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ABSTRACT

We present two versions of a secant method for one-dimensional minimization, that use cubic
interpolation through two successive points to obtain an estimate of the second derivative of the func-
tion. The first version uses both function and derivative values, while the second version uses only
function values. Both versions are shown to be globally R-quadratically convergent on sufficiently
smooth functions.
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1. Introduction

Within the general realm of optimization algorithms, one-dimensional optimization algorithms
play the important role of subprocedures for step length calculation, i.e., for the solution of problems
of the form min, ¢ g g(y +xk), with g :R" - R. For example, the performance of various
methods of conjugate directions, such as the Fletcher-Reeves and Polak- Ribiere methods [4,12], and
of some variable metric methods, such as the Davidon-Fletcher-Powell method [2,3,5], depends both
on the efficiency and the accuracy of one-dimensional optimization methods.

The family of one-dimensional optimization algorithms includes the golden section search
[8,11], versions of the secant method (see e.g. [6]), and algorithms based on either cubic, or quadratic
interpolation of the function to be minimized (see, e.g. [8,14]). The most commonly used one-
dimensional optimization algorithms for step length calculation are based on cubic and quadratic
interpolation. The version of the quadratic interpolation method considered in [7] converges super-
linearly with rate 1.3, but cannot be shown to be globally convergent. The version of the quadratic
interpolation method presented in [8] converges globally, but has not been shown to be superlinear.
The cubic interpolation method can be shown to be locally quadratically convergent on sufficiently
smooth functions (see [15]), but it may not be globally convergent.

In this paper, we present two versions of a new global one-dimensional optimization algorithm
that retains the robust structure of the globally convergent secant method presented in [6], while
obtaining quadratic convergence by using cubic interpolation to construct approximations of the
second derivative. The first version requires the computation of first derivatives, while the second
version uses function values only. In Section 2, we present the first version of our secant algorithm
and show that under a commonly used assumption, it converges with the secant R-rate of 1.618 on
twice continuously differentiable functions, and R-quadratically on four times continuously differen-
tiable functions. In Section 3, we present the second version of our algorithm and show that it retains
the convergence properties of the first one. In Section 4, we present a few numerical examples which
demonstrate that both versions of our algorithm perform as predicted, and yield results with ade-
quately high accuracy for use in step length calculation. Although the discrete version of the algo-
rithm is capable of less accuracy than the exact version, it is bound to be much more efficient in step
length calculation problems, because of the high cost of derivative calculation in such problems.



2. The Cubic-Secant Algorithm

Consider the problem
min f (x), (2.1)

where f :IR - IR is at least twice locally Lipschitz differentiable. We will denote the first and
second derivatives of f (*) by f’(-) and f” (), respectively, while for k > 2, the k—th derivative will
be denoted by £ ¥)(-).

We begin by recalling the ‘‘classical’’ stabilized secant method with Armijo step size rule [1]
for solving (2.1) (see, e.g. [5]). This method is defined by the recursion

X =% = NF O x5 () (2.2)
where f “(x; ,x;_p) 1s an approximation to the second derivative, f” (x;), of f (*) at x;, defined by

- )4 &)= x-p

F 7 x4
Xi = Xi-1

2.3)

and the step size A; is computed according to the rule
A; = max { B 1 f (= BEF i %) () = F () S —aBfF i %) )2} 2.4

witha € (0,'%),and B € (0,1).
Referring to [8], we see that on strictly convex problems, this method converges superlinearly,
with R-rate at least 1.618. Moreover (as shown in [5]), it can be adapted for the solution of the much

broader class of problems with local minimizers £ such that f”(%)>0, by adding a crossover
mechanism which switches over to the Armijo gradient method when f* (x;) > 0 does not hold.

The algorithm that we will describe in this section differs from the ‘‘classical’’ stabilized secant
method by the important feature that it does not approximate the second derivative f”(x;) by
f “(x; ,x;y) defined in (2.3), but by the second derivative, p”;;_;(x;), of a cubic polynomial
i) B az;x% +ay;x% +ay;x +ag;, whose coefficients are computed by oscullatory cubic-fit
interpolation of the objective function through two points, as follows:

Pij))=f ), j=i-1,i (2.5)

Pyt =f(x)), j=i=1,i. (2.6)

The equations (2.5) and (2.6) can be rewritten in matrix form :



,

aa,ﬂ [ f@&) )

2 %2 kg 1| | ayy fxip) on

x2 2 1 0 | ay fG)

