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ABSTRACT
The effect of electrode area ratio on the current flowing thl_'ough a parallel plate rf discharge
is studied to gain qualitative understanding of how current continuity is maintained in
asymmetric systems and how electrode asymmetry affects the harmonic spectrum of the
current. A uniform ion density sheath model is used. The total current flowing through the
powered electrode sheath is equated to that at the grounded electrode sheath, and the
external voltage is set equal to the sum of the voltage drops across each sheath. This results
in a first order differential equation in one sheath voltage, which is integrated numerically.
Some results are: (1) The current waveforms approach skewed sine waves with increasing
area ratio. (2) Increasing the area ratio induces a broadening of both conduction and
displacement current frequency spectra. (3) The relative size of the peak conduction current

to the displacement current is important in determining the sheath voltage and current



waveforms. (4) Even when the peak conduction current is comparable to the peak
displacement current, the large, distinct conduction current spike associated with the single
sheath limit is very weak at modest area ratios. In this case, the coupling of two sheaths
allows nonsinusoidal variations in the sheath voltages that broaden the conduction current
waveform. (5) The response of the external circuit to the discharge current load must be
included in a description of the total current waveform. Examples of these effects from

experiment and simulation are discussed.



L Introduction

The impedance of rf discharges has been studied for many years and is important in the
design of matching networks for rf discharge reactors.! It has also been studied for endpoint
detection purposes in the fabrication of integrated circuits,2 and has received extensive interest as
a measurable quantity that can provide information of discharge parameters such as density, collision
frequencies, and sheath thickness.>*>® Directional wattmeters are often used to measure the
power absorbed by the discharge, and at the matched load condition it is possible to infer a value for
the discharge impedzmce.l However, measurements made with directional wattmeters can be
complicated by matching network losses,’ and consequently a correction for this power loss must be
found by calibration.8%10 Alternatively, workers have resorted to the direct measurement of the
discharge voltage and current to obtain the discharge impedance and power, computing the latter by
using the phase difference between the current and voltage,5 using the time-averaged product of the

current and voltage waveforms,!]

or employing the equivalent of the latter through the use of
Fourier transforms.!? Studies which have made direct use of the current and voltage waveforms
tend to employ near symmetric discharges for which the higher harmonic content is small.>%10 As
has been noted in Ref. 10, power measurement in asymmetric discharges is complicated by the
generation of higher harmonics, which makes it difficult to identify the phase shift at the fundamental.
Power measurements in asymmetric systems are therefore best done by time-averaging the product
of the current and voltage waveforms, and hence accurate measurements of the discharge voltage and
current become essential.

However, one complication that is encountered experimentally is the question of what
constitutes a valid current waveform in an asymmetric system. Experimental work has shown that
current waveforms for asymmetric systems are marked by greater harmonic content,!2 and that in
some reactor geometries conventional measurement techniqua yield waveforms in which the

harmonics are a dominating feature.!> It has been recognized that the symmetric discharge

possesses a symmetry that precludes the existence of even harmonics.}* This requirement is absent



for asymmetric discharges. It is also known that in the uniform density sheath model of the symmetric
discharge (with conduction current neglected), the two sheaths together act as a linear element.l’
We will show that this simple result does not persist in asymmetric discharges. Thus current
waveforms for asymmetric systems are inherently more complicated, and it is important to develop
some understanding of what is reasonable to expect in experiments.

In this paper we study the qualitative features of current conduction through asymmetric
discharges with the use of a simple uniform sheath density model. For an overall description of an
rf discharge this model is somewhat lacking; for example, the ion density profile in the sheaths can
affect stochastic heating, which in turn can affect the steady state plasma density. But the question
we address is much more limited. It is simply: How is current continuity achieved in asymmetric
systems, and how does asymmetry affect the harmonic content of the current waveform? We will find
that the appearance of more complex harmonic structure at large asymmetry follows naturally from
this two-sheath model, and hence a study of this sort is important in defining constraints imposed on
discharge symmetry if it is important to perform careful measurements of discharge impedance. In
the past, models of this sort have also provided insight about how the sheath voltage modulates the
conduction and displacement currents, and hence how current continuity provides a constraint
between the sheath voltages at the two electrodes, 161718192021  Mejier and Goedheer,?!
in particular, used the same model we present here, and found that it could reproduce experimental
dc bias data. This work, in comparison, is primarily concerned with the current waveform.

The outline of this paper is as follows: The equations describing current continuity are
formulated in Section II. Section III presents results and discussion concerning the discharge current.
In Section IV the results of this model are related to previously published simulation results and
experimental data. In Section V we show how features appearing in current waveforms we have
measured may be better understood with the i\clp of this two-coupled-sheath model. In Section VI

we discuss the relation of this model to the purely resistive sheath model of Ref. 16.



II. Model Description
A. Two-Sheath System

The capacitively coupled rf discﬁarge is illustrated in Figure 1(a). A sinusoidal rf voltage of
amplitude V, is applied to the powered electrode through a blocking capacitor Cy, . In a system
with an asymmetric electrode configuration, a dc current will flow in the circuit until a dc bias V,
forms across the blocking capacitor to prevent further flow of a dc current. The external voltage V,,,
then appearing at the powered electrode is the sum of the dc bias and the sinusoidal voltage from the
power supply.

The model for the sheath of a capacitive rf discharge is illustrated in Figure 1(b). The ion
density profile n(x) will be treated as constant in time, which will be true when the rf frequency is

2 —and the sheath is wide enough that an jon transit

larger than the ion plasma frequency—- w?>>wy;

time is several rf periods long?%?2* The electron density profile n.(xt) is approximated as
changing abruptly from zero to the ion density at the instantaneous sheath edge s(t). The sheath edge
moves between a minimum near the electrode at x=0 to a maximum position at x=x;,. The positive
directions of the currents and voltages are indicated in Figure 1.

