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Abstract

The analysis and design of large scale systems is usually an extremely complex process. In order
to reduce the complexity of the analysis, simplified models, called abstractions, which capture the
system behavior of interest are obtained and analyzed. If the abstraction of system can be shown
to satisfy certain properties of interest then so does the original complex plant. This can result
in significant complexity reduction in the analysis of complex systems.

1 Introduction

Large scale systems such as intelligent highway systems [1] and air traffic control systems [2] result
in systems of very high complexity. The analysis process for complex systems consists of proving
that the designed system meets certain specifications. However, the analysis may be formidable due
to the complexity and magnitude of the system.

For example, in air traffic control systems, aircraft are usually modeled by detailed differential equa-
tions which describe the behavior of engine dynamics, aerodynamics etc. The desired specification
requires that any two aircraft do not collide with each other. Proving that the system indeed meets
the specification may be prohibitingly complex due to the detailed modeled dynamics as well as the
large scale of the system.

However, in the above example, it is clear that the specification is not interested in the details of
aircraft operation, but only in the relative position of the aircraft. We can therefore reduce the
complexity of the analysis by focusing only on dynamics which are of interest. This is performed by
ignoring certain aspects of system behavior in a manner which is consistent with the behavior of the
original system. This is essentially the idea behind system abstraction.

Webster’s dictionary defines the word abstraction as “the act or process of separating the inherent
qualities or properties of something from the actual physical object or concept to which they belong”.
In system theory, the objects are usually dynamical or control systems, the properties are usually the
behaviors of certain variables of interest and the act of separation is essentially the act of capturing
all interesting behaviors. In summary, Webster’s definition can be applied to define the abstraction
of a system to be another system which captures all system behavior of interest.
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Once a system abstraction has been obtained, standard analysis methods are utilized on the ab-
stracted models. For example, verification algorithms of hybrid systems (3, 4], which contain both
discrete event dynamics at higher levels and continuous dynamics at lower levels, are based on ab-
stracting continuous dynamics by rectangular differential inclusions [5, 6]. A similar methodology
for reducing the verification complexity of discrete event systems can be found in [7].

In this paper, notions of system abstractions for dynamical and control systems are defined. Behaviors
of interest are captured by abstracting maps. Abstracting maps are provided by the user depending
on what information is of interest. Necessary and sufficient geometric conditions under which one
system is an abstraction of another with respect to a given abstracting map are derived. Although
abstractions of systems may capture all behaviors of interest, they might also allow evolutions which
are not feasible by the original system. This is due to the information reduction which naturally
occurs during the abstraction process and it is the price one has to pay in order to reduce complexity.
System abstractions can therefore be ordered based on the “size” of redundant allowable system
evolutions leading to a notion of best abstraction. Furthermore, we show that certain properties of
interest, such as controllability, propagate from the original system to the abstracted system.

The structure of this paper is as follows: In Section 2 we review standard differential geometry which
will be used throughout the paper. In Section 3 abstracting maps are introduced in order to define
system behaviors of interest. A notion of an abstraction of a dynamical system is defined in Section 4
and we discuss when one vector field is an abstraction of another. Section 5 generalizes these notions
for control systems while Section 6 discusses issues of further research.

2 Review of Differential Geometry

We first review some basic facts from differential geometry. The reader may wish to consult numerous
books on the subject such as [8, 9, 10].

2.1 Differentiable Manifolds

Definition 1 (Manifolds) A manifold M of dimension n is a metric space ! which is locally home-
omorphic to R"™.

A simple example of a manifold, which is of great interest to us, is R” itself. Other examples are the
circle S, the sphere S2? and the Euclidean groups SO(3) and SE(3).

A subset N of a manifold M which is itself a manifold is called a submanifold of M. Any open
subset N of a manifold M is clearly a submanifold, since if M is locally homeomorphic to R" then
so0 is N. In particular, an open interval I C R is also a manifold.

A coordinate chart on a manifold M is a pair (U,z) where U is an open set of M and z is a
homeomorphism of U on an open set of R®. The function z is also called a coordinate function and
can also written as (z1,...,2,) where z; : M — R. If p € U then z(p) = (z1(p), ..., Zn(p)) is called
the set of local coordinates in the chart (U, z).

