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Abstract

Stability properties of zero dynamics are among the crucial input-output proper
ties of both linear and nonlinear systems. Unstable, or "non-minimum phase", zero
dynamics are a major obstacle to input-output linearization and high gain designs. An
analysis of the effects of regular perturbations in system equations on zero dynamics
shows that, whenever a perturbation decreases the system's relative degree, it man
ifests itself as a singular perturbation of zero dynamics. Conditions are given under

which the zero dynamics evolve in two timescales characteristic of a standard singular
perturbation form that allows a separate analysis of slow and fast parts of the zero
dynamics. The slow part is shown to be identical to the zero dynamics of the unper
turbed system, while the fast part, represented by the so called boundary layer system,
describes the effects of perturbations.
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1

Introduction

In the geometric theory of nonlinear feedback systems [1], the notion of a "nonlinear zero"

has also emerged as a fundamental concept. It was introduced in [2], where the dynamics
of the part which is rendered maximally unobservable after state feedback are considered as

a nonlinear analog of the dynamics associated with the zeros of a linear system. Further

research [3, 4] led to a precise definition of nonlinear zero dynamics as the internal dynamics
arising in a system when its input and its initial states are chosen to constrain the system
output to remain zero over some time interval.

In linear systems, many design tasks: tracking, disturbance rejection and noninteracting
control; to be performed exactly, require pole-zero cancellation. A technique to solve such
tasks in nonlinear systems is input-output linearization, that is the use of state feedback to
achieve an exact cancellation of the effects of nonlinearities on system input-output behavior.

This technique is a nonlinear analog of the pole-zero cancellation achieved by incorporating
into the control law an inverse of the controlled plant. An alternative is to use high-gain
feedback and achieve the same cancellation asymptotically, as the gain tends to infinity. A

high-gain view of nonlinear zero dynamics was introduced in [6] and related design methods

were proposed in [7]. As shown already in [8], systems with high-gain feedback are a class
of singularly perturbed systems [9].
The robustness properties of both input-output linearization and high-gain designs crucially

depend on what effects modeling imperfections may have on zero dynamics. This problem

was begun to be addressed in [10], where it was shown that small regular perturbations in
the state equations may, and in most cases will, result in singularly perturbed zero dynamics.

The investigation in [10] was motivated by the flight control study for VTOL aircraft in [5],
where a small misalignment of the roll jets on the wings caused by the dihedral angle of the
wing manifested itself as fast timescale zero dynamics with an unstable equilibrium point,

that is a slightly non-minimum phase system. A difficulty with the analysis in [10] was that
several scaling steps were to be made to account for the effects of the peaking phenomenon.

We avoid this difficulty here by augmenting the system with pre-scaled chains of integrators
which accommodate all the peaking phenomena, leaving the zero dynamics unaltered. This
technique also allows for generalizations to multi-input multi-output systems.

2

The Analysis of SISO Systems

Consider a family of SISO nonlinear systems depending on a real-valued parameter c, de
scribed by equations of the form:

x = f(x,e) + g(xie)u

(2.1)

y = h(x, e)

where /(x, e), g(x, e), h(x, e) are assumed to be smooth functions defined in a neighborhood
of (x°, 0) in 1R? x JR. The system corresponding to the value e = 0 of the parameter is called
the unperturbed system, while any system of the family corresponding to a nonzero value of
e is called a perturbed system. The state x = x° is an equilibrium point of the unperturbed

system, i.e., /(x°,0) = 0 and, without loss of generality, it is assumed that /i(x°,0) = 0.
2.1

Two timescales assumption

In what follows, we assume that each system of the family (2.1) has relative degree r(e) at

the point x°. Either, r(e) is constant in a neighborhood of e = 0, or it abruptly changes at
e = 0. In the latter case, which is of major interest in the analysis of the zero dynamics,
there exist two positive integers, r and d, with d ^ 0, such that

r(e) = r
for all e > 0 in a neighborhood of e = 0
r(0) = r + d.

Systems in which this situation occurs are said to have a singularly perturbed zero dynamics.

The integer r is the relative degree of the perturbed systems, and the integer r + d is the

relative degree of the unperturbed system. By definition, the change from r(e) = r to
r(0) = r -J- d implies that:

Lgh(x, e) = •••= LgLrf2h(x, c) = 0
2

for all x near x° and all e

(2.2a)

LgLrfxh(x9, e) ^ 0

for all e > 0

LgLTflh(x,0) = •••= LgLrf+d-2h(x,0) = 0

for all x near x°

LgLrI+d-1h(x°i0)^0.

