscillation period T is given, the
algorithm described in the previous section is still not applicable because the matrix [/ — E’] may
become singula:'at the oscillating frequency.

To salvage this algorithm, let us redefine the two-point boundary value problem as:

T
x(0) =x(T) = {s(x(t Ndt + x(0) . (6.3.10)

Again, our goal is to find x(0) such that at ¢ =T, x(T, x(0)) = x(0). Similar to the nonautonomous
case, we can rewrite Eqn. (6.3.10) into:

T
x(0) = E(T, x(0)) = l[s(x(t))dt +x(0), (6.3.11)

Observe that the period T is now added to the argument of the function E(T, x(0)) so that it can be
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determined along with the unknown initial states x(¢). However, the number of unknowns is still
greater than the number of equations. In this case, one can either assume an appropriate value for
one of these n+1 unknowns, or find another independent equation relating these variables such that
this system has a unique solution. Recall that autonomous systems have arbitrary time orgins, any
arbitrary time shift of one periodic solution can be used as the initial state. Hence, we are free to
set a value for one of the n initial state variables, x'(0), and remove it from the unknown initial
state vector and add the period T as a new variable to the vector. Define the new initial state vari-
able vector as:

¥y0)=[x¥0), - -,x*N0), T, x*0), ---,x"(0) ] (63.12)
Rewrite Eqn.(6.3.11) using this newly defined vector:

¥(0) = E(y(0)) (63.13)
where i'?.(y(O)) is equal to E(T', x(0)) with x’(0) being fixed. Then the unknown y(0) can be calcu-

lated by the Newton iteration technique.

-1
yYI*10) = y¥)0) - [ %‘;‘-@w(o» ] HyY) (6.3.14)
where
H = 3(0) - E(y(0)) (6.3.15)

and the Jacobian matrix %(yﬁ)(o» is given by

B gixay=| ', ---, &, sz, @49, - .., @r® (63.16)
oy
. . o I 01())) ” _ JE(x(0))
with @ being the / columnof[l 30 ],orthel columnof[l 320) ]ofthe
periodic nonautonomous systems for/ =1, --- ,i-1,i+l, - -+ n. Note that
, | o
) ) .
i” column of aa_l;(y(j)(o))= L‘g‘;_(@ %rU)= .a_ELY;T_@_)l Lw=_s(x(ro))) (6.3.17)

Under the assumption that there exists a unique periodic solution for the periodic autonomous
system, the Newton method in the time domain will converge as long as the initial guess is

sufficiently close to the correct solution. The final solution consists of not only a desired initial
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state x(0), but also the period T of oscillation.

6.4. The Harmonic-Balance Method

The harmonic-balance method is a general method for finding solutions of periodic systems.
This method transforms the difficult problem of finding periodic solutions of nonlinear differential
equations to an easier problem of solving systems of nonlinear algebraic equations. The idea is to
represent the system variables by Fourier series and try to find a set of Fourier coefficients which
satisfy the system of equations in the frequency domain. For simplicity, we will only focus on
periodic nonautonomous systems in this section and briefly discuss its application to the auto-
nomous case.

Consider the same periodic nonautonomous system of equation, as given in Eqn. (6.2.4):

x =.8(x. t) (6.4.1)

whmexandsmn-mplevectoxswhicharepeﬂodicintwithpeﬁodT,:%‘-,andshasacon—
(4

tinuous first partial derivative with respect to x for all x and all ¢.

Under these mild conditions, the solution x(¢) can be represented using the Fourier series

expansion:

)= 3 X[ka,] ' (6.42)
k=0
Let X=[ --+,X[-k®,]), -+, X°[0), -+, X [ko,), --- ¥ be the vector of Fourier

coefficients. Since s(x, ¢) is also a periodic ﬁmcﬁon&iﬁthesmne period, it can be written as

sx =3 Ska,] ™ (6.43)
ko=eo

where S={[ ---,8°[*k@®,), ---,S°[0), ---,S[km,]), --- )T is the vector of Fourier

coefficients of s(¢).

Using the orthogonal property of the function e* %' we have the following equation for the

Fourier coefficients:
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j k @, X[ka,) = S [k, )X) (6.4.4)
for all integers k.

Now we have replaced Eqn. (6.4.1) by infinitely many nonlinear algebraic equations as stated
in Eqn.( 6.4.4). It is seldom possible to solve infinite dimensional problems such as the one
described by Eqn.(6.4.4). Hence we need to find a finite dimemional system to approximate it.
Define

H-1

Pyx(t)sxg(t)= 3 XC[kw,] e’ (64.5)
k=l

as the truncated Fourier expansion of x(¢). Applying the same truncation to Eqn. (6.4.1), we get a

reduced system:
dx
f‘ti = sy(xg, 1)
or
H~1 H=1
jk m,“Z_” X’[kw,] e = k%” SClka,] ™% 646)

This is equivalent to solving Eqn. (6.4.4) for k¥ = 1-H, - - -, H-1. It is to be expected that, for H
sufficiently large, the solution of Eqn. (6.4.6), x4(r) is a reasonable approximation to the exact
solution &(¢) of Eqn. (6.4.1). If a periodic nonautonomous system can be described by the state
equation of the form: x(¢) = s(x, ¢), and if an isolated solution exists, then, the harmonic-balance
method produces an arbitrarily accurate solution for H sufficiently large[25].
For periodic autonomous systems, it is easier to use the feedback system representation as
shown in Fig. 6.1. Assume that the feedback system can be described by the following equation:
g-he() +e(t)=0 - (64.7)
where h:R" — R™ is a nonlinear function with h(e(r)) having the same period as e, and

g:R™ — R" is a linear function. We assume that the solution can be written in the form:

e(t) = i E°C[ko] e*™ (6.4.8)

k ==

where @ is the unknown angular frequency. Since h(e(s)) is periodic with the same period as e(t),
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-0 + e )I h >
g I(

Figure 6.1 Feedback System Representation

it can be written as:

he()) = ¥ H[ko] e** (6.4.9)
k& —o
Let G(jk w) be the Fourier transform of g. Using the harmonic-balance method, we can transform
Eqn. (6.4.7), the time-domain feedback system description, into a frequency domain description:
G(kw) Hfo] + Elfkw} =0 for all k. (6.4.10)
Because autonomous systems do not have isolated solutions, we need to either assume an appropri-

ate value for one of the node voltage or find another independent equation relating these unknown

variables, as was done in the time-domain Newton method described in Section 6.3.2.

Again, a sensible approximation to the infinite-dimensional problem is to take some
sufficiently large'imeger H, and set E€(kw] = 0 for all k! 2 H. Then, we are left with a finite set

of equations with a finite number of unknowns.
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Under some mild condition, it has been shown that the solution obtained by the harmonic-
balance method is the approximate periodic solution of the Eqn (6.4.7)[26]). Under the same condi-
tion, the existence of a harmonic balance solution implies that the autonomous system has a solu-

tion.



CHAPTER 7

The Harmonic-Newton Method

In the time domain, a circuit can be modeled by a system of n nonlinear differential equa-

tions as described by Eqn. (6.2.1) which is again given below:

4

f(v, t) = i(v(r)) + &(v(z))+£y(:-¢>v(r>dc+u,(:> =0 (1.1)

In this chapter, we will discuss how we can solve the equation above in the frequency
domain using the harmonic-Newton method. This method had been introduced and implemented in
Spectre[4], a simulation package designed to analyze quickly large nonautonomous circuits with
nonlinear devices. The harmonic-Newton method first converts the system of differential equations
into a system of nonlinear algebraic equations using the technique of harmonic balance described in
the previous chapter and then solves the system of equations using the Newton-Raphson method.
In Section 7.1, we will focus on the periodic nonautonomous systems. Extension of this method to
almost-periodic circuits, a special case of nonautonomous system is exploited in Section 7.2.

So far, the frequency-domain simulator, Spectre is limited to the simulation of nonauto-
nomous systems. In Section 7.3, we will describe how the harmonic-Newton method can be
modified to extend its application to periodic autonomous (oscillator) systems in which the period

of oscillation is, in geperal, unknown.

7.1. Periodic Nonautonomous Systems

Under the conditions stated in Chapter 6, the solution v(t) can be expressed in Fourier series

Chap. 7. The Harmonic-Newton Method -72-
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jko,r

v(t) = i Velkw,] e (7.1.1)
koo

~ where @, is the angular frequency of the circuit. Let
V=[ ~-,Vc[-k0),,], --',VC[O], ...,vC[kO)o]’ ]T
be the vector of Fourier coefficients with V€ [ka,] € C" for all k. Since the nonlinear function

f(v, t) is periodic with the same period 21/®,, it can be written as

v, )= 3 Flka,] *™ (7.12)
koee
where F=[ ---,F°[~k®,], --*,F°[0}, - -+, F[ka,], --- )T is the vector of Fourier

coefficients of f(¢), and FC [kw,] € C" for all integer k.

Applying the harmonic balance method described in the previous chapter to this system, we
have: . '

Félka,)(V)=0 for all k. (7.13)
To solve the system in the frequency domain, it is necessary to truncate the number of harmonics,

H, considered. Define

Hz-l Veika,] %'

kml=f

vy(t)= Pyv(t) =

He
=VR[0] + Z': {VR fk,] cos(k, t) ~ VI [k@,] sin(ko),t)} (7.1.4)
ka=l

H-1 o
fu(v, t)=Pyf(v,t)= Y Flkw,]e °
knl-H
H-1

=F[0]+ ¥ {FR [k®,] cos(kew,t) - F'[ka,) sin(kco,,t)} (7.1.5)

k=]
as Fourier expansions of v(¢) and f(v, t) of order H. VX[0] and F®[0] are the real part of VC[0]
and FC[0] respectively. However, for the purpose of convenience, we define VR[k®,] and
FR[kw,] as twice of the real part of V€ [kw,] and F€{kw,] respectively. Similarly, V/[k®,] and
F/[k®,] are twice of the imaginary part of V€ [k®,] and F° [k, ] respectively. Since (v, ¢) and

v(t) are real vectors of the same dimension n, VR[0], VA [w,], V/[®,] are also n-tuple vectors.
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We further define:
_ ; - ]
VR 0] FR[0]
VR w,] F* [o,]
Via,] Fla,)
Vy= . Fy = . (7.16)
VR [(H-1)0, ] FR(H-1)o,]
VI(H-1)a,] FH-1),]

where Vy € R and Fy : RH-M , RCH-I  gimilar definitions are used for ig(t), ¥4 (¢),

and q4(¢).

