Copyright © 2000, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



SINGLE-ELECTRON TUNNELING JUNCTION
CELLULAR NONLINEAR NETWORKS

by

Tao Yang and Leon O. Chua

Memorandum No. UCB/ERL M00/10

9 March 2000



SINGLE-ELECTRON TUNNELING JUNCTION
CELLULAR NONLINEAR NETWORKS

by

Tao Yang and Leon O. Chua

Memorandum No. UCB/ERL M00/10

9 March 2000

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



1

The main goal of this note is to use a single-electron tunneling junction (SETJ) array to
implement cellular operations via the cellular neural network (CNN) paradigm [1, 3, 2]. The
block diagram of an isolated SETJ is shown in Fig.1. The small box denotes a SETJ with
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Abstract

In this note we present the circuit model of a single-electron tunneling junction
(SETJ) that is driven by a sinusoidal voltage source and biased by a DC voltage source.
The model of an isolated SETJ is a first-order non-autonomous impulsive differential
equation. The tunneling effect of SETJ can be perfectly modeled by the impulsive
effect of the junction voltage that is the state variable of our circuit model. We present
1D and 2D SETJ cellular nonlinear network (CNN) arrays to perform Boolean logic
operations and cellular operations that can be easily generalized for universal computa-
tions. We study the basins of attractions of two periodic solutions, called the two phase
states of the SETJ, under isolating and coupling conditions. Based on our results, we
present a scheme for implementing basic Boolean logic gates based on a 1D SETJ CNN
structure, and for implementing image computation via a 2D SETJ CNN structure. For
convenience of mathematical analysis, we also present the dimensionless form of our
circuit models. Some examples are presented to demonstrate the image computation
capability of SETJ CNN. In particular, we use a simple 2D SETJ CNN structure to
perform both edge and corner detections. Some cellular automata (CA)-like behaviors

of our 2D SETJ CNN are also presented.

Basic structure and circuit model of isolated SETJ
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junction capacitor C. The voltage across this SETJ is denoted by vc. Observe that this

SETJ is driven by a sinusoidal voltage source
vp(t) = Vp sin(wpt)

and biased by a DC voltage source v, in series with a resistor R.
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Figure 1: Circuit block diagram of an isolated single-electron tunneling junction.

1.1 Circuit model and its dimensionless form

The dynamics of an isolated SETJ is given by the following non-autonomous impulsive

differential equation:

dve(t 1 .
vst( ) = R—C-(vb —ve(t) — Vpcos(wpt)), if ve(t) < Vr,
Ave(t) = =2Vp, if ve(t) 2 Vr,
UC(O) < Vr. (1)

where v¢(t) is the junction voltage and

Vr = —



is the tunneling voltage and e is the electron charge. By simple algebra we can normalize (1)

into the following dimensionless form:

ﬁ = 7(a—bcoss—g), ifod<m,
ds 1
A = 27, if0=>m,
6(0) < 7. ()
where v 9 C
= _'Ui = L = T = i = T
v b Vr’ 6 e ) ST T RCw,’

Observe that system (2) is only superficially different from the following representation given
in Ref. [4]:
de

5= (a+ bcoss — S(8))g (3)

where the piecewise linear function S(0) is defined by
6
S(0) = ;—2n,(2n—1)7r§0<(2n+1)7r (4)

where 7 is an integer. Observe also that in model (2), we do not consider the cases when there
are more than one electron in the SETJ because we assume that initially the SETJ contains

one or less electron. Without loss of generality this assumption will simplify expressions.

1.2 Simulation results of an isolated SETJ cell

To demonstrate that a SETJ cell has two phase states and that our SETJ model in the
form of a non-autonomous impulsive differential equation is equivalent to that presented in
[4], we numerically solve our SETJ model in Eq. (2) with parameters ¢ = 1.77, b = 2.0,
and v = 1/3. The simulation results with two different initial conditions #(0) = —0.2 and
6(0) = 1.8 are shown in Fig. 2 as solid and dashed curves, respectively. From which we can
see that an isolated SETJ can have two stable periodic solutions. Comparing this simulation
result with that presented in Fig. 3 of Ref. [4], we can see that they are identical. This
verifies that our impulsive differential model is equivalent to that presented in [4]. In Fig. 2,
the sudden jumps in the solid and dashed curves occur when electrons tunnel through the
SETJ.