3x,‘2_1 Q'xi—l 1 0 L aO,i ) L f,(xl'—l)‘

After some manipulation of the system of equations (2.7), we obtain the following explicit expression
for p”; i.1(x) = 6a3,;x +ay,,

2 2(x = x;09) + 22x = x; = x;y)
+ d;

pYijax)= % - % @ "xi-l)z i (2.82)
where
AfG)-fein) .,
¢; S B Fixan), (2.8b)
d, 8 fx)-2 Jo=f ) FlGy) - (2.8¢)

Xi —Xiq

We are now ready to state our new algorithm formally. Note that, like the secant method we
have discussed earlier, it crosses over to the Armijo gradient method whenever p”; ;_;(x;) is not
sufficiently positive.

Cubic-Secant Algorithm 2.1
Parameters. o.€ (0,%), B€ (0,1),m >0, small.
Data. Xg, X_1 € [0,%0).
Step0. Seti =0.
Step 1. Compute p“; ;_(x;) using (2.8a)-(2.8¢).
If p”; 1) 2 m, set
by ==p”; i) () (2.9)
Else, set

hi = "f, (x,) . (2.10)

Step 2. Compute the Armijo step size



M =&a§{ B* 1 f (i +B°h) - f (x) S o h,-f’(x,-)} . @.11)

Step 3.  Setx;,, =x; +A;h;, replace i by i +1 and go to Step 1. O

Assumption 2.2. The function f () is continuously differentiable and bounded from below. O

Theorem 2.3. Suppose that Assumption 2.2 is satisfied and that the Cubic-Secant Algorithm has
constructed an infinite sequence {x; } /oo. Then every accumulation point £ of {x; } /o satisfies

ffé&)=o0.
Proof. 1t follows from (2.9) and (2.10) that for any x; € IR,

£ Gadhy S=min {1, ) £ () <O (2.12)

Ih;ISmax{l,,—il-}lf’(x,)l. (2.13)

In view of (2.12) and (2.13), the desired result follows directly from the Polak-Sargent-Sebastian
Theorem [12]. (|

Assumption 2.4. The function f (") is twice locally Lipschitz continuously differentiable and
bounded from below. O

Corollary 2.5. Suppose that Assumption 2.4 is satisfied and that the sequence {x; };op, con-
structed by the Cubic-Secant Algorithm 2.1, has an accumulation point £ such that f”(£) 2 b, for

some b >0. Thenx; - X asi — oo,

Proof. Clearly, there exists a p>0 such that for all x € B(?,p), f”(x)2b/2, and hence
F@x)2f@)+Yab(x -£)*forallx € B(£ ,p). Since £ is an accumulation point of {x; } i=0 » there
exists an infinite subset K < IN such that x; =% £ as i — . Since the cost sequence {f (x;)} o
is monotone decreasing, it converges to f (£ ) and hence there exists an iy such that for all i 2 i,
f &) Sf @)+ p?b/8, which implies that for all i > ip, i € K,x; € B(X ,p/2). Next, there exists an
iy2igsuchthatforalli 2i,,i € K, |h; | <p/2. Since the step size A; < 1, we conclude that for any
iekK,iz2iy, x, €B(E&,hp/2),ie., that for all i 2i,, x; € B(£ ,p/2), which contains the unique
stationary point £ . Since B (® , p/2) is compact, and £ is the only stationary point in B (£ , p), it now

follows from Theorem 2.3 that x; = X asi — oo, a



We are now ready to establish the rate of convergence of the Cubic-Secant Algorithm 2.1. First
we will show that it converges superlinearly.

Lemma 2.6.  Suppose that Assumption 2.4 is satisfied. Then for any p >0, and any ¥ € R, there
exits a finite L > O such that

1p”i 1) =f 7)1 SL1x; =241, (2.14)
forallx; , x;,_, € B ,p) &% -p.% +p].
Proof.  Since by Assumption 2.4, f” () is locally Lipshitz continuous, and, by inspection, so is

p”;,i-1(), it follows that for any p >0, and any £ € R, there exists a finite L >0 such that for all
xl,x2€ B(‘f P)

LF” e g) = F7 ()] S%L Xy = 2,0 , 2.15)

2

3le1—x2I . (2.16)

1p”; j1(1) = P71 XDt <

Now consider now the system of equations (2.7). If we subtract the last equation from the third
one and rearrange terms, we get from the Mean Value Theorem, that for some s € [0, 1]

X+ X )= F &) =f o)

) % =% = f” (x,' +S5 (x,'_l -X; )) . (2.17)

