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Abstract
Power - Performance Optimization for Digital Circuits
by
Radu Zlatanovici
Doctor of Philosophy in Electrical Engineering and Computer Sciences
University of California, Berkeley

Professor Borivoje Nikolic, Chair

In recent years, power has become the most important limiting factor for electronic circuits.
This has prompted a shift in the design paradigm for digital circuits: the traditional
approach of achieving the highest performance by increasing the clock frequency has been

replaced by ajoint optimization for both power and performance.

This thesis puts into practice the new design paradigm for the power - constrained
era: design as a power - performance optimization problem. The new circuit optimization
framework provides a systematic methodology for the power - performance optimization
of custom digital circuitsat circuit and microarchitecture levelsand isdemonstrated on sev-

eral examples.

The circuit optimization framework formulates the design as a mathematical opti-
mization problem that is solved numerically. The user can select awide array of modelsfor
the underlying technology, optimization variables, design goals and design constraints,
with varying impacts on the convergence speed and the accuracy of the solutions. The for-

mulation exploits the mathematical properties of the resulting optimization problems and



in some cases can guarantee the global optimality of the solutions or verify their quality

against a near-optimality boundary.

Four examples are used throughout the thesis to demonstrate the circuit optimiza-

tion framework:

a 64-bit Kogge-Stone static CMOS carry tree, to demonstrate the impact of adjusting
different sets of design variables (like gate sizes, supply voltage and threshold voltage)

in the power - performance optimization problem;

» adetailed study of 64-hit carry lookahead adders in 90nm CMOS, to illustrate how the
circuit optimization framework can be used to build intuition into the subtle tradeoffs of

aparticular family of circuits;

» an |EEE-compliant single-precision fused multiply-add Floating Point Unit (FPU) in
90nm CMOS, to compare the circuit optimization framework with acommercial logic

synthesistool;

» a64-bit Kogge-Stone static CMOS carry tree, to demonstrate how process variations
can be included in ayield-constrained power - performance optimization.
Onecircuit from the 64-bit adder family in the second example has been built in sil-
icon in order to confirm the correct operation of the framework through measurement. The
90nm chip performs single-cycle 64-hit additions in 240ps and consumes 260mW at the

nominal supply voltage of 1V.

Professor Borivoje Nikolic, Chair
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1 | ntroduction

“If the automobile industry advanced as rapidly as the semiconductor industry, a Rolls
Royce would get half a million miles per gallon and it would be cheaper to throw it away

than to park it.” (Gordon Moore, 1998).

1.1 Digital circuit design in the power-constrained era

Under the auspices of Moore' s law, the development of the semiconductor industry
in the last decades has been nothing short of phenomenal. Such tremendous progress has
been possible due to the advances in the underlying technology. For more than three
decades, the performance of digital circuits hasincreased at an astonishing rate using avery
consistent design strategy: achieve the highest possible performance by maximizing the

clock frequency.

In recent years, the emergence of power as the main limiting factor has prompted a
shift away from this traditional approach. The recent stop in frequency increase for the
leading microprocessors coincides with the beginning of the power - constrained erafor the
design of electronic circuits. Contemporary designs are power-limited yet it is still perfor-
mance that ultimately sells products. Therefore, a design strategy adequate for the power -
constrained eraisto achieve the highest possible performance under maximum power con-

straints. In some situations it is more convenient to reformulate it by using power as the



design objective and performance as the design constraint: achieve the minimum possible
power under minimum performance constraints. In either of the two formulations, the

design becomes a power - performance optimization.

This thesis implements a systematic power - performance optimization methodol -
ogy for custom digital circuits at circuit and microarchitecture levels. A new CAD frame-

work is developed for this purpose and demonstrated on several examples.

1.2 Background and current state of the art

Achieving the optimal performance under power limits is a chalenging task because it
involves a hierarchical optimization over a number of discrete and continuous variables,
with a combination of discrete and continuous constraints. It is commonly accomplished
through architecture and logic design, adjustments in the transistor / gate sizing, supply

voltages or selection of transistor thresholds.

V arious optimization techniques have been employed traditionally in digital circuit

design, which range from ssimple heuristics to fully automated CAD tools.

At circuit level, the method of logical effort [Sutherland99] provides an analytical
solution for sizing relatively simple custom circuits for minimum delay. For complex cir-
cuits with multiple paths and interconnect parasitics there is no analytical solution and
manual sizing becomesimpractical. TILOS[Fishburn85] wasthefirst tool that realized that
the delay of logic gates expressed using EImore's formula presents a convex optimization
problem that can be efficiently minimized using geometric programming [Boyd03]. A

broad class of combinational circuits can be optimized by the tool due to the efficiency of



the employed numerical methods. While the convex delay models used by TILOS are

rather inaccurate because of their smplicity, the result is guaranteed to be globally optimal.

Commercial logic synthesis tools use a different approach. The technology map-
ping step chooses gates of different sizesfrom alibrary of standard cellsin order to meet a
delay target. In a subsequent step, a power - driven remapping can be used to bring the
power of the circuit within a specified budget without exceeding the delay target. The
resulting ASICs are feasible (i.e. they meet all design constraints) but not optimal because

no figure of merit is minimized in the process.

Delay optimization under constraints has been automated in the past for custom cir-
cuitsaswell. IBM's EinsTuner [Conn99] uses a static timing formulation and tunestransis-
tor sizes for minimal delay under total transistor width constraints. The delay models are
obtained through simulation for better accuracy; however this guarantees only local opti-

mality.

The conventional delay minimization techniques can be extended to account for
energy aswell. For example, acombination of both energy and delay, such asthe energy-
delay product (EDP) has been used as an objective function for minimization. A circuit
designed to have the minimum EDP, however, may not be achieving the desired perfor-
mance or could be exceeding the given energy budget. Asaconsequence, anumber of alter-
nate optimization metrics have been used that generally attempt to minimize an E™D"
product [ Penzes02]. By choosing parametersn and madesired tradeoff between energy and
delay can be achieved, but the result is difficult to propagate to higher layers of design

abstraction. In the area of circuit design, this approach has been traditionally restricted to



the evaluation of several different block topologies, rather than using it to drive the optimi-

zation.

In contrast, asystematic solution to this problem isto minimizethe delay for agiven
energy constraint [ Stojanovic02]. Note that adual problem to this one, minimization of the
energy subject to adelay constraint yields the same solution. Two extreme solutions to this
problem for sizing at circuit level are well known. The minimum energy of the fixed logic
topology block corresponds to al devices being minimum sized. Similarly, the minimum
delay point is well defined: at that point further upsizing of transistors yields no delay
improvement. [Zyuban02] proposes hardwar e intensity as a unified metric for both energy

and delay that can be used to position the circuits in-between these two extremes.

In sequential circuits, the position of storage elements (also called the cutset) offers
another opportunity for optimization. The process of moving the storage elements with the
purpose to minimize or maximize a certain figure of merit is called retiming and the basic
algorithms have been introduced in [L eiserson91] and subsequently refined in [ Shenoy94].
Basic retiming is independent of any other design optimizations and its use has been ham-
pered by the difficulty in propagating it through the various layers of abstraction. In a
higher level analytical approach, [Zyuban03] derives the optimal balance of hardware
intensities across the various stagesin a pipeline in order to achieve minimum energy for a
fixed throughput. In a subsequent work by the same authors, the hardware intensity con-
cepts are used to perform a power - performance analysis of microprocessor pipelinesat the

architecture level [Zyuban04].



Custom datapaths are an example of power-constrained circuits with several loops
in the design process. Designers traditionally iterate between schematics and layouts
through successive resizings and retimings in order to achieve timing closure. The initial
design is sized and pipelined using wireload estimates and is iterated through the layout
phase until a set delay goal is achieved. The sizing and cutset are refined manually using
the updated wireload estimates. Finaly, after minimizing the delay of critical paths, the
non-critical paths are balanced to attempt to save some power, or in the case of domino
logic to adjust the timing of fast paths. Thisisatedious and often lengthy processthat relies
on the designer's experience and has no proof of achieving optimality. Furthermore, the

optimal sizing and cutset depend on the chosen supply and transistor thresholds.

An optimal design strategy would be able to minimize the delay under power con-
straints (or the other way around) by choosing supply and threshold voltages, gate sizes or
individual transistor sizes, logic style (static, domino, pass-gate, etc.), block topology,

degree of parallelism, pipeline depth, cutset, layout style, wire widths, etc.

1.3 Thesisoverview

This thesis builds on the ideas of convex [Fishburn85] and gradient-based [Conn99] opti-
mi zation techniques under constraints. The ideas presented here are integrated in a modul ar
circuit optimization framework for custom digital circuits in the power - performance

space. The optimization is performed at circuit and microarchitecture levels.