Since y is the linear matrix-valued impulse mcpome of the circuit with voltage and current
defined as the input and output variables respectively, the zero-state current waveform can be
obtained by convoluting the impulse response with the node voltage. The zero-state current
waveform in the frequency domain is then the product of the Fourier transform of the impulse

response and the Fourier transform of the voltage, i.e.:

t 4
j y(t—0v(t) dT e— YV 7.1.7
Note that Y is the node admittance matrix and is block diagonal

With these new definitions, we can describe the reduced system of order H as:

Fu(Ve) =Iy(Vg) + Q Qg(Vy) + Yy Vy + Uy = 0 (7.1.8)
where Q is a matrix containing block elements Q[k, /] given below:

> ngc' 0l (7.1.9)
- Q™ [k, k] 1
Qlk, 1]= 0 Pl

where k, ! is the frequency index, m, n is the node index of the circuit, and the matrix Q™ [k, k]

L]

is a diagonal matrix with diagonal element equal to £, for all k.

It is to be expected that, if # is chosen sufficiently large, the voltage vy(r) determined by
Eqn. (7.1.8) may be a reasonable approximation to the exact solution ¥(s) of Eqn. (7.1), To solve
the reduced system, we apply the Newton-Raphson method to Eqn. (7.1.8) to get the following

sequence of iterations:
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VD = V) - JZVE) Fa (V) (7.1.10)
where Jy(Vy) € R®-DnxCA=In g referred as the Spectral Jacobian[4] and is given by:

oFy(Vy) _ dly(Vy) oQy(Vy)
Ne - Ve +Q Vg +Yy . (7.1.11)

The spectral Jacobian is a block matrix whose [%,/]’s block J4 [k, !] is given by:

Ju(Vy) =

Flkw,] Flke,]

[ oFke,1 | | VFR@,]  IV@,]
"”[k"]‘_avum,] | Fke,] F[kw,] (7.1.14)
Vim,] 9V [w,]
[ MR[ko,] IH[ke,] QFkaw,] IQR[kw,]

Vilw,] oV[iw,] a Vile,] oVlw,]
ko) Hko,) |77 WQKke,] ko,
| VR lo,]1  9V[la,] VRllw,] V[ w,]

+ [Y“lk. 11 Y[k, z]]

Yk, 1] YK, 1 (7.1.15)

Note that each component of the matrices in Eqn. (7.1.15) is also a block matrix of dimension
nxn. Since the function is nonlinear, the derivatives in Eqn. (7.1.15) should be calculated in the
time domain and then converted back to the frequency domain.

Let us now summarize the harmonic-Newton method as follows:
STEP-I:

Choose the number of harmonics H and truncate all higher harmonic terms. Set j = 0.

Choose an initial guess voltage vector V.
STEP-LI:

Evaluate Fy (V") and the spectral Jacobian J; (V§’) of the network.
STEP-II:

Generate new node voltage spectra using update Eqn. (7.1.10)

VH = VY - Jg(VE) Fy (VE)
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STEP-IV:
Check if the circuit is harmonic balanced by checking if ||[Fy| < €, where € is the threshold
for the circuit to be considered harmonic balanced. If mo, set j = j + 1 and go to STEP-IL
STEP-V:

Done.
72. Almost-Periodic Nonautonomous Systems

The harmonic-Newton method described above can also be applied to almost-periodic cir-

cuits. The only difference is in the way that the sets of frequencies are truncated.

Let us refer back to Eqn. (7.1). Since v(¢) is almost periodic, both i(t), and q(¢) are almost
periodic. When applying the harmomic-Newton method described above to almost periodic sys-
tems, all terms of Eqn. (7.1) can be transformed into the frequency domain using the almost
periodic Fourier transform (APFT)[23]. While‘v(t), i(¢), q(t) are vectors of waveforms, V, I, Q ,
the APFT of v(¢), i(t), q(¢), are vectors of spectra. Define the truncated vectors Vg, Iy, Qu as
follows:

Vg =[ VR[0], VR[], VI[ey), - -« , VR[wg],V[og] ]

vg(t)=P'yvit)s Y, {V“cos(o:,,t) + V’sin(o),:)}

opeAy

Note that VX [0] is the real part of VC[0]; but V?[w,] and V/[3;] are defined as twice of the real

part and imaginary part of VE 0] respectively. Similarly, the vectors Iy and Qg are:

Iy = [F[0), Floy) Floy), - - , Flox), Flog] I

Qy = [ Q°[0], Q° o], Q'[wy), - -+ , Q*[wog], Q'[eg] I
All components in the vectors Vg Iy, Qg are themselves vectors of R".

As described in the previous section, the Fourier transform of the convolution integral
. .

j y(t—t)v(t)d T is equal to the product of Y and V. With these new definitions, we can describe
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the reduced system of order A as:

Fau(Vy) =13 (V) + Q Qu(Vy) + Yy Vy + Uy =0
Thus, the sequence of the harmonic-Newton iteration for almost periodic circuits is the same as that
of periodic circuits:

VHD = VI - I3 V) Fu(VE)
The spectral Jacobian matrix is given as follows:

ar o] ) o [w:] 3QR (o] aQR (o]
V] V(] V@] oVim]
Jalb.11= | ¥l oF[w) |*9| 3Q'io]  3Q7[me]

VR[] oVi[ay] VR[]  oVi[ey)
YRk, 1] Y[k, 1)
"[Y’[k.n YREE, 1] @119

where Q is a block matrix consisting of { Qfk, I] }:

0 Q™ [k, k]
Q™ [k, k] 0 ]
0

Ql, = [- k=1

ifk=!
Q™ [k, k] in the above equation is a diagonal matrix with diagonal element equal to o, for all £.

73. Periodic Autonomous Systems

A periodic autonomous system can be described in the time domain by the following
differential equation:

:
i(v(t)) + g(v(2)) + ly(t “v(1)dT =0 (7.3.1)
Note that no external source is present and the frequency of the circuit @ is generally unknown.

Applying the harmonic-Newton method with H harmonics, we cap transform Eqn. (7.3.1)

into a frequency domain description:
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I (Va) + Q) Qu (Vi) + YaVa =0 (132)
This equation is identical to Eqn. (7.1.8) of the periodic nonautonomous systems except that no

external source Uy is present in this case.

Unfortunately, Eqn. (7.3.2) doesa’t have isolated solutions because there are (2H-1)n +1
real unknowns ( VX[0], VR [0}, V/[0)}, : -+ VR[(H-1)o], V/[(H-1)®] and ), but only (2H~1)n
real equations. Moreover, the harmonic-Newton method will fail easily in this case because the
Jacobian matrix may become singular at oscillating frequency which results in nonconvergence of
the Newton iteration. This is in fact as it should be because the time origin is arbitrary for an auto-
nomous system. More specifically, if some vector [ VE[(1-H)w], - - -, VE[(H-1)w] I satisfies -
the equations, then the vector [ VC [(1-H#)w] expi®, , - -+, VE[(H-1)w] expi @ )7 will also satisfy
the same set of equations for any arbitrary real 6.

One way to reduce the number of solutions to one is to add artificially a condition that a

nonzero element V"‘°[k, o) for some i,, k, # 0 be real and positive, i.e. arg v‘""[k, o] = 0. How-
ever, arg is a continuous function only in subsets of the complex plane that do not contain or
encircle the origin. If one adds the condition stated above, it is necessary to impose another condi-
tion later to prevent the function from being discontinuous on certain sets.

An easier way to solve this problem and at the same time avoid discontinuity is to add a con-

i i
dition that a nonzero element V°° [, ®] for some i,, k, # 0 be real, ie. V' [k,@]=0. This will
reduce the number of solutions satisfying Eqn.(7.3.2) to two isolated ones. Note that it is important

)
to choose i, and a nonzero £, suchthatthewelpartot‘VC’[k,m]isnotequaltozero. If the real

Io
part of V' [k, ] tums out to be zero, we have not successfully fixed the time orgin. Therefore,

another i, and %, bave to be chosen. We can also verify this condition throughout the Newton
[J
iteration to make sure that the real part of VC [k,®] remains nonzero. If iteration result shows

that the real part of V< °[k,®] is too small, we can then choose another i, and k,. We would like
to point out that changing i, and k, affects the Newton iteration process only mildly. Two actions

have to be taken: (1) the location of “1" in the last row of the Jacobian matrix should be changed
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accordingly, and (2) the updated solution vector V" needs to be multiplied by exp(— i6) where

VIl
VA [k,]
The Newton iteration can still continue and if it converges, it will converge to the correct solution.

Incorporating this condition into Eqn. (7.3.1) and keeping only the first # harmonics, we have:

) By (xy, ) =ig(vy (1)) + Qu(ve (1)) + im(t-’c)va(f)dt
fuxy, ) = Y _ t =0 (133
?{ v (t) sink, & )
where the new variable vector xy is given by [vy, @)’. A frequency domain equivalent of Eqn.
(733)is

- Gy(Vy, @) 3 1y(Vy) + Q (0) Qu(Vy) + Yy Vy
FyXy)= _ =0 (1.3.4)

‘0
V@)
where the vector Xy is given by [Vy, o).

The harmonic-Newton iteration of Eqn. (7.3.4) is given By:

v+ A\ - I N
[ w‘gm ] = mé,’, = Iu(VE, @Y Fu(VH), 0V (13.5)
where J;(Vy, ) has the following form:
| ]
|
|
3u(Vy, @) = Ju(Va) :aF”’a‘” (136
|
0"'010"'(): 0

with J4(Vy) being the same Jacobian matrix as that of the periodic nonautonomous system, and

dF /0w being the derivative of the original function with respect to @. The " 1" in the last row

of the Jacobian matrix corresponds to the location of this particular V! '°[koco] in the vector X.

Thus, the characteristics and the structure of the Jacobian matrix is preserved.



Chap. 7. The Harmonic-Newton Method -80-

As mentioned before, the extra constraint given in Eqn. (7.3.4) reduces the number of solu-
tions to two isolated ones, thus there is still no unique solution for Eqn. (7.3.4). For ponlinear sys-
tems, the fact that solutions are isolated but not unique does not result in Jacobian matrix being
singular at oscillating frequency. If the system is linear, Ju(Vy, o) is still singular at oscillating
frequency. This makes sense intuitively since for a linear oscillator not only the phase of the solu-
tion is arbitrary, but also the amplitude V; can be arbitrary. For this reason, we not only have to
fix the phase of the voltage vector but also the amplitude of the oscillation to prevent the Jacobian
matrix from becoming singular at oscillating frequency. FMy, most of the autonomous cir-
cuits are oscillators which require nonlinear elements to provide suﬁcient negative resistance to
start the oscillation while the negative feedback decreases as the amplitude grows, causing the
oscillation to be sustained only at some fixed amplitude. Thus, the amplitude of oscillation for an
autonomous system is usually not arbitrary. Since the Jacobian matrix of a nonlinear system is in
general nonsingular at oscillating frequency as long as the solutions are isolated, the modified
method described in this section can be appliedv successfully to most autoﬁomous systems. Depend-
ing on the choice of the initial condition, the hapnonic-Nemon method will converge to one of the

isolated solutions.