(2.26)

(2.2c)
(2.2d)

The following developments are based on an assumption about the e-family of systems (2.1).
As we shall see later on, this assumption allows the singularly perturbed zero dynamics to

possess only two timescales. First of all we assume that the rates with which the terms in
(2.2c) tend to zero as e —* 0 are determined by

LgLrf1h{x1e) = ema0(x,e)

(2.3)

where or0(z»e) is a smooth function, nonzero at (x°,0) and m is an integer. Without loss of

generality, m can be set equal to d. Otherwise e can be replaced by ed^m. Then, our two
timescales assumption is that, for all 0 < k < d,

LgLTfl+kh(x, e) = ed-kak(xy e)

(2.4)

where each o;jfe(x,c) is a smooth function in a neighborhood of (a?°,0). Note that for k = d
in (2.4), the condition (2.2d) implies ad(x°y0) ^ 0, while, for k = 0 and m = d, assumption

(2.4) with a0(a;o,0) ^ 0 incorporates (2.3).

2.2

Augmented form of perturbed zero dynamics

We proceed now to identify the zero dynamics of the perturbed system and to show how they

are related to the zero dynamics of the unperturbed system. In doing so, we take advantage
of the fact that the zero dynamics of a system are not altered by addition of integrators

to the input channel (see [1], page 389). Because of this property, we can identify the zero
dynamics of any system of the family (2.1) with those of the following family of augmented
systems:

x = /(x, e) + g(x, e)zi
ei\ = Z2
ez2 =

zz

ezd = v

y = h(x,e).

(2.5)

In order to identify the zero dynamics of (2.5), we set to zero the output y and its derivatives,

until we arrive at a relation that can be solved for some v = v(x, z, c). Then, we set

v = v(x,z,e) in (2.5) and consider the restriction of the systems thus obtained on the
submanifold (of the state space) on which the output and its derivatives vanish. We first
obtain

y = h(x,e)

yM = Lfh(x,e)

y('-» = Lrf1h(x,e)
y<r> = LTsh(x, e) + <*<,(*, e)edz1
Because of the special structure of (2.5), the (r + l)th time derivative of y has the form

y(r+i) = Lr+ih(x, e) + ai(x, e)ed'1z1 + «o(s,e)ed-1z2
+(£/a0(x, e))tdzi + (Lga0(x, t))edz\.
In a similar way, we obtain:

y(r+k) = ^+*%,e) +a,(x,e)ed-^1 + --- +ao(a:,e)ed-^+1
+td-k+lPk(x,zu->-,zk,e)
where Pk(x, zi, •••, z*, c) is a polynomial in z\, •••, z*, whose coefficients are smooth functions
of x and e. The last two iterations give:

y(r+d-i) = Lr+d-i k(x,e) + ad_! (x, c)ez! + •••+ a0(x, e)ezd
+(?Pd-\(x,zl,->-,zd-i,e)

y('+d) = LrI+dh(x,e)^ad(x,e)z1-\-'" + a1(x,e)zd-\-a0(x,e)v
+ePd(x,zu---,zdye).

Recall that, by assumption, qo(x°,0) ^ 0. Thus, in a neighborhood of x = x°, z\ —

••• = 24 = 0, e = 0, the equation y(r+d) = 0 can be solved for v, as a smooth function of
a?, zi, • • •, Zfc, c. This function is a feedback law of the form:
d

v(x,z,e) = Y^ ai(*> c)*i + °(x,c) + c(3d(o;, z, c)

(2.6)

t=i

where z = (zi,---,zfc) and ai(a:o,0) = -(ad(x°10)/ao(x°10)) ^ 0.
Equating to zero y and its first r + d —1 derivatives provides a set of r + d constraints

delineating the subset of the state space on which the zero dynamics of (2.5) are defined.
These constraints are conveniently expressed in the form:

0 = H(x, e) + eR(x, z, e)

(2.7)

where:

H(x,e) = col (h(x,€),Lfh{x,e)t---tLp^hfae))

(2.8)

and R(x, z, c) is an (r + rf)-dimensional vector of smooth functions satisfying R(x, 0, e) = 0.
Observe now that, at e = 0, the right-hand-side of (2.7) reduces to H(x,Q) and that, at

x = x°, the differentials of the r + d entries of H(x,Q) are linearly independent because the

system (2.1) has relative degree exactly equal to r + d at (x, e) = (x°, 0) (see [1], page 148).
As a consequence, at (x,z, e) = (x°,0,0), the Jacobian matrix of (2.7) has rank r + d. It
follows that, for each c near 0, the set of points (x,z) which satisfy (2.7) near (x°,0) is a
smooth (n —r —rf)-dimensional submanifold. This submanifold, denoted Z*, is rendered
invariant by the feedback law (2.6) and the restriction of the flow of the closed-loop system

(2.5)-(2.6) to Z* describes the zero dynamics of (2.5), i.e., the zero dynamics of the family
(2.1).