The conduction current is taken to be the sum of a steady ion flux and the rf modulated flux

provided by Maxwellian electrons:

J.(t) = -en,up + (1/4)en,c, exp(-e V,(t)/kT) 0y
where ¢, = (8kT/rm,)!? is the mean electron speed, n, is the ion density at x, and e is the electron
charge. The ions are given a speed ug at x=x,. V, is the time-varying voltage at the plasma-sheath
edge x=s(t) with respect to the electrode surface at x=0. (We assume here that V(t) is always
positive. A limit on the applied rf voltage to ensure V>0 has been indicated in other works.2526)
The expression for the electron flux is inaccurate for very small sheath voltages, so some caution must
be used in interpreting the waveforms near the sheath voltage minima.?’

The displacement current is obtained by applying Gauss’ law in the region 0 < x < s(t) where

the electron density is zero:



9E(x,t)/ax = en;(x)/eqy . 2
E(x,t) is the electric field, and ¢, is the permittivity of free space. The boundary condition for the
electric field is .
EGst) -0 . ()

Integrating Eq. (2) and using Eq. (3), one obtains

§

E(x,t) - -J’dx’ em(x’)/eg - @
X

The displacement current J; is given by

J4(x,t) a gy JE/t

©®)
- -en,-(s)% .

This shows that J4(x,t) is independent of x in the region 0 < x < s(t).
The displacement current can be related to the potential drop across the sheath, Vi

Integrating Eq. (4) one obtains

s

V,(t) s V(s)-V(0) - -de’E(x',t) : ©)
Differentiating Eq. (6) gives

v, T GE(x’.1) ds o

5 - -de T E(s,t)‘_ﬁ .

The second term on the right hand side is zero due to Eq. (3), and the integrand is proportional to

the displacement current and independent of x. Thus, one obtains

—_ @®



This result holds for an arbitrary ion density profile, and it is simply the formula for the current
flowing across a capacitor, except for the time varying spacing s(t). The time dependence of s(t)
generates harmonics in J;.

A particularly simple form for the displacement current is in the case of the uniform ion

density profile. In this case the potential is quadratic in s(t) and the displacement current is given

by

2
Boens st (9)
74 = 1 '2‘v—,(t)']| ar

The current flowing across the sheath will be approximated by a product of the electrode area,
A, and the current densities in Eqs. (1) and (9). This neglects the effects of two dimensional variation
across a single electrode. 2 However, this suffices in studying the gross effects of area ratio in
asymmetric systems. The area ratio enters into the model equations by equating the current flowing
through the A and B sheaths, the two sheaths of the discharge. Using subscripts "A" and "B" to label

the various current densities and electrode areas, current continuity is written
A
JCA +JdA--_B[JCB+JdB] (10)
1] 1 AA ) )

where the expressions for the conduction and displacement current densities are taken from Eqs. (1)
and (9). (The minus sign is included on the right side for the B sheath since current is positive if it
flows from the plasma to the B electrode.) In asymmetric systems the density at the edges of both
sheaths can differ by a factor of 2 to 3 due to ion diffusion in the glow and the mechanism for
electron energy deposiu’on."'28 However, we note that even la'rger effects will arise from the sheath
density proﬁle,3° which cannot be treated by the present numerical algorithm; thus, for simplicity
we will take the density to be the same at each sheath.

Equation (10) leads to a differential equation which will be integrated numerically. A specific

choice for the ion flux is required; we adopt the collisionless presheath result ug=(kT/M;)2, where



M; is the ion mass. Equation (10) is divided by (1/4)ensc,, and is restated in the following

dimensionless variables and constants:

U; = eV,',-/kT ,i=A or B

8 a

3 (1)
Ay
)

08 ot

where o is the rf (angular) frequency and w,=(nye%/eym,)'/? is the plasma frequency. Equation (10)

then becomes, for the case of the uniform ion density sheath,

du duU,
- - __Y A4 _ Ll - -_Y B (12)
e + exp( UA) Wz?é— B|-a + exp( UB) ng a0
A

The first two terms on each side constitute the conduction current and the third term is the
displacement current.

When the B electrode is at ground potential, the voltage applied on the A electrode by the
external circuit, V,(t), is given by
V(1) = -V 4(t) + V(1) . 13
Assuming that the discharge is driven by a low impedance source, we take V., to be the sum of a sine
wave plus a dc bias. The dimensionless voltage U, = €V, /KT then has the form
U(8) = -(Up + U,jcosd) (14)

where U is the dc bias and U, is the rf amplitude. Equation (12) then becomes a first order

differential equation in U 4(6) when Eq. (13) is used to eliminate Uy in terms of U, and U,



du, [a (1+p)-up(-UA)-pexp(-UA-Um)»,py(UA»,Um)'mUlsine] a9
a® o sy

" The numerical solution of Eq. (15) is nontrivial because the physically desired solution Ux(0) is
periodic and yields no dc currént upon averaging Eq. (1) over one period (due to the presence of the
blocking capacitor Cy, in Figure 1(a)). Two parameters adjusted in the search for the solution are
the initial value U, (0) and the dc bias U,. The algorithm proceeds in the following steps: 1) A guess
is made for Ug; 2) U,(0) is found which belongs to a periodic solution (5 fourth-order Runge-Kutta
integration scheme is used in this step); 3) J(8) is computed and averaged over one period; 4) If the
dc current is not below 0.1% of the ion flux, a new U is guessed, and the steps are repeated.

This model is identical to that of Ref. 21, except for the definition of the normalized ion flux
a. In Ref. 21 a factor of 0.606 is included to account for the decrease in density across the presheath.
In this work the density is parameterized by its value at the sheath edge instead, as was done in Ref.
16. Other runs, however, have been performed in which the conventions of Ref. 21 were adopted, and
it was verified that the algorithm employed in this work does indeed reproduce the sheath voltage data

of Ref. 21.