CHAPTER 8

Convergence of the Harmonic-Newton Method

In Chapter 7, we discussed how we can use the harmonic-Newton method to find periodic or
almost-periodic steady-state solutions of autonomous or nonautonomous systems in the frequency
dbmain. We also pointed out that in order to use the harmonic-Newton method, it is necessary to
mlﬁcate the number of harmonics, H, to some finite number so that the infinite-dimensional system
can be approximated by a finite-dimensional one. Since truncation is necessary, we need to study
the convergence properties of the harmonic-Newton method in order to ensure that the solutions
obtained are meaningful after truncation has taken place. The harmonic-Newton method is said to
be convergent if for any H considered, the sequence of iterations defined by this algorithm con-
verges to a fixed point, such that these fixed points themselves form a sequence of solutions whose
limit is the exact solution of the given circuit system as H — oo. In this chapter, we will study in
detail the convergence properties of the harmonic-Newton method and show that under somg'condi-
tions, the harmonic-Newton method is a convergent method for periodic autonomous and nanauto-

pomous systems.

8.1. Background

In this section, we introduce some classic theorems which will be used later in the conver-
gence proofs.
Theorem A: [13]

Assume that the function f : R®— R™ is Gateaux-differentiable on a convex set D. Then

for any x, y €D, the following inequality holds:
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I9) - fG)lS max IF(x + £y ~ )Hx - 3

where f is the first Gateaux-derivative of f.

Theorem B: [13]

Assume that the function f : R”— R” is twice Gateaux-differentiable on a convex set D.

Then for any x, y €D, the following inequality holds:

IFG) = FEOlIS max || £6x + (5 = %)) [Hix = 51
where f” and f” are the first and second Gateaux-derivatives of f respectively.

Theorem C: [27]

Let x be a periodic function with an interval of periodicity [0, T,] . If the function itself
‘together with its derivatives up to order x-1, x> 1 are continuous, and its x-th derivative is
piecewise continuous in the interval, then there exists a constant A> 0 such that the Fourier

coefficients of the function satisfy the inequality | X[k®,] | < _lk%"' .

Parseval's Equation: [24]

Periodic Functions

Let f (x) be an arbitrary continuous function of period T, = %’E. Then, the Parseval’s

o

TO
equality Y IF[ka,]i?= TL ‘!If (x)|%dx holds for all f(x), where the Fourier coefficients
ko ']
Flk®,] of £ (x) is given by
T, .
F[kco,]=T—l° {f(x)eﬂm"xdx

Almost-Periodic Functions

For every almost-periodic function, f(x) = Y, F([a,] ¢/™, there exists a mean value
QtGA

M (f (x)) defined as:



Chap. 8. Convergence of the Harmonic-Newton Method -83-

T

MG @) e Jim [ f X

T
i.e., the expression -;—,! f (x)dx approaches a definite finite limit as T— . The Parseval’s equa-
tion holds for almost-periodic function and can be written in exactly the same form as in the

case of periodic systems:

T IF[e]?=M(f x)P).

0& eA
Newton-Kantorovich Theorem: [13]

Assumé that f : R"— R™ is differentiable on a convex set D, which is inside of D, and
that for any x, y €D,, the following inequality holds
If @) - F) < vix - yll
where £’ is the first derivatives of f.

1
’

Also assume that there exists an xX¥ € D, such that [f(x®)|l<B and a=pm < 3

n 2 [FEO) ).
Set

where

1 1
¢ = @Y7' - (1 -20)2), ¢ = (BN + (1 - 20)2)
and assume that B(x®, ¢*) lies inside of D,. Then the Newton iteration

xU*) = x0) - pxUNf(x(), i=01, ---
is well-defined, with xU*") remaining in B(x®, 1) and converging to the solution x* of F(x) = 0
which is unique in Bz, ¢**) ~ D,.
Moreover, the following inequality which bounds the difference between the j-th iteration and

the exact solution holds;

I - <(py2y' e, j=01, -
In the following three sections, we prove the convergence of the harmonic-Newton method

for periodic nonautonomous, periodic autonomous, and almost-periodic circuits, as the number of
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harmonics considered goes to infinity. These proofs appear to be complicated and lengthy; how-

ever, they are all based on the same concept.

To begin, we must first assume that there exists an isolated solution, 9(¢), to the original
differential equation. Let vy (¢) be the computed solution obtained by the harmonic-Newton method
with 4 harmonics. To show that the harmonic-Newton method does converge to a solution vz(t)
and this solution can be arbitrarily close to the exact solution 9(z) as H — oo, let us examine the
nomm of the difference between vg(¢) and 9(z):

lIvie () = ()1 < [Iva(e) = (]l + 05 (6) = )] @.1)
The strategy in all the proofs is to handle those two terms in the right hand side of the inequality
separately. The second term |[[04(#) — 9(¢)]], represents the error due to the truncation of higher
order terms; and this term can be easily shown to approach zero as the number of harmonics, H,
approaches infinity. The detail of these proofs for periodic nonmautonomous systems, almost-
periodic circuits, and periodic antonomous systems can be found in Lemma 8.1, 8.4, and 8.7.

To prove that the first term in the right hand side of Eqn.(8.1) vanishes as H — oo, we will
use the truncated exact solution, 94(¢), as the initial guess voltage for the harmonic-Newton
method. We can show that this particular choice of initial guess voltage satisfies all the assump-
tions stated in the Newton-Kantorovich theorem. Therefore we can use the Newton-Kantorovich
theorem to show that the solution of the harmonic-Newton method converge to a solution, vy(z),
and the error between the computed solution and the initial guess is bounded. Once the error bound
is found, we can prove that this error, || 94(¢) - v(¢) [|, approaches zero as H — e, Thus, we
can prove that the solution obtained by the harmonic-Newton method will converge to the exact

solution as H goes to infinity.

8.2. Periodic Nonautonomous Systems
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In this section, we show the convergence of the harmonic-Newton method for periodic
nonautonomous systems. We will assume throughout this section that the following assumptions
are satisfied:

(1) The system f(v, ¢) and its partial derivatives with respect to v are continuously differentiable

with respect to v and r in the region DxL, where D is a convex bounded region in the v

space and L is\the real line.
(2) f(v,t)=0is a periodic nonautonomous system.

(3) If #(¢) is the exact solution of the equation f(v, ¢) = 0 and it is in the interior of D, then ¥(¢)

is an isolated periodic solution of the equation ( i.e. there exists a small number § such that

for all veB = (vl [iv - 9] £ §), %(v. t) is nonsingular.)

These assumptions will be referred as Assumption 1, 2, and 3.
Lemma 8.1:

Assume that Assumptions 1, 2, and 3 are satisfied, then the truncated exact solution

H-1
Su(t) = Py 9(¢) = VR[0] + z[\“r“[km.,] cos(ka, ¢) - V' [kw,] sin(k w, :)]
kaz}

is an approximate solution of the truncated system fy(vy,t?)=Pyf(vy,t)=0 (ie.

fy(04,t) > 0as H = ),

Proof:
Since f(9, £) =0,
B0y, £) =0, t) - (9, ¢) (Lem8.1.1)
Pyf(¥y, t) = Py[ £, ) - £(9, 1) ] : (Lem8.1.2)
or .

fﬂ(eﬂr t)=PH[f(aﬂt t)—f(ev t)]
Let € = maxll 25v, 1)

By Theorem A:
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1808, 1) = K9, ) S max v, ) - 5 = 9|

SCi| 9% -]
Define

o) - 0u() = 3 [x""[km,] cos(kw, t) - W [k,] sin(ka, :)]

k=l

=3 [ag cos(kw, t) — b, sin(kw, t)]
ksl

W)=Y [-kco,\“r' [k®,] cos(kw, t) - ko, V¥ [kw,] sin(kw, r)]

k=l

= i [a_a,, cos(k@, t) — by sin(kaw, t)~]
kul .

b
Note that a;, = —— b,=-—5"—

ka,’ ko,
'y - < !k % = & 1)
@) - a(t)-z,u ra, cos(k®, t) - To, sin(k @,

1 1 &
O = 94O S 5 5[ llP + I

(d

By Bessel’s mequahty'

19Ge) = S (P < ﬁ% 191

(4

Using Theorem C, we can show that [[#jj< «. Define C = ||§]}, we have:

11
|lf(°u't)-f(9,f)||$m HC]C

o

for all # 2 H,,, such that ¢4 (¢z)eD. Since the basis is orthogonal,

e Fas Ml = 1Py £(0y, t) = £, ¢) Il

11
< |If¥u, £) = 19, 1)l < o '€

Therefore,

f”(OH,t)—)OasH—)oo.
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(Lem8.1.3)

(Lem8.1.4)

(Lem8.1.5)

(Lem8.1.6)

(Lem8.1.7)

(Lems8.1.8)

(Lem3.1.9)

(Lems8.1.10)

(Lems8.1.11)

(Lem8.1.12)

(Lem8.1.13)
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By Parseval’s equation:

T, :
I (I = TLI 1€z (eI e = [yl - (Lem8.1.14)
o
Thus,
11
IFy Vel = g ¥, | € —~=-C, C (Lems8.1.15)
w, H
Therefore
fyu(®y,t) > 0as H = o
QED. )
Lemma 8.2:

Assume that Assumptions 1, 2, and 3 are satisfied, then there is a positive integer H,
such that for any H 2 H,, det J,; (V) = 0 provided that H, is sufficiently large.
Proof:

Ju(Vy) is the Jacobian matrix of Fy(Vy). To find the basic property of this Jacobian

matrix, let us consider the following linear system:

Ju(V)Yy =2, (Lem8.2.1)
where
Yy =[Y*[0), Y0, ], Y[®,], - -+, Y [H-Da,), Y [(H-D,] I
and  Zy =[ Z*([0], Z*[0,], Z'[0,), - -, ZR[(H-1)a,), Z' [(H-1)®,] 17

are any vectors with the same dimension as Vg and Y?[0], Y’ [kw,], Y/ [k®,], Z*[0], ZR [k®,],

Z'[kw,] € R" fork =1, --- ,H-1. Define

yu(t) = YR[0] + Hz'l [YR [k®,] cos(kw, t) - Y [kw,] sin(km, t)]
k=1

H-1
zy(t) = ZR[0] + 3 [ZR[kco,,] cos(k®, t) - Z' [kw,] sink®, :)]
k=1

To show that detJy(Vy) # 0 is equivalent to showing that the mapping J (V) is one-to-one or
the null space of Jy(Vy)is { 0 }.
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First, we need to prove that Eqn. (Lem8.2.1) is equivalent to the following equation:

Pa[ -g—:(% t) ¥u (:)J =zy(t) (Lem8.2.2)
The DC term of Eqn. (Lem8.2.2) is '