2.3

Singular perturbation analysis

In order to represent the zero dynamics explicitly, we note that since the differentials of the

entries of (2.8) are linearly independent at x° for each small c, the functions:

&(*, c) = Ufx h{x, e)

1<t <r +d

can be used as a (partial) set of new local coordinates for (2.1). The partial transformation
thus defined is smooth in x and e. If r + d is strictly less than n, then the choice of new

coordinates must be completed by a set of additional smooth functions 77,(0;, e), 1 < i <
n —r —d. Since, for all (x, e) near (x°, 0), we have:

(span {^(x,e)})n(span {dh(x,e),--,dLr}+d-xh(x,t)})L = {0}
we can always choose rj(x, e) (see [1], page 150) in such a way that Zr5»/(x, e) = 0 for all (x, e)
near (x°,0). Without loss of generality, it is possible to choose r/(x, e) so that r?(x°,0) = 0.

In the new coordinates: f = (fi, ••• ,fr+d) n = 0?i> *••»Vn-r-d) the system (2.1) assumes
the form:

^ = c({,T7,e) + c?(f,T7,e)u

4 = «K»^c)-

Recall that, by definition, the system: r) = g(0, r/, 0) represents the zero dynamics of the
unperturbed system (2.1).

In new coordinates, the augmented system (2.5) with feedback control (2.6) assumes the
form:

( = c((, 9, c) + <*((, 9, c)*i
4 = «(&*!«)

eil
=Z2
€Z2 = Z3

(2.9)

<*d = E?=i o,-({, i?, €)«,• +i(f, if, e) +€&(£,?, *, «)•
Note that, in the new coordinates (£,»/), the constraint (2.7) identifying the zero dynamics
manifold becomes:

0 = £+ e%,7/,z,e).
Solving this relation for f yields:

£ = eF(r/,z,e)

(2.10)

where F(r/,z,e) is a smooth function. We see, then, that in the ({,»?, z) coordinates, the
zero dynamics manifold Z* of the perturbed system (2.5) can be expressed as the graph of

a smooth mapping; in particular, on this manifold the f coordinates are of order c.

Now, to make the zero dynamics of (2.5) explicit, it suffices to substitute (2.10) into (2.9)
and obtain:

77 = g(eF(r?,z,e),7?,e)
ez\ =

z2

ez2 = z3

(2n)

+e&/(eF(T7,z,c),r/,z,e).
These equations describe the zero dynamics of the perturbed systems for each small nonzero
e. They appear in a singularly perturbed form:

V = /(*,*, <0

ez = g(n,z,e)

(2.12)

The Jacobian matrix of the fast subsystem is

/&7Qy,z,0)\_

1

0

0

1

(2.13)
0

0

0

.fii(0,»/,0) • •

fld(0,»?,0) .

It is nonsingular for all n near0, sinceai(0,0,0) is nonzero (recall that f (x°, 0) = 0, J/(x°, 0) =
0, and that a,(f,7/, e) derives from a^x^e) with x expressed as a function of ({,77, e)).

From the above analysis we see that, under the assumptions (2.2), (2.3) and (2.4), the
zero dynamics of the family of regularly perturbed systems (2.5) exhibit the behavior of a
singularly perturbed system in the standard two timescales form, (see [9], page 9). Its slow
or "reduced" system, defined by setting e = 0 and eliminating the variable z, is exactly the
system

V = q(0,r,,0)

(2.14)

which describes the zero dynamics of the unperturbed system. Its fast or "boundary layer"

system, obtained by rescaling time as r = t/e and then setting 6 = 0, has the form of a
family of linear systems parameterized by a constant vector 77, namely:
0
0

dz

10-

0

0

0

0

0

1-

(2.15)

z +

aW =

0

0

0-

1

.61(0,77,0) • • • • fld(0,i

0

.6(0,77,0).

