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Abstract. In this paper, we consider the so-called Generalized Principal Component
Analysis (GPCA) problem, i.e. the problem of identifying n linear subspaces of a
K-dimensional linear space from a collection of sample points drawn from these
subspaces. We cast the GPCA problem in an algebraic geometric framework and
show that it is essentially equivalent to a factorization problem in the space of
homogeneous polynomials of degree n in K variables. We prove that such a problem
has a unique solution which can be obtained from the roots of a polynomial of
degree n in one variable and from the solution of K — 2 linear systems in n variables.
Therefore, the GPCA problem has a closed form solution when n < 4. Furthermore,
we show that the number of subspaces n can also be obtained from the rank of
a certain matrix that depends on the data. The theory of GPCA presented in
this paper can be applied to a variety of estimation problems in which the data
comes simultaneously from multiple (approximately) linear models. In this paper
we apply GPCA to the estimation of a mixture of probabilistic models without any
knowledge about the distribution of the data. We also apply GPCA to the multibody
structure from motion problem in computer vision, i.e. the problem of estimating
the 3D motion of multiple moving objects from 2D imagery. Applications to image
grouping, handwritten digit recognition, texture segmentation and face recognition
are forthcoming.
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1. Introduction

Principal Component Analysis (PCA) refers to the problem of identi-
fying a linear subspace § C R¥ of unknown dimension k < K from N
sample points 7 € §, j = 1,..., N. This problem shows up in a variety
of applications in many fields, e.g., face and object recognition [5}, hand-
written digit recognition,dynamic textures [4], etc., just to mention a
few. In spite of its enormous applicability, PCA can be solved in a
remarkably simple way from the singular value decomposition (SVD)
of the data matrix [z!.. 2N} € REKXN,

A natural generalization of PCA is to consider a mixture of principal
components, in which the sample points {z7 € R¥}/, are drawn from
n > 1 linear subspaces of R¥, {S;},, as illustrated in Figure 1 for
n=3 and K =3. In this case, the problem becomes that of identifying
each subspace without knowing which sample points belong to which
subspace!. It is natural to ask if this problem can be solved with some
generalization of the SVD. It turns out that even though SVD has
a multi-linear counterpart, the so-called higher order singular value
decomposition (HOSVD) [2], such a generalization is not unique. Fur-
thermore, while the SVD of a matrix A = UZLV7T produces a diagonal
matrix &, the HOSVD of a tensor A produces a tensor S which is hardly
diagonal. Thus, it is not possible to apply HOSVD to the mixture of
PCAs problem.

A traditional approach to mixtures of principal components, usually
referred to as Probabilistic PCA (PPCA), assumes that sample points
are drawn from a certain probability distribution. The parameters of
the distribution are estimated in a Maximum Likelihood or Maximum a
Posteriori framework as follows: one first estimates the likelihood of the
mixture of models given a prior on the grouping of the data, and then
estimates the likelihood of the grouping given the current estimation
of the subspaces. This is usually done in an iterative manner using the
Expectation Maximization (EM) algorithm.

In our opinion, the probabilistic approach to mixtures of principal
components suffers from the following disadvantages:

1. It relies on a probabilistic model for the data, which is restricted
to certain classes of distributions or independence assumptions.

2. The EM algorithm depends on initialization. In fact, to the best of
our knowledge, there is no global initialization irrespective of the
distribution of the data. Furthermore, there is no guarantee that
the EM algorithm will converge to the optimal solution.

1 If the association between points and subspaces is know, then the problem
reduces to standard PCA applied to each subspace.
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3. It is hard to analyze some theoretical questions such as the existence
and uniqueness of a solution to the problem.

4. There are many cases in which it is very hard to solve the grouping
problem correctly, and yet it is possible to obtain a quite precise
estimate of the subspaces. In those cases, a direct estimation of
the subspaces (without grouping) seems more appropriate than an
estimation based on incorrectly segmented data.

In this paper, we propose a novel approach the so-called Gener-
alized Principal Component Analysis (GPCA) problem, which under
mild assumptions guarantees a unique global solution based on simple
linear algebraic techniques. We assume no probabilistic model for the
data. Instead, we cast the GPCA problem in an algebraic geometric
framework and show that it is essentially equivalent to a factorization
problem in the space of homogeneous polynomials of degree n in K
variables. We prove that such a problem has a unique solution which
can be obtained from the roots of a polynomial of degree n in one
variable and from the solution of K — 2 linear systems in n variables.
Therefore, the GPCA problem has a closed form solution when n < 4.
Furthermore, we show that the number of subspaces n can also be
obtained from the rank of a certain matrix that depends on the data.

The theory of GPCA presented in this paper can be applied to a
variety of estimation problems in which the data comes simultaneously
from multiple (approximately) linear models. In this paper we apply
GPCA to the estimation of a mixture of probabilistic models without
any knowledge about the distribution of the data. We also apply GPCA
to the multibody structure from motion problem in computer vision, i.e.
the problem of estimating the 3D motion of multiple moving objects
from 2D imagery. Applications to image grouping, handwritten digit
recognition, texture segmentation and face recognition are forthcoming.