T H-1

%!%m, t) [YR[01+ p [YR[ko),] cos(k, t) - Y/ [kw,] sin(k, :)]} dt

kazl

= ZR[0] (Lem8.2.3)
This can be written as

TO TD TO
[ % !%(9,,, 1) de ?lo- {%(Og, t) cos(@,t)dt - -~ %!%@u, t) sin((H-1)w, t) dt }
e o ]
Y? [0,]
Y[o,]
) =ZR[0] (Lem8.2.4)

Y (-1,

| YE-1, ]|
This is equivalent to the following:
Y?[0)
Y*[w,]
FR[O] AR . _ ] Yiml e
VR[] OVR[w,] v [(H-1), ) .
Y [(H-1)a,)
A Y'[(H -1)(00].
Y?[0]
Y? [w,]
X Y'[w,]
or [ the first row of Jy(Vy) ] . = ZR[0]
YR [(H-1)o, ]
Y [(H-1),]

Let’s define %(0. t). The cos(kw, t) term of Eqn. (Lem8.2.2) fork =1, - - -, H-1 is:
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Again, we can write the left hand side as:

-89-

% Hol
-T-l-!f' [YR[O] + X ¥R [ka,] coska, 1) - Y/ [ka,] sinka, :)] cos(ka, ¢) dt

=Z"[ko,]

T

g

YR[0]
Y [a,]
Y [0,]

YR [(H-1), ]

i Y [H-1)o, 1

This is equivalent to:

Fko,] Fkae,]

ave[0]

or [the (2k=1)th row of JH(‘A,H)]

[ £ costka, ey dt = [ £ cos@or) costea, 1 de
o0 T,

F [kw,] ]

vV [(H-1)w, ]

Y*[0)
Y [a,)
Y (0,]

YR (1), ]

] Y [(H-Da, ]|

(Lem8.2.5)

IO

- Tl J £ sin((H-1)0,t) cos(k®, t) dt

(Lem8.2.6)

Y?[0)
Y [,]
Y [®,]

. =ZR kw,]

YR [EH-1)o, ]
| Y#-Da,)

= zk[kmo]

Similar results can be obtained for any sin(k®, t) term for k =1,., H-1. Hence, Eqn

(Lem8.2.1) is equivalent to Eqn.(Lem8.2.2).

Now, we define the following operators:

W yu(e)= %m, £ (1)

W2 54 (0)= Py [ & o, r)yya)]

The norm of the operator [|W' — W] is given by:

(Lem8.2.7)

(Lem8.2.8)
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Wlyy — Weyyll
1 w2 = 8.2.9
W = Wil = max—= e
. [ o I
Wy - Wiyl = H 3y O e () = Py | =, )ya(2) H (Lem8.2.10)

<1 0w, 1) - Py 20 I O

Theorem C and Assumption 1 imply | %(e,,. £) - Py %(o,,,:) Il decreases faster than ;’2- as
H = o, Therefore, !lW' - W] and |detw! - detW?2!| can be arbitrarily small for sufficient large
H.

By Assumption 3, there exists a small number 3 such that for ‘all veB=[vl |v-9|l< §] , %(v)
is nonsingular. Also from Lemma 8.1, we know that for any §, there exists an A’ such that
19(¢) = 92 (e)ll< 5. Hence W! = ﬁ(e,,, t) is nonsingular for B> H’. There exists an H” such

ov
that |detW! — detW?| < Idet W'l for H 2 H”. Let H, = max(H’, H”, H_), then W? is nonsingu-

lar for all H 2 H,. This means that Py[ %(95, t) yy(t)] =2zy(t) is a one-to-one function for

H 2 H,. (ie.zy(t) =0 implies yy(t)=0)

Since Eqn. (Lem8.2.1) is equivalent to Eqn. (Lem8.2.2), the following statements hold:

zy(t) =0 is equivalent to Zy =0

¥u(t) =0 is equivalent to Yy =0
Hence, Zy = 0 implies Yy = 0. Therefore Jy(Vy) has a null space of { 0 }, or 34 (Vy) is non-

singular for H 2 H,. Thus, there exists an > 0 such that [J (V) IS B for H 2 H,.
QED.

Lemma 8.3:

Let Assumptions 1, 2, and 3 be satisfied. Let

R a1 R !
V(@) =V 0] + Z [V" [kw,] costkw, t) - V¢ [k®,] sin(k o, I)J
k=l

and
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b bR H bR ' .
vEO)=VI[0]+ 3 [V [k, ] costka, t) — V® [kw,] sin(k, t)]
k=]

be any two voltage vectors in D, then

W (V&) = Ju (VA < CAlIVE - VEI
. . ; 2t
where C, is a positive constant such that C, 2 rggt‘xll P . ).
Proof:
By Theorem B:

e (V) - Jg (VA

aJ
< maxl 5o (Vi + (Vi ~ VADHIVE - VA | (Lem8.3.1)

Choose Ey = (V} + (Vg - V5)) such that

dJ, aJ
I3y i = max v (Vh + <V = VAN Lem83.2)
Hence
a 5 Ay . wb
We (Vi) - Ia(Vill S HB—W,—(E” NHIVE - Vil (Lem8.3.3)

We define the following functions ay(t), by (2), and cg(t) as:

H=l ¢ PN
ay(t) = AR[0] + ﬁ AR[ka,] cos(ka, t) - A [kw,] sin(kw, t)
kw] . P

H=l
bu(t)=B*[0) + ¥ | B [ko,] costka, t) — B/ [k®,] sin(kw, t)

N
kwl > 7

H=-t r \
cy(t) = CR[0] + Z‘: C?kw,] coskw, t) - C' [kw,] sin(ka, t)

ksl
where A%[0), A% [k, ], A'[k®,], B*[0], B*[k®,], B! [k®,], C*[0), C*(k®,], C'[k®,] € R" for

k=1, ---,H-1

Consider the following system:

Ay
< aT(E” Ay, By >= Cy (Lem8.3.4)
H

We want to prove that the system described by the equation above is equivalent to the following

system:
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Pu[< g;(ey) ag (1), by(t) >J =cy(t) (Lem8.3.5)
H-1

where eg(t) = ER[0] + T [ER[lca),] cos(k, t) - E/ [ko,] sin(kw, t)].

ksl

Define f” = g%(ey, t), then the DC term of Eqn. (Lem8.3.5) can be written as:

T H=1
!< | AR[0]+ T [A*[km,] cos(k @, t) - A’[kw,] sin(k o, :)]] .

k=l

:’I"‘

H-1
B*[0] + ¥ [B“[km,] cos(k, t) - B'[kw,] sin(kw, t)]] >dt =C*[0]  (Lem8.3.6)

k=]

—

or
r 1 T 1 T
T, {rd: -TE l[r'sin((y-l)m,:)dr
TL { "cos(®, £ )dt - %, l[ £sin((H - 1), £ )cos(@, £ Jdt
- -z%o- I Esin(a, £)dt 'rlj,' If’sin((H—l)co, £)sin(c, ¢ )dt
T, - T,
TL l f/cos((H -1), t)dt ~ wweeeee TL {t"sm((H—l)co, t)cos((H -1)w, t )dt
T, T,
[ TL ! £ sin((H ~1), £ )dt TL { Fsin((H - 1), 1)sin(H L), £
) T r ;
AR[0] B®[0]
Afa,] B*[,]
AI [®,] Bl [®,] CR
i : i = CR[0]
AR[H-1)o,] BR [(H-1)0,]
AllH-1o,] B [(H-1),]

This is equivalent to:
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F *FR [0] o*F* [0]
AVR[010VR [0] VR [(H-1)w, 19VF [0]
FR[0] ’F* [0
VR [0]oVR [w,] VR [(H-1)w,10VR [w,]
a?.FR [o] ....... aZFR [0]
VR0V [0,] VR [(H-1)w, 19V [0, ]
PFR[0] - FFR[0]
AVE[ORVF [(H-Da,] ™ VX [(H ~1)w, OV [(H ~1)e, ]
’F? (0] IFR0]
VR [01oV/ [(H 1w, ] VR [(H-1)w, ]V’ [(H -1)w, ]
AR[0] NI BR[0] ]
Affw,] B*[,]
Allo,] B'[o,]
. i = CR[0]
AR[(H-Dw,] B [(H ~1), ]
Al[H-1)w,] B/ [(H-1)w,)
oJy
or <[ the first row block of BT— 1Ay, B> = CR[O] (Lem8.3.7)
H

Similar results can be obtained for all other terms associated with Eqn.(Lem8.3.5). Hence, we can
conclude that Eqn. (Lem8.3.4) is equivalent to Eqn. (Lem8.3.5).

Using Parseval’s equation as in Lemma 8.1, we can claim that |lcg (2)]| = ||ICyll. Therefore,

I ay, o I

f
I <7 l= =~
i < Vg (Ey) Ay, By > i H Pyl < aVZ(eH,t)aH(t),bH(t) > H
I I
5“ < —S:(eu,t) ag(t), by(t) > “
This implies that
[P [ e I
| =o=E) 1< Soen, ) I,
| 9V ) S e ) =

Applying this result to Eqn. (Lem8.3.3), we have the following inequality:

W (VE) = Ja (VM < CAlIVE - VI
Q.E.D.

Theorem 8.1:
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Assume that Assumptions 1, 2, and 3 are satisfied. Let V;; be the solution of Fy(Vy) =0
obtained by the harmonic-Newton method, then v;,(t) converges to ¥(r) as H — oo,

Proof:

Let 94(t), the truncated exact solution, be the initial guess vector for the harmonic-Newton
method. From Lemma 8.1, we know that the following inequality holds for all 2 H.,;, such that

6'H (t )E D,

o 1 1
Fuull S — 2 €1 C 82.1)
(4

= maxl — 16
where €, = max| 53y (V> Dl and C =19}l

From Lemma 8.2,

W Vu) 'l < B (822)
for H2 H,. Eqn. (8.2.1) and Eqn. (8.2.2) imply that

A 11
e Ve Fa(Vli s - C1€B=n (8.2.3)

Also from Lemma 8.3, we know that for any v§(¢) and v5(t) €D, we have

(V) - Ju (VI S MIVE - VEI, (8.2.4)

where y=C, 2 ",}?“%(v’ il

Let o=pyn, then there exists an H2H, such that czs% for al H>H. Set

1
t* = (By)“[ 1-(1-20)2 ] There exists an H* > H such that B(9, ¢") lies inside of D. By the
Newton-Kantorovich Theorem, we know that the Newton iteration is well-defined, and the sequence

of solutions remains in B (9, ¢*) and converges to the solution of Fy(Vg) = 0 which is unique in

1
By, t") for all H2 H", where " =(By)! [1+(l—2a)2] . Moreover, the error bound

| Vir = Vyy || satisfies the following inequality:

Vs = Vgl = Vg () = ()l < By 20)
Thus, we have
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Ve (2) = OIS Wvi(e) = 95 @l + 95 () = 9]

-1 11
< By QRa) + H C

(4

11
=2+ ——
m+w €
2 1 11
“o, B P HC (82.5)

Therefore, vg(t) = ¥(t) as H— oo .