B. The Single Sheath

In Section III the current obtained from solutions of Eq. (15) will be compared to the current
which flows through a single sheath driven with a sinusoidal voltage. The equation for the latter is
discussed here for two cases, the first for which the ion density is uniform, and the second for which
it is a particular nonuniform density profile.

In the uniform density case, the left side of Eq. (12) still describes the current density, but
now U, is given the form of Ug,, in Eq. (14). Upon requiring the conduction current to average to

zero over one period, one obtains



U, - In{Iy(Uy)) +% ln[ziv:; ] (16)

where I is the modified Bessel function of zero order. The second term is the floating potential in
the absence of oscillations in the sheath voltage. Ion creation and transport processes can change the
numerical coefficients of the normalized fluxes in the expression for the conduction
current, 2526313233 454 hence Uy, but these effects will not change the conclusions to be obtained
for the current waveforms.

The sheath ion density may be fairly uniform when ion motion through the sheath is highly
collisional. 3353637 However, at lower pressures there will be a drop in the ion density in the
direction from the plasma to the electrode due to the acceleration of ions through the sheath
potential (see Figure 1(b)). One consequence of this is that the maximum sheath thickness will be
larger. Thus, the displacement current density, given by Eq. (8), will be reduced. This motivates a
study of the displacement current waveform when the sheath ion density is nonuniform. This will lead
to a more complicated numerical problem for two sheaths which we do not solve here. However, we
will later show how this case can be approximated by the uniform density case with an adjustment of
parameters, and the effect of a two sheath system on the current waveform will be seen to be even
more striking in this case.

To this end, we present a model for the displacement current flowing through a single sheath
with a nonuniform ion density profile. The desired result is an expression for s(t) in Eq. (8) in terms
of the sheath voltage V. A self-consistent ion density profile will not be used, but instead the ion
density profile from a Child law sheath®® will be used. The advantage of these simplifications is that
it allows a closed form expression for computation of s(t). (Van Roosmalen and Van Voorst
Vader> have used a similar idea, and had to divide the rf period into anodic and cathodic parts in
order to assure that the time-averaged sheath potential was in fact the potential accelerating the ions.
This, however, results in some mathematical complexity which is not necessary if one wants only an
estimate of the effects of density inhomogeneity.) The ion density in the coordinate system of

10



Figure 1 is

13
2 2oM;

(x) - [5’22‘ (n,u5)%| (o 0)™ an

This is obtained from conservation of ion flux and ion energy. The initial ion speed at the maximum
sheath position x = x,, was neglected in Eq. (17), and thus n; diverges at x = x,,. But ds/dt vanishes
at that point, so that the displacement current as expressed in Eq. (5) also vanishes at the extreme
sheath edge position. As the sheath edge s(t) moves between x=0 and x=x,,, Poisson’s equation and

Eq. (3) give the sheath voltage drop V(t). This is written using the variable q = 1 - s(t)/x, as
V,(©)/V,, = 1-(4/3)q'2+(1/3)q*? (18)

where V, is the maximum sheath voltage occurring when s(t) = x,. This is a quartic in the variable

w = q'? and must be inverted to find s(t). Standard formulae provide the solution:*®

y = 4(g/3)!/? cosh[(l/S) cosh™Y((3/g )3’2)] (19)
w-y122 (27412 gy

where g a 3(1 - Vy(1)/V,). The sheath edge is finally obtained from
s(t) = x, [1-w3(1)] . (20)

In the nonuniform density model the maximum sheath voltage enters the solution s(t). This
additional complication is absent in the uniform density model.

Equations (1) and (8) give the displacement and conduction currents, respectively. The
sheath voltage UseV /KT is given the form of U, in Eq. (14), and the total current is

nondimensionalized by dividing by (1/4)en,c,. The total current J1(0) is

Y2 Ul sin@
I7(8) - - vexp(-U) + —2 1> @
(Uo+Uy)™ (s/xy,)
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where v, 3 3¢ 2039 o/e ,, and sfx,, is obtained directly from Eq. (20).

III. Results and Discussion

Discharge current waveforms obtained from the solution to Eq. (15) are presented in this
section. Voltage and current are specified in dimensionless values, the voltage being in units of KT/e
and the current density being in units of (1/4)en,c,. The rf frequency used is 10 Mhz, and the ion

mass in ug is 40 amu, unless otherwise noted.

A. Current Waveforms

Figure 2 shows current waveforms for U; = 300, n, = 10'° cm™, and area ratio 8 = 1, 2.1,
and 4. (The combination of U; and n, was chosen from our experiments on 70 mtorr argon
discharges.) Also plotted is the (uniform density) single sheath limit current waveform. This series
of waveforms shows that the current waveforms approach the single sheath limit as the area ratio is
increased; the waveforms become more skewed due to the [s(t)]” dependence in Eq. (8), and the
conduction current spike visible in the single sheath limit at 180° is just forming at g ~ 4. Other runs
showed that the spike emerges as distinct between an area ratio of 5 and 6. However, at a lower rf
amplitude of 30, and a corresponding lower density parameter of 10° cm‘3, the conduction current
spike did not appear as a distinct feature of the total current waveform even in the single sheath limit.

The changing skewness of the current waveforms implies greater harmonic content as the area
ratio increases above unity. In Figure 3 this is shown more directly by plotting the frequency spectra
for the total current (a), and the conduction current (b), at sheath A for U; = 300, ng = 10'° cm™,
and area ratios of 1, 2.1, and 8. The spectra are normalized to the first harmonic. There is hardly
any higher harmonic current content for area ratio g = 1; the minute higher harmonic amplitude that
does exist is due to the inclusion of the conduction current, absent in the treatment of Ref. 15.