P i1

Next, we conclude from the triangle inequality and (2.17) that

77 74 77 777 xi +x‘ -1 V4 x‘ +xi -1 77
1p”i i1 @) = 7 @) < 1p”; s0(;) = P71 i1 2 W+lp i,i-l(_z")-f ()1
’” V7] xi +xi'l " 17
S 1p”ii1(6) = p”1 i1 5O+ IF 0 s =2 = f7 ()1 (2.18)
The desired result now follows directly from (2.15), (2.16), and the fact that s € [0, 1]. O

Theorem 2.7.  Suppose that Assumption 2.4 is satisfied, and that the Cubic-Secant Algorithm 2.1
has constructed a sequence {x; } ;oo that has an accumulation point £ such that f” () = 3m, with

m >0 as used in Algorithm 2.1. Thenx; — £, R-superlinearly, with root rate at least t, = 1.618.

Proof. Clearly, there exists a p>0 such that for all x € B(® ,p) and any s € [0,1],

f’@®& =s@& —=x))22m. Next, it follows from Corollary 2.5 and Lemma 2.6, that x; = £ as i — o,

and that there exists an iy € N such that for all i 2 iy, p”; ;_;(x;) 2 m, so that the search direction 4,



is given by (2.9).

Now, making use of the second order Taylor expansion formula, we find that

1
O +h)=f @) =ahf () =1 -k f @)+ [ =) x + shy)h? ds

1
=—(1- % - ayh2p”; ;o1 () + fy Q=) G +5hy) = p” (i Nhids , (2.19)

where the second line was obtained by adding and subtracting (1-s )4;%p”; i-1(x;) from the integrand,
and using (2.9) to express f’(x;) in terms of h; and p”;; (x;). Adding and subtracting
(1-s )h,-zf” (x;) from the integrand in the second line of (2.19), and using (2.14) and (2.15), we con-
clude that there exists an i; € IN, i; 2ig, such that foralli € IN,i 2y,

%. + M] } (2.20)

[ +h;)—f(x.~)-ah¢f’(x,-)sh,-2{ -(% -om +L 5

and, since both x; =x;_; — 0 and #; — 0 as { — o, there exists an i, € N, ip 2, such that
FO;+h)=f(x;)sohf (x;)foralli 2i,, which implies that A; =1, foralli 2i,.

Next, it follows from Assumption 2.4 and Lemma 2.6 that for some finite L > 0,

Lf7 () =fF” @)l S%L lx; =% 1 (2.21)

and
1p”1 () = f7 )1 SL 1%y = x| (2.22)
forall x; ,x;_; € B(£ ,p). The desired result now follows from Theorem 11.2.7 in [9]. O

fm: Command not found.

Lemma 2.9 [15, Theorem A-1] Suppose Assumption 2.8 is satisfied. Then for any x;_; ,x; € R,
there exists a £ € R in the interval with end points x;_; and x;, such that

1) = P goai) = 25 F OO — 51 0?. (2.23)
O

Theorem 2.10.  Suppose that Assumption 2.8 is satisfied, and that the Cubic-Secant Algorithm 2.1
has constructed an infinite sequence {x; };oo that has an accumulation point £, such that

f”@®&)23m with m >0, as used in the Cubic-Secant Algorithm. Then x; = £, as i — %, R-
quadratically.

Proof.  The fact that x; - £ as i — o with f’(£) =0 follows from Theorem 2.3 and Corollary



2.5. As was shown in the proof of in Theorem 2.7, there must exist a p >0 and an i € N such that

forany i € N, i 2i,, we have that x; € B(X ,p), p”ii-i(x;)2m, h; is given by (2.9), and A; = 1.
Hence it follows that by construction of the x;, foralli € N,i 2i;,

1
P i) Xy =) = =f () +f/(R) = -L f7 G +s(x; =%))ds (x; =%) . (2.24)
Adding and subtracting f” (x;) from the integrand in (2.24) and reordering terms, we get that «

1
JASFREAINEMES A SL [ Lf” (e =5 Qe =) =" ()]

+ lf” (Xf) —p”,",'_l(x,') l] ds Ix, -2, (2025)
Let
L F 9@
J4 max —f—lzﬁ)— . (2.26)
Ee B(f ,P)

Then, using (2.15), (2.23), and the fact that for all i 2 iy, p”; ;_;(x;) 2 m, we obtain that

- %0 =2 | s%[-’;m -212+Jlx,-x,-_1l21x,--5c‘l] . 2.27)