QED.

8.3. Almost-Periodic Nonautonomous Systems

Let f(v, t) = 0 be a given real nonlinear system where v(z) and f(v, ¢) are real vectors of the

same dimension n. Let %)= ¥ VR[w,Jcos(wer) — V' [ ]sin(wet) be the isolated periodic

c)keA

solution of f(v, t) = 0, where V¥ [ ], A4 [, ] is a n-tuple vector for all @, € A.

We assume:

(1)

03

3)

4

f(v, t) and its partial derivatives with respect to v are continuously differentiable with respect
to v and ¢ in the region DXL, where D is a convex bounded region of v space and L is the
real line.

f(v, t) = 0 is an almost-periodic nonautonomous system.

If ¥(¢) is an exact solution of f(v, t) = 0 and lies in the interior of D , then ¢(¢) is an isolated

periodic solution. ( ie. there exists a small number & such that for all

veB=(l|v-9<3), %(v, t) is nonsingular.)

Define sy = Y V¥[w,Jcos(er) — V' [e, Jsin(ay ) , where
O, €A’y

A’H E{(Dl(o=k]xl+kzxq+ cee +kd)"d; kJeZ, lkl‘=H fOl'lSj <d; k120}

or
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5\

d
A’Hs{mlm=klll+k2}\q+ o 4 kyhgs kjeZ for 1<) Sd; Zlkji=H;k|.>.0}

j=1

depending on which truncation method is use&, then the series { Isy! } must decrease faster than
the series { 7{17 }as H — .
These assumptions will be referred as Assumption 1 - 4 in this section.
Lemma 84:
Let Assumptions 1, 2, 3, and 4 be satisfied, then ‘
()= 3 VE{wglcos(wgt) - V' [w Isin(wy £)

o €Ay

is an approximate solution of fy(vy, t) = P'yf{vy, 1) =0 (i.e., fy(¥y, t) = 0 as H — o).

Proof:

- of )
LletC) = mxu 3 (v, t)|l, then by Theorem A:

' of
I8 1) - 9, O] S maxl=—(v, Ol - 91

S Cyli¥y =¥ (Lem8.4.1)

For any given &> 0 , there exists a number H_,;, large enough such that vy lies inside of D and

19@) =@ 1=l X VR Jcos(wer) - V' [0 Jsin(we 1) | < € (Lem8.4.2)
@ A=Ay
for all H> H,,;. Since the basis is orthogonal,
| 5 @u, YN SUF®y, t) - £, 1) [|<C € for all H> H,,; (Lem8.4.3)
Therefore,
fy0u,t)>0as H — oo, (Lem8.4.4)
By Parseval’s equation:
Fy (Virdll = iy (g, 0l = O as H — oo . (Lem8.4.5)

QED.

Lemma 8.5 :
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Let the conditions stated in Assumptions 1, 2, 3, and 4 be satisfied, then there exists a
positive integer H, such that det J;(V4)#=0 (or there exist some [ >0 such that
I3z (Ve < B) for any H > H, provided that H, is sufficiently large.

Proof:
Let us consider the following linear system:

IuV)Yy =2y (Lem8.5.1)

where yy(t)= Y, YR[oJcos(wet) — Y/ [0 Isin(wg )
o €My

zy(t)= Y, ZR[o)cos(wet) — Z' [ Jsin(wy )
oehy

and Y®[w,], Y (0], Z% [, ), and Z/[0,] € R".

Using similar method as in Lemma 8.2, we can conclude that the system described by Eqn.

(Lem8.5.1) is equivalent to the following system:

P’y [%(9}1. I)YH(t)] =zy(t) (Lem8.5.2)
In addition, P'H[ g-(v,,, t)yy(t)] =1zy(2) is a one-to-one function for H 2 H,. (ie.zy(t)=0

implies y(r) =0)

Since Eqn. (Lem8.5.1) is equivalent to Eqn. (Lem8.5.2), J5 (V) has a null space of { 0 } or
Ju (\7”) is nonsingular for H 2> H,. Therefore, there exists a number B> 0 such that ||J4 (‘AIH y i< B
forH 2H,.

QED.

Lemma 8.6:

Let the conditions given in Assumptions 1, 2, 3, and 4 be satisfied. Let

vi)s Y Ve lax] cos(@et) — V[0 ] sin(cet)
mkeAH

and
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vi(t)= T VP"lox] cos(wpt) — VO [ Jsin(ey 1)
ey

be any two voltage vectors lying inside of D, then

W (VE) = Ja (VA < CallVE - VAl

where C, is a positive constant such that C, 2 maxll a:g (v, t)]l.
Proof:
Choose Ey = (V5 + %(V§ — V5)) such that
II (Ea)ll = mﬂXII (Vu + (VG - VA (Lem8.6.1)
Hence,
a b aJH a b
e (Ve) = Ja(Vadll < HW(EH WIVE = vyl (Lem8.6.2)
Let ag(t)= Y AR[w,] cos(aet) — A [y )sin(wt) AR (], A'[wx] € R"
o,eAy
by(t)= Y, B¥ [0, ] cos (e ) — B [ Jsin(w, £) B*[w,.], B'[&,] € R"
O €Ay

cg(t)= Y C*w] cos(ayt) — C' oo Jsin(a ) C*lay], C'[w.] € R"

oAy

Using the same argument as in Lemma 8.3, we can conclude that the following two systems are

equivalent.
oJy
< T(E”)A”’ By >=Cy (Lem8.6.3)
Vu
P'y| < ﬁ(ey,z)ay(:), by () > | = cu(r) (Lems.6.4)
Using the Parseval’s equation for almost-periodic function, we can claim that |jcy (2)]| = [ICyll,
Therefore,
i Al (I P i
I < —”(E Yag By > Il < e, 1)ay@) by(t) > |
I aVy PR T T T g I THERTH I

| H H
This implies that E <
implies that 5y, B9 1= 302

\ n
ARSI Isc,

Applying this result into Eqn. (Lem8.6.3), we can conclude:
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e (VE) = Ju (VDI S C4llVE = VA
QED.

Theorem 8.2:

Let the conditions stated in Assumptions 1, 2, 3, and 4 be satisfied. Let v;; be the solu-
tion of fy (v, t) = 0 obtained by the harmonic-Newton method, then v (¢) converges to ¥(¢) as

H — oo,

Proof:

Following the same argument as used in Theorem 8.1 and by Lemma 8.4, 8.5, and 8.6, we
can show that there exist a H* such that the Newton iteration is well-defined and converges to a
solution of Fy (V) =0 forall H> H".
Moreover, for any € , there is an H such that
Iva(t) = 9@)| < <S2BCre+¢
Therefore, vg(t) — ¥(¢), as H— oo .

QED.

8.4. Periodic Autonomous System

As described in Chapter 7, in order to solve the autonomous system, we need to add an addi-

tional constraint. Thus, the system of equations become:

B(x, 1) = i(v(1)) + §()) + [y(1=7 )v(r) dv
f(x, 1) = T 0 =0 (8.4.1)
?b[ v(r) sin(k, o t) dt
where x = [v, ©)7.

The frequency domain equivalent system is:
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_ [ G(V.0) = (V) + j Q@)QV) + YV
F(X)= .~ =0 (8.4.2)
1 vV lk, @]
where X = [V, o]”.

We make the following assumptions before continuing the discussion: We assume:

(1) T(x, t) and its partial derivatives with respect to x are continuously differentiable with respect
to x and ¢ in the region DxL, where D is a convex bounded region of x-space and L is the

real line.

(2) T(x,t)=0is a periodic autonomous system.

(3) There exist an isolated periodic solution, &(#). ( i.e. there exists a small number & such that
foralxe B=(xl|x-%]|<9), g;:(x, t) is nonsingular)

These assumptions will be referred as Assumption 1, 2, and 3, in this section.

Lemma 8.7:

Let the conditions stated in Assumptions 1, 2, and 3 be satisfied, then

H-1
VRO + X [\‘f* [k®)] cos(k® t) — V! [k @] sin(k & :)]

- k=1
Ry(t) = 6
is an approximate solution of fy(xy, t) = Py [F(xy, £) ] =0. (ie. TyRy,t) > 0as H = o).
Proof:
Ty, &, 1) = Py 04, 0, £) -9, @, 1) ] (Lem8.7.1)
Note that

| ¥Pn, @, 1) = 1@, &, 1) || = 804, @, 1) - 8@, ®, )|

LetC, = maxllig-(x, t)|l, then by Theorem A:
DL OX

&Ry, 1) = B(&, Il < Cylivy - ¥l
Using the arguments similar to those used in Lemma 8.1, we can conclude that:
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~ 2 l 1 an2
19¢t) = V(I < o H el (Lem8.7.2)

From Theorem C, C = ||9]| < . Since the basis are orthogonal,

[y R, Ol < IRy, £) = TR, )]} < ¢, C

=

1
(")
Therefore,

fy®Ry, 1) > 0as H = oo, (Lem8.7.3)

H-1
Buxy, t)= GR[0]+ T [G"[m] cos(k &) — G/ [k @] sin(k(ht)]
Ty ()R, 1) = =t 0

By Parseval’s equation:

By Rer» DI = = 16y Xp)IP (Lem8.7.4)
Therefore,

- . - - 11
Iy (Ve ll = 1Ge Kl = B Rers Ol = [l Ry, Il S o H G, C (Lem8.7.5)
Therefore, we conclude that Fyy (94, 2) = 0as H — o .

QED.

Lemma 8.8 :

Let the conditions stated in Assumptions 1, 2, and 3 be satisfied, then there exists a posi-

-~ ~ aF A - A -
tive integer H, such that det J;(Xy) = det aT”(x,,,) #0 (ie [J7'Xp)ll <P where B > 0) for
H

any H 2 H, provided that H, is sufficiently large.

Proqf:
Let us consider this linear system:
0. 5) EY % . (Lem8.8.1)
where Yy = [Y*[0), Y*[0], Y[Q], - - -, YR [(H-1)®), Y [(H-1)0) & I

Zy = [ZR[0], ZR (@), Z'[Q), - - -, ZR{(H-1)®), Z'[(H-1)®], 0 T
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i H-1 3
Y'[01+ 3 [YR[k(b] cos(k® 1) ~ Y/ [k ®] sin(k & t) |

Let yy(t)= k=l o

- -

ZR[0] + 21 [ZR[kcb] cos(k @ t) - Z' [k®] sin(k(bt)]
k=l

zy(t) = 0

where Y2 [0], Y [k®], Y [k®], ZR[0), ZR [k @), Z/ [k ®) € R".