However, at an area ratio of 2.1 the amplitude of the third harmonic is still ~10% of the first

harmonic; and for an area ratio of 8, the fifth harmonic is still ~10% of the first harmonic. This is
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consistent with the experimental observation that symmetric systems have simpler impedance
characteristics.*! In Figure 3(b) the conduction current frequency spectrum broadens as area ratio
increases since the conduction current pulse becomes narrower and larger in height.2® For example,
at g = 1 the first harmonic displacement current amplitude was ~0.32 and the conduction current
peak height was ~0.1, whereas at 8 = 8 the displacement current amplitude was ~0.41 and the

conduction current peak height was ~0.32.

B. Effect of Large n,
Equation (8) shows that the displacement current varies as the inverse of the sheath thickness.
A rough estimate for the ratio of the displacement currents in the uniform density and Child law

sheath models is given by the ratio of the maximum sheath thicknesses:

Jduniforn _ ¥m,CL.

Jd ,C.L. xm,umform » (22)
23/4 eVm

kT

3

For eV /KT = 300, this ratio is -3, thus the uniform sheath model allows too large a displacement
current. We next study the consequences of reducing the displacement current within the framework
of the uniform density model.

Figure 4(a) shows the current waveforms from the single sheath model with nonuniform
density. The rf amplitude U, is 300 and the density is 10! cm™>. The displacement current waveform
shown here is similar to Biehler’s results from a self-consistent solution to Poisson’s equation in the
sheath for a xenon rf discharge.?’ (The peak displacement current in Figure 4(a) is only about 25%
lower than that estimated from Fig. 3 of Ref. 27.) The peak value for the displacement current here
is 0.1 compared with the peak value -0.5 for the single sheath, uniform density case shown in
Figure 2. The reduction in the displacement current is even greater than the estimate obtained from

Eq. (22). In Eq. (1) the conduction current depends only on the sheath voltage, so that with a
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reduced displacement current, the conduction current spike is more prominent.

We now consider how the mutual interaction of two sheaths affect the current waveform. The
difference between the waveforms in Figure 4(a) and Figure 2 is the relative size of the displacement
to the conduction current. Therefore, the effect of two interacting sheaths on the impedance of the
discharge may be investigated with the uniform ion density sheath model by finding a case for which
the relative sizes of the displacement and conduction currents are similar to the waveforms in
Figure 4(a). Such a case can be devised by adjusting the density parameter in the expression for the
displacement current: y varies as n; 2. An example of this is shown in Figure 4(b); this is a result
of the single sheath model, with a uniform density sheath, where the rf voltage U, is 300 and the
density parameter is 23x101° cm™. The density is unrealistically large, but the current waveform is
similar to the case shown in Figure 4(a). In this sense, the relative size of the displacement to the
conduction currents is more appropriate.

Figure S shows the current waveforms from the two sheath model for an area ratio of 2.1, and
the same n, and U, as the example in Figure 4(b). The large conduction current spike of Figure 4(b)
is less obvious in Figure 5. This is because the sheath voltage U,(6) is flattened near its minimum,
broadening the conduction current puise at sheath A. (The maximum voltage U, was reduced to ~250
due to the voltage division between the two sheaths, but this by itself has only a small effect in
reducing the conduction current spike.)

The smoothing is even more dramatic for the symmetric discharge. Figure 6 shows the sheath
voltage and current waveforms for 8 = 1, and ng and U, as in Figure 5. The sheath voltage in
Figure 6(a) has a broadened minimum and the minimum sheath voltage occurs before 180°. In part
Figure 6(b) the peak in the conduction current has moved toward the peak in the displacement
current, which decreases suddenly due to the flattening of the sheath voltage waveform as the
conduction current rises. The end result is that the total current does not show the distinct
conduction current pulse at 180° which appears in the single sheath limit. Also note that near 150°

the discharge current changes from mostly conduction current at sheath A to predominantly
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displacement current at sheath B.

IV. Comparison to Other Works

The two-coupled sheath model presented here is highly simplified. Our intent is to develop
qualitative understanding of the features appearing in current waveforms measured in experiments.
Still, it is important to see how the results presented here relate to results from more sophisticated,
self-consistent models. There are several examples of current waveforms to be found in the literature
on rf discharge modeling and experiment.

Figure 6 showed the voltage and current waveforms for a symmetric voltage-driven discharge.
The sheath voltage displays a broad low voltage region and the minimum sheath voltage occurs before
the extreme value of the external voltage. This has been observed in several
simulations.*2#344:4546 Ejgure 10 of Ref. 44 presents an especially interesting comparison between
the current waveforms for the wave-riding and secondary electron regimes in a helium discharge,
which serves to illustrate the .sensitivity of the current waveforms to the relative sizes of the
conduction and displacement currents, as indicated by the two sheath model. The frequency was 3.2
MHz and the gas pressure was 3 torr. In the wave-riding regime ionization is dominated by electrons
which are ohmicly heated at the sheath-glow interface, and the steady-state plasma density varied from
2x108 cm™ to ~10° cm as the rf amplitude increased from 100 to ~250 V. The current waveforms
for an rf amplitude of 120 V in Fig. 10(a) of Ref. 44 show that the peak conduction current is only
~-14% of the peak displacement current, and that the conduction current appears as a fairly
symmetrical pulse-like perturbation on the total current. This is similar to the unity area ratio curve
in Figure 2, where the conduction current (not shown) is a small, fairly symmetrical pulse near the
zero croséing of the total current. The interesting effect occurs in Ref. 44 when the rf amplitude is
increased above 250 V and the secondary electron regime is entered. In this regime secondary
electrons dominate the total ionization and by virtue of the large amount of energy acquired by each

secondary electron as it crosses the sheath, the plasma density increases to -10'2 cm™ at an rf
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amplitude of 400 V. This corresponds to a smaller y in Eq. (12) of the two-sheath model. Figure
10(b) of Ref. 44 shows that the electron conduction current waveform is broader and more skewed,
with its peak being shifted backwards in phase. This is similar to the conduction current curve J. in
Figure 6. One result of the two-sheath model is that the current waveforms depend on the relative
sizes of the conduction and displacement currents. In the simulation of Ref. 44 this is influenced by
the transition between the wave-riding and secondary electron regimes, and one finds that the current
waveforms in each regime show the qualitative features predicted by the two-sheath model for small
and large conduction current components.