The circuit optimization framework is the main research contribution of thisthesis.

The goals of the framework are:



 offer maximum flexibility in the choice of design variables, logic family and models

for the underlying technology;

» usethetheory of mathematical optimization to transform the design problem in aform

that can be reliably solved by existing numerical optimizers;
» whenever possible, offer aguarantee for the global optimality of the results;

* provide away to evaluate the quality of the results when such an optimality guarantee

does not exist;

* take process variations into account in order to optimize yield (currently in a separate
module, not fully integrated with the rest of the framework).

The circuit optimization framework is described in abottom - up fashion in the the-
sis. The presentation starts with the basic concepts beyond power - performance optimiza-
tion and the fundamentals of mathematical optimization. Combinational circuits are
analyzed first, dealing with issues such as gate sizing, supply and threshold voltage optimi-
zation. Then the presentation shiftsto sequential circuits, integrating retiming in the frame-
work. In the end process variations are added in the picture to pave the road to yield

optimization.

Examples are provided throughout the thesis to illustrate the concepts and capabil -

ities of the framework. The examples have two equally important goals:

1. to verify the circuit optimization framework; this serves a sanity check and ensures that

the circuits designed by the framework are functional and perform “as advertised”;

2. to build design intuition.



The second goal helps the designer get a better understanding of the architectural
tradeoffs and make wise design choices. Ultimately, a CAD tool is only as good as the
designers who are using it. The skills, intuition and experience of the design team is what
eventually determinesthefinal outcome of any project. The circuit optimization framework
can help the designers understand the subtle tradeoffs of the particular circuit they are
working on and thisisillustrated on afew examplesin the thesis. One of the examples goes
beyond a particular implementation and uses the circuit optimization framework to build
general knowledge about afamily of circuits (64-bit adders). One circuit in the family has
been built in silicon and its performance and power measurements makeit interesting in its

own right, regardless of the methodology used to design it.

1.4 Thesis organization

Chapter 2 introduces the main concepts of power - performance optimization. A generd
discussion on the behavior of digital circuit in the power - performance space is followed
by areview of the mathematical background of circuit optimization. The general architec-
ture of the circuit optimization framework developed for thisthesisis presented in the last
section. Chapter 3 provides an in-depth look at the optimization of combinational circuits
- from simpl e classroom cases to complex real-life circuits through successive refinements.
A simple theoretical example is presented at the end of the chapter. Chapter 4 presents a
detailed case study of 64-bit adders and their design tradeoffs in the power - performance
space using the most advanced capabilities of the combinational circuit optimization frame-
work. A proof-of-concept implementation of a state-of-the-art adder built in 90nm CMOS

and designed using the described optimization framework is presented in the | atter sections.
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Chapter 5 describesthe optimization of sequential circuits by building on the conceptsfrom
Chapter 3 and also presents an example in the end. Chapter 6 introduces process variations
inthe power - performance optimization. A theoretical framework for stochastic yield opti-
mization is presented and demonstrated on a simple example. The conclusions and future

directions are presented in Chapter 7.



2 Design as a Power - Performance

Optimization Problem

This chapter introduces the main concepts of power - performance optimization.

It starts with a general discussion of the behavior of digital circuits in the power-
performance space in Section 2.1, leading to the construction of afirst optimal power - per-
formance tradeoff curve. Section 2.2 discusses how these power - performance tradeoff
curves can be used to compare different candidate architectures for the implementation of
the same function. The choice of optimization variables and their impact in the power - per-

formance space are described in Section 2.3.

The ensuing sections set the mathematical background for the circuit optimization
framework. Section 2.4 introduces numeric optimization problems. Section 2.5 discusses
the challengesincurred by general optimization problems and introduces convex optimiza-
tion as a sub-family of optimization problems that is easier to solve. Section 2.6 presents
the types of optimization problems most commonly used for digital circuits: geometric pro-
grams and generalized geometric programs in convex form. Section 2.7 introduces the
Lagrange multipliers as atool to analyze the sensitivity of the optimization problem to its

parameters and constraints.



The general architecture of the circuit optimization framework developed for this
thesisisintroduced in Section 2.8. Detailed descriptions of the optimization framework are

presented in Chapter 3 (for combinational circuits) and Chapter 5 (for sequential circuits).

2.1 Constructing thefirst energy - delay curve

In order to analyze the behavior of digital circuits in the power - performance space, the

first step isto select appropriate power and performance metrics.

The performance of adigital circuit can be evaluated in several ways, using metrics
such as clock frequency, number of operations per second, cycle time or simply the delay
of the circuit. While such metrics can have different meanings and offer different informa-
tion to the system designers, the delay of the circuit isa common denominator for most of

them. Therefore, the delay of acircuit isthe primary performance metric used in thisthesis.

The power of acircuit can also be evaluated in several ways. For desktop applica-
tions such as high-performance microprocessors, peak power drives packaging and cooling
constraints. For portable applications where battery life isthe primary concern, the average
energy per operation is amore appropriate power metric. Average power and peak energy
per operation can be used as well if needed. Conversion between these power metrics is
easy by taking into account the cycle time, leakage power and activity factors throughout
the circuit. For ssimplicity, the average energy per operation is used as the primary power

metric in this thesis and referred to simply as the energy of the circuit.
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Using these metrics, the generic “ power - performance space” trandlatesinto a con-
crete “energy - delay space” where the designs can be accurately placed, as shown in

Figure 2-1.

or

O 1 Initial design
© 2 Energy-optimal design

ENERGY

@ 3 Design within energy budget

Emax

DELAY

Figure 2-1. Designsin the energy - delay space.

Any design correspondsto a point in the energy - delay space. For instance, point 1
in Figure 2-1 can be an initial design. The first optimization to be performed is to remove
any excess power without affecting performance (if possible). Point 2 corresponds to an
energy-optimal design, where it is no longer possible to decrease the energy without
decreasing the performance of the circuit. If point 2 still exceeds a pre-imposed energy
budget E, 5 , then the delay of the circuit must be increased, to point 3. However, the delay
of the circuit should be increased only as little as necessary to attain the desired energy

budget E, o« - i-€. it should attain the best performance in the limited power budget.

Points 2 and 3 in Figure 2-1 achieve some degree of optimality: they both represent
circuits with the minimum delay for their energy and the minimum energy for their delay.

They both sit on the optimal energy - delay tradeoff curve. Circuits corresponding to points

11



above the curve (such as point 1 in Figure 2-1) are sub-optimal because there are other cir-
cuitsthat can perform the same function faster for the same energy or for less energy in the
same time. From a power - performance perspective, circuits not sitting on the optimal

power - performance tradeoff curve are wasteful and should be avoided.

For a circuit with a given topology, the optimal energy - delay tradeoff curve has

two well defined end-points, as shown in Figure 2-2.

<1

ENERGY

DELAY

Figure 2-2. End-points of the optimal energy - delay tradeoff curve.

Point 1 represents the fastest circuit that can be designed using that topology. For a
combinational circuit, this point can be obtained by solving the minimum delay problem
using, for instance, the logical effort method from [Sutherland99]. Point 2 represents the
lowest power circuit that can be obtained using that topology. In most cases this circuit can
be obtained by making all transistors minimum size. Other design constraints such as min-

imum signal slopes imposed for signal integrity reasons may require larger devices.

In adifferent interpretation, point 1 correspondsto minimizing just the delay of the

circuit D while point 2 corresponds to minimizing just the energy of the circuit, E. The

12



points in-between the two extremes (marked “3” in Figure 2-2) correspond to minimizing
various E™D" design goal's - such asthe well known energy-delay product, EDP. Therefore,
the optimal energy - delay tradeoff curve is a complete representation of the behavior of a

circuit in the energy delay space, containing all composite energy - delay design metrics.

The feasibility-based approach of commercial logic synthesis tools can be repre-
sented in the energy - delay space as shown in Figure 2-3. A synthesizer produces a design
that meets the delay and energy targets D5 and E o and therefore can lie anywhere in
the “feasible region”. Different starting points can result in different paths through the
energy - delay space and therefore different final circuits, because any designinthefeasible
region isacceptable. In most cases the synthesized design will not be on the optimal energy

- delay tradeoff curve but in the interior of the feasibility region and hence suboptimal.

ENERGY

Feasible

g _‘:l/rEQion
|

m
3
&

|

Dimax DELAY

Figure 2-3. Feasibility vs. optimization-based design.

By contrast, an optimization-based approach will aways produce a circuit on the

optimal energy - delay tradeoff curve.