R3

S . st

3, ° %

s2”

Figure 1. Three (n = 3) 2-dimensional subspaces S1, 52,53 in R®. GPCA tries to
identify all three subspaces from samples {2} drawn from these subspaces.
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2. Generalized Principal Component Analysis (GPCA)

In this paper, we consider the following generalization of PCA:

PROBLEM 1 (Generalized Principal Component Analysis (GPCA)).
Given a set of sample points {7 € RK };\':1 drawn from n > 1 distinct
linear subspaces {S; C RX}2, of dimension K — 1, i = 1,...,n,
identify each subspace S; without knowing which sample points belong to
which subspace. By identifying the subspaces we mean the following:

1. Identify the number of subspaces n;

2. Identify a basis (or a set of principal components) for each subspace
S; (or equivalently Si-);

3. Group or segment the N points into the subspace(s) they belong to;

4. Determine the conditions under which 1-3 can be done, and if there
is a unique closed-form solution to the problem.

Each subspace §; is a (K — 1)-dimensional space in R¥ that can be
defined in terms of a nonzero normal vector b; € R¥ as follows:

S;={z e RX :blx = byz) +bigzo + ... + bigzie =0}. (1)

Since the subspaces S; are all distinct from each other, we assume that
the normal vectors {b;}" ; are pairwise linearly independent.

Now imagine that we are given a point € R¥ lying on one of the
subspaces S;. Such a point must satisfy the formula:

(bfz)y=0viz)=0v...v(Iz) =0, (2)

which is equivalent to the following homogeneous polynomial of degree
n in x with real coefficients:

n

pa(x) = [[(b]z) = 0. (3)

i=1

The problem of identifying each subspace S; is then equivalent to
that of solving for the vectors b;’s from the nonlinear equation (3).
A standard technique used in algebra to render a nonlinear problem
into a linear one is to find an “embedding” that lifts the problem
into a higher-dimensional space. Let R[z1,...,zk] or simply R(K) be
the ring of all polynomials with real coefficients in K variables. Its
subset of all homogeneous polynomials of degree n can be denoted as
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R, (K). Therefore the whole ring R(K) is a direct sum of homogeneous
polynomials of different degrees?

R(K) =Ry(K)® Ri(K)® - ® Ro(K) ®-- .

We notice that each R,(K), can be made into a vector space under
the usual addition and scalar multiplication. Furthermore, R,(K) is
generated by the set of monomials z7'z32. .- z}X, with 0 < n; < n,
J=1...,K,and nj +ng + -+ ng = n. It is readily seen that there

are a total of
+K-1 n+ K—-1
m= ("R =(0 ) @

n

different monomials, thus the dimension of R,(K) as a vector space is

M,,. Therefore, we can define the following embedding (or lifting) from
RK into RMn:

DEFINITION 1 (Veronese map). Given n and K, the Veronese map
of degree n, vy, : RK — RMn | is defined as:

Ut [T, 2]t = o2, )T, (5)
where z! is a monomial of the form zzp?.. -2 with I chosen in

the degree-lezicographic order.

EXAMPLE 1. Ifz € R?, the Veronese map of degree n is given by:
Un(21,22) = [27, 27 120, 27 %22, . .., 2B]T (6)

With the so-defined Veronese map, equation (3) becomes the follow-
ing linear expression in a € RM»:

pn(m) = Vn(m)Ta = Zanlsnm‘"rnl{w?l zg'z Tt xT;{K = 0 (7)

where a; € R represents the coefficient of monomial z/. Notice that
each a; is a symmetric multilinear function of (b1, by,...,by,), that is -
ag is linear in each b; and:

a](bl, bs,..., bn) = a;(b,(l), ba(2)1 cee ,bo(n)) for all o € G, (8)
where &, is the permutation group of n elements.

% In Algebra, R(K) is also called a graded ring of polynomials graded by degree.
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EXAMPLE 2. Ifn =2 and K = 3, then we have

p2(x) = (br1z2 + b1az2 + b13x3) (2171 + boax + bozxs)
vo(z) = [a2, 7172, 7173, T3, T223, T3]
a = [br1ba, 911b221'bl2b21) b11b23 tblsbm, b12b22, b12b23 +b13bas, biabes]”

a2,0,0 a1,1,0 a1,0,1 ao,2,0 ap,1,1 20,0,2

REMARK 1 (Symmetric Tensors). Any homogeneous polynomial of de-
gree n in K variables is also symmetric n-th order tensors in K vari-
ables. Furthermore, the coefficients, a, of polynomial p,(x) can be in-
terpreted as the symmetric tensor product of the coefficients b;’s of each
polynomial of degree 1, that is:

a~Symb;®b;®...®b,) = Z bo(l) ®ba(2)®~--®ba(n)
0€G,

where ® represents the tensor of Kronecker product and ~ represents
the homemorphism between the symmetric tensor Sym(b; ®b,®...8b,)
in Sym™(RK) and its symmetric part written as a vector a in RMn,

2.1. ESTIMATION OF THE NUMBER OF SUBSPACES 71

Given a collection of N > M, sample points {x’ };V,_l, the vector of
coefficients a satisfies the system of linear equations:

Vn(wl)T
v m2T
Lna= @ e, (9)

VUn (wN )T

We are now interested in determining whether there exist a unique
.solution for @ (up to scale) from system (9), i.e. we would like to know
under what conditions we have rank(L,) = M, —1. It turns out that the
uniqueness of a is very much related to the estimation of the number
of subspaces n as shown by the following proposition and its corollary:

PROPOSITION 1 (Number of subspaces). Assume that a collection of
N sample points {x7})., on n different (K — 1)-dimensional subspaces
in RX is given. Consider the Veronese map vi(z) of degree i, and let
L; € RNXM: be the matriz defined in (9). If the number of sample
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points in each subspace is big enough and the sample points are in
general position, we have:

>M; -1, i<n,
rank(L;) ¢ =M; -1, i=n, (10)
<M;-1, i>n.