Let
Ké%max{%;ﬂ;%}, (2.28)
e 84K 1x,-%1, i€N, (2.29)

with L as in (2.15). Then, writing (x; —=x;_;) as (x; =%)+ (£ —x;_;), and using (2.28), we obtain
from (2.27) that

IX; =% 1 sx{ I =23+l =2 124 |l =R =2 124 Ix;_ =2 1%1x;, =% |} . (2.30)

Making use of (2.29) to simplify notation, we see that (2.30) becomes

3 2 2 2
é; €; €;_1€ €;_16;
e AKX —— 4 —— 4 T L 2.31)
. { 64K® ~ 16K2 = 64K3 = 64K3

Since 4K 2 1, it follows from (2.31) that foralli 2,

1
€141 S Z(e,f3 +el+ele +eel)). (2.32)



To complete our proof, we proceed by induction. Since x; = X, as i — oo, there exists an
i€ N, ip2i; such that e;,) <e; < 1. Let 84 Ymax {e; +e,,,,¢> +e;,}. Then we see that
9 € (0,1), and that ¢;, <  and ;,,; < 8%

Assume now that for k =i,,izg+1,...,is+n, we have e; <3, From (2.32), with

i =ip+n,weget

“

Cirtn+1 S %(53 2 L 327 4 5@+ | 5@+ D)y

Hence,

S
52

n+ ( ) 122 +
P %(532" +87 452 45 <5 (2.33)

which gives the desired result. a

3. The Discrete Cubic-Secant Algorithm

Although the Cubic-Secant Algorithm 2.1 converges quadratically, it has to evaluate derivatives
at each step. When the objective function f : R - R is a composite function of the form
f(x)=g(z +xh), with g :R" > IR, as in the case of step size evaluations in conjugate gradient
methods, the computation of derivatives can impose a considerable computational burden. In such
cases, it is desirable to approximate f(x) by a finite difference of the form

f/e(x)é f(x +8)-f(x) )

. (3.1)

When used in the Cubic-Secant Algorithm, such approximations also affect the estimates of the
second derivative. Nevertheless, as we will now show, provided one uses a proper rule for selecting
€, one can preserve the quadratic R-rate of convergence of the Cubic-Secant Algorithm.

Let p; ;_1(*) be a cubic polynomial whose coefficients are determined by the system of linear
equations (2.7), with f/(-) replaced by f ‘(). The explicit expression for p”; ;_;(x) is given by
(2.8a,b,c), with () replaced by £/, (), i.e.,

2¢; 206 =X ) +2(2x - x; —x;) -
i + i-1 i i-1 di ' (3.2a)

Pii-1"(x)=
X =Xi-1 O = x;)?

where

_— F )= o)

Ci Taon -, (3.2b)



- = ) = f (- -
d;=f'e,(x;)-2—————f %) =] 1) +f (i) - (3.2¢)
Xi =Xi-1

Replacing p; ;_;”(x;) by p; ;1”(x;) in the Cubic-Secant Algorithm and adding a rule for adjust-
ing the precision of the finite difference approximation parameter €, we obtain the following
‘‘discrete’’ version of Algorithm 2.1.

Discrete Cubic-Secant Algorithm 3.1.
Parameters. o€ (0,1/2), p€ (0,1),m € (0,1), small, 8 € (0, 1), and &, small.
Data. xgy, x_, € [0,%0).
Step0. Seti =0.
Stepl. Sete=min{g_;, lx —x_1%,6}.
Step 2. Compute f ‘e (X1).
Step3. Ife> 1f’,(x)1%?% sete = Yse; and go to step 2. Else, sete; =&.
Step4. Compute p”; ;_;(x;).
p”;;(x;)2m,set
hi ==p”; i1 yIf ‘o) . (3.3)
Else, set

hy = =f (). (3.4)

Step 5. Compute the Armijo step size

A = grg;g{ B 1f O +Bh) —f @) S ot hf 'e,(xo} : (3.5)
Step 6. Setx;,; =x; +A;h;, replace i by i + 1 and go to Step 1. O

Lemma 3.2.  Suppose that Assumption 2.4 is satisfied and that there exists an M > 1 such that
If”@x)I <M, for all x € R. If {x; };o, {& }iw. are infinite sequences constructed by the
Discrete Cubic-Secant Algorithm 3.1, then there exists an i such that foralli € IN, i 2 iy,

2 |
R TR AGUE (3.6)