The applicability of the two-sheath model to the results of Ref. 44 may be questioned due to
the low frequency (3.2 MHz) used in Ref. 44. At a few MHz, simulations show that the ion flux is
strongly modulated,*>4344 contrary to what is assumed by Eq. (1). The total current shown for the
secondary electron regime in Ref. 44 is roughly sinusoidal with flat, slanted peaks. This waveform has
been observed by Hebner and Verdeyen*” for a helium discharge at 500 mtorr and 2.6 MHz. The
two-sheath model‘ with uniform density sheaths instead produces a sawtooth wave, a typical example
of which is given in Figure 7. It is not clear if this difference is due to an incorrect sheath density
profile (for the displacement current), an incorrect jon flux, or some other factor. The correct ion
flux may not be so important; Fig. 6 of Ref. 42 showed PIC simulation current waveforms for a
symmetric 1.5 MHz, 350 mtorr, 500 V, voltage-driven helium discharge. The total current was also
a triangular wave with a peak magnitude of -6 A/m. For that example, the glow density was ~3x10%°
cm>, and the density was not strongly attenuated in the sheath. Using the parameter values given
above, and estimating T, to be ~2 eV, the two-sheath model gives the waveform in Figure 7. The
dimensionless current density of 0.1 corresponds to ~11 A/m?, just a factor of two greater than the
simulation result.

There are also some interesting experimental results by Horwitz and Puzzer*® on the effects
of area ratio on the conduction waveforms. Their experimental system consisted of an argon discharge

driven at 13.56 MHz in a chamber of variable target to wall area ratio. The wall electrode in their
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system was powered, so that a gridded particle collector could be installed on the target electrode.
In Fig. 9 of Ref. 48 are shown conduction current waveforms for area ratios of 0.87 and 10. Ata
pressure of 3.7 Pa (28 mtorr) the conduction current for the .87 area ratio is broad and occurs before
the conduction current pulse for the g=10 case. This is similar to Figure 6. When the area ratio is
10, the conduction current peak is narrower. Fig. 10 in Ref. 48 shows that at 21 Pa (158 mtorr) the
conduction current waveforms are both narrow pulses. In the two-sheath model the conduction
current is always pulse-like for g = 10, simply because it is so close to the single sheath limit. The
conduction current for g = 0.87 is more interesting, and within the framework of the two-sheath
model, the transformation from a broad to narrow pulse suggests a transition to a more uniform ion
density sheath with increasing pressure. There is some experimental evidence that the sheath density

inhomogeneity is decreased in this higher pressure range.3537

V. Features of Experimental Data

One motivation for this model was to understand current waveforms we have measured in
connection with power measurements in rf discharges. In this section the two-sheath model results
will be compared to experimental waveforms we have obtained.

Figure 8(a) shows a current waveform obtained from an argon discharge confined within a
cylindrical cavity 9 inches in diameter and 2.5 inches in height. One flat side of the cavity is the
powered electrode and the remaining surfaces compose the grounded electrode. The geometrical area
ratio is approximately 2.1. For the waveform shown, the gas pressure was 70 mtorr and the voltage
at the powered electrode was approximately 700V in amplitude (there was some distortion, as shown
by the scaled voltage waveform V/350). A sixth harmonic ripple is visible, and this persists to some
extent at lower voltages and other pressures. We believe this is due to the frequency response of the
external circuit. Figure 8(b) shows the Fourier amplitudes of the waveform in part (a). There is a
sharp attenuation of harmonics beyond the sixth, and this is partly responsible for the visible ripple

in part (a).
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Two features may be noted in the experimental waveform. First, it is nearly an odd function
with respect to a zero crossing. Secondly, the waveform is skewed, similar to the model results in
Figure 2 or Figure 5. This skewness disqualifies this waveform as one from a symmetric discharge
where the symmetry 1(8) = -I(8-r) is observed. (This is equivalent to no even harmonics, contrary
to the spectrum in Figure 8.)

The near odd symmetry with respect to a zero crossing is relevant to the two-sheath model.
Figure 9 shows two waveforms: (1) The two-sheath model current resulting from a sinusoidal external
voltage, and (2) the waveform arising when the voltage waveform measured from the experiment is
used for V,(t) and the resulting current is truncated at the sixth harmonic. (The experimental
voltage waveform is shown in Figure 8(a) and exhibits a flattened positive half-cycle.) The waveform
induced by the sine wave external voltage shows a small, but sharp conduction current spike. This
is reduced somewhat when the external voltage waveform is used, but is still visible. However, the
waveform with the truncated spectrum shows no spike and its symmetry is greater. (The current
waveform without truncation follows the truncated waveform, except at the current spike. Also, when
the current arising from the sine wave voltage is truncated, the result still exhibits noticeable
asymmetry.)