Note that, if at least one eigenvlaue of the Jacobian matrix of (2.15) is in the right half
plane, the boundary layer system is unstable and so are the members of the family of the
perturbed system. If this is the case, the system is said to be slightly nonminimum phase

(see [10]).
2.4

Discussion

Comparing the boundary layer system (2.15) with its counterpart in [10], the linearity of

(2.15) may seem surprising. We will now show that the linear form of (2.15) is due to the
scaling of z and, in particular, to the fact that in the augmented system (2.5) the variable

zi plays the role of the control input into the original system. A property of the standard
singular perturbation form (2.12) is the absence of peaking, which means that, as a function
of e, the solution 77, z of (2.12) will remain bounded as e -> 0, whenever its initial condition

is bounded and independent of e, (see [9], chapter 1). In view of (2.14) this implies that no

peaking in the control input u is allowed. Such an "automatic scaling" was not present in
[10].

Let us clarify this point a bit further. A detailed inspection of the constraint (2.7) which
identifies the zero dynamics manifold Z* of the unperturbed system shows that the vector
R(x, z, e) can be rewritten as:
f*(z,z,e) =

0

S(x,z,t)

with:

5(x, z, e) = A(x, e)z + eQ(x, z, e)
where:

aQ(x, e)td~l
a0(x, e)ed-2

A(x,e) =

*

*

•" <*o(x, e) m

and Q(x,z, e) is a function which vanishes at z = 0 together with its first order derivative
with respect to z. Therefore, choosing f' and £" to denote:
(' =
f" =

col (6,•••,&)
COI (fr+1,'"jfr+d)

the constraint (2.7), expressed in the (f,77,z) coordinates, has a more specific form:
0 = e

(2.16)

where A(0,0,0, e) is nonsingular for small nonzero c. In the above analysis, we have solved

(2.16) for (' and f" in order to express Z* as a graph of a mapping. To proceed in the
reverse direction and solve for z, would bring us back to the form used in [10]. However, it

is apparent from (2.16) that, for z to remain bounded as e—• 0, the magnitudes of {" and 77
would have to be restricted to an appropriate order of e.

Let us conclude this section with the remark that if the two timescales assumption (2.4)

fails to hold, i.e., if any of the functions oti(x,e), 1 < t < d —1 has a singularity at e = 0,

most of the previous analysis is still valid, and in particularthe expression (2.11) for the zero
dynamics of the perturbed system. However, the equations in question are not any more in
the standard two timescales form.

3

The Analysis of MIMO Systems

Because of the large variety of situations that may occur in the case of MIMO systems,

a general treatment would be extremely involved. It is, therefore, more useful to focus on
some elementary, but also typical, situations, hereafter discussed in the case of two-input two-

output systems. To start with, we need to distinguish between the following two situations
in which the zero dynamics are singularly perturbed:

(i) Each system in the 6-family has a (vector) relative degree (see [1], page 235) at a given
point a?°, but, as a function of e, its value is not constant in a neighborhood of e = 0;

(ii) Some systems of the e-family do not have a (vector) relative degree at a given point x°;
the relative degree may be well defined for nonzero e, but not for c = 0.

Case (i)
In the first case, we consider a system of the form

x = f(x,e)+g1(x,e)ui+g2(x,e)u2
2/i = /n(z,c)
2/2 = h2(x,c)

(3.1)

and suppose that the system has vector relative degree {ri(e),r2(e)} for each e in a neigh
borhood of e = 0, with ri(e), r2(e) satisfying
n(e) = s
for all 6
r2(e) = r
for all e > 0
r2(0) = r + d.
By definition, this assumption implies that in the matrix

Lg^h^x.e) Lg2L%thx(x,€)
LgiL3fh2(x,c) L92L3fh2(x,c)

(3.2)

- the first row will be identically zero for x near x° and e near 0 if i < s —1, nonzero at
(x°,0) if i = 3-1;

- the second row will be identically zero for x near x° and e near 0 if j < r —1, zero at

(s°,0) but not at (rr°,e) with e^0ifr-l<j<r + <*-2, nonzero at (x°,0) if
j = r + d —1

- the matrix itself will be nonsingular at (x°, e) with e ^0 iii = s —1 and j = r —1 and
also at (x°, 0) if i = s —1 and j = r + d —1.