Proof. First, since O € (0, 1), there exists ig € IN such thatforalli € N, i 2ig,



e"s[—l—}ﬁ. 3)

Leti 2 i, First suppose that

1
12

I ) < [ﬁ} : (3.8)
Since by construction g; < | f ‘e (x;) 1 22 (3.8) implies that

-— - l =,
& < 1 f 6 ) 1121 F 7 () S o el (3.9)

On the other hand, if (3.8) does not hold, then again we get that

22 L
. 1 |12 1 1 |12 1 -,
€; <@ SIWJ =W[W] Smlf &(x,-)l . (3.10)
From (3.9) and (3.10) we conclude that forall i 2 iy,
- ‘ 1 _,
g S _zﬁlf eI 3.11)

Expanding of f (*) around x; to second order, we obtain that for some s € [0, 1]

2

F +e) =F) +ef (x)+ %f”(x; r5E), (3.12)
which implies that
— x; +&)-f(x) &
flax(xi)é ! . ! =f'(xi)+7f”(xi+s g). (3.13)
Therefore,
’ Yy M
1F/ )l 2 1 f g (x)] -78; . (3.14)
The desired result then follows from (3.11) and (3.14). a

Corollary 3.3. If the assumptions of Lemma 3.2 are satisfied, then there exists an iy € N such that
foralli € N,i i,

2 ., = 4 .,
glf ) S 1 f gl sglf @)1 (3.15)
a
Theorem 3.4. Suppose that Assumption 2.4 is satisfied and that there exists an M > 1 is such that

10



If”x)| <M forall x € R. If the Discrete Cubic-Secant Algorithm 3.1 has constructed the infinite

sequence {X; } ;2. then every accumulation point £ of {x; } /oo satisfies f/(£) = 0.

Proof. Let (g };= be the corresponding sequence constructed by Discrete Cubic-Secant Algo-
rithm 3.1. First, it follows from (3.13) that for some s € [0, 1],

— €;
Froenf @) = 1f/ (x)1% + —é—f”(x,- +sg)f (%)), (3.16)
which implies that
V4 —I / M /
Faf g2 If (x;)lz—?ei LF () . (3.17)
Therefore, by Lemma 3.2, there exists an iy € IN such that foralli € N, i 2,
74 -I 2 4
Feof a2 TIf ()12, (3.18)
In view of (3.3) and (3.4), we conclude that foralli 2 i,
, 2 . 1 , 2
N I @)k S——3-mm{l,-;} If ()=, (3.19)

Next, from the second inequality in (3.15), we conclude that for all i 2 iy,

4 L
1 < Smax (1,—} 1f )l - (3.20)

In view of (3.19) and (3.20), the desired result follows directly from the Polak-Sargent-
Sebastian Theorem [12]. O

The proof of the following result is identical to that of Corollary 2.5 and is therefore omitted.

Corollary 3.5. Suppose that the assumptions of Theorem 3.4 are satisfied. If the Discrete Cubic-
Secant Algorithm 3.1 has constructed the infinite sequence {x; } ;o that has an accumulation point

% suchthat f“(£)2b forsome b >0,thenx; - % asi — oo, O

Corollary 3.6. Suppose that the assumptions of Theorem 3.4 are satisfied. If the Discrete Cubic-
Secant Algorithm 3.1 has constructed the infinite sequences {x; } ;2o and {¢g; } 2, withx; - £ as
i — oo, then there exists an ig € IN such that foralli € IN,i 2 i,

g < lx =212, (3.21)

Proof. Since © € (0,1)and M > 1, there exists an iy such that foralli € IN,{ 2,

1



11
o < 9 . (3.22)
16M?

Leti 2 i, First suppose that

- 9 3
[f e, (x)] s{ 16M2] . (3.23)
In this case, because by construction g; < |f %, (;)1*2 forall i € N,
& < 1F 70122 = 1771921 /(ry) 12 16?”2 177 )12 < 'fn(l—x;)'z . (324
where (3.23) and (3.15) were used to establish the third and fourth inequalities respectively.
On the other hand, if (3.23) does not hold, then
11 2 , 2
& <0< [ 16i42 - 1(342 [ [ 1619142] ’] < 16?&42 Flatt?s L;:;L - G829
where (3.15) was used to establish the last inequality.
S-incef’ (®) =0, we have that for some s € [0, 1]
1F @)l = 10 =2)f" O +5E =x)| SM1x =% | (3.26)
which together with (3.24) and (3.25) completes the proof of the Corollary. O