The experimental waveform and two-sheath model result cannot be expected to match each
other precisely due to the models employed for the displacement current and sheath density profile,
and also the neglect of the external circuit. However, this comparison illustrates how experimental
waveforms may be better understood, and further clarifies how the external circuit manifests itself,
namely in its response to higher harmonics and in the volitage distortion it exhibits. There has been
some simulation work on symmetric discharges and asymmetric discharges with external circuits. 464
From this simple two-sheath model, one can learn the following: 1) If the voltage across an
asymmetric discharge is large and sinusoidal, then the current will be non-sinusoidal and can exhibit
conduction current spikes and asymmeu;y with respect to zero crossings. 2) If distortion in the voltage

is allowed, then the spikes can be reduced to some degree. Also, because the asymmetry is contained
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in the higher harmonics, the actual observation of such asymmetry at low area ratio would require

uncommon control of the frequency response of the external circuit.

VL Relation to the Pure Resistive Model

Versions of Eq. (10) have been studied previously by workers interested in describing the
time-averaged sheath voltage,1617:1819:2021 The treatment in Ref. 16 is interesting because it neglects
the capacitive current (y = 0) and yet produces quite good agreement with measurements of the time-
averaged sheath potential in symmetric discharges. In this section we compare some sheath voltage
results from the pure resistive model (the "R model") to those from the resistive-capacitive model (the
"RC model"), that is, Eq. (12) with y » 0.

Figure 10 shows a plot of the dc bias U, over a wide range of rf amplitude U;. The lower
two curves, A and B, are for an area ratio g= 2.1. Curve A is from the RC model with n; = 10° cm3
and w/2r = 10 MHz for 10° cm™ < n, < 10'% cm (that is, 0.02<y<0.06) curve A shifts by less
than 10% over the entire range of U; shown, and shifts by less than 5% for U; > 40. Curve B is
from the R model. In the R model the external voltage is divided between the two sheaths by the
nonlinear sheath resistances. In the RC model the sheaths are predominantly capacitive (phase shifts
of the current to voltage are just a few degrees less than 90° for the first harmonic) and the voltage
division is determined by these nonlinear capacitors. Despite this difference, the dc bias produced by
both models are quite close, and differ for 8 = 2.1 by less than 20%. In Appendix A it is shown that
curves for all values of y at a given area ratio should converge for small U, when the densities at both
sheath edges are the same. It is interesting that the results for the R and RC models remain close
at large U;.

A comparison between the R model and the purely capacitive sheath model provides some
understanding of why the dc bias for the R and RC models are similar at large U;. Meijer and
Goedheer?! have used this two-sheath model to study the sheath voltages and dc bias. For the purely

capacitive sheath (Eq. (10) with the conduction currents neglected) they have shown (in the present
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notation) that Uy = U, (8%-1)/(8%+1). At large U, this is close to the R model result. For example,
this is only 30% larger than the R model curve for U; > 20 at 8 = 2.1. Thus, although the current
and the sheath voltage differ in the two cases of the purely resistive and the pur'ely capacitive sheath
models, current continuity forces both systems to develop similar dc biases at large rf amplitudes.

The dc bias for both R and RC models is even closer at 8 = 10; curve C is the result from
the RC model for n, = 10° cm3, but the result for n, = 10° cm™ and the R model differ from curve
C by less than 5%. In some sense, at larger area ratio all such curves are constrained by the topmost
curve (labeled D) showing the single sheath limit: In(I(U,)).® Note that since the curves for
smaller g follow the single sheath limit, curve D, the dc bias plotted against the rf amplitude (at large
rf amplitude) should extrapolate to a point below the origin at U,=0, as shown by Kohler et al. %
Note also that the ratio of the dc bias to the rf amplitude decreases with rf amplitude (at a given area
ratio), as shown by the data of Horwitz.5

Figure 10 suggests that the R model reproduces the sheath voltages quite well. This is
explored further in Figure 11. Figure 11(a) shows the ratio of the time-averaged sheath voltages .
U A(o)/UB(O) (the "dc voltage ratio”). Figure 11(b) shows the ratio of the first harmonic amplitudes
of the sheath voltages U,(D/U5() (the "rf voltage ratio”). The R model results for rf amplitudes U;
of 300 and 30 appear as curves B and D, respectively. The corresponding RC model results (curves
A and C) are shown only for n; = 10° cm™; the plots are not very sensitive to ng on a logarithmic
scale. The straight dashed line with a slope of two represents the g scaling which results from
capacitively conducted currents through two uniform ion density sheaths of equal densities.! (One
can show that the g2 scaling is only true for area ratios greater than -3, even for this ideal case; the
#? line is plotted only for reference.) The curves of Figure 11(a) all have the same general form,
exhibiting saturation at large 8 to the value U, in Eq. (16) divided by the dc floating potential (the
second term in Eq. (16)).14%® The R and RC models are both sensitive to the value of the rf
amplitude; as U, decreases, the dc voltage ratio increases more slowly with area ratio 8. In Appendix

B the R model is studied further and it is shown that the correction to the exponent of 2 in the 8
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scaling is roughly a factor equal to the ratio of the dc floating potential to the time-averaged sheath
voltage at g = 1.

However, the behavior of the rf voltage ratio in the R and RC models differ. Figure 11(b)
shows that this ratio is sensitive to U, in the RC model, but that it maintains a p2 variation (for g
close to 1) in the R model for a wide range of U, from 300 to 30 (as shown), and even smaller. In
Appendix B the R model is examined further and it is shown that the correction to the exponent of
2 in the g% scaling (at g close to 1) is of order (1/U;)? and does not involve the dc floating potential.
This is indicative of the nearly invariant sheath voltage waveforms in the R model: They are rectified
parts of the external voltage. In fact, the g2 scaling (to zero order in 1/U,) can be simply derived
from this observation. However, in the RC model there is a coupling between the conduction and
displacement currents that causes the sheath voltage waveforms to vary with U;, and this is
responsible for the variation in the rf voltage ratio with U,.