When doing operations on a manifold, we must ensure that our results are consistent regardless of
the particular chart we use. We must therefore impose some conditions. Two charts (U, z) and (V,y)
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with U NV # @, are called C*™ compatible if the map
yor l:z(UNV)CR*— y(UNV)CR"

is a C* function. A C* atlas on a manifold M is a collection of charts (U, z,) with o € A which
are C*® compatible and such that the open sets U, cover the manifold M, so M = {Jsc4 Us. An
atlas is called maximal if it is not contained in any other atlas.

Definition 2 (Differentiable Manifolds) A differentiable or smooth manifold is a manifold with
a mazimal, C™ atlas.

Now that we have imposed this differential structure on our manifold M we can perform calculus on
M. In particular let f : M — R be a map. If (U, z) is a chart on M then the function

f=fozl:z(UyCR"—R

is called the local representative of f in the chart (U,z). We therefore define the map f to be C*®
or smooth if its local representative f is C®. Notice if f is C* in one chart, then it is C* in every
chart since we required our charts to be C® compatible and our atlas to be maximal. Hence our
results are intrinsic to the manifold and do not depend on the particular chart we use. Similarly, if
we have a map f : M — N, where M,N are differentiable manifolds, the local representation of f
given a chart (U,z) of M and (V,y) of N is

f:yofo:z;"l

which makes sense only if f(U)NV # 0. Again f is a C* map if f is a C* map.

Let f : M — N be a map between two manifolds. The map f is called a diffeomorphism if both f
and f~! are smooth. In this case, manifolds M and N are called diffeomorphic.

2.2 Tangent Spaces

Let p be a point on a manifold M. Let C*(p) denote the vector space of all smooth functions in a
neighborhood of p. A tangent vector X, at p € M is an operator from C*°(p) to R which satisfies
for f,g € C*®(p) and a,b € R, the following properties,

1. Linearity Xp(a-f+b-g) = a- Xp(f) +b- X,(9)
2. Derivation Xp(f - g) = f(p) - Xp(g) + Xp(f) - 9(p)

The set of all tangent vectors at p € M is called the tangent space of M at p and is denoted by
Tp,M. The tangent space TpM becomes a vector space over R if for tangent vectors Xp,Y, and real
numbers ¢;, co; we define

(c1- Xp+c2-Yp)(f) = &1 Xp(f) + 2+ Yo (f)

for any smooth function f in the neighborhood of p. The collection of all tangent spaces of the

manifold,
™ = |J T,M
pEM
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is called the tangent bundle. The tangent bundle has a naturally associated projection map = :
TM — M taking a tangent vector X, € T,M C TM to the point p € M. The tangent space TpM
can then be thought of as 7~ (p).

The tangent space can be thought of as a special case of a more general mathematical object called
a fiber bundle. Loosely speaking, a fiber bundle can be thought of as gluing sets at each point of the
manifold in a smooth way.

Definition 3 (Fiber Bundles [11]) A fiber bundle is a five-tuple (B, M,n,U,{O;}ic1) where B,
M, U are smooth manifolds called the total space, the base space and the standard fiber respectively.
The map 7 : B — M 1is a surjective submersion and {O;}icr is an open cover of M such that for
every i € I there ezists a diffeomorphism ®; : m~1(0;) — O; x U satisfying

mpoo®=m

where m, is the projection from O; x U to O;. The submanifold n~1(p) is called the fiber at p € M. If
all the fibers are vector spaces of constant dimension, then the fiber bundle is called a vector bundle.

The tangent bundle is a vector bundle and the fiber at each point p € M is the tangent space T, M.
From Definition 3 it is clear that fiber bundles are locally diffeomorphic to O; x U. Therefore, fiber
bundles are manifolds of dimension nys + ny where nys and ny are the dimensions of M and U
respectively. In particular, the tangent bundle TM has dimension 2n.