In order to avoid multiple time scaling in the zero dynamics of (3.1), we extend the two time
scale assumption of (2.4) by assuming that, for all 0 < k < d

LgiL9flhx(x,t) L^L'^hxix.e)
. LgiLrf1+kh2(x,e) Lg2Lrf1+kh2(x,e)

1

0

0

ed-k

Ak(x, e)

(3.3)

where Ak(x, e) is a matrixof smooth functions, and both Ao(x°i 0) and Ad(x°, 0) are nonsin
gular. This assumption is in accord with the above described properties of the the matrix
(3.2).

Since the zero dynamics of a system of the form (3.1) are not affected whenever g\(x, e) and

g2(x, e) are changed into new vector fields <ji(xy e) and g2(x, e) by a change of coordinates in
the input space, we suppose, without loss of generality, that in (3.3)
Ao^x, e) =

1

0

0

1

(3.4)

Since the first row of the matrix (3.3) is by definition the same for each fc, we will have then
1

Ak(x, e) =

0

1k{x,e) ajfe(x,e)

and ad(a;o,0)^0.

(3.5)

As in the SISO case, the zero dynamics of the MIMO family (3.1) will be analyzed using the
augmented system

x

=

/(x, e) + gi(x, e)vi +g2(x, t)zx

tzx

=

z2

cz2

=

z3

ezd

=

v2

(3.6)
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obtained by adding an ^-scaled chain of integrators to the second input channel. The cal
culations of the zero dynamics for the augmented system (3.6) are straightforward. Setting
yi = V2 = 0 yields

0 = h1(x1e) = -" = Laf1hi(x,e)
0 = h2{xie) = ••- = Lrflh3(x,e)
and in view of (3.3) and (3.4)

0 = LJ/ii(a;, e) + vi

0 = Lrfh2(x,e) + edzi.
The first equation yields Ui(x, e) = —L8jhi(x, e). The second equation is, in fact, an additional
constraint among the state variables of (3.6), that must be further differentiated with respect
to time. Taking its first derivative, one obtains

0 = L)+1h2(x,t)^LgxL)h2(x,e)vl(x,e)^Lg2LTJh2(x,e)zl^td-1z2
= Lrf+1h2(x, e) + e'-Vito:, c)ui(x, e) + ax(x, e)ed-1z1 + ed~lz2
and, after d — 2 more differentiations,

0 = LTs+d~xh2(x, t) + a<f_i(:r, c)ezi +

hai(x, e)ezrf_i + ezd

+e2Pd-\{x, e, zi, •••, zd_2) + tQd-\{x, e)

0 = Lrf+dh2(x, e) + ctd +ctd(x, e)zx +

1- ai(x, e)zd + i>2+

ePd(x, e, zi, •••, zd_i) + Qd(x, e)

where the Pk(xy c, zi, •••, z*_i)'s are polynomialsin zi, •••, z*_i whose coefficients are smooth
functions of x and 6, and the Qk(x, e)'s are smooth functions of x and e.
Note that these constraints have the same structure of their SISO counterparts. The last

one can be solved for a smooth feedback control v2(x, z, e). The first s + r + d constraints
identify, for each value of 6, the zero dynamics submanifold Z* of the system. Substitution

of vi(x, e) and v2(x,z, e) into (3.6) yields a vector field and its restriction to Z* defines the

zero dynamics vector field. A structure analogous to (2.9) in the SISO case can be obtained
and the same conclusions follow. In fact, the zero dynamics of the perturbed system are in

the standard form of a two-timescale singularly perturbed system, because ad(x°,0) ^ 0.
Case (ii)

We now proceed to the analysis of the second case and suppose that in the matrix (3.2)

11

- the first row is identically zero for each (x,e) near (x°,0) for i < s - 1, and nonzero at
(x°,0) if i = s-l,

- the second row is identically zero for each (x,e) for j < r —1, and nonzero at (x°,0) if
j = r - 1,
- the matrix

' L^h^x*,*) Lg2L)-lhx(x*,t)
LgxISs-lh2(x*,t) Lg2Lrf1h2{x°,e)\

(3.7)

is nonsingular for all c ^ 0, but it is singular at e = 0.

This means that the system (3.1) has vector relative degree {ri(e),r2(e)} = {s,r} at

each e^O, but its relative degree can not be defined at e= 0 because the matrix (3.7)
is singular.