13



2.2 Using energy - delay curvesfor architecture selection

Optimal energy - delay tradeoff curves provide anatural comparison criterion for different
circuit architectures implementing the same function. From a system level perspective, itis
aways desirable to implement the underlying circuit fabric such that it offers maximum
performance for its power budget or the minimum power for its performance target.
Figure 2-4 illustrates how to use optimal energy - delay tradeoff curvesto choose between

two candidate architectures implementing the same function.

ENERGY

Architecture 1

Architecture 2

Do DELAY

Figure 2-4. Architecture selection using energy - delay tradeoff curves.

For delay targets shorter than Dy, “ Architecture 1" is better in the energy - delay
sense (i.e. it offers better performance for the same power and lower power for the same
performance). For delay targets longer than Dy, “Architecture 2" is the preferred choice.
The envelope of the two curves can be considered the global energy - delay tradeoff curve

for the block.
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In general, the overall power - performance tradeoff curve of alogic block is the
envelope of the individual tradeoff curves corresponding to different architectures. Such
overall curves are made of pieces of architecture-specific tradeoff curves and therefore are
not smooth like the ones shown in the previous section. The best architecture in a particul ar
design point can be tracked back by identifying the piecein the overall curvethat givesthe

envelope in that region of the energy - delay space.

2.3 Variablesin the energy - delay optimization

Several design variables can be adjusted in the process of power - performance optimiza-
tion. Some variables are commonly expected to be the subject of adesign optimization pro-
cess (such as transistor sizes and power supply voltage) while others may be fixed in
advance due to various architectural and practical considerations (such asthe cell height if

using a standard cell library).

The choice of optimization variables greatly influences the final outcome of the

optimization, asillustrated in Figure 2-5.

15



Initial design

ENERGY

/

Variable 1

Variable 2

Variables 1 and 2

All variables

DELAY

Figure 2-5. Impact of optimization variable choice in the energy - delay space.

Starting from an initial design, different energy - delay tradeoff curves can be
obtained by tuning different variables individualy. In Figure 2-5 “Variable 1" and “Vari-
able 2" can befor example the supply voltage Vpp and the threshold voltage V1, adjusted
through body bias. Adjusting each of these variables individually yields a certain energy -
delay tradeoff. However, optimizing both variables jointly produces a circuits that are
better in the energy - delay sense. If other variables (such as transistor sizes) are included

in the optimization, the delay and energy of the resulting circuits can be further decreased.

In general, the more variables are included in the optimization, the better the result.
Not including a variable in the optimization is equivalent to constraining it to its nominal

value, hence reducing the space the optimizer can explore in its quest for the optimum.
Typical optimization variables can be (but are not limited to):
e Qate/ transistor sizes;

» power supply voltage;
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* threshold voltage;

* bitslice height;

* buswire size and spacing;

 other layout parameters concerning placement and routing strategies,
 latch/ flip-flop positions,

* pipeline depth;

» degree of paralelism or multiplexing.

Some of these variables are continuous (e.g. power supply, gate sizes in custom
designs) and some other are inherently discrete (e.g. flip-flop positions, degree of parallel-
ism). While optimizing all possible variablesat the sametimeisdesirable dueto thereasons
discussed in the beginning of this section, this is impossible in most practical cases. A
common approach isto do alayered design, in which different variables are tuned at dif-
ferent layers of abstraction. Parameters such as pipeline depth and degree of parallelism or
multiplexing are usually adjusted in macro-architecture level optimizations, such as the
ones performed in [Markovic04]. Thisthesisis mostly focused on the optimization of cir-
cuit and microarchitecture level parameters such as gate sizes, power supply voltage and

flip-flop positions.

2.4 Optimization problems

“Optimization” has been arecurring word throughout this chapter and the goal of thiswork

isto formulate the design as a power performance optimization problem and then solve that
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optimization problem. In general, a mathematical optimization problem can be expressed

as [Boyd03]:

() <0 i= 1.
min f(x) suchthar ] S9=0 1= 1.

(2-1)
x0DO h(x)=0 j=1..k

The commonly used terminology is:

x contains the optimization variables in an n-dimensional vector

f is the objective function

g; are inequality constraints

h; are equality constraints

The general optimization problem (2-1) searches for the set of optimization vari-
ables x that minimizes the objective function f while satisfying the inequality constraints g
and the equality constraints h. A point in the variable space that satisfies all (inequality and
equality) constraints is called afeasible point. All feasible points define the feasible set of
the optimization problem. The solution of the optimization problem (the x that minimizes
f) must be within the feasible set. If the feasible set is void, the optimization problem has

no solution and is said to be infeasible.

A general optimization problem such as (2-1) isvery difficult to solveif no assump-
tions are made about the objective function and the constraints. Although there are some
algorithmsthat are ableto deal with general functionswith a certain degree of success, they
are usually slow and can get trapped in local minima. Figure 2-8 illustrates how an opti-
mizer could converge to theincorrect solution. If theinitial guessvalueispoint 1, then the
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optimizer converges to the correct solution, point A. However, if theinitial guessvalueis
point 2, the optimizer will most likely stop at the incorrect solution point B which although

alocal minimum, is not the global minimum.

f(x)

Figure 2-6. Loca and global minimain general optimization problems.

The solution of general optimization problemsis usually highly dependent on the
initial guess point.

An alternative approach isto devel op optimization algorithmsfor certain classes of
problems and exploit their properties in a convenient way. This, however, poses another
problem: real optimization problems may not fall within that specific class of problemsthe
algorithm is capable to deal with in avery efficient way. The solution isto try to transform
the actual optimization problem into one that satisfies al the assumptions of the algorithm
by using various techniques such as changes of variables, adding slack variables, duality

etc.
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2.5 Convex optimization problems

One class of optimization problemsfor which very efficient algorithm exist is called convex
optimization [BoydO03].

In a convex optimization problem the objective function and the feasible set must
be convex. A convex function has the property that the chord joining two points lies above

the function, as shown in Figure 2-7.

f(x)

Figure 2-7. Convex function.

The key property of aconvex functionisthat every local minimum isaglobal min-
imum. Hence the use of a convex function avoids any hill-climbing efforts. If a minimum

isfound, it is guaranteed to be the global minimum.

A convex set is a set for which the segment joining two arbitrary points of the set
liesalso within that set. The condition that the feasible set be convex translates into the fol-

lowing restrictions on the constraint functions g and h:
* inequality constraints g; must be convex

* equality constraints h; must be linear
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The constraint on the h functions is very restrictive. However, circuit optimization
problems do not usually have equality constraints. Therefore, the general form of a convex

optimization problem as used for digital circuitsis:

min f(x) suchthat g;(x)<0 i= 1...m wheref and g; areconvex functions (2-2)
xo

Some very efficient algorithms for solving convex optimization problems are com-
mercially available. They generally use interior point iterative methods or some variations
of the simplex algorithm [Boyd03]. Some of them (such as the Mosek toolbox [Mosek06]
for Matlab) do not even require an initial guess value, completely eliminating its depen-

dency.

The biggest problem when using convex optimizersisto put the real optimization
probleminaconvex form. Real life problemsare usually not convex; for instance, the delay
of alogic path is not aconvex function, but can be made convex after a series of mathemat-
ical transformations. The next section introduces the most common forms of convex prob-

lems used in the optimization of digital circuits.

2.6 Geometric programs and gener alized geometric

programs

In this section we describe afamily of optimization problems that are not convex in their
natural form. These problems can, however, be transformed to convex optimization prob-
lems using a change of variables. The presentation in this section summarizes the essential

characteristics of geometric programming without going into al the details. For acomplete
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description, the reader isreferred to [Boyd03] which contains an in-depth discussion about

these problems and about convex optimization in general.

In order to define geometric programming we need to first introduce posynomial

functions. A posynomial function is defined as:
n
(of¥
p(x) = Zyj |‘| xp ' oy 00y ;0 0" (2-3)
Ioi=1

for x; > 0. Each term of the sum is called amonomial. A posynomial is similar with apoly-

nomial with the following 2 differences:

1. exponents of the variables can have arbitrary real values (including negative), not only

integers

2. monomial coefficients must be positive real numbers (as opposed to polynomiaswhere
they can be negative as well).
A posynomial is not a convex function per se, but can be made convex using the

following change of variables:

x =e i=1.n (2-4)

This transformation is invertible for positive x;'s and therefore the original optimi-

zation variables can be easily retrieved when the algorithm finishes.

An optimization problem of the form
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f(x)<1 i= 1..m

min fy(x) such that
h(x)=1 j= 1.k

(2-5)
wherefy, ... f,, are posynomials and hy, ... h, are monomialsis called a geometric program

(GP). The domain of thisproblemis D = DL and the constraint x; > 0 is implicit.