Lemma 3.7. Suppose that Assumption 2.4 is satisfied, that there exists an M >1 such that
If”(x)1 <M for all x € R, and that the Discrete Cubic-Secant Algorithm 3.1 has constructed the
infinite sequences {x; } ;2o and {¢g; };5. Then there exists a finitt X >0 such that for all
i,i-1€N,

If” (x,) "'ﬁ”["'_l(xi) | €K Ix, —Xi-1 l. (3.27)

Proof.  Consider the expressions (2.8a,b,c) for p”; ;_;(*), ¢;, and d;, as well as their counterparts
(3.2a,b,c) for p; ;_1”(*), &;, and d;. Note that

P i) =P (X)) = P [(Cl -¢)+d; "di)] , (3.28)
and that for some s € [0, 1]
(s = &)+ (dy =)l = 1f ()= F o ()| = I%-f”(x,-+ss,)l stz"-. (3.29)

Since by construction g; < |x; —x;_;12 forall i € N, we find that

12



7”7 bt 24 2 y) -/ 8“M
1P i) =P ") = % — 7] Lf @) = f e )l < lxi-'xi—ll SMlx; =x;4(3.30)
The desired result now follows from Lemma 2.6. a

Theorem 3.8.  Suppose that Assumption 2.4 is satisfied and that there exists an M > 1 such that
f”@x)sM for all x € R. If the Discrete Cubic-Secant Algorithm 3.1 has constructed a sequence

{x; } 2, with an accumulation point £ such that f”(£)22m, with m € (0,1) as in the Discrete
Cubic-Secant Algorithm 3.1, then x; — £, R-superlinearly, with root rate T, 8 15(1 +v5) = 1.6180.

Proof. It follows from Corollary 3.4 and Lemma 3.6, that x; — £ as i — ©, and that there exists
an ig € IN such that p”; ;_;(x;) 2m forall i 2io. Therefore, foralli 2ig, h; is given by (3.3).

Now, by the second order Taylor expansion formula, for any i, there exists an s; € [0, 1] such
that

F O+ )= F () = oy f /e, (6) = By f7 )+ Yof (xy + 512 + oD 7 1 1(x;), (3.31)

where (3.3) was used to express f ‘e(*;) in terms of h; and p”; ;_;(x;). Adding and subtracting
Yo i) + f7 (% ))h,2 to the right-hand side of (3.31), we get, using (2.15) and (3.27), that for
some finite K, L >0, and some i; € N, i; 2ig, foralli 2,

K

) k2 \x; =x;_1 .(3.32)

FO+h)=f @)= ohge () Shif () +(a+—;- P R + —g—h,ﬁ +

Next, making use of (3.13), we obtain from (3.32) that for some s; € [0, 1],

- — €
F g +h) = F ()= oy f e (x) < ;,(::,)-7‘ " (e +5,8)| By

(0 P a2 + %hﬁ + gh,ﬂ 1% —x_| . (3.33)
Since by construction g; < | f(x;)122, for all i € N, we obtain, using again (3.3) to express

f’e,(x;) in terms ofp—",,,_l(x,) and hi’ that foralli 2 il

e 1 K
f(x,' +hi)—f(xi)—ahif E‘(Xi)Shiz —(1 —a—;)m + %hi +?|x,- -x,-_ll
€; _
- T‘f” (xi +S;8,')|hi I°'2|p”,-,;-1(x;)|2‘2h, . (334)

Since both x; =x;.;, >0 and h; 50 as i — o, there exists an ip i;=2i;, such that
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FO;+h)=f(x;) Sah,-f'&(xi), which implies that A; = 1, for all i 2i,. Therefore for all i 2i,,
there existan s; € [0, 1] and anm; € [x; , x; +€;] such that

fox+8)-fx)

]

— &
P i )Xipy = X)) == f e (%) == ==f'x)=f" (ni)_2'

= =Yof " (o + 5, (5 =205 =) = Yof "(pde; . (3.39)

Rearranging terms in (3.35), we get
17”,',:_1(15,' ) X4 -2)=- Y(f” (x; +5;(x; -2)) -ﬁ”i,i_l(xi N(x; -%)-Y%f” My)e; - (3.36)

Adding and subtracting %4f” (x;) from the the right-hand side of (3.36), and making use of Corollary
3.6, (2.15) and (3.27), we conclude that there exists an i3 € N, i3 2 i,, such that forall i 2 i3,

%, -2 < -s%lx,- -2 |2+-2K7lx,- —x |l =2 +%Ix,- _%12. (3.37)