Now let M be a manifold and let (U,z) be a chart containing the point p. In this chart we can
associate the following tangent vectors

o 9
0zr,' "'’ Oz,
defined by s (s )
ox~
) = "

for any smooth function f € C*°(p). The tangent space T,M is an n-dimensional vector space and
if (U, z) is a local chart around p then the tangent vectors

o 9
Oz, "’ Ozy

form a basis for T, M. Therefore if X,, is a tangent vector at p then

= 9
X = 2%,
i=1 :

where ay,...,a, are real numbers. From the above formula we can see that a tangent vector is an
operator which simply takes the directional derivative of function in the direction of [a1,...,ayn).

Now let M and N be smooth manifolds and f : M — N be a smooth map. Let p € M and let
g = f(p) € N. We wish to push forward tangent vectors from T, M to TgN using the map f. The
natural way to do this is by defining a map f, : T,M — TyN by

(f+(Xp))(9) = Xp(g o f)

4



for smooth functions g in the neighborhood of g. One can easily check that f.(X}) is a linear
operator and a derivation and thus a tangent vector. The map f. : oM — Ty, N is called the
push forward map of f. The push forward map f, : TpM — T(,)N is a linear map. and furthermore
iff:M— Nand g: N— K then

(9o f)e=gso fs
which is essentially the chain rule.

2.3 Vector Fields

A vector field or dynamical system on a manifold M is a continuous map F which places at each
point p of M a tangent vector from T,M. Such functions are called sections of the tangent bundle
TM since they satisfy 7 o F = i where 7 is the projection from T'M onto M and i is the identity on
M. If F is of class C™ it is called a smooth section of TM.

Therefore since a vector field, F, places at each point p a tangent vector F(p) we have that in the
chart (U, z) the local expression for the vector field F is

n
(7]
F (P) = ;at@)%:
We can easily see from the above that the vector field is C* if and only if the scalar functions

a;: M — R are C°.

Let I C R be an open interval containing the origin. An integral curve of a vector field is a curve
¢ : I — M whose tangent at each point is identically equal to the vector field at that point.
Therefore an integral curve satisfies for all ¢ € I,

d =c.(1) = X(c)

Finally, let f : M — N be a smooth map between two manifolds and let X be a vector field on M.
At every point p € M we can push forward X (p) of the vector field to Ty(,)N. Then f.(X) is a well
defined vector field only if f is a diffeomorphism or when f and X are such that f.(Xp,) = fo(Xp,)
whenever f(p;) = f(p2). In that case Y = f,(X) and X are called f-related. Equivalently, we have
the following definition.

Definition 4 (f-related Vector Fields) Let X and Y be vector fields on manifolds M and N

respectively and f : M — N be a smooth map. Then X and Y are f-related iff the following
diagram commutes

. xl Yl (1)

or otherwise iff f,o X =Y o f.

3 Abstracting Maps

Let M be the state space of a system. In abstracting system dynamics, information about the state
of the system which is not useful in the analysis process is usually ignored in order to produce a
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simplified model of reduced complexity. The state p € M is thus mapped to an abstracted state
g € N. It is clear that complezity reduction requires that the dimension of N should be strictly lower
than the dimension of M.

For example, each state could be mapped to part of the state or to certain outputs of interest.
What state information is relevant usually depends on the properties which need to be satisfied.
The desired specification, however, could be quite different even for the same system since the
functionality of the system may be different in various modes of system operation. It is therefore
clear that it is very difficult to intrinsically obtain a system abstraction without any knowledge of the
particular system functionality. System functionality determines what state information is of interest
for analysis purposes. Given the functionality of the system, a notion of functionally equivalent states
is obtained by defining an equivalence relation on the state space.

For example, given a dynamic model of some mechanical system one may be interested only in the
configuration of the system. In this case, two states are functionally equivalent if the corresponding
configurations are the same.

Once a specific equivalence has been chosen, then the quotient space M/ ~ is the state space of
the abstracted system. In order for the quotient space to have a manifold structure, the equivalence
relation must be regular [9]. The surjective map o : M — M/ ~ which sends each state p € M
to its equivalence class [p] € M/ ~ is called the identification map and is the map which sends each
state to its abstracted state. In general, we have the following definition.