Geometric programs are not (in general) convex optimization problems, but they

can be transformed to convex problems using the change of variables (2-4).

Generalized geometric programming (GGP) is an extension to GP that preserves
the convexity of the re-mapped optimization problem for a wider family of functions than
just posynomials. A function f is called a generalized posynomial if it can be formed from
posynomials using the operations of addition, multiplication, positive (fractional) power
and maximum. An optimization problem like (2-5) wherefy, ... f,, are generalized posyno-
mials and hy, ... h, are monomials is called a generalized geometric program (GGP). As
shownin[Boyd03], GGPs can be transformed into convex problems using the same change
of variables (2-4) asfor regular GPs. Moreover, while GGPs are much more general than
GPs, they can be mechanically transformed into an equivalent regular GP by introducing a
supplementary variable and an equality constraint for each individual posynomia compo-

nent of each generalized posynomial.

GP and GGP are the most common forms of optimization used for digital circuits,

aswill be discussed in Chapter 3.
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2.7 Sendgitivity analysis of optimization problems: the

L agrange multipliers

Sometimes it is useful to know how changing a constraint or a parameter in the optimiza-
tion problem will change its result. Such an analysis can provide insights into the bottle-

necks of the problem and improve the robustness of the design.

Duality provides the theory behind optimization sensitivity considerations. This
section presents a brief introduction of the main concepts of duality. The reader is referred

to [BoydO03] for a detailed discussion on this topic.
For the optimization problem (2-1), the Lagrangian function is defined as:

m k

L(x,A,v) = f(x) + Z)\igi(x)+ z vjhj(x) (2-6)

i=1 j=1

Aj is called the Lagrange multiplier associated with the ith inequality constraint

gi(x) < 0; similarly, v isthe Lagrange multiplier associated with thejth equality constraint
hj(x) = 0. The A and v vectors are called the dual variables or Lagrange multiplier vec-

tors associated with the problem (2-1).
The Lagrange dual function G is defined as the minimum value of the Lagrangian

over X

m k
G(A,v) = igf LOGA,V) = inf [0+ 3 g () + 3 vhy(x) (2-7)
i=1 ji=1
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When the Lagrangian is unbounded below in X, the dual function takes on the value
—oo . Since the dual function is the pointwise infimum of a family of affine functions of

(A,v), itisconcave, even if the optimization problem (2-1) is not convex.

The dual function yields lower bounds on the optimal value p* of the problem (2-

1). Itiseasily verified that for any A = 0 and any v
G(A,v) < p* (2-8)

Thus, G gives alower bound on the solution that depends on some parameters A, v.
The best lower bound that can be obtained from the Lagrange dual function provides can
provide a stopping criterion for the original problem. This leads to the optimization prob-

lem:
max G(A,v) suchthat A >0 (2-9

Thisproblemiscalled the Lagrange dual problem associated with (2-1). Inthiscon-
text, the original problem (2-1) is called the primal problem. The doublet (1711 isreferred

to asdual optimal or optimal Lagrange multipliers.

The Lagrange dual problem (2-9) isaconvex optimization problem since the objec-
tive to be maximized is concave and the constraint is convex. This is true whether or not

the primal problem (2-1) is convex or not.

The optimal value of the Lagrange dual problem, d*, is by definition the best lower
bound on p* that can be obtained from the Lagrange dual function. In particular the smple

but important inequality:

d* < p* (2-10)



holds even if the original problem is not convex. This property is called weak duality. The
difference p*-d* is called the optimal duality gap of the original problem. It gives the gap
between the optimal value of the primal and the best (i.e. greatest) lower bound on it that
can be obtained from the Lagrange dual function. The optimal duality gap is always non-

negative.
If the equality
d* = p* (2-11)

holds, i.e. the duality gap iszero, it issaid say that strong duality holds. This meansthat the

best bound that can be obtained from the Lagrange dual function istight.

Strong duality doesnot hold in general. But if the primal problemisconve, it holds
under a set of straightforward conditions known as Sater’ s constraint qualification condi-

tions, described in detail in Section 5.2.3 of [Boyd03].

All optimization problems involved in the optimization of digital circuits qualify

under Slater’s conditions for strong duality.

When strong duality holds, the optimal dual variables provide very useful informa-
tion about the sensitivity of the optimal value with respect to perturbations of the con-
straints. Consider the following perturbed version of the original optimization problem (2-

1):

min f(x) such that g(x¥)<sy, i=1..m

(2-12)
xoo" h(x)=v j=1..k
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The problem coincides with the original problem (2-1) when u=0and v=0. When
u; ispositive it means that we have relaxed the ith inequality constraint; when u; is negative
it means that we have tightened the constraint. The perturbed problem (2-12) results from
the original problem (2-1) by tightening or relaxing each inequality constraint by u; and by
changing the right-hand side of the equality constraints by v;. Let p*(u,v) be the optimal
value of the perturbed problem (2-12). When the original problem is convex, the function

p* isconvex in u and v [Boyd03].

If p*(u,v) is differentiable at (0,0) and strong duality holds, the optimal dual vari-

ables (1“1 are related to the gradient of p* at u=0and v = 0:

A = _9p*(0,0) (2-13)
Jou.

v, = 920, 0) a\?’ 0 (2-14)

The optimal Lagrange multipliers are exactly the local sensitivities of the optimal

value with respect to constraint perturbations.

Variousinterpretations of the optimal Lagrange variablesfollow directly from these
equations. The sensitivity provides a measure of how active aconstraint is at the optimum
value x*. If gj(x*) < 0 then the constraint isinactive and it follows that the constraint ca be
tightened or loosened asmall amount without affecting the optimal value and the associated
optimal Lagrange multiplier iszero. The ith optimal Lagrange multiplier tells us how active

theit" constraint is; if A* issmall it means the constraint can be tightened or |oosened a bit
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without much influence on the optimal value; if A;* islarge, it meansthat the effect on the

optimal value will be great.

All the optimizers used in this thesis solve the primal problem by solving the dual
and computing the duality gap [Mathworks05], [Mosek06], [ GGPLABO6] thus making the
values of the optimal Lagrange multipliers available to the user. The dual solution of the
optimization problem provides the data for the sensitivity analysis: for instance the values

of the Lagrange multipliers can be used to identify the critical pathsin adigita circuit.

2.8 Circuit optimization framework

The main contribution of thiswork is the development of a CAD toolbox to design digital
circuits in the power - performance paradigm. This incurs formulating the design as a
power - performance optimization problem (in most cases as a GP or GGP) and then solv-
ing it numerically. The CAD toolbox, further referred to asthe “ circuit optimization frame-
work” isbuilt around a versatile optimization core consisting of a static timer in the loop of

amathematical optimizer, as shown in Figure 2-8.
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Figure 2-8. Circuit optimization framework.

The optimizer passes a set of specified design variables (as discussed in
Section 2.3) to the timer and gets the resulting delay (as a measure of performance) and
energy of the circuit, aswell as other quantities of interest such as signal slopes, capacitive
loads and, if needed, design variable gradients. The process is repeated until it converges
to the optimal values of the design parameters, as specified by the desired optimization

goal.
The inputs to the optimization core are:
* anoptimization goa (e.g. “minimize delay subject to a maximum energy constraint”);

» aset of design variablesto be adjusted in the quest for the optimum (from thelist in

Section 2.3);
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* aSPICE-like gate-level netlist of the circuit to be optimized (each gate is specified by
itstype as well asitsinput and output nodes). The netlist also includes an estimate of
the wire loads from a preliminary layout floorplan sketch and the boundary conditions

for the circuit (i.e. the maximum loads on the global inputs and outputs);

* user-specified models to be used by the static timer to compute delays, energy, power,
signal slopes, |eakage etc.
The circuit optimization framework is modular and can easily accommodate other

optimization goals, design variables and models by simply swapping modules in and out.

Since the static timer is in the main speed-critical optimization loop, it is imple-
mented in C++ to accel erate computation. It is based on the conventional longest path al go-
rithm. The current timer is custom written and does not account for false paths or
simultaneous arrivals, but it can be easily substituted with amore sophisticated one because
of the modularity of the optimization framework. When optimizing sequential circuits, the

static timer also has retiming capabilities, as discussed in detail in Chapter 5.

The framework can use several numerical optimizers. For GPs and GGPs, the solv-
ers currently used are Mosek Optimization Toolbox [Mosek06] and GGPLAB
[GGPLABOG6]. For other problems (not necessarily convex) the fmincon function from
Matlab Optimization Toolbox [Mathworks05] is used. Each solver has its own advantages
and disadvantages: fmincon is slow but the most general and can deal with non-convex opti-
mization problems. GGPLAB is written entirely in Matlab and works best for small and

medium size GPs. Mosek hasarather large overhead for small problems, but can solvevery
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large GPswith tens of thousands of variables, and can take advantage of modern multi-core

and multi-processor computers to speed up the optimization.