Therefore, the number n of subspaces is given by:
n = min{i : rank(L;) = M; — 1}. (11)

Proof. Consider the polynomial p,(x) as a polynomial over the alge-
braically closed field C and assume that each plane b,T:c = 0 is different
from each other. Then the ideal I generated by p, () is a radical ideal
with p, () as its only generator. According to Hilbert’s Nullstellensatz
(see page 380, [3]),there is a one-to-one correspondence between such an
ideal I and the algebraic set (also called algebraic variety in Algebra)

Z(I)={x:Vpe I,p(x) =0} c CK

associated to it. Hence its generator p,(x) is uniquely determined by
points in this algebraic set. By definition, p,(x) has the lowest degree
among all the elements in the ideal I. Hence no polynomial with lower
degree would vanish on all points in these subspaces. Furthermore, since
all coefficients b; are real, if ¢ + +/—1y € CK is in Z(I), both = € R¥
and y € RX are in the set of (real) subspaces, because b (x++/=1y) =
0 & bjz = 0 & by = 0. Hence all points on the (real) subspaces
determine the polynomial p,(z) uniquely and vice-versa. "

COROLLARY 1. The vector of coefficients a of the homogeneous poly-
nomial p,(x) can be uniquely determined as the kernel of the matriz
L, € RN*Mn from at least My, — 1 points x?’s on the subspaces, with
at least K — 1 points on each subspace.

2.2. ESTIMATION OF THE SUBSPACES {S;},

2.2.1. GPCA as a polynomial factorization problem
Proposition 1 and the linear system of equation (9) allow us to deter-
mine the number of subspaces n and the coefficients a of the polyno-
mial p,(x), respectively, from sample points {z7} ;. The rest of the
problem becomes now how to recover {b;}]-; from a.

From equations (3) and (7) we have that:

n K
Pa(x) = Eammz,---,nkx?lxgz T = H (Z bijxj) .

=1 \j=1
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Therefore, the problem of recovering {b;}; from a is equivalent to
the following polynomial factorization problem:

PROBLEM 2 (Factorization of homogeneous polynomials). Given a
homogeneous polynomial pn(z) € Rp(K), factorize it into n distinct
polynomials in Ry(K). We denote the space of polynomials which ad-
mit such a factorization as RE(K) C Ry(K), and call the elements of
RE(K) factorable polynomials from now on.

REMARK 2 (Factorization of symmetric tensors). The polynomial fac-
torization problem can also be interpreted as a tensor factorization
problem: Given an n-th order symmetric tensor V in Sym™(RX), find
vectors vy, vy, ..., v, € RK such that

V= Sym(v1®v2®...®vn) = z Va(1) @ Ug(2) ® - .. B Ug(n)
0'6671

Notice that
v: REXn Sym*(R¥);  (vy,v9,... yUn) — Sym(v1 @ 12 ® ... @ uy)

maps a K x n-dimensional space to a My,-dimensional space. In general
M, is much larger than (K x n—n+1).? Therefore, not all symmetric
tensors in the space Sym™(RX) can be factored in the above way.

2.2.2. FErmistence and uniqueness of the factorization

Notice that an arbitrary element of R, (K) is not necessarily factorable
into n distinct elements of R)(K), e.g., the polynomial z? + 7,25 + 3
is not. However, the existence of a factorization for a is guaranteed by
the definition of p,(x) as a product of linear functionals.

However, in practice the vector @ will be estimated from noise data,
hence pn(x) will not necessarily be factorable. Therefore, we will need
to address the issue of the existence of such a factorization and the
projection of a non-factorable polynomial into a factorable one. We
will delay our study of these two issues to later in this Section.

In relation to the uniqueness of the factorization, it is clear that
each b; can be multiplied by an arbitrary scale to obtain the same a
up to scale. Since the scale of a will be fixed to be 1 when solving (9),
we are actually free to choose the scale of n — 1 of the b;’s only. The
following proposition is a consequence of the well-known Gauss Lemma,
in Algebra (see page 181, [3]) and guarantees the uniqueness of the
factorization of p,(x) up to n — 1 scales:

3 We here subtract n — 1 parameters on the right is because we only have to
consider unit vectors.



Generalized Principal Components Analysis (GPCA) 9

PROPOSITION 2 (Uniqueness of the factorization). Since R is a fac-
torial ring, the set of polynomials in K variables R(z,,...,zk] is also
factorial, that is any polynomial p € R[z,,...,zk] has a unique factor-
ization into irreducible elements. In particular, any element of R, (K) C
R[zy,...,zKk] has a unique factorization.