Definition 5 (Abstracting Maps) Let M and N be given manifolds with dim(N) < dim(M). A
surjective map o : M — N from the state space M to the abstracted state space N is called an
abstracting map.

The identification map is an example of an abstracting map. In this paper, we will assume that M
and N are manifolds and the abstracting maps to be smooth submersions.

4 Abstractions of Dynamical Systems

Once an abstracting map o has been given, then given a vector field X which governs the state
evolution on M, then one is interested in obtaining the evolution of the abstracted dynamics. The
evolution of a dynamical system is characterized by its integral curves. Let ¢ be any integral curve
of X. Then if we push forward the curve c by the abstracting map a we obtain that a o ¢ describes
the evolution of the abstracted dynamics on N. If we therefore want to abstract the vector field X
on M by a vector field Y on N, then a o c should be an integral curve of Y. This motivates the
following definition.

Definition 6 (Abstractions of Dynamical Systems) Let X and Y be vector fields on M and N
respectively and let a : M —> N be a smooth abstracting map. Then vector field Y is an abstraction
of vector field X with respect to « iff for every integral curve ¢ of X, aoc is an integral curve of Y.

Therefore if the curve c satisfies
d=c.(l) = X(c)
then it must also be true that

(aoc) =(aoc)(l) =Y(aoc)
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From Definition 6 it is clear that a vector field Y may be an abstraction of some vector field X for
some abstracting map a;, but may not be for another abstracting map as.

The following theorem shows that the Definition 6 is equivalent to saying that the two vector fields
are a-related.

Theorem 1 Vector field Y on N is an abstraction of vector field X on M with respect to the map
a if and only if X and Y are a-related.

Proof: Let vector field Y on N be an abstraction with respect to a of vector field X on M. Then
by Definition 6, for any integral curve ¢ of X, a o ¢ is an integral curve of Y. Thus

(eoc) =(aoc)(l)=Y(aoc)=>
a,0c(l)=Yoaoc=
a,0X(c)=Yoaoc=>
a,0oXoc=Yoaoc=
a,0oX=Yoa

But then, by Definition 4, X and Y are o-related. Conversely, let X and Y be « related. Then for
any integral curve c of X,

a,oX=Yoa=
a,oXoc=Yoaoc=
a,0X(c)=Y(aoc)=>
a,0¢(l) =Y(aoc) =
(aoc)(l)=Y(aoc)

and thus aoc is an integral curve of Y. Therefore Y is an abstraction of vector field X with respect
toa. O

Theorem 1 is important because it allows to check a condition on the vector fields rather than explic-
itly computing integral curves and verifying Definition 6. However, a-relatedness of two vector fields
is a very restrictive condition which limits the cases where one dynamical system is an abstraction
of another. Fortunately, this is not true for control systems.

5 Abstractions of Control Systems

The notions of Section 4 for dynamical systems will be extended to control systems. We first need
to introduce some facts about control systems.

Definition 7 (Control Systems) A control system S = (B, F') consists of a fiber bundle n : B —
M called the control bundle and a smooth map F : B — TM which is fiber preserving and hence
satisfies

oF=x

where ' : TM — M is the tangent bundle projection.

7



Essentially, the base manifold M of the control bundle is the state space and the fibers 7~}(p) are
the state dependent control spaces. In a local coordinate chart (V, z), the map F can be expressed
as & = F(z,u) with u € U(z) = 7~ 1(z).

Definition 8 (Integral Curves of Control Systems) A curve c: I — M is called an integral
curve of the control system S = (B, F) if there ezists a curve c® : I — B satisfying

7l'OcB=c

d =c,(1) = F(cP)

Again in local coordinates, the above definition simply says that z(£) is a solution to a control system
if there exists an input u € U(z) = 7~ 1(z) satisfying £ = F(z,u). We now define abstractions of
control systems in a manner similar to dynamical systems.