Let the pump source signal be a reference signal. The moments of tunneling effects are
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Figure 2: Simulation results of the two phase states generated by an isolated SETJ cell with
two different initial conditions.

located approximately at two different phases; namely, at 7 /2+ 2nm and 37 /2 + 2nmw, where
n is an integer. However, the exact locations of the tunneling effects will not be exactly at
these two phases. As long as the differences between these two phase states are larger than
the fluctuation of each phase state, we can still distinguish these two phase states. We will

use these two phase states to represent two Boolean logic states.

2 Basic structure and circuit model of two coupled

SETJs

Let us consider two SETJs coupled through a capacitor Ci, in series with a resistor R;, as

shown in Fig. 3. The dynamics of this circuit model is given by the following non-autonomous

' b +Vb2
R Ri, +Vin - R
A /\_l I_

Figure 3: Circuit block diagram of two coupled SETJs.



impulsive differential equations:

dvfl‘;(t) = -}—zl—c’- (vbl - vCl(t) —_ ‘/p COS(wpt) _ UCl(t) - UCz(t) - 'Uin(t)) , i vcl(t) < VT,
wel) - % (vw — voalt) — Vy coslayt) + 2 vert) = ”*"(t)) | ifvoalt) < Vi,
d in(t 1

Ldtg_) = RCek ('vCI (t) - ’voz(t) - v;n(t)),

Avm(t) = —2Vp, if vcl(t) > Vr,
Avcg(t) = -2Vr, if vcz(t) > Vr,
ver(0) < Vr,  ve2(0) < V. (5)

where

The dimensionless form is given by

dgl _ (k + 1)01 92 0in .
- = 7(al—bcoss— - +k7r+lc7r , ifb<m,

db, (k+1)82 61 bin )
a2 _ _ _\ET ) L 0
T ~ (az bcos s o + ol vl K if 0, < 7,
doin _ Y
ds ~ ker (62 — 62 = 0in),
A01 = —271’, lf 01 2 T,
A02=—27(', if0227r,
6:(0) <m, 6,(0) <. (6)
where
Up1 2nCve Vp2 21Cvca 27Cvin
a = 17 01= y A2 = 37 02= ) oin= .
Vr e Vr e e

2.1 Simulation results of two coupled SETJs

The simulation results of the two coupled SETJs are shown in Fig. 4. In this simulation,
the parameters are chosen as a; =a; =2,b=2, 7= 1/3, ¢ = 0.5, and k = 0.1. The initial
conditions are chosen as 8;(0) = 0.2, 8,(0) = 0.0, and ;,(0) = 0.0. The waveform of 6:1(2),
85(t), and ;,(t) are shown in solid, dashed and dash-dotted curves, respectively. Comparing
the result shown in Fig.9 in Ref. [4] with that shown in Fig. 4(a), we can see that the
final results of these two simulations are the same even though the transient processes at the

beginning are different because different 6;,(0)s were used. Figure 4(b) shows the distribution
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of the two phase states in SETJs 1 and 2 after the transient process dies out. Observe that
the two phase states are not exactly at 7/2 and 3w /2. However, the performance of this two
coupled SETJs are still robust enough to distinguish these two phase states.

To show that the parameter v, can easily change the behavior of the coupled SETJs, we
change a; to 1 and keep all other parameters unchanged. The simulation results are shown
in Fig. 4(c) and (d). Observe that in this case, both SETJs can stay at two different phase
states. And the locations of each phase state had spread into a small region instead of a
single point. Since Fig. 4(b) and (d) are in fact the Pointcaré maps of the two coupled SETJ
model, when the locations of phase states are spread out, it means that the trajectories may
belong to a multi-periodic or even chaotic attractor. However, the histogram shows that
even in this case, the two phase states can be easily distinguished. This provides us with a
method of controlling the behaviors of SETJs by using different biases. Of course, another

parameter, V,, can also be used as the second controlling parameter.
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Figure 4: Simulation results of two coupled SETJs. (a) The phase states of two SETJs are
stable when a; = ao = 2. (b) The histogram of the two phase states corresponding to (a). (c)
The phase states of the two SETJs are no longer stable when we change a; to 1 while other
conditions are kept unchanged. (d) The histogram of the two phase states corresponding to