2.2.3. Solving for the last 2 entries of each b;

Knowing the existence and uniqueness of a solution to the polynomial
factorization problem, we are now interested in finding an algorithm
that recovers the b;’s from a. To this end, we first consider the last
n + 1 coefficients of p,(x):

[@0,..0m,0 5 @0,..0m-1,15 -+ » G0,..00n)" €R™1, (12)

which define the following homogeneous polynomial of degree n in the
two variables Tx_; and zg:

n
> ao,..omi-1mx Tt 2R = [[ bik-1zx-1 + bikzk).  (13)
i=1
Letting y = 2k _1/zk, we have that:
n n
Il (bik1zx-1 + bikzk) = 0 & [] (bik—19 + bik) =0,
i=1 i=1

hence the n roots of the polynomial

fa(y) = a0, 000y + a0, 0n-119""1+ - +ao,. 00n (14)

are exactly y; = —bix/bik-1, ¢ = 1,...,n. Therefore, after dividing a
by aq,...,0,n,0, We obtain the last two entries of each b; as:
(bik-1, big) = (1, =) (15)

If b;x—1 = 0 for some %, then some of leading coefficients of f,(y)
are zero and we cannot proceed as before, because fp(y) has less than
n roots. More specifically, assume that the first £ < n coefficients
of fa(y) are zero and divide a by the (£ + 1)-st coefficient. In this
case, we can choose (bijx_1,bix) = (0,1), for 2 = 1,...,¢, and ob-
tain {(bix—_1,bik)}]p_e41 from the n — £ roots of fn(y) using equa-
tion (15). Finally, if all the coefficients of f,(y) are equal to zero, we
set (bix-1,bix) = (0,0), foralli=1,...,n.

EXAMPLE 3. Consider the case n = 2 and K = 3 illustrated in
Ezxample 2. The polynomial associated to the last n+ 1 entries of a is:

bi2bosy® + (br2baz +b13bao)y+bi3bos = (bray+b13) (baoy +baz) = 0, (16)
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whose roots are:

_bx

baa

_bis

b (17)

and Yo =

n=

from which we obtain both (bi2,b13) and (beg,bes) up to scale.

2.2.4. Projection onto the space of factorable polynomials

The previous section shows that the last two entries of each b; can be
computed up to scale from the coefficients of p,(x) associated to the
last two variables. Furthermore, those coefficients define a polynomial
of degree n in one variable whose roots are always real. Notice that we
could have chosen a polynomial associated to any other two variables
and the roots of such a polynomial would also be real. Indeed, if one
of the polynomials associated to any two variables has a complex root,
Pn(x) cannot be factorized as the product of polynomials of degree
one. Unfortunately, this condition is only necessary but not sufficient
for determining whether or not a general polynomial p,(z) in R,(K)
can be factored into a product of polynomials of degree 1, as shown by
the following example:

EXAMPLE 4 (Non-factorable polynomial with real roots). Consider
the polynomial po(x) = 2% + 4z129 + 42173 + 223 + 37923 + 22 in Ry(3).
Any sub-polynomial of py in 2 variables has real roots. But p is not
factorizable into a product of two polynomials of degree 1.

In practice, the polynomial p,(z) will be obtained from noisy data,
and hence it may not be an element of R,’f (K). Therefore, we may
consider the problem of finding a polynomial p,(z) € RE(K) that is
“close” to a given polynomial ¢,(z) € Rn(K). We notice that the space
RF(K) is not convex, e.g., 223 +21z2 € R (K) and 2z3—1,7, € RE(K)
but x7 + z% ¢ R{'(K). We also notice that RF(K) can be described as
an algebraic set in RM» as stated by the following proposition:

PROPOSITION 3 (Rf(K) is a semi-algebraic set). The set RF(K) is
homeomorphic to the set

F = {a € RM : h(a)},
where h is a semi-algebraic formula.

Proof. The coefficient vector @ € RM» of a polynomial pn(a,x) - here
we explicitly write the dependency of p, on its coefficients @ — which
can be factored into a product of n polynomials of degree 1 is described
by the first-order formula

3by,...,bn €R¥ Vo eR¥ pu(a,z) = [J(b] ). (18)
i=1
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By Tarski-Seidendberg principle, after eliminating all the quantifiers,
the set of all a’s that have such a property must be semi-algebraic.
That is, there is a semi-algebraic formula h equivalent to (18) defining
F. =

Therefore, the problem of finding the factorable polynomial p,(z) €
RE(K) “closest t0” gn(x) € Rn(K) is equivalent to:

min  fa-cl?

subject to acF (19)

where a and c are the coefficients of p,(x) and ¢, (x), respectively, and
| - lF is a norm in RM~ defined as ||la|% = Y (n1)!--- (nk)la2, ..
While it remains an open problem how to do the projection in general,
there is a closed form solution for n = 2, as shown by the example
below.

EXAMPLE 5 (Projection of a non-factorable polynomial). Consider
the polynomial g2(T) = cooz?+c11T1T2+Co223 and let ¢ = (c20, €11, Co2)T -
In this case, the semi-albegraic formula defining RI(K) is given by
h(a) = a?, — 4dagoag2 > 0 and the norm of a is given by ||a||% =
2a3y+a?,+2c3,. The optimization problem can be solved using Lagrange
multipliers to obtain the projection pa(x) = azx? + a1171%2 + agez? of
g2(x) onto RE(K), with

__ €20+ Acpp _ ¢ —Acyg _co2+ Acgo

azo—w— all—ﬁf— ap2 = 1— 2 ° (20)

where

min(c"l’l — 4cogcp2, 0)

A= .
lleliz + y/llelly - ( — 4erca)?