Definition 9 (Abstractions of Control Systems) Let Sy = (Bm, Fym) with iy : By — M
and Sy = (Bn, Fn) with ny : By — N be two control systems. Let a: M — N be an abstracting
map. Then control system Sy is an abstraction of Sy with respect to abstracting map a iff for
every integral curve cpr of Sy, o cp s an integral curve of Sy.

From Definition 9 it is clear that a control system Sy may be an abstraction of S for some
abstracting map «; but may not be for another abstracting map ap. Since the definition of an
abstraction is at the level of integral curves, it is clearly difficult to conclude that one control system
is an abstraction of another system by directly using Definition 9 since this would require integration
of the system. One is therefore interested in easily checkable conditions under which one system
is an abstraction of another. The following theorem, provides necessary and sufficient geometric
conditions under which one control system is an abstraction of another system with respect to some
abstracting map.

Theorem 2 (Necessary and Sufficient Conditions for Control System Abstractions) Let Sy =
(Bn,Fn) and Sy = (B, Fu) be two control systems and oo : M — N be an abstracting map.
Then Sy is an abstraction of Sp with respect to abstracting map o if and only if

a. o Fyomyf (p) C Fy oy 0 alp) (2)
at everype M.

Proof: Before we proceed with the proof, we remark that condition (2) can be visualized using the
following diagram,

M = N
1r;,,1 lw,’vl

By By (3)
Pu| |E

T™ 253 TN

Then condition (2) states that in the above diagram the set of tangent vectors produced in the
-1
direction (M ™ By NMrMs TN ) is a subset of the tangent vectors produced in the direction
-1
(M3 NS By 3B TN).



We begin the proof, by first showing that if a, o Fjs 0 1@1 CFyo ﬂpl o a at every point p € M then
Fpy is an abstraction of Fjs. We will prove the contrapositive. Assume that Fy is not an abstraction
of Fps. Then there exists an integral curve cps of Fys such that a o cps is not an integral curve of
Fy. Therefore for all curves cp : I — By such that 7y o cf, = a o cp we have that at some point
ttel

(eocm)'(t) # Fn(en (t"))

But since this is true for all curves cZ satisfying 7y ocf (t*) = aocp(t*) and since 7y is a surjection
we have

(eocm)'(t*) & Fr(my' (o cm(th)) =

(@ocy)'(t*) € Fn oyl oaocy(t®) =

. 0 cpa(t*)(1) € Fy oyt oo ep(t*) =

& 0 Far 0 cBy(¢°) & Fy ot o a0 car(t") @)

for some curve ¢, : I —> By such that my o ¢y = cy. But then c§(t*) € mpf (em(t*)) =
ﬂ;,l o cpm(t*). Therefore, there exists a tangent vector Yo (c,,(e+)) € Ta(cp(t-))V, Damely

Yo(er(t)) = @ © Fag 0 chy(£*)
such that
Yo(em(tr)) EasoFyo 7r,",f1 ocp(t*)
since ¢, (t*) € 3} o car(t*) but
Yoemtr)) € Fn o TN o aocpm(t?)
by condition (4). But then we have that at cp(t*) € M,
@ 0 Fyr oy (em(t) € Fy o my' o eem(t")) ()

Conversely, we now prove that if Fyy is an abstraction of F)s then a, o Fjs 0 w;} CFyno ‘rr,(,l oa. We
will use contradiction. Assume that F) is an abstraction of Fjs but at some point p € M we have
a,o0Fp o0 1r,T,,l (p)Z Fyo 71'17,1 o a(p). Then there exists tangent vector Y, () € To(p)N such that
Yop) € cwoFuyomy(p) (6)
Yop) & Fnomy' oa(p) (™
Since Y, ;) € a0 Fpy o 7r;,1 (p), we can write Ya(p) = au(Xp) for some (not necessarily unique)

tangent vector X, € Fi o m3/(p). But since X, € Fjy o 734 (p) then there exists an integral curve
¢y + I — M such that at some ¢t* € I we have

em(t) = p (8)
cm(t’) = Xp (9)