>

L
C {3+

(NS

1 M
- + 2 }. (3.38)

Then, if we rewrite x; — x;_; as (x; = %) = (x;_; =% ), we obtain from (3.37) that

1% =21 SC {1 =212+ |y =2 1 lx;_ =51 ) (3.39)
Foralli € N, let
e, 82C 1% -%1. (3.40)
Then we get from (3.39) that
e SYValel+ee ). (3.41)

The rest of the proof follows by induction. Since x; — £, there exists an i, € N, i4 2 i3, such that

e 41<€,<1. Let 5€ (0,1) be defined by 3" = -é—max (e +e;,, €4 +e€,}. Then ¢, <d and

€41 SO
Suppose now that for k =i, ig+1,...,i4+n, we have ¢, <5, Then, from (3.41), we get
that
€ mer S V(8P + 58 ) = 1o 5@ 4 5Ny (3.42)
Since 1 + 77! = 7,, we conclude that
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a+l

ei‘M+l S 8.:' » (3043)

which completes the inductive step and our proof. o

From (3.39) and the fact that x; — £ as i — % it is clear that - with C as in (3.38) - there exists
an iy € Nsuch thatforalli >ig,

a1
X=X < E (3.44)
and
PR TIPS NI SIP NS ST (3.45)
{41 2 1 2 i+1 1 2 i+l .

Thus we have the following corollary

Corollary 3.9. If the assumptions of Theorem 3.8 are satisfied, then there exists an ig € N, such
thatforalli € N, i 2ig,

lx; =21 < lxy =x;4]1 . (3.46)
a

Theorem 3.10 Suppose that Assumption 2.8 is satisfied and that there exists an M > 1 be such
that f“(x)<M for all x € R. If the Discrete Cubic-Secant Algorithm 3.1 has constructed a

sequence {x; } o, with an accumulation point £ such that f”(£) 22m, with m € (0, 1) as in the

Discrete Cubic-Secant Algorithm 3.1, Then {x; } /2 converges to £ quadratically.

Proof.  Exactly as in the proof of Theorem 3.8, we obtain that x; — £ as i — oo, and that there
" exists an ig such that for all i € N, i 2i(, we have that p“; ;_;(x;) 2m, h; is given by (3.3), and
A; = 1. It also follows that there exists an i; € N and s; € [0, 1] and 1; € [x;, x; +€;] such that for
alli € IN,i 2i,,(3.36) holds.

Adding and subtracting Y2[f” (x;) + p”; ;-1(x;))(x; =% ) from the right-hand side of (3.36) and
using (2.15), we get that there exists an i,, i, 2 i, such that foralli € N, i 2i,,

I‘E”,-J_l(x,)l Ixi,,_l—f | S%Ix,' -X |2
77 . - » A Meg;
+ l/2[ lf (xi)—p i,l'-l(xi)‘ + IP ,’,-_l(x,-)—p i,i—l(xi)l] Ix,' X+ —2(3.47)

Hence, making use of (2.23) and (3.30), we get that there exists a positive constant B such that
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MS,'

=21+ 25 34
=2+ — .
lx, -xi-l x‘ * 2 ( )

- A L
ARSI PRS- sglx,- -% I2+[B lx; =x;_y 1%+

which, together with Corollary 3.5, implies that there exists an i3 € N, i3 2i, such that for all
i€N,izi,

L M B M lx-%12 .
|x;+1—£| Sl:%-i-%:' |x,-£|2+ ;Ix, —x,-_1|2+7-|—x:—_—g-l—l Ix,--x | . (3.49)

Making use of Corollary 3.8 together with (3.49), and rewriting x; —x;_; as

(x; =%) = (x;_; = %), we conclude that for some finite constant C > 1/4, there is an i4, i4 2 i3, such
thatforalli € N,i 2i,,

X4 —% | sc[ I =213+ 1 =212+ 1, =2 21x =8V + Ix; -2 121x; - % |] .(3.50)
Let

e, 84C1x, - %1 (3.51)

It then follows from (3.50) and from the fact that 4C > 1 that
1
€141 < z’(e,'3 + eize,_l +¢; eial + 812) . (3.52)

The proof can now completed by induction exactly as for Theorem 2.5. O

4. Numerical Results

We will now present two numerical examples which illustrate the performance of the Cubic-
Secant Algorithm (CSA) and of the Discrete Cubic-Secant Algorithm (DSCA). The cost functions for
for these examples were generated as line searches, i.e., functions of the form

f&x)=g0Q +xh), 4.1)

with g :R" — IR, where g(°) is a standard test function used for testing unconstrained optimization
algorithms. We compare the performance of our algorithms with that of stabilized versions of
Newton’s Algorithm (SNA) [10] and of the Secant Algorithm (SSA) [5], and with the Quadratic
Interpolation Algorithm (QIA) [7].