Using similar argument as in Lemma 8.2, we can conclude that the system described by Eqn

{Lem8.8.1) is equivalent to the following system:

%;5(2”, £) ()

.
[%

Py =z4(t) ' (Lem8.8.2)

sin(k, ®t) dt - §4(t)

"])l"‘

In addition,

of . 5
PH[ x(ﬁ}h t)YH(‘)] =2y(t)
is a one-to-one function for H 2 H, Since Eqn. (Lem8.8.1) is equivalent to Eqn. (Lem8.8.2),
34 RXy) has a null space of {0}, or Jy(Xy) is nonsingular for H > H,.
Therefore, there exists an B> 0 such that [[J; Xy )< B for # 2 H,.

QED.

Lemma 89:

Let the conditions given in Assumptions 1, 2, and 3 be satisfied. Let

aR = R a a a’ a 4 a
X[0]+ ¥ | X7 ko] cos(ka’ 1) - X*'[ka’] sin(ka” )
x§(1) = - o eD.
and
H-1
x*"[0]+ 3 [X"R[km"] cos(ka® 1) - X*'[k "] sin(k® z)]
xji(e) = = b eb.

o
then |[J5(Xf) — Ju(X/)I < ColIXS - X5l where C, be a positive constant such that

.
a2 max S x, Ol
DxL

ox?
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Proof: Choose Ey = (X5 + %(X7, — X)) such that

H = — aJ” a b
”E(EH I = max]] X, = Xl
Hence, |Ju(Xg) - Iu(XE) < iI (EH)" IX5 - XA
ER[0] + 2‘, [ER[kco‘] cos(k@® t) — E' [ka*] sin(k o° t)]
Define &4(1) = k=1 o .
Let
H-1( .
AR[0)+ T | AR[ko"] cos(k@® 1) - A’ [kw°] sin(ko* :)]}
- - k=l
aH(t) = o°
H 4
[BR[O] + Y | BR[k0°] cos(ka* t) - B/ [ko°] sin(k o° t)]
4 — k=l
by(t) = o
H=-1(
CR[0] + ¥ | CR[ka°] cos(k® t) - C' [kof] sin(ko* z)]
éH(t) = k=l 0
with

Ay =[ AR[0), AR[@], - - -, AT[(H-D)o0f), @ TF
By =[ BR[0], B*[w,], -, B/ [(H-1o'), o F

Cy =[ CF[0], CR ), -+, C'{(H -], O T

-103-

(Lem8.9.1)

(Lem8.9.2)

Using similar arguments as in Lemma 8.3 and Lemma 8.8, we can conclude that the following two

systems are equivalent:

9J
< aJ” —(Ey) Ay, By >=Cy

G - -
PH < —(-éy, t)aH(t), bH(t) > =éﬂ(t)
ox?
Using the technique similar to the one used in Lemma 8.1, we can claim:

I Y 1 %, Il

oJy
H < —J‘—(EH) Ay By > “<I|[ < X{@HJ) ay(t), by (1) > "

I 33, [ lI %, I
This implies " BXH( Ey) " " ) @y, 1) "<C

(Lem8.9.3)

(Lem8.9.4)
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Therefore, we conclude that:

s X&) - InXEN < CAlIXG - X4
Q.E.D.

Theorem 8.3:

Let the conditions stated in Assumptions 1, 2, and 3 be satisfied. Let V; and " be the
solution of Fy(Vy,0") = 0 obtained by the harmonic-Newton method, then v;(¢) and " con-
verge to ¥(t) and & respectively as H — oo,

Proof:

Following the same argument as in Theorem 8.1 and by Lemma 8.7, 8.8, and 8.9, we can
show that for some H®, the Newton iteration is well-defined and converge to a solution of
Fu(Xg)=0forH 2H".

Moreover,

21
. - S._._ o —_—
IXg - Xyl QHCQB o H c
Therefore, X;; — X, or vi(t) = 9(¢) and ©* — & as H—> oo

Q.ED.



CHAPTER 9

Error Estimation and Choosing Number of Harmonics

In the previous chapter, we discussed the convergence of the harmonic-Newton method when
higher order harmonics are truncated. In order to implement the harmonic-Newton method
effectively in Spectre, the discrete Fourier transform (DFT) is used for circuits that have a periodic
response. For almost-periodic signals, Spectre uses the almost-periodic Fourier transform
(APFT)[23]. In Section 9.1, we will discuss how the error bound changes when DFT and APFT
are used. In Section 9.2, we will discuss a practical procedure to estimate this error bound and
show how we can use this estimation to predict the number of harmonics needed prior to the appli-
cation of the harmonic-Newton method. Finally, the experience results on error prediction will be.

presented.

9.1. Theoretical Bound

When transforming a function using DFT, the number of harmonics generated is determined
by the number of time-domain samples taken within a given time interval. If the number of sam-
ples is not large enough, the set of frequencies generated by DFT will not be able to cover all high
order harmonics. This error, although similar to the truncation error, has some different impact.
Not only those high harmonic terms are lost, but also the lower order harmonics are affected. In
fact, all those high order harmonics which do not show up in the DFT outputs are "aliased” back to

affect the low order harmonics. We now briefly discuss the aliasing distortion of a function.

Let F¢ and F€ be the Fourier series coefficient and discrete Fourier transform coefficient of

the periodic function f(z). These coefficients are given by the following expressions:
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To
Flko,) = - [10) e *d fork = - m
T, 5
FC 18 —j2miom 1M
Flka,]=— Zf(mh)e 4 fork =1-H, -+ ,H-1,
M m=0

where H is the total number of harmonics generated, M = 2H — 1 is the number of time-domain
e e T, . . . .
samples taken within time interval T,, and 4 = 27 s the sample interval. The inverse discrete

Fourier transform(IDFT) of F§ is given by

H=1 _ .
fmh)= Y Flkw,]e/>™™ form=0, ---,2H-1.
k=1=-H

We define the DFT coefficient vector of H harmonics as

F§ = [Fl0-H),), -+ ,FO[0), -+, F[H-Do,] I
It can be shown that the relationship between the Fourier series and DFT when H is the

number of harmonics generated is expressed by the following equation:

Flko,1= 3 F[(k + vM)o,] for 1-H <k <H-1
V=00
where v is an integer indicating the repetition of the signal spectrum at integer multiples of the
sampling frequency M ®,. From the equation above, we can see that all harmonics in F€ which
are higher than or equal to H are being added back to low harmonic terms of FC, affecting the

accuracy of the lower harmonics.

In this section, we assume that all the computations are made with infinite precision, and the
error contributed by computing the DFT and its inverse is negligible. Then the error between the
computed solution obtained by the harmonic-Newton method and the exact solution is only due to
the accumulated aliasing distortion. To study the error produced by the harmonic-Newton method,
we first look at the periodic nonautonomous nonlinear system. The results will later be extended to

autonomous and almost-periodic systems.

Consider the same nonlinear differential equations for periodic nonautonomous systems as in

Chapter 7:
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f(v, t) = i(v(r)) + §(v()) + jy( t =7 )W(T)dT+u,(r) (9.1.1)
We denote Fg, V§, and I, and Qf as the discrete Fourier transform of f(v, ¢), v(¢), i(t), and q()
respectively, and J$(V5) as the Jacobian matrix of FS(VS) , then the harmonic-Newton iteration
using DFT is given as:
Vg = VgD - GRS FEVE) ©.12)
where
Fa(Vi) =Ti(Vi) + jQQa(VA) + Y5 Vi + Ug = 0 (9.13)
In order to prove the convergence of the harmonic-Newton method when DFT is used, we
need to set some conditions on the circuits under analysis.
Assumption 9.1:
In addition to the same assumptions stated in Theorem 8.1, we also assume that for any V&, V2°
with ¥5(t) and ¥ (¢) € D, there exists a positive constant v such that:
W55 - IEVE M < v IVg" - V57
Lemma 91:

Assume that the conditions stated in Assumption 9.1 are satisfied. Let ¥(¢) be the iso-
lated periodic solution of f(v, :) =0, then the vector 5: is an approximate solution of
FE(VE) =0. e

l-?,‘f(v:)aOas H — o
Proqf:

The evaluation of all nonlinear devices of the system is done in the time domain then con-

verted into the frequency domain. This implies that

Flro,I¥) = Fka, V)

and

Q€ k0, 1T = Q€ ke, JVE)

Hence, each DFT component can be expressed as:
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F e, )V ) = F ka, )V ) + 7 k0, QS 1k, )V ) + YT ke, ] + Ok, I

= 3 I [kvM)0,)06) + 3 ke, QF [(k+vM )0, I(VC)

V=00

+ i YEVE [(k+vM)o, ] + i UC [(k+VM Yo, ]
= 3 v, 10C) +j 3k +var) @, QS [(k-+vM )0, )¥€)

— i3k + VM) @, QF [(k+vM ), JVE) + j T ko, QF [(k+vM Yoo, IV

V=00

+ f‘, YOV [(k+vM)w,] + f‘, UC [(k+vM ), ]

= }E FE [(k+vM)w, J(VC) + j f: (k = (k +VM)) @, QC [(k+vM ), }(V<)

V=00 V=0

Since FE(VE) =I°(VC) + jQ QS (VE) + Y VE + UF =0, or

Flkw,}(VE)=0 fork=0,1,2, *-- (Lem9.1.1)
Hence,
Pk, 1T ) = T (VM) @, Q [k +vM ), J¥€) Lem9.1.2)
=c =C H=1 =C
FeVelll € X | FElka,I(Vp) |
k=1-H
H-1 3
< Y X1jovM) 0, Q[k+vM)w,)VC) |
k=l~H vo—oco
< zl floor(——) @, | (1Qkaw, (V) | + | QC[-kw, JVE) | )
< }: 21 floor(EEE =2y @, 11Q° 1k, 1¥6) 1= TSha,]  (Lemo.13)
k=H

By Theorem C of Chapter 8, we know that Y ,S[k«,] is bounded.
k=0

H-1

ZS[kmo] = ZS[ko),,] - ZS[kcoo

H-1
Since ZS[L@,,] - ZS[kmo] as H — oo, therefore, ZS[kmo] - 0as H — oo,
k=H

Thus we have, [[FS(V)l| — 0 as H — oo,
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QED.

Lemma 9.2 :
Assume that the conditions stated in Assumption 9.1 are satisfied, then det jf';(v;) #0, or
135" T 1 <B.
Proof:
JSV5) is the Jacobian matrix of F*,S(V,‘;'). To find the basic property of this Jacobian
matrix, let us consider this linear system:
50 T8 =25 (Lem9.2.1)

where Y§ = [Y°[(1-H)w,], -+, ¥°[0], - - -, Y [(H-1)w,] I¥

2§ = [Z°[1-H)w,), -+, Z°[0), - -+, Z°[(H-Dw,]1 1"
H-1 _ )
and ymh)= Y Y(ka,) e/™"™  form =0, - - ,2H-1.
k=1-H .
H-1 _ .
zZmh)= Y, Z[kw,] /™™  form =0, --- ,2H-1.
k=1-H .