To see that such a curve exists assume that such an integral curve does not exist. But then for all
curves cys satisfying (8,9) and for all curves c,‘f,, : I — B)s such that mps o cf,, = cpr we have that

ch(t") # Fu(cy) = Xp # Fu(chy) (10)
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But since this is true for all such cf; we obtain
Xp & Fu(myf (cm(t)))

which is clearly a contradiction. Therefore, an integral curve satisfying (8,9) always exists.
We know that Fy is an abstraction of Fjs. Therefore by definition, for every integral curve cps of
Fyr, a0 cpr must be an integral curve of Fiy. Let cps be the integral curve satisfying (8,9). Then it
must be true that
(o cnm) = Fn(cR)
for some cf : I — By such that my o cf = aocpy. But at t* € I we have that
(ao CM)'(t.) =a, 0cp.(t*)(1) = at(Xp) = Ya(p)

But by condition (7), Y,(p) & Fyomy'oa(p) and therefore for all curves c® satisfying nyock = aocy
we get

(@0 car)'(t*) = Yagp) € Fr(cR ("))

But then a o cps is not an integral curve of Fy which is a contradiction since we assumed that Fy
is an abstraction of Fjs with respect to the abstracting map a. Therefore, at all points p € M we
must have a, o Fys o 7rﬁ',,1 CFyo 'rr,"\‘,1 o a. This completes the proof. O

Theorem 2 is the analogue of Theorem 1 for control systems. However, unlike Theorem 1 which
required the a-relatedness of two vector fields, Theorem 2 does not require the commutativity of
diagram 3. This is actually quite fortunate since, as the following corollaries of Theorem 2 show,
every control and dynamical system is abstractable by another control system.

Corollary 1 (Abstractable Control Systems) Every control system Sy = (Bum,Fpy) is ab-
stractable by a control system Sy with respect to any abstracting mep a: M — N.

Proof: Simply let By = TN and Fy : TN — TN equal the identity. Then condition (2) is
trivially satisfied. Thus Sy = (Bn, Fy) is an abstraction of Sys. D

As a subcollorary of Corollary 1 we have.

Corollary 2 (Abstractable Dynamical Systems) Every dynamical system on M is abstractable
by a control system with respect to any abstracting map a: M — N.

Proof: Every vector field X can be thought of a trivial control system Sy = (Ba, Fa) where
Bpy = M x {0} and F) is equal to X o«. Then Corollary 1 applies. O

In local coordinates, Corollaries 1 and 2 simply state the fact that the behavior of any system can
be abstracted by a differential inclusion & € R™ where z are the local coordinates of interest and n is
the dimension of manifold N. However, such an abstraction may not be useful in proving properties.
Therefore, it is clear that there is a notion of order among abstractions of a given system.

If one considers fiber subbundles A of the tangent bundle TN where at each g € N,
A(g) = Fy omy'(q) S TN (11)

10



for a control system Sy = (B, Fn) then Theorem 2 essentially allows us to think of abstractions
of a given system S)s = (B, Fa) as subbundles A C T'N that satisfy at each point p € M,

a. o Fy o myy (p) € A(a(p)) (12)
and therefore capture all possible tangent directions in which the abstracted dynamics may evolve.
Note that A is not needed to be a distribution or to have any vector space structure.

It is clear from (11,12) that if A is an abstraction of a control system S)s then so is any superset
of A, say A and thus A is also an abstraction. But if A C A then a straightforward application
of Theorem 2 shows that A is an abstraction of A with respect to the identity map i : N — N.
Therefore, any integral curve of A is also an integral curve of A but not vice versa. But since A has
captured all evolutions of S)s which are of interest, A can only contain more redundant evolutions
which are not feasible by Sy. It is therefore clear that A is a more desirable abstraction than A.
This raises a notion of order among abstractions.

Let Sy = (Bu, Far) be a control system and an abstracting map a : M — N be given. Let control
systems Sy, = (Bn,,Fn,) and Sy, = (Bn,, Fn,) be abstractions of S)s with respect to a. Define
ateachg€ N,

Ai1(g) = Fy, oy (q) ST,N

Aq(q) = Fr, oy, (g) S TyN

Then we say that Sy, is a better abstraction than Sy,, denoted Sy, < S, iff at each point p € M
we have

Ai1(a(p)) € Bz(a(p)) (13)

It is clear that < is a partial order among abstractions since the order is essentially set inclusion
at each fiber. The following Theorem shows that the resulting lattice has a diamond-like structure
since there is a unique minimal and maximal element.