Regarding current waveforms, the R model cannot be expected to give good current
waveforms since the capacitive current has been omitted. Additionally, since the coupling between
the capacitive and displacement currents is omitted, broadening and skewing of the electron
conduction current pulse is not produced by this model, nor is the conversion of conduction current

at one sheath to displacement current at the opposite sheath possible in this model.

VII. Summary

In this paper we have presented a simple model to describe the conduction of current through
an asymmetric parallel plate rf discharge. In order to make this as computationally simple as possible,
a uniform ion density in the sheaths was assumed.

The model suggests the following for current waveforms:
1) In the limit of large area ratio, the discharge current approaches that of the single sheath, and
consequently the harmonic content in the current increases. Also, for a uniform ion density sheath

discharge driven at a fairly high voltage, the conduction current spike is noticeable for area ratios as
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low as 6. In a nonuniform ion density sheath model this property of the single sheath limit would
persist to even lower area ratios.

2) An example was given in which the peak magnitudes of the conduction and displacement currents
are chosen to model those expected in a Child law sheath. It was found that at moderate area ratio,
both sheath voltages are appreciable in magnitude and exhibit distortions that broaden the electron
current pulse. The sheath voltage minimum is also moved backward in phase, and this allows the
electron current pulse to merge with the displacement current. The net result is the suppression of
the distinct electron pulse evident in the single sheath limit. In the symmetric discharge these effects
are most complete, and fairly sinusoidal current waveforms can be maintained even with a very large
conduction current component.

Examples from simulations and experiment were presented to show that qualitative features
of the current waveforms resulting from the two-sheath model are not unrealistic. In particular,
current waveform examples are cited from simulation and experiment that may be interpreted in terms
of the sensitivity of the total current waveform to the relative sizes of the conduction and
displacement currents, and the sheath ion density profile.

An example from our own experiments was given in which the current smoothing property
demonstrated by the two-coupled-sheath system is important in describing the measured current
waveform. We find that the external circuit response to the discharge current load is also important
in determining the final current waveform.

The pure resistive limit to the model was examined further since previous workers established
that such a model could predict the time-averaged sheath voltage. It was found that such a model is
not able to reproduce some of the properties of the rf component of the sheath voltage which depend

on the coupling between the conduction and displacement currents.
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APPENDIX A: Small Signal Treatment of U, vs. U,
The dc bias is studied at small rf amplitude in this appendix. Equation (12) is linearized by
writing
Ui -Uf+8Udc,i +6U,f"(0) ,i -AOl'B (Al)

where Uy is the dc floating potential, and §U’s are the dc and 1f first order corrections to U; when
the perturbation -U; cos@ is applied between electrodes A and B. Averaging Eq. (12) over one
period and setting the average current to zero gives the standard result that §U,.; = In(Ip(sUg))-
(The argument of the modified Bessel function is now the amplitude of §U;(6).) Expanding this

relation shows that §U,; is second order in the perturbation amplitude:
§Ug, - 8U7;/4 + O@) A2)

where the second term on the right side represents fourth order terms in the perturbation. Thus, to
first order, the correction to U; is simply §U,¢;; there is no first order dc correction.
Equation (12) is linearized to give the small signal circuit model of the two-sheath system.

After Fourier transforming, one obtains

(G4 +iBy)(-8Uy,) =~ 8(Gp +iﬁ8)sU¢B (A3)
where G, = Gg = exp(-Up) and B, = By = y/U? are the conductances and susceptances for a unit
area. The minus sign appearing with Uy, is due to the polarity implied by Eq. (13). The
admittances Y, = G, + iB, and Yg = §(Gg + iBg) may be identified in Eq. (A3). When the
sheath densities ng 4 and ng g are the same, Yp = Y, and the two sheaths act as a voltage divider
with constant gain and no phase shift. One then obtains

-sUyq = (-UpB /(8 +1) Aad)
§Uyp - (-UD/(B +1) .



Equation (13) gives the dc bias as -§Uy. o + §Uy.p. Upon using Egs. (A2) and (A4), one obtains

Uo--

p-1.2
+1U1 + 0 , (AS)

F
©

In Ref. 16 it was found at large U, that Uj, fitted the curve (1-5%)In( Io(U,) ) quite well.
This is a faster dependence on g than shown in Eq. (AS), but is consistent with the spacing of the
curves in Figure 10 at small and large U,. |

When ng , # n, g, 8 appearing in Eq. (12) becomes g/ = (Agn, g)/(AaNg 4), and in Eq. (A4)
p.is replaced by { = Yg/Y, = 8'(Gg + iBg)/(G, + iB,). The electrons are still assumed to be
isothermal, so G, = Gg. But now using Eq. (8) and normalizing by the random electron flux, B; -
(ns,isi)‘l, we find B, » Bg. For a given floating potential, the sheath thickness will also vary with the
density. Thus { is a complex number and exhibits a dependence on the density ratio in g’ and the

ratio of the susceptances. U is given by

+ O4) (46)

and also will depend upon the density ratio. The two curves for an area ratio of 2.1 in Figure 10

should then separate at low U,.
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Appendix B: Pure Resistive Model Near g = 1.
In this appendix the voltage ratios for the pure resistive model shown in Figure 11 are studied
. for area ratios slightly above unity. Godyak and Kuzovnikov'® solved Eq. (12) with y = 0; analytical

expressions for U, and Ug were derived. They obtained (in the present notation and conventions)

Uy(8) - ln{[l + B exp(- “)]/[c 1+ p)]} (B1)

Let f(8) = Uy, for g = 1. Consider now the perturbed system in which the area ratio is slightly

above unity:

B =1+¢, c<l
U“ - -Uo - Ul COSO

Uy is the first order correction to the external voltage. Expanding Eq. (B1) gives

§U,y =Up/2 + (e + Uy)(1 - exp(-f)la)/2 . B3)
Note that since <exp(-f)> = a, <6U,> = Uy/2. (The brackets denote averaged values.) Equation
(13) gives the correction to Ug as §Ug = -U, + §U,. The dc bias U, is obtained by setting the
average conduction current to zero. At first order one obtains <exp(-f) §U,> = 0, and this implies
that

Up-¢C/(1-C)

(B4)
where C = {exp(-2f)y/a® - 1

The function exp(-f) resembles a square pulse for large U,; and as U, approaches infinity, C

approaches unity. The integral in Eq. (B4) was done numerically:

C=1-4/(zU;) . ®5)



The first order term is good to three digits for 80 < U; < 300, and at U; = 10 the correction is ~2%.