Other solvers can be employed with minimal efforts due to the standard interface

with the other modules of the framework.
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3 Optimizing Combinational

Circuits

This chapter provides an in-depth look at the optimization of combinational circuits. Start-
ing from the simplest cases, the combinational circuit optimization problem is successively

refined until it can handle real-life circuits with good accuracy.

The first step in setting up an optimization problem in the energy-delay spaceisto
select modelsthat will expressthe energy and delay of acircuit as afunction of the optimi-
zation parameters. Section 3.1 presents the Elmore delay-based linear model for a gate and
a logic path. The model is at the foundation of the logical effort sizing method
[Sutherland99]. Using this model, the simplest optimization problem - unconstrained delay
minimization by tuning gate sizes - is set up in Section 3.2. The rather inaccurate initial
delay model isimproved in Section 3.3 and Section 3.4 by including the effects of keepers
for dynamic gates and signal slopes. Section 3.5 discusses how wire parasitics can be
included in the optimization problem. Energy and area expressions are presented in
Section 3.6 and the constrained optimization problem for combinational circuitsis set up.
Section 3.7 shows how to optimize combinational circuitswith multiple paths using astatic
timer. At this point the models are similar to the level-1 models used in commercial logic
synthesis tools [Synopsys04]. Arbitrarily accurate tabulated models are discussed in
Section 3.8. Section 3.9 shows a way to evaluate the quality of a result obtained from an
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optimization problem whose optimality cannot be guaranteed. Section 3.10 extends the
optimization problem to include the power supply voltage and the transistor threshold volt-

age as optimization parameters in addition to the gate sizes.

Section 3.11 shows a simple example that uses analytical models to illustrate the
capabilities of the optimization framework. The full capabilities of the optimization frame-
work are demonstrated in Chapter 4 through a detailed case study on 64-bit adders using

tabulated models.

This chapter presents an extended version of our previously published work

[Zlatanovici05].

3.1 Simplest delay expressions: logical effort

The model described in this section is based on the assumption that the delay of alogic
gatesisalinear function of the load capacitance. It isthe foundation of agate sizing method

described in [Sutherland99] called logical effort.

3.1.1 Delay of a static gate

Using the above linear assumption, the delay of alogic gateis:

tD, abs ~ 0.69 ERdrive E(C' + CL) (3'1)

int

where Ry;ive IS the equivalent driving resistance, C, isthe load capacitance and C;,; is the
internal self-loading capacitance of the gate. If y is the ratio of the internal self-loading

capacitance and the input capacitance of the gate y = C,,,/C;,, the delay equation (3-1)

int

can be rewritten as:
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to = 069[R,...[C d@+fig- dﬁ+2% (3-2)
D,abs = * drive —~int yC. = Tgate Y C

in in

where 7ge isanintrinsic time constant for the gate. Normalizing everything to theintrinsic

time constant of an inverter 7, the delay of a gate can be written as:

(@)

t. = tD, abs _ Tgatey_|_ Tgate DCL = p+g

D™ T Ci,

- (3-3)

o

=)

inv inv Tinv

The delay of a gate is therefore determined by three factors:

T
1. p-= faateY intrinsic del ay, afixed part that depends on the internal self-loading of the
inv
gate, dominated by the source and drain capacitances of the transistors at the output

node;

T
2. g = 2 _|ogical effort, capturing the influence of a gate's topology on its ability to
inv
drive loads; it isindependent of the sizes of the transistorsin the circuit;

C
3. h = =t - fanout or electrical effort, capturing the influence of the electrical environ-
in
ment of the gate; it isequal to the ratio between the load and the input capacitance of
the gate.

Thus, the delay formulafor one gateis:
tp = p+glh (3-4)

Eq. (3-4) shows that a gate is characterized by two parameters for each input and
for each transition: theintrinsic delay p and thelogical effort g. The g [h product isusually

called the effort delay of the gate.
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The delay of alogic gate, as represented by (3-4) isalinear relationship. Figure 3-
1 shows this relationship graphically (delay as afunction of the fanout) for an inverter and

a2-NAND gate.

2-NAND g=4/3 p=2

Normalized delay (d)

Effort delay

Inverter g=1 p=1

Intrinsic delay

-
0 | | | | |

0 1 2 3 4 5
Fanout (h)

Figure 3-1. Delay of an inverter and a2-NAND as afunction of the fanout.

Thelogical effort of agate (g) can have severa equivalent definitions. It represents
the number of timesworsethe gateis at delivering output current than would be an inverter
with the same input capacitance [Sutherland99]. Therefore, by definition, an inverter has

35



0g=1. The logical effort g is aso the slope of the gate's delay vs. fanout curve divided by
the dlope of an inverter’ sdelay vs. fanout curve. Thisdefinition is more useful for measure-

ment and calibration purposes, and isillustrated in Figure 3-1.

Theintrinsic delay of a gate (p) can also have several definitions. It represents the
delay of the gate without any external load and it is determined mainly by the drain and
source capacitance of the transistors. In Figure 3-1 the intercept of the delay vs. fanout

curve withthe Y axisistheintrinsic delay of the gate.
The main limitations of the model are:

* itisuncalibrated if the simplest definitions are used for the parameters; the model can

be calibrated using the delay vs. fanout curves as shown in Figure 3-1;

* it does not account for slopes (nominal slopes are considered). The model has good
accuracy when slopes are fast but becomes inaccurate when slopes are low due to the
limited gain of the gates and the decreasing accuracy of the linear approximation. The
problem can be alleviated by imposing an upper bound on the fanout in order to keep

the slopes reasonable;

» themodel has difficulty handling gates with multiple paths from an input to the output.
For instance a gate implementing Z=(A+(A+B)C)’ has two paths from input A to the
output - one through each term. Depending on the internal transistor sizing and input
combination, each of the two paths can be critical. The model cannot capture this situa-

tion unless a separate set of parametersis defined for each path in the gate.
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3.1.2 Delay of alogic path

Let's consider first alogic path composed solely out of static gates, with negligible inter-

connect, and driving aload capacitance C, , as shown in Figure 3-2.

bl b3
Wa W, Ws W CL
P1, 01 P2, 92 Ps3, O3 P4, 94 I

Figure 3-2. Logic path with branching and negligible interconnect.

At each node we can define the branching effort b as:

b = Con path + Coff path (3_5)

Con path

The input capacitance of gatei is:
Cini = W, (3-6)

where W, istherelative size of gatei. Using (3-4), the path delay is the sum of theindivid-

ual gate delays along that path:

N N N N N
= _ CIoad,i _ B;igi + W1
p= > (F+gth) = zpi"'zgiDT— zpi"'zgiDW (3-7)
i=1 i=1 i=1 it i=1 i=1 H
and therefore:
N N o W
b= Y p+Y igi+Vi/. i+1 (3-8)
iz1 =1 !
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(3-8) isthe basic formulafor the delay of alogic path. It does not take into account
any interconnect effects or keepers for dynamic gates. (3-8) is a posynomial in W, and

hence can be conveniently used in geometric programs.

3.2 Thefirst optimization problem: unconstrained delay
minimization
Using (3-8) the first optimization problem can be set up asfollows:

N

N
. b.g ., W C.<C
min + idi+1""+1 such that in in,max 3-9
W {Z P2 W, =1 (39)

. . |
i=1 i=1
where C, , istheinput capacitance of the path, computed using (3-6). C;,, is constrained to

a maximum value C; o

that determines the overall electrical effort of the path. The
W, =1 constraint, although obvious for a circuit designer, must be included explicitly in

order to ensure that the optimizer produces a manufacturable circuit.

The optimization problem (3-9) can be solved analytically. The well known solu-
tion, described in detail in [Sutherland99], finds that for minimum delay all stagesin a path

should have the same stage effort:

N

C

fi =gy = []9b —t—forali = 1...N (3-10)
=1 Cin,max

The gate sizes W, can be found by working from either end of the path using

Cin,i = COUt,i [gl/fl and (3'6)
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3.3 Including keepersfor dynamic gates

If a dynamic gate has no keeper, like the one in Figure 3-3, its logical effort is computed
the sameway asfor astatic gate. In thiscase g=1/3 and it isindependent of therelative size

of the gate, W.

out

Figure 3-3. Dynamic 3-NOR gate with no keeper.