In all of our experiments the parameters for the Armijo step size rule were a = 0.3, B = 0.9; the
remaining parameters were m = 0.0001 and 6 = 0.01. We initialized the CSA, DCSA, SNA and SSA
with xg =0, and x_; = 0.01. The Quadratic Interpolation Algorithm was initialized with the bracket
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{0,0.05,0.35} for the first test function, and with the bracket {0,0.01,0.14} for the second.
These brackets were obtained using a priori knowledge of the minimizers that they contain. Note
that, in general, a considerable number of function evaluations might be necessary to obtain initial
brackets that contain minimizers, as required by the Quadratic Interpolation Algorithm. Our test
problems were as follows:

Problem ERF 4-Dimensional Extended Rosenbrock’s Function [9].
In this problem, g : R* — R is given by:
gW) =100, =y P+ 0e=y3Pl+ A=y P+ 1 =-y;3)

In (4.1), wesety = (=1.2,1,-1,1)T,and h = =Vg(y) = (1,0.40816, 0.01855, 0)7, the direction of
steepest descent aty.

Problem TF Trigonometric Function [13].
In this problem, g - R® > R, is defined as follows:

3 n
80)= Z {3+i- Z(a,-j smy) +bij Cosyj) }2
im] Jj=l

a,j = 51]
In(4.1), wesety = (1/3,1/3,1/3)T andv =-Vg(y) = (-0.296450, 0.705533, 1)’ .

Tables 1 and 2, below, summarize our results in terms of number of function evaluations (NF),

gradient evaluations (NG), and second derivative evaluations (NH) required to satisfy lx; — 21 <&, for
various values of €, for each of the two test problems considered.

Table 1 - Results for ERF
. CSA DCSA SSA SNA QIA
NF | NG| NF | NG | NF | NG | NF | NG | NH | NF [ NG
le-02 6 3 9 0 6 3 5 2 1 8 0
le-04 | 10 4 19 0 14 5 9 3 2 20 0
le-06 | 10 4 19 0 14 5 9 3 2 36 0
1e-08 | 14 5 19 0 18 6 13 4 3 48 0
le-12 14 5 FAILS FAILS 13 4 3 FAILS
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Table 2 - Results for TF
c CSA DCSA SSA SNA QIA
NF | NG [ NF | NG | NF [ NG [ NF | NG | NH [ NF | NG
le02 | 19 4 13 0 9 3 9 2 1 4 0
le04 | 19 4 23 0 21 5 18 3 2 28 0
le-06 | 23 5 28 0 25 6 22 4 3 44 0
1e-08 | 23 5 33 0 29 7 26 5 4 60 0
le-12 | 27 6 FAILS 33 8 26 5 4 FAILS

As one might expect, in view of the different convergence rates, the number of evaluations
required by our algorithms is smaller than those required by the Stabilized Secant Algorithm (SSA)
or the Quadratic Interpolation Algorithm (QIA). Indeed, our computational results suggest that our
algorithms are competitive with Newton’s Algorithm.

In considering the numbers in our tables, one has to bear in mind that when f (') is of the form
(4.1), as in our examples, and the first and second derivatives of f (*) at x; are calculated by evaluat-
ing (Vg (x;),h) and (h ,g,,(x;) h ) respectively, the computational work required for their evalua-
tion is potentially equivalent to n and n2 function evaluations respectively. Moreover, the numbers
for the Quadratic Interpolation Algorithm (QIA) do not include any evaluations that were used to
determine brackets.

We also observe that the DCSA fails when the required precision is increased to 1072, This is
due to the inherent limitations of schemes that rely on finite-differences approximations.

Figures 1 and 2 illustrate the behavior of the five algorithms considered in the computational
experiments. Once again, we observe that the behavior of the Cubic Secant Algorithm (CSA) and
Newton’s Algorithm (SNA) are quite similar.

5. Conclusion

We have presented two global, R-quadratically converging one-dimensional optimization algo-
rithms for use as subprocedures for step length computation in various unconstrained optimization
algorithms. They are more robust than the commonly used cubic interpolation method and faster than
the commonly used quadratic interpolation method.
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