(el
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2.2 Equalizing and NOTing logic operations

We will now present examples to show that by choosing different values for vg, the two
coupled SETJs can perform different Boolean logic operations regardless of initial conditions.
In the following simulations the fixed parameters are given by b=2,v=1/3,e=0.5, and

k = 0.1. To show that our results are independent of initial conditions, we randomly choose

8:(0) € (—=,7), 65(0) € (—m,7), and 6;(0) € (=2, 27) in our simulations.

2.2.1 Casel:agi=a;=1

The simulation results are shown in Fig. 5. Observe that in this case, the output of both

SETJs are equal regardless of initial conditions.

Figure 5: The stable phase states of two coupled SETJs under different initial conditions.
The symbols “*” and “o” denote logic TRUTH and logic FALSE, respectively. (a) SETJ 1.
(b) SETJ 2.



2.2.2 Case 2: ay=ay;=2

The simulation results are shown in Fig. 6. Observe that in this case, the output of both

SETJs are inverse of each other regardless of initial conditions.

€0 (x) 8,(0) (xx)
(b)

Figure 6: The stable phase states of two coupled SETJs under different initial conditions.
The symbols “*” and “0” denote logic TRUTH and logic FALSE, respectively. (a) SETJ 1.
(b) SETJ 2.

The phenomena shown in the Figs. 5 and 6 can have many applications. For example, a
robust and reliable memory unit can be built if we use the equal state and NOTing state to
denote two logic values. The initial condition insensitivity can be used to build very reliable
memory units that can store digital bits regardless of its original states. This is a much
better choice than using a single SETJ as a basic memory unit whose memorized state is
sensitive to initial conditions. That the initial states of SETJs are most likely inaccessible

make the initial-state independent scheme the best way to design memory units.



2.2.3 Case 3: a;=1and a; =2

The simulation results are shown in Fig. 7. Observe that in this case, the outputs of both
1

SETJs can visit two phase states regardless of initial conditions.

8,0) (<)

0,(0) {xm) 0,(0) (xm)

Figure 7: The stable phase states of two coupled SETJs under different initial conditions.
The symbols “*” and “o” denote logic TRUTH and logic FALSE, respectively. The symbol
«y” denotes that a SETJ can show both logic TRUTH and logic FALSE in its evolution.
(a) SETJ 1. (b) SETJ 2.

3 Basic structure and circuit model of three coupled
SETJs

n fact, in 1000 sets of initial conditions, only one set violates this conclusion.
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Figure 8: Block diagram of three coupled SETJs.

Let us consider next three SETJs coupled through capacitors C;n in series with resistors i,
as shown in Fig. 8. Let us assume that Cin1 = Cinz = Cin. The dynamics of the circuit

model is given by the following non-autonomous impulsive differential equations:

d t 1 t) — t) — Vin(t .
v_c:ilt(—l = 0 ('Ubl — vo1(t) — Vp cos(wyt) — var(t) Uczk( ) = Vima( )) ,  ifvel(t) < Vo,
dvea(t 1 vo1(t) — vea(t) — vina(t
ZZ( ) = ¢ (v;,z — vea(t) — V, cos(wpt) + 1(t) CZ( ) 1(t)
el =ved o)ttt < i,
d t 1 1) — t) — Vina(t .
_v_‘:;;_(_) = %0 (vb3 — vea(t) — Vp cos(wpt) + voa(t) vc:;c( ) — Vina( )) , ifwves(t) < V7,
d’l),‘nl(t) _ 1 _ .
&~ ROk 7 (var(t) —vea(t) vin1(t)),
dvina(t 1
doiall) o (ocalt) = voalt) — vualt),
Avey(t) = —2Vr, if ve1(t) 2 Vo,
A'vcz(t) = =2V, if v(;g(t) > Vr,
AvCa(t) = =2V, if vc3(t) > Vr,
ver(0) < Vr, wve2(0) < Vo, ves(0) < Vr. (7)