2.2.5. Solving for the first K — 2 entries of each b;

We have demonstrated how to obtain the last two entries of each b;
from the roots of a polynomial of degree n in one variable. We are
now left with the remaining K — 2 entries of each b;. For the sake of
simplicity, let us start with the following example:

EXAMPLE 6. Consider the case n = 2 and K = 3 illustrated in
Ezample 2. We know how to compute byg, b3, bao and byy as described
in Ezample 8, and would like to compute by; and by;. We notice that the
coefficients of the monomials which are linear in z; (ay,10 and a10,)
are linear in by; and byy. Thus we can write:

bao b12][b11] [auo]
= Lntd 2
[bzs b1z | [ b1 a1,0,1 (21)

from which we can linearly solve for by, and by.
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We know generalize Example 6 to arbitrary K and n. We assume
that we have computed b;;, i = 1,...,n, j = J +1,... K for some J,
starting with the case J = K -2, and show how to linearly solve for b;;,
i=1,...,n. As in Example 6, the key is to consider the coefficients of
pn(z) assoc1ated to monomials of the form z; 4! - - - z}¥ which are
linear in z;. These coefficients are of the form ag,. 0,1,n,,,,.,n, and
are linear in b;;. Therefore, we can linearly solve for b;; from:

b1y ap,....0,1,n—1,0,...,0

bay ao,...0,1,n-2,1,....0

J J J - yreeyWydy pdyeery
[ v ]| =] e 2

by ay,...,0,1,0,0,....n—1

where V,-J are the coeflicients of the following homogeneous polynomial
of degree n — 1 in K — J variables:

gl (x) = H( > ng:cJ) ﬁ ( f: bgjxj). (23)

=1 \j=J+1 t=i+1 \j=J+1

2.2.6. Uniqueness of the solution of the factorization algorithm
Equation (22) admits a solution by the definition of a. Hence, the
only question left is whether the solution is unique, or equivalently
whether the vectors V{, ...,V are linearly independent. The following
proposition gives a necessary and sufficient condition for uniqueness:

PROPOSITION 4 (Uniqueness of the solution given by the algorithm).
The vectors {V] }I, are linearly independent if and only if for allT # s,
1<rs <0, (er+1; bTJ+21 cee ,brK) and (st+17 st+2) IR SK) are
pairwise linearly independent. Furthermore, the vectors {ViK -2 T, are
linearly independent if and only if the polynomial f,(y) has dzstmct
roots and at most one of its leading coefficients is zero.

Proof. We do the proof by induction on n. Let hf(z) £ Z;i 741 05T
By definition, the vectors V; are linearly independent if

n
h! &3 ohi - Bl bl --hl =0 (24)
i=1
if and only if a; = 0,; € R, i=1,...,n. If n =2, (24) reduces to:

arhy + aghi =0. (25)
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Therefore V{ is independent from Vy if and only if h{ is independent
from hJ, which happens if and only if (b1 41, b17+2, - b1 k) is indepen-
dent from (b2j+1,b27+2,- - ., bok ). Now assume the that the proposition
is true for n — 1. After dividing (24) by h{ we obtain:
h’ h"
R =TT + Za, hy - Ry hJ =0. (26)
i=2

polynomial in R,. 1(K-J)

If &y = 0, then the proof reduces to theJcasJe n—1, which is true by the
induction hypothesis. If a; # 0, then Ezm’i must belong to R,,_; (K —
1

J), which happens only if h{ is proportional to some h{, i = 2,...,n,
i.e. if (b1s+1,b1542, - - ., b1K) is proportional to some (biy41,bi542, - - -, bik)-
The fact that the choice of h{ as a divisor was arbitrary completes
the proof of the first part. As for the second part, by construction the
vectors (brr—1,brx) and (bsi -1, bsk ) are independent if and only if the
roots of f,(y) are distinct and f,(y) has at most one leading coefficient
equal to zero. |

2.2.7. Obtaning a unique solution for the degenerate cases
Proposition 4 states that in order for the K — 2 linear systems in (22)
to have a unique solution, we must make sure that the polynomial
fn(y) is non degenerate, i.e. fo(y) has no repeated roots and at most
one of its leading coefficients is zero. One possible approach to avoid
non-uniqueness is to choose a pair of variables (z;,z;) for which the
corresponding polynomial f,(y) is nondegenerate. The following propo-
sition guarantees that we can do so if n = 2. Unfortunately the result
is not true for n > 2 as shown by Example 7.

PROPOSITION 5 (Choosing a good pair of variables when n = 2).
Given the polynomial pa(x), there erist a pair of variables (zj, ;) such
that the associated polynomial f2(y) is nondegenerate.

Proof. For the sake of contradiction, assume that for any pair of vari-
ables (z;, ;) the associated polynomial fa(y) has a repeated root or
the first two leading coefficients are zero. Proposition 4 implies that for
all j # j', (b1, b1j7) is parallel to (boj, bojr), hence, all the 2 x 2 minors
of the matrix B = [b; by]T € R?*K are equal to zero. This implies that
b, is parallel to by, violating the assumption of distinct subspaces. m

EXAMPLE 7 (A polynomial with repeated roots). Consider the fol-
lowing polynomial in R3(3):

p3(x) = (21 + 22 + z3) (21 + 222 + 273) (21 + 272 + T3).
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The associated polynomials in two variables are 4z3 + 10z3z3 + 8xoz3 +
223, 23 + 4zdzs + 51122 + 272 and 2} + 5rize + 8xy2% + 422, all of
them having repeated roots.