The voltage ratios are to first order

0
u{® .Y
_o). - P —
Uy (f) ®6)
u® su®

+
uPd T

(The superscripts denote the dc and first harmonic amplitudes.) Note that a quadratic variation in
area ratio would make the right side of these expressions 1 + 2¢. The Fourier amplitudes are
obtained from Eq. (B1) (for 8 = 1) and Eq. (B3). The integral for f () can be done, and gives f (")

= U,/2. The integrals for <f> and §U,!) were partly done numerically:

uy [1 U
- i)
" 2e 1 Uy ®7)
m,_ 2 1.647
sUP < 2(c s Uo)[l - ?]
1

(For 100 < U, < 300 the second order terms are accurate to at least three digits, and at U; = 10 the

correction is less than ~4%.) Thus, the voltage ratios are to good approximation

ul® Lol (1 - 4/ Uy))
+ ¢

u® 4 (1 - (2/U;)In(2a)) @9
u®

_’_:1_)-14»25 1-_1'6‘:7]

Up U,

Thus, for large U, the dc voltage ratio scales as a power of g with a maximum exponent of ~2.47.
Also, the term involving the logarithm in the denominator is roughly the dc floating potential divided
by <f>, and can be significant when the rf amplitude is as high as a few tens of kT/e.

The quadratic scaling for the rf amplitude ratio does not hold for all U,. For example, one .

can show from Eq. (B1) that at small U, (to first order)
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Uy
f= .7-0086 - Ine (B9)
U
s
and hence,
u®
©)
Up o (B10)
U
__A; «] +¢
oo

Thus for small U, and g close to 1, the rf voltage ratio will scale linearly with 8, and the dc voltage

ratio will depend on a higher order term in U;.
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FIGURE CAPTIONS

Figure 1. (a) The asymmetric capacitively coupled rf discharge. (b) Illustration of the sheath. The
electrode is at x = 0; the glow is to the right. The electron sheath edge moves from the maximum

position x = x;; to a minimum position near x = 0. The ion density at the x, is n,.

Figure 2. Current waveforms for U, = 300 and n, = 10'® cm™ at area ratios g of 1, 2.1, and 4. Each
curve is labeled with its area ratio. Also plotted is the single sheath current waveform, labeled

"single.”

Figure 3. Frequency spectrum of the current waveforms for U; = 300 and n, = 10'° cm™ at area
ratios of 1 (dots), 2.1 (squares), and 8 (triangles): (a) the spectrum for the total current; (b) the

spectrum for the conduction current at the powered electrode (sheath A).

Figure 4. Single sheath current waveforms for U; = 300 and n, = 10'° cm™3: (a) using a Child law
ion density; (b) using a uniform ion density n, = 23 x 10! cm™. The displacement, conduction and

total currents are labeled Jg, J, and J respectively.

Figure 5. Current waveform from the two-sheath model for U; = 300 and ng = 23 x 10'® cm™ at an
area ratio 8 = 2.1. This shows the effect of the increased size of the conduction current relative to
the displacement current, at a ratio that can occur in a nonuniform ion density sheath. The

displacement, conduction and total currents are labeled J, J. and J respectively.

Figure 6. Two-sheath model results: (a) Sheath voltage U,, and (b) current waveforms for area ratio
#=1,U; = 300 and n, = 23 x 10! cm™. The displacement, conduction and total currents are labeled

J4» Jc and Jy respectively.



Figure 7. Two-sheath model current waveforms for area ratio g = 1, U; =250, n; = 3x10° cm'3, a
frequency of 1.5 MHz, and an ion mass of 4 amu. The triangular waveform is similar to the result

in Fig. 6 of Ref. 42. The displacement, conduction and total currents are labeled J4, J, and J

respectively.

Figure 8. (a) Experimental data for the rf part of the discharge voltage V and the discharge current

I from a confined argon discharge at 70 mtorr and 10 MHz. (b) Fourier spectrum of the current.

Figure 9. Two-sheath model results for the current waveform when the external voltage is sinusoidal
(dashed line, labeled "sine V(t)"); and when the voltage waveform from Figure 8 is used, and the
current waveform is truncated above the sixth harmonic (solid line, labeled "Exp’t V(t) & truncated"”).
The density parameter is 23 x 10!® cm3 and the positive peak value of the rf part of the external

voltage was U; = 300.

Figure 10. DC bias Uy vs. rf amplitude U, in the two-sheath model. Curves from the resistive-
capacitive sheath model with n; = 10 cm3; (A) area ratio 8 = 2.1; and (C) 8 = 10. Curves from

" the pure resistive sheath model: (B) 8 = 2.1; and (D) single sheath limit (8 >> 1).

Figure 11. Sheath voltage ratios: (a) the dc ratio U,/Up(®; and (b) the first harmonic ratio
U, MUug®. Curves from the resistive-capacitive sheath model with ng = 10° cm™: (A) U, = 300
(solid), and (C) U, = 30 (dashed). Curves from the pure resistive sheath model: (B) U; = 300
(solid), and (D) U,; = 30 (dashed). The dashed straight line with slope of 2 represents the quadratic

scaling with area ratio from simple arguments.
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