The dimensionless form is given by the following non-autonomous impulsive differential equa-

tions:

(k+1)0, 0  Oim .
@ - _Er R % T £6, <
ds 7(“‘ beoss b Tk k) NST
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db; (k42)0; 0, | 05 bima  Oino )
ds = 7(02—bCOSS—T+H+H——E+TC; N 1f«92<7r,

dfs (k+1)0s  0;  Oinz .
s ’)’(a:;—bCOSS—T-I-E;—TM—r' y if0z <m,
doinl _ v
ds - k€7r(01 - 02 - oinl))
dbina I
ds - kéﬂ' (02 - 03 - 0:112),
Ab, = 2w, if6 2,
A02=—21F, if0221r,
Abz = 27, ifl;>m,
01(0) <, 02(0) <m, 03(0) <. (8)
where
Vb3 2rCves 27 Cvin1 27 CVin2
az = "_/;) 3= ’ oinl = ’ 0in2 = e .

3.1 Simulation results

In this section, we show simulation results of three coupled SETJs. The fixed parameters are
givenby: b=2,7=1/3,and k =0.1. We randomly choose 6;(0) € (—,), 82(0) € (—m,7),
05(0) € (=7, 7), 0in1(0) € (—27,27) and 8in2(0) € (—2,2m) in our simulations.

3.1.1 a =a2=a3=2, e=10.5

Under most initial conditions, the three coupled SETJs implement the following truth table,
where ¥;, U5, and U3 denote the truth value of the three SETJ cells, respectively. This

truth table can be verified by results shown in Fig. 9.

Table 1: Truth table for three coupled SETJs with a; = a; = a3 = 2 and € = 0.5.

\Ill ‘112 l1’3
FALSE | TRUE | FALSE
TRUE | FALSE | TRUE

3.1.2 aj=ay=az=2,¢e=1

In this case, the three coupled SETJs implement the following truth table:
Table 2: Truth table for three coupled SETJs with a; = az = a3 =2 and ¢ = 1.

11
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Figure 9: The stable phase states of three coupled SETJs under different initial conditions.
The symbols “*” and “o” denote logic TRUTH and logic FALSE, respectively. The symbol
“x” denotes that the SETJ can show both logic TRUTH and logic FALSE in its revolution.
(a) SETJ 1. (b) SETJ 2. (c) SETJ 3.

— -] lolo| o
oo =1Oo
o=l Oo|l—=|C|—

Observe that this truth table excludes the possibility of (¥q, %2, ¥3) = (0,0,0) and
(U,,U,, ¥3) = (1,1,1). Since the parameter space and the behaviors of non-autonomous
impulsive differential equation can be very complex, there may be many different truth

tables that can be implemented by three coupled SETJs.
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4 One-dimensional SETJ CNN

oo OHHOAHOHHOHHO o oo

1D coupled array
tunnel junction unit
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® &0
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Figure 10: Coupling single-electron junctions into 1D or 2D CNN arrays.

Unlike a standard CNN array, in a SETJ CNN, the boundary cells has to be clearly defined.
In this section, we set up the model of a 1D SETJ CNN as shown in the upper part of
Fig. 10. Suppose that there are n cells in a 1D SETJ CNN array. Then the first and the
nth cell are the left and the right boundary cells. For three coupled SETJs, the left and the
right SETJs can be viewed as the left and right boundary cells, respectively. Similarly, the
center cell in a three coupled SETJs represents an example of an inner cell in a 1D SETJ

CNN. By slightly modifying the results in Sec. 3, we get the following dimensionless form of
a 1D SETJ CNN with n > 3 cells:

o, (k+1)0; 6, 9
s - 7(“]"’C°”'T+H+k7

doy (k+2)0, 6 9 Y9, U .
T = v(ag—bcoss— o +H+k_7r_k_7r+k_7r , iff, <,

), if 6, <,
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do; - (k+2)0; 6y by Vi | Wi :
ds 'y(a,—bcoss— kn +k7r+k7r— kn +H , ili<m

db. (k+1)8n  Onoy Vn X
s - 'y(an—bcoss— = +k7r - k7r)’ if 4, <,

a9
4

T = a9
ds,

dsl = %(en—l—on—'ﬂn-l%

AY;==2x, ifO;>2m, :1=12,.,n—1n,
6;(0)<m, i=12,...,n—1n (9)

where 0; denotes the state variables of the ith SETJ and 9; denotes the state variables of
the coupling capacitor between the ith and the (i + 1)th SETJs.