To show that det 35(6;) # 0 is equivalent to showing that the mapping 3,3(5;) is one-to-one, or
—_—r =C

the null space of J,f(VH) is { 0 }. First, we need to show that the system described by Eqn.

(Lem9.2.1) is equivalent to the following system when evaluated at ¢t =mh for

m=0, -, 2H-1:

%(9, 1) y(t) = z(t) (Lem9.2.2)
If we take DFT on both sides of Eqn. (Lem 9.2.2) and expand y(t) using its IDFT coefficients, then

the £w, term in Egn. (Lem9.2.2) is given by:

= H-1 _ . .
H 3"_(9’ mh) Z Yc[k(l),] ejZMIM e-jzﬂbll/M
m=0 E:]—H
1 ¥ —j 2k 1M
= m z{(mh) e™~ (Lem9.2.3)
m=0

or
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1 | %42 of J2n(-H—kyn M-l 3¢ u-1 3 [2::{51;{1-&);"‘
s — (¥ M “ 0 —_— N o
JY; 'Eo av(v, mh) e mz=',o av(v, mh) ’Eo av(o, mh) e
[ ¥ [0-H) @,] ]
¥10) =2 ko, ] (Lem9.2.4)
i T rH-1) ®,] |

This is equivalent to:

[ Y10-H) ,] ]
Filko,]  OFflke,)  Fflka,] _ “Z ke, ]
IV EI(1-H Yo, ] VEL0) IVEIH-D,] Yero] ’
R CENS])
or
[ Y [(1-H) w,] ]
[the row of -J-C(VTC) correspondin, lc(o] ' = =Zka, )
H H P g (4 YC[O] (4
| ¥w-1) 0,1
Hence, Eqn. (Lem9.2.1) is equivalent to Eqn.(Lem9.2.2) for all t = mh where m =0, - - -, 2H-1.

Since % is nonsingular for all ¢, therefore z(r) = 0 implies y(t) =0. Moreover,

z(t)=0fort =mh where m =0, -+ ,2H-1 «—Z5=0

y(t)=0fort =mh where m=0, --- ,2H-1 «—Y5=0
- - —r~.=C -
Therefore, Z3 = 0 implies YS = 0. Hence, J$(Vy) has a null space of { 0 }, or J,?(?/:) is non-
—_m xC -
singular. Therefore, [[JS(Vy)™ Il < P.

QED.

Theorem 9.1;
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Assume that the conditions stated in Assumption 9.1 are satisfied. Let V,‘; ’ satisfies
FS(VS') =0, then VS converges to V< as H — oo,
Proof:

Following the same argument as in Theorem 8.1 and by Lamma 9.1, 9.2 and Assumption 9.1,
we can show that for some H"*, the Newton iteration is well-defined and converge to a solution of
Fu(Vn)=0forall H 2 H",

Moreover,

Ve = VIl S IV =Vl + 1V, - ¥

<3 1 floor(EHE =Ly 0 11201k, JVE) 1B + 3 2 1 951k, ] | ©.18)
k=t k=H

Therefore, Vy; —» Vas H— o .

QED.

Recall that the bound of the difference between the exact solution and the truncated solution

(presented in Section 8.2) is given by:

= Ps 2 1 1
[WH'V"SE-ECCIB'*'_ C 9.1.9)

L
o o, H
where C = 91}, €, = maxl 2y, 1) I, and B2 1| Iy V)™ .

Notice that there are two terms in the right hand side of both Eqn. (9.1.8) and (9.1.9). The

term Y 2 | V[kw,] | in Eqn. (9.1.8) can be related to

1 .
— .1.9) si all
P o, H C in Eqn. (9.1.9) since they

represent the error between the initial guess solution and the exact solution. Since

Wik, = k;) Wik, the term 3 2 | V[kw,] | is approximately twice the quantity
(] k=H

—é— % C. The quantity -ml- 73— C is the error due to the truncation of higher order terms alone
(4 (4

while the term ) 2 | VIkw,] ! is the error due to the truncation of higher order terms plus the
k=H

error contributed by the aliasing of higher order terms to the lower harmonics. As we expected, for
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periodic circuits, the error due to truncating higher order terms is equal to the error contributed by
the aliasing.

The term Y, Ifloor(w) w,! | Q°[kw,]! B can also be related to coL -117 cCC,B

ksH o
since both terms stem from the quantity [|J5'(V]) Fy(V)ll, where V§ is the initial guess voltage
vector for the harmonic-Newton method. Unlike the truncation of the Fourier series coefficients
where the error of Fy (V) is contributed by all terms in the equation, we found that for DFT, the
error of Fy (6”) is contributed by the terms with derivative operator only (i.e. the term associated
with charge). It is difficult to formulate explicitly the response of a nonlinear device from a
stimulus represented in the frequency domain. Therefore, during each evaluation, we have to
transform ‘the stimulus of each nonlinear device into a time-domain waveform, calculate the result-
ing response waveform, and transform the response back into the frequency domain. When Fourier
series expansion is used and truncation of higher order harmonics takes place, signals are distorted.
Moreover, these error is accumulated each time we transform the signal back and forth between the
time-domain and the frequency-domain. Hence, the error in evaluating Fy will be contributed by
all tems in the system equation. When DFT and IDFT are used, there is no error produced at the
sampled time point when transforming the signal back and forth between the time-domain and
frequency-domain, except for the terms associated with the derivative operator. This is due to the

Jjk®, factor produced by the derivative operator.

Similar results can be derived for autonomous systems. The difference between the com-
puted solution, }—(5 ., and the exact solution, X¢ is also bounded. This is given by the following
inequality:

IXg -XN<

ErH =1, o 12Qka,J¥) 1B +2 1 9k, | ©.1.11)

Y, | | floor(
k=H
= -'--C-A-C'_l .. =C . . . =C . B
where B 2 [[Jg(Xy)™'|l, with (X;) being the initial guess of the solution, and Jy being the Jacobian

. =C
matrix of Fy.
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For almost-periodic circuits, Spectre uses a special Fourier transform algorithm called
Almost—Periodic Fourier Transform ( APFT ), a variation of the Gram-Schmidt orthogonalization
procedure[23, 16]. In APFT, the sampling time points are randomly selected. This makes the exact
computation of the aliasing error impossible. However, we expect the aliasing error to be at most
as large as the error contributed by truncation of higher harmonics; hence, the total error is
estimated to be at most twice the error contributed solely by truncation. Recall that for almost
periodic circuits, the difference between the computed solution, vg(t), and the exact solution, ¥(¢)

when truncation error is the sole contributor of error is bounded and is given by:

v () = 9N < 2B Cy [194(2) = ¥ + [P (2) = ¥l (9.1.12)

where B is the norm of the Jacobian matrix, and C, = tgix il-g—:(v, t))l. 1t is still difficult to esti-

- mate this error bound or express it in a closed form. However, we can control the total error by
monitoring the additional error contributed by reducing the set of frequency from Ay to Ay_;. If
we define errory =|[Vg - Vll to be the error between the computed solution using APFT and the

exact solution, then

errory_y —errory =2*Q2BC,+1) Y, | Viwe] |

.
O, €A,

(9.1.13)

where Al',( can be{ml(o=fc17\.1+k2?\a+ s kg :kl € Z; IkJ|=H forl <j Sd;kIZO}

d
or {(Dl(l)-f-k]?\-l'l‘kg;\g'*' vt kghg ke Zy Y kil =H for1 < sd;k,ZO} depending
j=1

on which truncation is used.

9.2. Practical Estimate

Currently, Spectre relies on the user to choose intelligently the number of harmonics A and
is unable to give any feedback to the user regarding the accuracy of this particular choice of har-
monics. We would like to make use of the error bounds derived in the previous section to predict

the number of harmonics required for a given error objective before we start the harmonic-Newton
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iteration. In this section, we will discuss periodic circuits first. Then the results will be extended

into almost-periodic circuits.

Eqn. (9.1.8) and (9.1.11) give the upper bound of the difference between the computed solu-
tion and the exact solution for periodic nonautonomous systems and periodic autonomous systems.
Note that it is difficult to determine the values of B (norm of the Jacobian matrix) and |V[k®,]!
(absolute values of the Fourier coeficients of the solution) since these values are unknown prior to
applying the harmonic-Newton method. Hence, we propose a algorithm to estimate these values

for any given circuit.

In order to estimate' the norm of V[kw,], we use Theorem C of Chapter 8, which is repeated
here:
Let x be a periodic function with an interval of periodicity [0, T,]. If the function itself together
with its derivatives up to order k~1, x> 1 are continuous, and its x-th derivative is piecewise con-

tinuous in the interval, then there exists a constant A > 0 such that the Fourier coefficients

XC [k, ] satisfy the inequality | X [ka,] | < lk% .

Note that this theorem implies that the series X? [k®,] and X/ [k®,] approach zero no slower than

1
ktﬁ-l °

Since we are only interested in finding the error bound, we can approximate l\?[k o, ]! by its

bound k_:"'— as stated in the theorem above. The remaining task is to find a practical and low cost

way to estimate k and A. The quantity x measures the smoothness of the function or the non-
linearity of the circuit. For linear circuits, x is infinite; in fact, it only has one harmonic com-
ponent which is the same as that of the input. For weakly nonlinear circuits, x should be fairly
large since the amplitude of the Fourier coefficients is expected to vanish very rapidly as k gets
large. For nonlinear circuits which produce large harmonic terms, a smaller x is expected. We
further assume that the voltage and the current spectra have similar shapes as illustrated in Fig. 9.1.

Thus, the k extracted from the current spectra can be used for the voltage spectra and vice versa.
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In order to obtain A and x, We take advantage of the initial guess voltage waveform gen-
erated by Specrre. Spectre's initial guess , V°, is obtained by running an AC analysis on each input
frequency. This initial guess usually consists of only the first harmonic term. The value A’ can be

estimated to be max IV‘o[kmo]I if more than one harmonic terms are generated. Since F

represents the current flowing into node i when the initial voltage, V°, is placed on the circuit, we

can approximate x by calculating F'(V®) up to some maximum number of harmonics, H ., and

i

choose the corresponding ¥ which minimizes the difference between and the magnitude of

1<+
the corresponding F' [k)]. One illustration of the magnitude of F (V°) is shown in Fig. 9.1. Since

VP is just an initial guess, we will be wasting a lot of computational effort to choose a fancy rou-

tine to minimize the error between curve I II:'“ and F [ko,). Therefore, we only choose ran-
k

domly one coefficient k,, of F with £, sufficienty close to H ,,,, and find the corresponding x

Ai

m. The global x of the circuit can be computed by some
k,!

using the equation F'[k,,] =

kﬂ-f-l

1 2 3 4 ] ]
Figure 9.1 Ilustration of magnitude of F* (V°).
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weighted sum of x'. In our case, we choose the average of the two quantities > «)n and
min(x’).

