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Abstract
We derive the relative entropy between two Markov transition rate matrices
from sample path considerations. This relative entropy is interpreted as a “level
2.5” large deviations action functional. That is, the level two large deviations
action functional for empirical distributions of continuous-time Markov chains can

be derived from the relative entropy using the contraction mapping principle [1].

1 Introduction

In this note we derive the relative entropy between two Markov transition rate matrices.
We use the relative entropy to obtain an expression for the probability that a Markov
chain with a given transition matrix behaves as if it had another transition rate matrix

over a long period of time (large deviations).

2 The Main Result

Consider a stationary Markov chain X with rate matrix Q° and stationary distribution

7°. The jump chain has probability transition matrix

0 1=

—Q%;/Q% t#]

Let @ be a rate matrix with with jump transition matrix P and stationary distribution

. Consider a trajectory w with n transitions over [0, T] with the kth transition occurring
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at Txy To = 0 and T, = T. Let n; = Tp, {X(T%) = i}, ni; = S 1{X(Tx) =
ty X(Tks1) = 5}, Ak = Ty — Tk, and A = — Y™, 7(i)Q(s,%). Note that the invariant
of P is u where u(z) = —A~1x(2)Q(:,1).

We say that w is Q-typical if

nij = p(E)P(i,j)n + o(n) (1)
= A7'(0)Q(, j)n + o(n), (2)
= _ o mE) ) ol
= nA~'7(d) + o(n), (4)
and T, = nA~'+o(n). (5)

Let X; = X(T:). Define the likelihood ratio L(w,n) of the @° chain with respect ta
the @ chain evaluated at the trajectory w over [0, T,]. Thus,

7°(Xo) % Q°( Xk, Xiy1)e? XriXi) Ak

L(w, n) = W(XO) P Q(Xk, Xk+1)eQ(Xk:Xk)Ak .

We now use the assumption that w is Q-typical will to simplify log L(w,n). Take

log 2 = 0 and note that

o T Xk, Xerr)) ()
lg(,g, Q(Xk,xm)) - 23" o8 56.5)

= nA-l Zn.(z)Q ,])logQ(’])

P Q6.7) +o(n) by (3)



Also,

n=1 Q°(Xy,Xi)Ax m o .. n-l .
o8 (kH W) = (@69 - Q0ri) X Al {Xs = i}
=0

i=1 k=0

RA™L S w(3)(Q°(h1) — Q(ivi)) + o(n) by (5).

i=1

Combining the expressions above and substituting equation (5), we get

logL(w,n) = ~T,3>n() 3o (Q(z j) log 20ixd) +Q°(z',j)—cz(z',j>)+o<n)

i=1 J=1,5#i Qo( %) )
= -T.H(Q;Q°) + o(n),

where we have defined the relative entropy of the rate matrix @ with respect to Q° as

m

HQQ) = Yori) 3o ( Qi ) log 7). Q"(i,j)—Q(i,j))-

i=1 j=1 i Q°( 4J)

Recall that n, the number of transitions of the jump chain P, is proportional to the

‘1] +

amount of simulation time and, by equation (5), so is Ty,. Also note that Q(%,7)log oo

Q°(i,5) — Q(,7) is the Legendre transform of the logarithm of the moment generating
function of a Poisson random variable with intensity @°(7, j) evaluated at Q(3, 7).
Assume a trajectory w is Q-typical as described above. Let P% be the (trajectory)

distribution of {X(t) : ¢ € [0,T]}, and let Pr be the distribution of {Y@) : tefo,7)}



where Y has transition rate matrix Q. By the Radon-Nikodym theorem,

Pr.(w) = L(w,n)Pr,(w)

= exp(—TnH(Q;Q°) + o(n))Pr,(w)

where the last equality is by the a,rgument/a.bove for large n. Therefore, the prob-
ability that {X(f) : ¢ € [0,T]} has a trajectory that is Q-typical is, for large T,
exp(—TH(Q; Q°) + o(T)) because Pp(Wr) — 1 as T — oo where Wi is the set of all
Q-typical trajectories on [0, 7.

We refer to H as the level 2.5 large deviations action functional of the Markov chain Q°
because, using the contraction mapping principle, we can obtain the action functional of
Donsker /Varadhan for empirical distributions (level 2) of continuous-time Markov chains
([2], p-125-128). For example, take m = 2 and fiz the invariant distribution 7. By direct

calculation, we find that the level two action functional is

Torir) = (VmeeD) - rage @)
= il H@Q).

Q:rQ=0

3 Conclusions

We have derived the relative entropy between two Markov transition rate matrices and

interpreted it as the level 2.5 large deviations action functional. The sample path argu-
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ment used above is an adaptation of an argument used by D. Aldous [3] to explain the

relative entropy between two (discrete-time) Markov transition probability matrices P

and P°:

S i)l ) og )

where 4 is the invariant of P.
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