Without loss of generality, possibly after a change of #i(x,e) and g2(x,e), we can assume
that

L,1Lf1/ii(xo,0)^0

Lg2L)-xhx(x\G) = L„LJ-%(*o,0) = 0.
Also in this case we need to postulate suitable hypothesis in order to avoid multiple time

scaling in the zero dynamics of (3.1) but, before doing this, we need first to identify the zero
dynamics of the unperturbed system. We observe that the constraints j/i = 0 and y2 = 0
imply, as always,

0 = /ii(x,0) = ..- = x,/

0 = h2(x,0) = -> = Lrf1h2{x,0).
Moreover

0= L)hx(x,G) + L^L^hxix^ux

(3.8a)

0 = Lrsh2(x,G) +LgxLrflh2(x,G)ux.

(3.86)

We solve (3.8a) for ux = 7(x,0), where
7(x,e) =

L}/ii(x,e)

LgiL)-lhx{x,e)'
12

Substituting ui = 7(x, 0) into (3.8b) we obtain

0 = Lrsh2(x,0) + LgxLrflh2(x,ti)i(x,G)
and, introducing the notation

A(x, e) = Lrf1h2(x, c),

/(x, e) = /(x, e) +gi(x, e)7(x, e)

we express this constraint in the form

0 = L/A(x,0).
Differentiating this once more with respect to time provides

0 = L/£/A(x,0) + L51L/A(x,0)7(x,0) + Lg2Lj\(x,0)u2

which can be solved for u2y if Lg2Lj\(x°,0) ^ 0. If not, then the latter generates a new
constraint, namely

0 = L*-A(x,0)
. Suppose now that some integer d exists such that for all 0 < k < d — 1,

Iml)+1A(x,0) =0
for all x near x°, while

LnL)\{x", 0)5*0.
Suppose also that the differentials of

/n(x, 0), •••,L)-lhx(x, 0), h2{x, 0), •••,£}-%(*, 0), L;A(x, 0), •••,2/fA(x, 0),
are linearly independent at x = x°.

Then, the smooth (n —r —s —d) dimensional submanifold defined by the constraints

L)-1/ii(x,0) =0 l<i<s
Ltf1h2(xi0) = 0 l<i<r
LtJ\(x,0)=0
l<i<d
13

is the zero dynamics manifold Z* of (3.1) for e = 0.

We are now ready to investigate how the zero dynamics of (3.1) depend on c. First, we make
the following two timescale assumption that:

LgxL*fxhx(x,t) Lg2Laflhi(x,t) _ A( A

LgiL)-lh2(x,e) Lg2LYxh2(x,e) J" *°^'Cj

1

0

0 ed

(3.9)

with i40(x,e) a matrix of smooth functions which is nonsingular at (x°,0), and that

Lg2L)\{x,e) = ak{x,e)ed-k
where ajt(x, e), k = 1, •••, d are smooth functions with a<*(x°, 0) ^ 0.
As before, we introduce an augmented system having exactly the same form as (3.6) and
calculate its zero dynamics. We obtain now

0=L)hx(x, e) +ajftx, e)vx +a{$(x, e)edzx

(3.10a)

0=Ush2(x, e) +a^x, e)vx +ag^x, e)edzx

(3.106)

where a\f denotes the (2,j)-element of the matrix A0. Again, (3.10a) can be solved for vx,
yielding

vx(x, e) = 7(x,e) + £(x, e)edzi
with 7(x, e) defined as before and

£(x,e) =

«12}(*tc)

"nix^e)
Substituting vi(x,e) into (3.10b) yields a constraint of the form

0= Lj\(x, e) +o;o(x, e)cdzi

(3.H)

with /(x, e) defined as before, and

( \ = a22'(x,e)
(o)/ ^ - -t^t
<$i(xie)JQ),_
A= —755detAo(x,e)
a0(x,e)
-a21'(x,e)
—.
a\x}(x,e)

«ii(*,e)

Note that ao(x°,0) ^ 0.

From this point on, the analysis proceeds identically as in the case of a SISO system (in fact,

the constraint (3.11) is identical to one of the constraints found in the preceding section).
Again one is able to find for the zero dynamics of the perturbed system the standard two
timescales form.
14

4

Conclusion

Whenever a regular perturbation of system equations causes an increase of the relative

degree, it manifests itself as a singular perturbation of zero dynamics. Conditions (2.4),
(3.3) and (3.11) define classes of perturbations which lead to a timescale separation of zero
dynamics into a slow part and a fast part of the standard singular perturbation form (2.12).

The slow part described by the reduced system (2.14), is identical to the zero dynamics of the
unperturbed system. The fast part, described by the boundary layer system (2.15) on the
fast time scale r = -. Several remarkable properties of the boundary layer system provide a

deeper insight into the effects of small perturbations on zero dynamics.
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