We conclude that, even though the uniqueness of the factorization is
guaranteed by Proposition 2, there are some cases for n > 2 for which
our factorization algorithm (based on solving for the roots a polynomial
of degree n in one variable plus K — 2 linear systems in n variables)
will not be able to provide the unique solution. The reason for this is
that our algorithm is not using all the coefficients in a, but only the
ones for which the problem is linear.

One possible algorithm to obtain a unique solution for these de-
generate cases is to solve polynomials of degree r in n — r variables.
We will not pursue this direction here. Instead, we will try to find a
linear transformation on z, hence on the b;;'s, that gives a new vector
of coefficients a’ whose associated polynomial f,(y) is non-degenerate.
It is clear that we only need to modify the entries of each b; associ-
ated to the last two variables. Thus, we consider the following linear
transformation L : RX — RX:

10---0¢¢
01 0ttt

11¢
00~ 01}

Under this transformation, the polynomial p,(z) becomes:

PL(y) = pa(Ly) = ﬁ b Ly =

i=1

n

K-1 K-2 K-1
IT | D2 bijus+ [t D bij+ bik—1| y—1 + |t D bij+bix | yk
i=1

i=1| j=1 j=1

- ] [l /

Vv’

by (8) Bl (0

Therefore, the polynomial associated to yx_; and yx will have dis-
tinct roots for all ¢ € R, except for the ¢'s which are roots of the
following second order polynomial:

br k-1 ()85 (£) = boge 1 (£)b].c () (28)
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for some 7 # s, 1 < r,s < n. Since there are a total of n(n + 1)/2
such polynomials, each of them having at most 2 roots, we can choose
t arbitrarily, except for n(n + 1) values.

Once t has been chosen, we need to compute the coefficients a’
of the new polynomial p/,. The following proposition establishes the
relationship between a and a':

PROPOSITION 6. Let a and a’ be the coefficients of the polynomials
pn(x) € Ru(K) and pj(y) = pn(Lx) € Rn(K), respectively, where
L : RK — RX is a non-singular linear map. Then L induces o linear
transformation T : RM» — RMn g — a' = Ta. Furthermore, the
column of T associated to an, n,,...nx 15 given by the coefficients of the
polynomial:

(ey)™ (Gy)™ - (Eky)™,
where Z}' is the j-th row of L.

Proof. Let pp(z), gn(z) € Ry(K) and a, 3 € R. Then the polynomial
apn () + Bgn(z) is transformed by L into ap,(Ly) + Bgn(Ly). There-
fore T is linear. Now in order to find the column of T associated to
@ny na,...nx» We just need to apply the transformation 7' to the mono-
mial 27252 .- 23X = (eJz)m(efz)"2 .- (ekx)"K, where {ej}f=1 is
the standard basis for RX. We obtain (el Ly)™ (ef Ly)"2 - - - (ek Ly)"¥,
that is, (6] y)™ (y)™ - (Eky)"™. n

REMARK 3. Due to the upper triangular structure of L in (27), the
matriz T will be lower triangular. Furthermore, since each entry of
L is a polynomial of degree at most 1 in t, the entries of T will be
polynomials of degree at most n in t.

By construction, the polynomial f},(y) associated to the last two
variables of p/,(y) will have no repeated roots. Threrefore, we can apply
the previously described factorization algorithm to the coefficients o’
of pl (y) to obtain the set of transformed normal vectors {b;}>- ;. Since
by definition of p], we have b;T = b} L, the original normal vectors are
given by b; = L~Tb!. It turns out that, due to the particular structure
of L, we do not actually need to compute L~7. We can obtain {b;}1,
directly from {bj}., and ¢ as follows:

b’l =b::” i=1,...,n,j=1,...,K—2
bik-1 = ;K—l —tzg{:—lzbij, i=1,...,n (29)
bik = b —tXE'hy,  i=1,...,n
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EXAMPLE 8. Letn=3 and K =3. Then L and T are given by:

1 ¢t
L=|011t and (30)
(001
M1 0 0 0 0 00 0007
3t 1 0 0 0 00 000
3t t 1 0 0 00 000
32 2 0 1 0 00 000
6t2 224+ 2t 2t 2t 1 00 000
T=l32 o2 o ¢ t 10 000 (31)
td 12 0 t 0 01 000
33 34212 2 22+t t 03 100
3t3 23462 212 34212 1248 ¢ 322t 1 0
| 3 t3 t2 3 2t 2t

Notice that if p3(x) = agz123 + a9Z2z3 + 1023, then the transformed
polynomial is p},(y) = agy1y3+(as+tag)yoy3+(a10+tag+tag)yi. Thus,
the polynomial associated to the last two variables is fl(y) = (ag +
tas)y+a10+t(ag+ag), which has more than one leading coefficient equal
to zero for all t. This is not a problem, because the given polynomial,
p3(x), is non-factorable.

2.2.8. GPCA algorithm
We summarize the results of this section with the following GPCA
algorithm

ALGORITHM 1 (GPCA algorithm). Given sample points {z7}Y_,, find
the number of subspaces n and the normal to the subspaces {b;}?, as
follows:

1. Apply the Veronese map of order i, for i = 1,2,..., to the vectors
{27}, and form the matriz L; in (9). Stop when rank(L;) =
M; — 1 and set the number of subspaces n to be the current i. Then
solve for a from Lpa =0 aend normalize so that ||a| = 1.