5 Two-dimensional SETJ CNN

In this section we consider a 2D SETJ CNN with a 4-connected (von Neumann) neighborhood
system, as shown in the lower part of Fig. 10. This class of CNN can be modeled by the
following non-autonomous impulsive differential equations. Let us suppose that the CNN
array consists of M x N SETJ cells, then an inner cells Cj;,1 <1 < M,1 < j < N, is given
by

0y (bt - (T i o e S

%, Gign P Pi+1,j) o
k7r+ kr I<:7r+ kx /'’ oy <

dp;; 2
_dtti = E(xi_],j — Zi; — pij)’
dgi; 2
_dfti = ke—ﬂ-(zi’j_l — X5 — qij)’
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A:I),'j = —27\’, if Tij Z ™,

z;;(00<m, 1<i<M, 1<j<N, (10)

where z;; is the state variable of the SETJ at location (¢,7)- pi; is the state variable modeling
the capacitive coupling between cell C;_1,; and Cy;. gi; is the state variable modeling the
capacitive coupling between cell C;;_; and Cj;. Since in a SETJ CNN array, boundary
conditions play very important roles in the dynamics of the entire array, we should define
the boundary condition explicitly. We define the boundary cells in the first and the last

columns as follows:

50—y (g e (AT B b T
+Qi_lirﬂ_%+&1§rl'_j), if z;; <,

% = k—z”r-(:l‘i—l,j - ?ij: Pij),
Az =27, ifzy2>m,
z;;(00<7, 1<i<M, j=1 (11)

and

R R s
_%_%4.%’-0, if 2;; <,

% = I;—W(:c,-_l,j — Tij — Pij),

%Itﬂ' = k—zl;r-(:z;,-,,'_l — Tij — ¢ij)

Az;; = =27, ifzy;2m,

z;;00)<m, 1<i<M, j=N. (12)

We define the boundary cells in the first and the last rows as follows:

dz;; (k+3)zi;  Tij-1 | Tij41 | Titl
& = fy(u,J—bcost— o T Thr vr T kr
G | igh Pz'+1,j) T
Lo p B (BRI iy <,
dg;; Y
7ti = E(zi,j—l—xij_qij),

-
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A:v,-j = —271‘, if Zi; 2 ™,
z;;(0)<7m, 1<j<N, :=1 (13)
and
dwi]. (k+3)$ Zi i1 Zi 41 Tie1.;
— = i — b t - tj 7 47 t—=1,)
a ("’ cos tr Tk Tk Tk
_%i | %1 E‘l) TN
kn t km kr/’ if &ij <,
dp;; Y
# = E;(xi—l,j—xij—pij),
dgi; Y
d—tJ = E(wi,j—l — Ty — ¢I£j),
Aa:,'_,- = —27‘!‘, if Ti5 > T,
:Cij(0)<7l’, 1<j<N, 1=M. (14)
We define 4 corner cells as follows:
i i —beost — ij iJ+ i+1,j
dt 7 (“’ €08 kr kr | kr
gi,j+1 P£+1,J') .
+__k7l' + b ) if Tij <m,
A:v,'j = —27!', if Tij Z T,
z;(0)<m, =1, j=1 (15)
dzi; (k+2)zi;  Zij-1 | Tigrj
dt 7 (u” — beost kn kn km
_% ]i""_l_f.) T
Py A
dgi; ¥
= T Ter Tl T %~ i)y
A:E,'j = —271', if Zij5 > T,
z;;(0) <7, =1, j=N. (16)
da:,-j (k + 2):1:" Ti 41 Ti-1.4
—_— - 1 — t — :J v] v]
dt 7 (u j = beos kn km + kn
Qg+l _ Bi) T
+ o o) if z;; < m,
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dp;
Pi = (giy - i — P,