When a keeper is added, the logical effort of dynamic gates becomes dependent on
the size of the gate (unlike static gates). The size of the PMOS keeper and the feedback
inverter usually do not change when the gate scales (Figure 3-4). This means that the logi-

cal effort of adynamic gate isno longer independent of its size.
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Figure 3-4. Typical dynamic gate with keeper.

With the notation from Figure 3-4, the driving strength for the pull-down transition
of this gate is the same as the driving strength of an inverter with the NMOS size of x-y/2.
If the logical effort of the gate without the keeper (i.e. y = 0) is g, then the logical effort of

thewhole gateis:

g =g E(l + 5%\1) (3-11)

where Wistherelative size of the pull-down network only. The advantage of using thisrep-

resentation is that the input capacitance of the gateis still C;,; = g;W, (using the original

in,i
gi)-

Theoretically, the intrinsic delay of the gate should also increase when the PMOS
keeper isadded. However, because the gate becomes increasingly nonlinear, the linear log-
ical effort model is moreimprecise. Simulations have shown that delay asafunction of load
is still linear with the slope given by (3-11) but the intrinsic delay stays the same for rea-

sonably small keepers (Figure 3-5). The graph shows the delay of a dynamic gate without

a keeper and with a keeper sized such that its driving strength is 25% the driving strength
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of the PDN. Therefore, athough logical effort theory would predict an increase in the

intrinsic delay, we will consider that it stays the same when keepers are added.

7 T T
== fitted model - no keeper
fitted model - 25% keeper
6 B simulation points - no keeper
@ simulation points - 25% keeper

Normalized delay (d)
N

Fanout (h)

Figure 3-5. Delay of adynamic gate with and without a keeper.

If the path contains dynamic gates, (3-8) becomes:

N N
N b.a .. W
th = S P+ Z(“;\l/lv)mlngi/. =

. . i i
i=1 i=1

(3-12)

where y; contains the keeper sizes (set to zero if the gate is static). (3-12) is a posynomial

inboth W, and y; .

The inverter used by the keeper puts an additional load on the output of the gate.

There are two possibilities to account for it:

1. include the effect of thisload in the intrinsic delay term of the gate;
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2. include it as an additional output load by lumping it into the wire capacitance at that
node.

The first solution has the disadvantage that the intrinsic delay will also depend on
the size of the gate (because the inverter does not scale with the gate). However, the wire
capacitance at the output node of the gate does not scale with the gate either, and therefore
the second solution is more convenient. In conclusion, the input capacitance of the inverter
(2) will be lumped into the wire capacitance at the output node using the expressions in
Section 3.5. If no significant (actual) wire capacitance is defined at the output node (which
iscommon for dynamic gates), avirtual wire can be defined for the purpose of representing

the keeper inverter.

3.4 Including signal slopes

Theaccuracy of thefirst order model described in the previous sections can be significantly
improved by taking signal slopes into consideration. When driven with non-step input, the
rise/ fall time can be absorbed into the equivalent driving resistance of the gate, Ryrive siope
(different from the Ry, e extracted from the I-V characteristics). The output delay is lin-
early dependent on the input rise / fall time and therefore eg. (3-4) can be modified to

account for signal slopes by adding an extra term:

(3-13)

slope,in

Cp
tp = p+gl—=+nit
Cin
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where t is the 10%-90% signal slope at the input of the gate. Since (3-13) requires

slope,in
the values of the signal slopes, a new equation is needed to propagate them through the

path:

t (3-14)

slope,out slope,in

C
= A+pO==+vit
Cin

Each input of each gate is characterized for each transition by a set of six parame-
ters: p, g, n for thedelay, and A, , v for the slope. Thisdelay model is similar to the level-
1 models used in commercial logic synthesis tools [SynopsysO4] and yields reasonable

accuracy for afirst order analysis.

Equations (3-13) and (3-14) can be written as posynomials in the gate sizes, W:

> KW

o= b 11, =
> KiW,
tyopeout = A +H Edrlvenlgii/tve inputs +V Oy opein (3-16)
current

Since (3-6) is no longer accurate when using (3-13), a seventh parameter, K, is
introduced to compute gate input capacitances, K; is the input capacitance of the gate when
W =1,

If tyope,in iS@posynomial, then tp and tygpe ot are also posynomiasin W. By spec-
ifying fixed signal slopesat the primary inputs of the circuit, the resulting slopesand arrival

times at al the nodes will also be posynomialsin W, suitable for a geometric program.
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In the case of dynamic gates, equations (3-13) and (3-14) can be extended to

account for keepers in the same way as described in Section 3.3.

3.5 Accounting for wire parasitics

Interconnect loading and delay are modeled through wire capacitance and resistance. In

early stages of the design, wire lengths are assumed to be constant and independent of the

sizes of neighboring gates.

Wire capacitance can be readily included in equations (3-13) and (3-14) by simply

changing the capacitances at the nodes with:

Cnode = Cwire+ Z Ki\Ni
gate inputs at node
and therefore:
Cwi ret z Kivvi
t.=p+qll driven gate inputs +n [ .
D p+g KWcurrent n slope,in
Cwi ret z KiWi
tslope,out = A+p0 dr|i<v\c/3\r} gate inputs +V [tslope,in

current

Equations (3-18) and (3-19) are posynomialsin W.

(3-17)

(3-18)

(3-19)



In deep sub-micron technologies the resistive effect of interconnect is playing an
increasingly important role. A tmodel as shown in Figure 3-6 can be used with reasonable

accuracy [Amrutur01].

iwl
“I I”

Figure 3-6. Ttwire model.

According to [AmruturO1] the delay of this structureis:

wire
ane E( + Cafter wire)

p = tp(R=0)+ . (3-20)

where a isafitting parameter close to 1 and tp(R=0) is (3-18). Equation (3-20) introduces
an extraterm in (3-18) for each node that has awire. Since the extraterm is posynomial is

W, the final equation maintains this property.

Each wireis described by two parameters: Ci;e and Ri;e- They depend on the par-
ticular geometry of that wire: length, width, distance to adjacent wires, metal layer and
number of vias. A floorplan sketchisrequired in order to estimate the geometry of thewire

early in the design.

3.6 Energy and area expressions

The energy per operation can be computed using:
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2
E = z aiCiVDD+TcycIeD z \ijleak,j (3'21)

all nodes all gates

where g; isthe activity at nodei and Py j iSthe average |eakage power of gatej. The equa-
tion separates switching energy and leakage, and does not account for crowbar current.
Eq. (3-21) is also a posynomial for afixed cycletime Ty e thefirst termisjust a
linear combination of the gate sizes while the second term is another linear combination of
the gate sizes multiplied by the cycle time. If the cycle time is computed at optimization
time asthe maximum of all path delays, (3-21) becomes ageneralized posynomial, the opti-
mization problem becomes a generalized geometric program (GGP) and it is still easily

solvable [Boyd03].

If needed, the area of the design can be estimated using asimple linear combination

of the gate sizes:
N
A= Z u; W, (3-22
i=1

where y; isthe area of the gate when W, = 1. Eq. (3-22) isalso aposynomial in W.

For datapaths, the area equation (3-22) can be reformulated to express the number

of tracks occupied in each bitslice.

3.6.1 Constrained optimization problem
The energy-delay optimization problem can be formulated in two ways:

1. as an energy-constrained delay minimization:
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E<E
Ch,<C

min ty such that In,max (3-23)
W, W >1
tslope,j < tslope,max

2. asadelay-constrained energy minimization:

tD = tD,max
. C,<C
min E such that n— ~ihmax (3-24)
W W, >1
tslope,j S tslope,max

(3-23) and (3-24) are equivalent and they should yield the sameresult if the optimal
valuesfor delay / energy are used in the corresponding constraint in the other problem. Both
are (generalized) geometric programs because all the objective and constrained functions

are (generalized) posynomials.

3.7 Optimizing combinational circuitsusing a static
timer

Real circuits have more than one logic path. The overall delay of a circuit D is the maxi-
mum of a set of posynomials, i.e. the delays of al the paths through the circuit. Even small
circuits can have avery large number of pathsin which caseit is not practical to form and
expression for D by listing all the paths. As an example, the circuit in Figure 3-7 (taken

from [Boyd05]) has 7 paths from the primary inputs to the primary outputs.
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Figure 3-7. A combinational logic block.