Theorem 3 (Structure of Abstractions) The partial order X has a unique mazimal and mini-
mal element.

Proof: It is easy to see that the unique maximal abstraction is given by § = (TN, i) where i is the
identity map from T'N to T'N.

From condition (12) it is clear that it is clear that if
Ay(q) =Fn, 0 7"];11 (9) € TqN
Az(q) = Fn, oy, (9) S ToN

are abstractions of a control system Sjs with respect to a then so is the control system A = A;NA,
where the intersection of the two bundles is defined at each fiber. It is therefore clear that the unique
minimal element of < is given by the intersection of all abstractions of Sjs. But the intersection of
all abstractions can be seen from condition (12) to be the subbundle that satisfies

A(a(p)) = e 0 Fyr o miyy (p) (14)

for every pe M. D
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Therefore the best abstraction results in diagram (3) being commutative. Since the notion of f-
related vector fields was defined as vector fields satisfying commutative diagram (1), we extend this
notion for control systems by requiring that the control systems Sy and Sy make diagram (3)
commutative.

Definition 10 (f-related Control Systems) Let Syr = (Bpm, Fy) with 1y : By — M and
Sy = (Bn,Fn) with y : By — N be two control systems and f : M — N be a smooth map.
Then control systems Sy and Sy are called f-related iff the following diagram

M % N
w;{ll l,r;,l

Bum By (15)
Fu| |7~

T™ = TN

is commutative or equivalently iff at every point p € M we have f. o Fpo0 w{,l (p) = Fy oyt o f(p).

Therefore, Definition 10 and Theorem 3 simply state that the best abstraction of a control system
Sn is a-related to the original control system Sys.

Once a system abstraction has been obtained, it is useful to propagate properties of interest from
the original system to the abstracted system. For control systems, one of those properties is control-
lability.

Definition 11 (Controllability) Let S = (B, F) be a control system. Then S is called controllable
iff given any two points p1,ps € M, there ezists an integral curve ¢ such that for some ty,1, € I we
have c(t1) = p1 and c(t2) = po.

Theorem 4 (Controllable Abstractions) Let control system Sy = (Bn,Fn) be an abstraction
of Smq = (Bm,Fpm) with respect to some abstracting map «. If Sy is controllable then Sy is
controllable.

Proof: Let q; and g2 be any two points on N. Then let p; € a~(q;) and p; € a~}(g2) be any
two points on M. Since Fjs on By is controllable then there exists an integral curve c)s such that
cm(t1) = p1 and cps(t2) = po. The curve a o cpy satisfies a0 epr(t1) = g1 and a o epm(t2) = ¢2. But
since Fy is an abstraction of Fjs, then « o cp is an integral curve of Fy on By. Therefore, the
abstracted system is controllable. D

6 Issues for Further Research

In this paper, some preliminary results on abstracting dynamical and control systems have been
discussed. A notion of system abstraction has been defined and necessary and sufficient conditions
under which one system is an abstraction of another have been obtained. Furthermore, a notion of
order among abstractions was introduced by ordering the conservativeness of the given abstractions.
Finally, desirable system properties were found to propagate from original models to abstracted
models.
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Issues for further research include, on the theoretical front, obtaining better, less conservative ab-
stractions. Better abstractions can be obtained by propagating to the abstracted models qualitative
aspects, such as stability, of the evolution of the ignored system dynamics. Furthermore, approxi-
mate abstractions are also of interest. Approximate abstractions approximate integral curves of a
given system with some guaranteed margin of error. If the margin of error is acceptable then analysis
of the approximate system will be sufficient. Furthermore, propagating additional properties from
original models to abstracted models is useful in both system analysis and design.

Finally, the developments presented in this paper will be applied to various applications of interest.
Particular applications of interest include aircraft and automobile models.
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