2. a) Divide the resulting a by the first nonzero coefficient of fo(y).

b) If the first £, 0 < ¢ < n, coefficients of fn(y) are equal to

zero, set (big—1,bik) = (0,1) fori=1,...,¢. Then use (15) to
compute {(birc-1,bik)}iep_eq1 from the n — € roots of fo(y).

c) If all the coefficients of fn(y) are zero, set (bix—1,bix) = (0,1),
fori=1,...,n.
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d) If (brg—1,brk) is parallel to (bsx—1,bsk) for some r # s, apply
the transformation @ = Ly in (27) and repeat 2a), 2b) and 2c)
for the transformed polynomial pl,(y) to obtain {(bg _q,bix)}iey-

3. Gwen (bjx-1,bix), i = 1,...,n, solve for {bis}}, from (22) for
J=K-2,...,1. If a transformation L was used in 2 d), then
compute b; from b} and t using equation (29).

3. Estimation of a Mixture of Probabilistic Models

In this section, we apply the theory of GPCA to the estimation of
subspaces for a mixture of probabilistic models. We assume that the
sample points {z7}X; are drawn from a certain distribution (Gaussian
or uniform) in R¥ that is approximately degenerate, i.e. there is at
least one direction in which the variance of the data is approximately
equal to zero. The extreme case in which the variance is equal to zero in
a certain direction(s) corresponds to the ideal case for GPCA in which
the data lies exactly in a linear subspace of R* which is orthogonal to
the zero variance directions.

In our experiments, we will consider mixtures of n = 2 and n = 4
probabilistic models in a K = 2 dimensional space. In all cases the
mean is assumed to be zero, and the standard deviation is 1 along the
direction of the subspace and e < 1 along the direction orthogonal
to the subspace, where the parameter e represents the eccentricity of
the covariance matrix?. In all cases, we will choose the sample points
in subspace n > 1 to be a rotated version of those in subspace 1.
Therefore, we will use data that is purposely statistically dependent.

Figures 2a) and 2b) show mixtures of n = 2 Gaussian and Uniform
distributions, respectively, with the main direction of each subspace
superimposed. The eccentricity of the covariance matrix is e = 0.15
and the angle between the two subspaces of # = 10°. We observe
that it is quite difficult to group data points belonging to the same
subspace, even if we knew the true direction for each subspace. This
is particularly true for the Gaussian distribution, because it is zero
mean, and hence most of the data for both subspaces is concentrated
around the origin. Therefore, we should not expect GPCA to give good
segmentation results for this type of data. Instead, we should expect
- GPCA to give a good estimate of the direction of the subspaces in spite
of the grouping, because GPCA does not use the grouping to estimate
the subspaces as most algorithms do.

4 The eccentricity is defined as the square root of the ratio between the smallest
and the largest singular value of the covariance matrix .
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Figure 2. A mixture of n = 2 probabilistic models with a) Gaussian and b) Uniform
distributions. The number of data points is 100 per subspace. Points in susbpace 1
are denoted with a o and points in subspace 2 are denoted with a 0. The eccentricity
of the covariance matrix for both distributions is e = 0.15 and the angle between
the two subspaces of § = 10°.

Figure 3 presents simulation results for a mixture of 2 Gaussian
distributions with an eccentricity of 0.15 for different values of the
angles between the two subspaces §. We observe that there is a high
rate of missclassification (around 20 to 35%) for small 8. As 6 increases,
the missclasification reduces to 10% approximately. In spite of these
high missclasification rates, the estimation of a basis for the subspaces
is remarkably good: the error in the estimation of the subspaces is
approximately of 1°, with a maximum error of 2.1° for an angle between
subspaces of only 6 = 10°.

Figure 4 presents simulation results for a mixture of 2 Gaussian
distributions with an angle between subspaces of 459%8 for different
values of the the eccentricity. As expected, the rate of missclassification
increases with the exentricity of the covariance matrix and so does the
error in the estimation of the subspaces. Again, in spite of extremely
high missclasification rates, the estimation of a basis for the subspaces
is obtained with an error of less than 5°.

4. Two-View Multibody Structure from Motion

In this section, we apply GPCA to the problem of estimating the 3D
motion of multiple moving objects from 2 perspective views. We here
give a brief summary on how GPCA can be used to solve the problem
and refer the reader to [6] for the details.

Assume we are given with a pair of images (x;,x2) of a point p
undergoing one out of possibly many motions, say {(R;,T;)},, with
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Figure 8. Estimation of the subspaces for a mixture of two Gaussians as a function
of the angle between the subspaces. The number of data points is 100 for each

Gaussian, and the eccentricity of the covariance matrix is 0.15.
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Figure 4. Estimation of the subspaces for a mixture of four Gaussians as a function
of the eccentricity of the covariance matrix. The number of data points is 100 for
each Gaussian, and the angle between subspaces is 45°.
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R; € R3*3 and T; # 0 € R3 representing the camera rotation and trans-
lation (calibrated case) or the homography and epipole (uncalibrated),
respectively. If (z;,23) is undergoing motion 7, then it must satisfy the
so-called epipolar constraint mgﬂxl = 0, where F; = fﬁR, € R3%3 js
the fundamental matrix associated to motion i. Since we do not know
the motion associated to a given an image pair (x;,Z2), as we did
in (3), we can only enforce the following constraint:

ﬁ (2] Fi1) =0, (32)

i=1

which we call the multibody epipolar constraint

While the GPCA constraint (3) is a product of linear forms, the
multibody epipolar constraint is a product of bilinear forms, which
makes the multibody structure from motion a much harder problem. It
is true that one can convert each epipolar constraint x3 F;x; = 0 into
the linear constraint (z2 ® x1)T f;, where f; € R? is the stack of the
columns of F;. However, it is not possible to apply GPCA with K =9
to the resulting product of linear forms, because v, (R3 ® R3) # v, (R?)
as shown in [6]. Instead, we use a clever geometric analysis of the
multibody structure from motion problem to convert the bilinear fac-
torization problem into two GPCA problems with K = 3, as described
below:

1. Multibody fundamental matriz: The Veronese map v, can be used
to convert the multibody epipolar constraint (32) into the following
bilinear constraint in v, () and v, (z2):

Va(22)T Fvn(z1) = 0, (33)

where F', the so-called multibody fundamental matriz, is a matrix in
RMnXMn with M,, = (n+1)(n+2)/2. Each entry of F is a symmetric
multilinear function of the entries of F;. Notice that equation (33)
can be re-written in linear form as (v, (2) ® vn(z1))T f = 0, where
[ is the stack of the columns of F.

2. Estimation of n and F: Given a set of N image pairs {(z], a:{,)}ff__l,
one can form a matrix L; € RNXMZ whose j-th row is given by
(vi(z})®vi(x}))T. From this matrix, one can determine the number
of motions n as min{i : rank(L;) = N? — 1}, and the multibody
fundamental matrix F' from the linear system L, f = 0.

3. Estimation of epipolar lines: Given an image x; in the first frame,
the epipolar lines associated to it are defined as £; = F;z; and
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one of such lines passes through the corresponding image xs in
the second frame, i.e. KT:cz = 0. Now given the multibody fun-
damental matrix F, one can prove that Fu,(z;) € RM» repre-
sents the coefficients of the following homogeneous polynomial in
z: f(x) = (Tx)- - - (€Zx). Therefore, one can compute the epipolar
lines {¢;}1, associated to any image point &; using steps 2 and 3
of the GPCA Algorithm 1 for K = 3.

. Estimation of epipoles: The epipoles are the vectors {T;}]-; such

that T F; = 0. Thus, given an arbitrary epipolar line £, there exist
one epipole T; such that T £ = 0, which implies that £ satisfies the
following polynomial: g(£) = (T{£)--- (TT¢€) = 0. Therefore, given
a set of epipolar lines {# }7=1 computed from the previous step, one
can apply to them the GPCA Algorithm 1 with K = n to obtain
the epipoles {T;}[.,, provided that the epipoles are distinct.

. Estimation of fundamental matrices: Let f} € R3, f? € R® and

Ff? € R® be the columns of the fundamental matrix F; € R3*3
associated to motion i. Given = = (z;,29,23) € R3, one can prove
that the vector Fy,(x) € RM» represents the coefficients of the
following homogeneous polynomial in y:

hy) = (@1} + 2283 + 2 )TY) - (@ + 2282 + 203)7y) -

Therefore, given F one can estimate the columns of each funda-
mental matrix and more generally any linear combination of them
{z1f} + z2f? + z3£3}2, (up to scale) using steps 2 and 3 of the
GPCA Algorithm 1 with K = 3. However:

a) We do not know the fundamental matrix to which the recovered
vectors belong to, because the GPCA problem is symmetric;

b) The recovered vectors are obtained up to scale only.

The first problem is easily solvable: if the recovered vector cor-
responds to Fj, then it must be perpendicular to the previously
computed T; (again we assume that the epipoles are distinct). As for
the second problem, for each i let #, j = 1,...,m be the recovered
vector corresponding to 27 that is perpendicular to T;. The z#’s can
be chosen arbitraryly, but we choose z! = (1,0,0)T, x2 = (0,1,0)

and 3 = (0,0,1)7. Then there exist unknown scales X! such that:

Ne =25t +2if? +2fd, i>4
= (N e)+z (N2 + (N3 E3), j> 4.
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The fundamental matrices are then given by:

Fo=[fi fi £ = & 38 X8, (34)
where A!, A? and A} are obtained as the solution of the linear
system: ~

Bt aifatel) |

X : A\l

dite dr2 381 | [4] _, )
A

A 1 2 3
£ [z o7 f; T3 e}

6. Motion Segmentation: Given the fundamental matrices, the image
pair (z),})’ is assigned to group i if }, F;zJ = 0. In the presence
of noise, the image pair is assigned to the group 7 that minimizes
(@) Fir])?.

We evaluated the proposed approach to segment a real image se-
quence with n = 3 moving objects: a truck, a car and a box. Figure 4
shows two frames of the sequence with the tracked features superim-
posed. We used the algorithm in [1] to track a total of N = 173 point
features: 44 for the truck, 48 for the car and 81 for the box. Figure 4
plots the segmentation of the image points obtained through GPCA.
The obtained segmentation has no mismatches.

(a) First frame (b) Second frame

Figure 5. A motion sequence with two cars and a box. Tracked features are marked
with a ’o’ for the first car, a 'o’ for the second car and an 'a’ for the box.
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25|

Figure 6. Motion segmentation results. Each image pair is assigned to the fundamen-
tal matrix for which the algebraic error is minimized. The first 44 points correspond
to the first car, the next 48 to the second, and the last 81 to the box.
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