If D; isthe delay of block ;, the worst case delay is given by:

Dy +Dy+ D7, Dy+Dg+ D7, Dg+ Dg + Dg, D3+ D7)

A simplerecursion [Boyd05] can be used to calculate D without enumerating all the
paths. Anintermediate variable T; is defined for each gate representing the maximum delay
over all pathsthat start at aprimary input and end at gatei. T; can beinterpreted as the latest
time at which the output of gate i can transition, assuming the primary input signalstransi-
tionatt = 0. For thisreason, T; is sometimes called the |atest signal arrival time at the output

of gatei. T; can be expressed using the following recursion:

T; = max (T; +D;) (3-26)
i OFEI()

where FI(i) is the fanin of gate i. This recursion states that the latest signal arrival time at
the output of a gate is equal to the maximum signal arrival time of its fanin gates, plusits
own delay. The starting condition isthat T; = O if i isaprimary input. The recursion (3-26)
showsthat each T; is ageneralized posynomial of the gate sizes W since generalized posy-

nomials are closed under addition and maximum. The delay D of the whole circuit is given
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by the maximum of al T;'s, which is the same as the maximum over all output gates (since

the delay of a gate cannot be negative), hence also a generalized posynomial:

D = max T, = max {Ti|i an output gate} (3-27)
I I

For the circuit in Figure 3-7 therecursion is:

T, = Dy, i =123 (3-28)
T, = max (T4, T,)+D,

Ts = max (T,, T3) + Dg

= T,+Dg

max (T, Ty, T5) + D5

D = max (Tg, T)

— —
~N o
o

For this small example, the recursion gives no significant savings over (3-25), but

in larger circuits the savings can be dramatic.

If using (3-25) on amulti-path circuit, the constrained optimization problems (3-23)
and (3-24) will be generalized geometric programs. With the recursion (3-26), the con-
strained optimization problems (3-23) and (3-24) can be reformulated as plain geometric

programs. For instance (3-23) becomes:

E<E

max

C

inS Cin,max
W, >1

min t such that t <t

(3-29)

slope,j slope,max

T;= 0 for primary inputs
T,<D for al j
T, +D;<T; forjOFI(i)

(3-24) can be reformulated isa similar fashion as a plain geometric program.
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Although (3-29) introduces an extra variable for each node in the circuit, the con-
straints are sparse: each of the timing constraints involves only afew variables (assuming
reasonable fanins and fanouts). The sparsity can be exploited by the GP solver to obtain

great efficiency [Boyd03].

The recursion (3-26) describes a static timer. Therefore, for real circuits with mul-
tiple paths, a static timer is the tool of choice for performing all circuit-related computa-
tions. Each edgein the timing graph of the circuit translates into aposynomial constraint in

the optimization problem.

The optimization problem (3-29) can be extended to account for the difference in
ty. and t_y in astraightforward fashion: two intermediate variables T; iy and T; | can be
defined for each gate, representing the maximum delay over all pathsthat start at a primary
input and end at gate i when computing a 1 or a O, respectively. The recursion (3-26)

becomes:

Tiw = max (T; | +D;_y) (3-30)
jOFI(i)

To=max (Tju+Djy_p)
i OFI()
where D; 1y and Dy, .y arethe delaysfor the high-to-low and low-to-high transitions at the

output of the gate, respectively.

Static timers can have various degrees of sophistication. The custom timer written
for thisthesisisrather straightforward and does not have the advanced features of the most
advanced commercial timers (such as false path detection, smultaneous arrivals etc.). The

timer does compute activity factors at the nodes through logic simulation with a large
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number of random input vectors. The activity factors are used in energy computations and

their expressions differ for static and dynamic circuits [Rabaey03].

Due to the modularity of the framework, any available static timer with selectable

delay models can be easily used in the optimization with the proper interface.

3.8 Using tabulated models

Thelinear delay models described in the previous sections lead to geometric programs that
can be easily solved by commercia optimizers. Although reasonably accurate for the early

stages of the design, they are inadequate when very accurate calculations are required.

For ultimate accuracy, al analytical formulas can be replaced with look-up tables.
For instance, (3-13), (3-14) and their respective parameters can be replaced with alook-up

table like Table 3-1for each input of each gate and for each transition:

Table 3-1. Example of atabulated delay and slope model (NOR2 gate, input A, rising

transition)
CI oad/ Cin ty ope,in [15) ty ope,out
1 20 ps 193 ps | 183 ps
10 200 ps | 229.6 ps | 339.8 ps

The table can have as many entries as needed for the desired accuracy and density
of the characterization grid. Actual delays and slopes used in the optimization procedure
are obtained through linear interpolation between the points in the table. The grid can be

non-uniform, with more pointsin the mid-range fanouts and slopes, where most designsare
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likely to operate. Linear or more sophisticated interpolation can be used to compute the

actual delays and slopes between the points of the characterization grid.

Additional columns can be added to the tables for different logic families for
instance if a dynamic gate is characterized this way, the relative size of the keeper to the

pull-down network needs can be included, as well.

The analytical models described in the previous sections can be obtained by fitting
thelir respective expressions to the data in the tables. Figure 3-8 shows a comparison of the
actual and predicted delay for therising transition of agate for afixed input slope and vari-
able fanout, thus evaluating the accuracy of the analytical models. Since the actual delay is
dlightly concave in the fanout, the linear model is pessimistic at low and high fanouts and

optimistic in the mid-range.

medium fanouts: ——Actual delay
optimistic fit =~ @ 0————— Fitted model

DELAY

low and high fanouts:
pessimistic fit

FANOUT

Figure 3-8. Accuracy of fitted models.

The choice of models in the static timer greatly influences the convergence speed
and robustness of the optimizer. The circuit optimization framework can use both analytical

and tabulated models, depending on the desired accuracy and speed targets. Table 3-2
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shows a comparison between the two main choices of models. Closed form analytical
models can usually be forced into a convex form as described in this chapter as well as
using other mathematical operations such as changes of variables and the introduction of

additional (slack) variables [Boyd03].

Table 3-2. Comparison between analytical and tabulated models.

ANALYTICAL MODELS TABULATED MODELS

- limited accuracy + very accurate

+ fast parameter extraction - dow to generate

+ provide circuit operation insight - no insight in the operation of the circuit
+ can exploit mathematical propertiesto |- can’t guarantee convexity, optimization
formulate a convex optimization problem | is “blind”

On the other hand, tabulated models provide excellent accuracy at the points of

characterization, but sacrifice all mathematical properties, including convexity.

3.9 Near-optimality boundary

If using tabulated models, the resulting optimization problem, even with using the change
of variables from (2-4), cannot be proved to be convex. However, although not absolutely
accurate to the last picosecond, the analytical models that describe the behavior of the cir-
cuits closely approximate the tabulated models. Thus, the resulting optimization problem
isnearly-convex and can still be solved with very good accuracy and reliability by the same
optimizers as before [Mathworks05], [Mosek06]. While the global optimality of the result
of such a nearly-convex problem cannot be guaranteed, its quality can be checked against

awell-defined a near-optimality boundary.
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The example in Figure 3-9 shows a comparison of the analytical and tabulated

models and the corresponding near-optimality boundary.

32 -
30 4 \ — — Tabulated models
\ Analytical models
28 \ —— Near-optimality boundary
=)
2
> 26
&
0 241
Z
W 2
20 -
18 Y Y v 1
0.5 0.6 0.7 0.8 0.9

DELAY [ns]

Figure 3-9. Analytical vs. tabulated models and near-optimality boundary.

The figure shows the energy-delay tradeoff curves for an example 64-bit Kogge-
Stone carry treein static CMOS using a 130nm process. The samecircuit isoptimized using
each of the two model choices discussed in this section. Both models show that the fastest
static 64-bit carry tree can achieve the delay of approximately 560ps, while the lowest
achievable energy is 19pJ per transition. The analytica models are dlightly optimistic
because the optimal designs exhibit mid-range gate fanouts where the analytical models

tend to underestimate the delays (Figure 3-8).
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The near optimality boundary is obtained in two steps:

1. perform the optimization using analytical models that guarantee the global optimality

of the result;

2. measure the delay and energy of the designs obtained in step 1 using the (accurate) tab-
ulated models.

The near-optimality boundary curve represents a set of designs optimized using
analytical models, but eval uated with tabulated models. Since those designs are guaranteed
to be optimal for analytical models, the boundary iswithin those models error of the actual
global optimum. However, if an optimization using the correct models (tabulated) con-
verges to the correct solution, it will alwaysyield a better result than are-evaluation of the
results of a different optimization using the same models. Therefore, if the optimization
with tabulated modelsisto converge correctly the result must be within the near-optimality
boundary i.e. will have a smaller delay for the same energy. If a solution obtained using
tabulated models is within the near-optimality boundary it will deemed near-optimal and

hence acceptable.