The flow chart of the technique described above in predicting the number of harmonics for
periodic circuits is shown in Fig. 9.2. Two variables need to be set by the user before applying this
algorithm. They are H,,, the maximum number of harmonics desired, and error,,, the max-

imum error allowed.

* We also propose a similar technique to predict the number of harmonics for almost-periodic
systems. At this point, Spectre limits the set of the fundamental frequencies to have two elements
{ M, Az }; hence, we will only focus on the case where the circuit has two input signals whose fre-
quencies are not harmonically related. Similar to periodic systems, the major task here is to esti-

mate [V[w.]! for all o, € Ayw. Since we are unable to find a theorem analogous to Theorem C

of Chapter 8 for almost periodic systems to bound the coefficients |V[w,]l, we need to resort to
some heuristic method. Based on our experiments with many almost-periodic systems, we pi'opose
the following scheme: First, we need to determine two important parameters X;, X,, each measuring
the shape of the voltage spectrum when the other input is not presented (i.e. when w; = kA, or
@ = koA, ). The quantities x; and x, can be obtained by the same method as the one used in
periodic systems to obtain k. For the intermodulation terms where ®; = k,A; + k,A, with k; and
k, being two nonzero integers, we use some weighted function of x; and x, to estimate the voltage

magnitude. In fact, the weighted function is
Ik, ! k5!

gl + gl 0 Tl + Mgl 2
The flow chart is shown in Fig. 9.3.

9.3. Simulation Results

The algorithm described in the previous section has been implemented into Spectre to evalu-

ate its accuracy and also to verify the theories derived in Chapter 7 and Chapter 9. Since Spectre
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Let V° be the initial guess vector

Choose H o,

3

Calculate F(V9) to find x ,
the parameter indicates bow nonlinear the circuits is.

SetA:m.nW(km)
Se1 IV,Inleasteqmllo-:;

fork=12, -, Hep

i}

Approximate = norm of Jacobizn matrix inverse

)

From AC analysis, estimaze 1Q, |
fork=12, -, Hop

SetH =2

_—)I Setk=H,error =0, M =2H -1 ~

m«-wzaw(ﬂ”‘l)mq, 1421V, 1

kzk +1

No

iterative Loop

H =2%H

error < error g, ?

Figure 9.2 Flow Chart to estimate number of harmonic in perioidic circuits.
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Let VO be the initia) guess vector
Choose H s

Find X, and X, the prameters indicate
how nonlincar the circuit is.

A J

SetA= {ng_x-wmf)

for each @ = kqA; + kaAa,

Set 1V(w,)1 nleasteqmllo—AaW
for oll Gy €AN_ lky+kal

l

Approximate § = norm of Jscobian matrix inverse

“K1=%§

I

H=H+1

L SetH =2

.

for (all x€Ay )
error +<= 228K 3 + 1)1 V()1

Figure 9.3 Flow Chart to estimate number of harmonic in almost-periodic circuits.

DONE
H is the desired solution
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is limited to simulations of nonautonomous systems, we can only test the algorithm for periodic

nonautonomous and almost-periodic nonautonomous circuits.

-For periodic nonautonomous circuits, we used three different traveling-wave distributed
amplifiers as test circuits. The first test circuit is a GaAs traveling-wave distributed amplifier
(denoted as GaAs amplifier in Table 9.1). Simulation results of the first test circuit with two
different input voltage magnitudes and different maximum allowed errors are given in Fig. 9.4, Fig.
9.5, Fig. 9.6, and Fig. 9.7. GaAs amplifier (I) has input voltage magnitude of -10dB, GaAs
amplifier (II) bas input voltage magnitude of -0dB, and the input voltage magnitude of GaAs
amplifier (IIT) is -5dB.

The sécond test circuit is also a GaAs traveling-wave distributed amplifier (denoted as J.Ormr
amplifier in Table 9.1) which has a different design from the first test circuit. Simulation results of
two different input frequencies are given in Fig. 9.8 and Fig. 9.9. J.O'n amplifier (I) has input fre-
quency of 1GHz while J.Orr amplifier (IT) has input frequency of 2GHz. The last amplifier is an
opn bipolar traveling- wave distributed amplifier. The simulation result is given in Fig.9.10. The

results for periodic nonautonomous circuits are summarizéd in Table 9.1.

test Err. (V) Est. Err. (V) Err. (V) % error

circuit Allowed H Estimated Observed

GaAs amplifier (I) 8e-3 4 1.2e-5 l.1e-4 0.02
GaAs amplifier (II) 1.5e-2 8 3.4e-2 1.0e-1 5.7
GaAs amplifier (II) Se-3 16 3e3 1.2e-2 0.7
GaAs amplifier (IIT) 8e-3 4 5.3e-4 1.8e-3 0.16
J.Orr amplifier (I) 2e-2 8 1.7e-3 1.3e-4 0.09
J.Orr amplifier (IT) 2e-2 8 3.9e-3 1.1e-4 0.22
amplifier 6e-3 4 1.5¢-4 5.1e-3 0.8

Table 9.1 Comparison of Error Estimated and Observed for Periodic Nonautonomous Circuits

For almost-periodic circuits, we used a GaAs double balanced mixer as our test circuit. Since the
input frequencies and the frequencies of the intermodulation terms differ in several orders of mag-

nitude, it is almost impossible to observe these intermodulation terms and the input frequencies at
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Figure 9.4 (a) Output Spectrum of GaAs amplifier (I) with 4 Harmonics.
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Figure 9.4 (c) The Difference Between Output Spectrum of GaAs amplifier (I) with 4 and 16 Harmonics.
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Figure 9.6 (a) Output Spectrum of GaAs amplifier (II) with 16 Harmonics.
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Figure 9.7 (b) Output Spectrum of GaAs amplifier (III) with 16 Harmonics.
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Figure 9.9 (b) Output Spectrum of J.Orr amplifier (II) with 16 Harmonics.
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the same time. Thus, the simulation plots for the almost-periodic case are not included in this
thesis. The simulation results for this almost-periodic circuit are summarized in Table 9.2. As we
can see from Table 9.1 and 9.2, the pridiction errors are all reasonably small for both the periodic

and almost periodic cases regardless of the course and inaccurate initial guess voltage used.

test Emr. (V) Est. Err. (V) Ermr. (V) % error
circuit Allowed H Estimated Observed
mixer Se-4 2 3.4e-4 1.5¢-4 0.86
mixer Se-6 4 3.5¢e-6 4.6e-6 0.005

Table 9.2 Comparison of Error Estimated and Observed for Almost-Periodic Nonautonomous Circuits

As mentioned before, the two important elements which greatly impact the accuracy of this
algorithm are A and x. Since both quantities are determined using the initial guess voltage gen-'
erated by Spectre, the accuracy of this algorithm relies heavily on the accuracy of this initial guess
voltage. If the initial guess voltage is close to the exact solution, the estimated eror will be close
to the exact error observed. Since the initial guess voltage usually consists of only the fundamental
harmonic, this initial guess voltage can be far from the exact solution. If we can find a way to
generate a better initial guess solution, we will not only be able to improve greatly the accuracy of
this scheme but also improve the speed of convergence of the harmonic-Newton iteration at the

same time.

9.4. Conclusion

In PART II of this thesis, we introduced the harmonic-Newton method for finding the steady-state
solutions of nonlinear circuits. In particular, we have discussed the convergence of this method for
periodic nonautonomous systems, almost periodic systems, and periodic automous systems when
Fourier series expansion is used. We also showed that the harmonic-Newton method is convergent

when DFT is used.
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A complete error analysis has also been presented. We utilized the theoretical analysis by propos-
ing an efficient scheme to estimate the number of harmonics needed prior to applying the
harmonic-Newton method for a given error objective. This significantly improves the efficiency of
Spectre, a program built on the harmonic-Newton method. Simulation results prove the robustness

of this method and therefore confirm the usefulness of the theory derived.



CHAPTER 10

Conclusions

In this thesis, we looked at the circuit simulation problem from both the time domain and the
frequency domain point of view. We first discussed the limitations of conventional simulation
methods when time-domain transient analysis is of primary interest, and presented the motivation
for using relaxation-based techniques. We then studied various relaxation-based techniques: linear
relaxation, nonlinear relaxation, waveform relaxation, and timing analysis techniques, with their

numerical properties summarized and problems presented.

In light of their problems, we described and formalized the Implicit-Implicit Explicit (IIE)
method and studied rigorously its numerical properties. We showed that the Implicit-Implicit Expli-
cit method is consistent, stable, and convergent even when floating capacitors are present in the cir-
cuits.

Based on the IIE method, we implemented an initial waveform generator for RELAX. The
implementation results proved that the IIE method is indeed accurate and convergent. In fact, in
most of our test circuits, the waveforms generated by the initial waveform generator are indistin-
guishable from the final solutions. However, we also found that the time step required for the IIE
method is smaller than the one used by the trapezoidal method used in RELAX. This reduces the

efficiency of the simulator and results in increase in CPU time.

Since transient analysis is very time consuming, it will be desirable to bypass the analysis of
transient responses if steady-state solutions are of the only concemn. This is especially true when
the circuit under analysis has a low damping factor. This leads naturally to frequency-domain
simulation since frequency-domain analysis only evaluates the steady-state waveforms. Frequency
domain techniques have an additional advantage that distributed elements such as resistors, induc-

tors, and capacitors in transmission lines are much easier to model. Thus, in the second part of this

Chap. 10. Conclusions -142-
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thesis, we examined an important frequency-domain simulation technique, the harmonic-Newton

method.

We first extended the harmonic-Newton method to autonomous systems and showed how we
can form the new Jacobian matrix for these systems. Then, we looked at the implementation
aspect of the harmonic-Newton method. In order to perform circuit analysis in the frequency
domain, it is necessary to truncate the number of harmonics considered to reduce the infinite-
dimensional problem into finite dimension. We proved the convergence of the harmonic-Newton
method. This is important since it guarantee that the solutions obtained after truncation takes place

are meaningful.

When DFT is used, not only the truncation error, but also the aliasing distortion is intro-
duced. This distortion coupled with the additional error arose when signals are being transformed
between the time domain and the frequency domain, makes the total error hard to predict. In the
thesis, we also proved the convergence of the harmonic-Newton method when DFT is used and
presente& the corresponding theoretical bounds. Based on the tﬁeomﬁcd findings, we implemented
an error- estimation scheme which can be used to choose the number of harmonics needed for a
given error objective. This scheme is proved to be rebust and useful and can significantly improve

the efficiency of Spectre.
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