dt ker
Az;; = =2, if Zij 2,
zi(0) <7, i=M, j=1. (17)
dzij (k+2)zi;  Tij—1 | Ti-1,
a (u"_bmt_ e T ke kr
RN AN
k= kr) o<
dpi; Y
_dtl = E(wi-l,j — Zij — Pij),
dgi; Y
jdt_J = E(m"‘i-l — Tij — Gij)s
Agz;; =27, ifz;2m,

zi;(0)<w, =M, j=N. (18)

Observe that the DC biases in the isolated SETJs are now replaced by the input image
array {ui;}. Unlike standard CMOS CNN structures where the coupling weights are pro-
grammable, in a SETJ CNN, coupling capacitors are physically fabricated and thus may be
very difficult to change. In this case, the cellular operations that defined by local rules have
to be implemented through adaptable items such as the DC bias of each SETJ cell and the
pump voltage source for the entire SETJ CNN array.

5.1 SETJ edge and corner detection

In the standard CNN, corner detection and edge detection can be implemented by two
fundamental CNNs[1]. In this section we show that the edge and corner detection can be
performed by a single SETJ CNN operation. The simulation results are shown in Fig. 11.
Figure 11(a) shows the binary input image {ui;}, which functions as DC biases for the SETJ
CNN array. The DC biases in black and white regions are set as 1 and 2, respectively. Figure
11(b) shows the phase states of cells in the array at t = 23 time units. The black, gray and
white regions have phase states —1, 0, and 1, respectively. Here, 0 and 1 correspond to 7 /2
and 37 /2 phases, respectively. —1 corresponds to a SETJ cell that oscillates between phases
7 /2 and 37 /2.

Observe that the black regions show the inner and outer boundaries of the objects and
also mark the four corners by four black crosses. Figure 11(c) shows the phase states of

cells in the array at ¢ = 100 time units. Observe that the typical characteristics of cellular

17



automata (CA) are displayed in this image. Figure 11(d) shows the phase states of cells in

the array at ¢ = 200 time units. Observe that the characteristics of CA are also displayed in

this image.
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Figure 11: Simulation result of corner and edge detection performed by a SETJ CNN.
Parameters are given by: b =2, v =1/3, e =1, and k = 0.1. The fixed simulation step is
0.1. The initial conditions are: z:(0) = wij, pi;(0) = ¢i;(0) = 0. (a) The input image u;;.
(b) The phase state at ¢ = 23 time units shows boundaries and corners. (c) The phase state
at ¢ = 100 time units shows some characteristics of a 2D CA. (d) The phase state at ¢ = 200
time units shows some characteristics of a 2D CA.

In the next simulation, only the color of the input image is changed while all other
conditions are kept unchanged. The simulation results are shown in Fig. 12. Figure 12(a)
shows the input image. Figure 12(b) shows the phase state at ¢ = 30 time units. Observe
that the boundaries, corners and even the center of the white object are displayed. Figure

12(c) shows the phase state at ¢ = 200 time units. Observe that the center of the white

object is shown.
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Figure 12: Simulation result of corner and edge detection performed by a SETJ CNN.

Parameters are given by: b=2,y=1/3,e=1, and k = 0.1. The fixed simulation step is

0.1. The initial conditions are: z:;(0) = uij, pij(0) = ¢i;(0) = 0. (a) The input image u;;.

(b) The phase state at ¢ = 30 time units shows the boundaries, corners and center. (c) The

phase state at ¢ = 200 time units shows some characteristics of a 2D CA.

6 Concluding remarks

Although in this note we only present some simple examples of applications of 1D and
9D SETJ CNNs to Boolean logic and cellular operations, the extremely complex behaviors
of each SETJ cell provide us with a wide range of flexibility to design different cellular
operations. Two kinds of parameters can be used to change the dynamics of a SETJ CNN;
namely, the DC biases and the pump source. In this note, we only studied the cases when
the DC bias is used as an “input image”. Many more cellular operations can be implemented

if we can also change the pump source.
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