Ultimately, it is not the actual values of the delay and energy, but the values of the
design parameters (e.g. the gate sizes W) that matter. A correctly converged optimization
using tabulated should yield a set of design parameters that is not very far from the set of
design parameters resulted from the convex optimization. In most practical examples, the
two setsof gate sizesare so closethat grid snapping eventually cancelsall differences. Only
very large transistors (e.g. for buffers driving heavy loads) are usually snapped differently

to the grid, but dueto their size the relative error remains small.
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In amore general interpretation, optimizing using tabulated modelsis equivalent to
using atrusted timing sign-off tool whose main feature is very good accuracy (i.e. avery
sophisticated static timer) in the main loop of the optimizer. The result of such an optimi-
zation is not guaranteed to be globally optimal. The near-optimality boundary is obtained
by running the timing sign-off tool on adesign obtained from an optimization that can guar-
antee the global optimality of the solution. The comparison is fair because the power and
performance figures on both curves are evaluated using the same (trusted and accurate)

timing sign-off tool.

3.10 Supply and threshold as optimization parameters

In order to tune supply and threshold voltages, the models must include their dependencies.
A gate equivalent resistance can be computed from analytical saturation current models (a

reduced form of the BSIM3v3 [Toh98], [Garret04]):

VDD
n L2 I VDSdVDS=§VDD(BlvDD+BO+VDD_VTH)( _Z\@) (3-31)
EQ ~ Voo losar 4 WK(Vpp = Vry) 9 Va

Voo/2

Using (3-31), supply and threshold dependencies can be included in the delay

model. For instance, (3-13) becomes (3-32) with (3-14) having avery similar expression:
Cy
o = CReq* CiReqz * (No* N1Vop)tsiopein (3-32)
n

[Garret04] presents a way to trandate (3-32) into a posynomia using a change of

variables. The model is accurate within 8% of the actual (ssmulated) delays and slopes
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around nominal supply and threshold, over a reasonable yet limited range of fanouts (2.5

to 6). For a+/- 30% range in supply and threshold voltages the accuracy is 15%.
3.11 Example: optimizing a simple circuit using

analytical models

This example demonstrates the effect of using different sets of optimization variables on a
64-bit Kogge-Stone carry tree [Kogge73] implemented in static CMOS using ageneral pur-
pose 130nm process. The most complete analytical models described in this chapter are

used for energy and delay.

Figure 3-10 shows the optimal energy-delay curvesfor the circuit under test in two

situations:

1. Only gate sizes are optimized for various fixed supplies (labeled "Fixed Vpp" on the

figure);

2. Gate sizes and supply are optimized jointly (labeled "Optimal Vpp" on the figure).
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Figure 3-10. Energy - delay tradeoff curves for sizing-only optimization, joint sizing -

Vpp optimization, and the corresponding optimal Vpp.

Figure 3-10 also shows the corresponding optimal supply voltage for case 2. An
obvious observation is that by allowing the optimizer to choose the power supply instead
of constraining it to afixed value, the resulting circuit is better in the energy-delay sense (it
consumes less at the same delay or isfaster at the same energy). A few and interesting con-

clusions can be drawn from the figure:
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» Thenominal supply voltage is optimal in exactly one point, where the Vpp = 1.2V
curveistangent to the optimal Vpp curve. In that point, the sensitivities of the design to
both supply and sizing are equal [Markovic04]. The same statement istrue for any

other value of the supply voltage;

» Power can be reduced in different ways, depending on the position of the design on the
fixed Vpp curve. At the slow end of the curve (long delays, right side), decreasing Vpp
and up-sizing the gates to obtain the same performance yields a circuit with lower
power. At the fast end of the curve (short delays, left side), the most effective way to
reduce the power is to downsize the gates and increase the Vpp to compensate for the
performance loss. Using an analytical approach, [Markovic04] reached the same con-
clusion: the relative sensitivities of the design to sizing and supply dictate the most effi-
cient way to reduce the power consumption, even if sometimes it can be counter-
intuitive;

» Achieving the last few picoseconds of delay reduction is very expensive in energy
because of the large sizing sensitivity (curves are very steep at low delays). Thisjusti-
fieswhy in the fast region of the curvesit is more expensive to speed up the circuit by
up-sizing rather than just increasing Vpp.

The graphsin Figure 3-10 are obtained using the nominal threshold voltage V1 of
the process. If the transistor thresholds can be adjusted (for instance through body biasing),
they can beincluded in the optimization aswell. Figure 3-11 addsthe optimal energy-delay

curvewhen sizing, Vpp and V1 are optimized jointly to the graph from Figure 3-10. Since
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another variable is set free, the resulting circuit will be again better in the energy-delay

sense.
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Figure 3-11. Energy - delay tradeoff curvesfor joint sizing - Vpp- Vy optimization, and

the corresponding optimal V1.

The corresponding optimal threshold voltage (one for all the transistorsin the cir-

cuit) is shown in the bottom graph in Figure 3-11 and it is normalized to the nominal Vyy

of the process (the fixed value used in Figure 3-10). For such ahigh activity circuit (acarry
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tree), the optimal threshold iswell below the nominal threshold. The increased |eakage due
to lower threshold is recuperated by the downsizing afforded by the faster transistors with
lower threshold because the circuit is more sensitive to sizing than to thresholds. The con-
clusion isreversed for low activity circuits, such as memories. The analytical approach in

[Markovic04] leads to the same conclusion as well.
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4 Case Sudy: Optimizing 64-bit

Adders Using Tabulated Models

The extended example in this chapter demonstrates the use of the most accurate tabul ated
models on a real-life application: 64-bit carry-lookahead adders. Beyond simply demon-
strating the functionality of the optimizer, experimenting with 64-bit adders produces

results that are interesting in their own right.

The example is complex and examines the various design choices for 64-bit adders
and their impact in the energy - delay space. Several 64-bit adder topologies are optimized
in atypical multi-issue high-performance microprocessor environment in order to choose
the optimal structure. The optimal structureisthen build in a90nm general purpose CMOS

process and the measured results are compared to the predictions of the optimizer.

Section 4.1 motivates the choice of the 64-bit adder example. Section 4.2 describes
the optimization setup. Section 4.3 shows a first comparison between a carry-lookahead
(CLA) and astraightforward ripple-carry adder (RCA) in order to set a proper scalefor the
analysis. Six categories of design choicesfor CLA adders are defined in Section 4.4, estab-
lishing acommon set of notations. The analysis of their impact in the power - performance
space is presented in Section 4.5, highlighting the resulting design rules in the end. The

result of this analysisis to pick the optimal adder topology for the chosen optimization
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setup and environment. Section 4.6 discusses how the technology parameters and adder
environment influence this choice. Section 4.7 shows aruntime analysis for the optimizer.
The test chip implementing the optimal adder in our 90nm general purpose bulk CMOS
process is described in Section 4.8 and the corresponding measurement results are pre-

sented in Section 4.9.

4.1 Motivation

Fast and energy efficient single-cycle 64 bit addition is essential for today's high-perfor-
mance microprocessor execution cores. Wide adders are part of the highest power-density
locations on the processor, creating therma hotspots and sharp temperature gradients
[Mathew05]. The presence of multiple ALUsin modern superscalar processors [Fetzer02],
[Naffziger06] and of multiple execution cores on the same chip [Naffziger06], [Rusu06],
[Golden06] further aggravates the problem, severely impacting circuit reliability and
increasing cooling costs. At the same time, wide adders are also critical performance - lim-
iting blocksinsidethe ALUs, AGUs and FPUs of microprocessor datapaths. Ideally, adata-
path adder would achieve the highest performance in a small power budget and have a
small layout footprint in order to minimize interconnect delays in the core [Mathew05].
These seemingly contradictory requirements pose a difficult problem when choosing the
optimal adder architecture. The designer has several degrees of freedom to optimize the
adder for performance and power. Thereisachoice of treeradices, lateral fanouts, with full
or sparse implementation of the conventional or Ling's carry-lookahead equations, as well

asthe circuit design style.
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Although adder design is a well-researched area and the number of published
research papers on the subject is very large, fundamental understanding of the impact of
various design choices in the power - performance space is still incomplete. Traditionally
Kogge-Stone parallel prefix trees [Kogge73] have been the most commonly used in high-
performance contexts. Their main features are minimum logic depth, regular structure and
uniform fanout. Their main disadvantages are the large number of gates and wires, leading
to high power consumption. An implementation of a64-bit adder using aK ogge-Stonetree
isreported in [Park00]. The number of nodes and connectionsin the tree can be reduced by
trading it off for increased | ogic depth, such as the sparse Han-Carlson tree [Han87]. Many
gparse tree implementations have been reported in recent years, with sparseness of 2
[MathewQ1], [Kao06], sparseness of 4 [Naffziger96], [ShimazakiO3], or variable

[Mathew05].

An dternate logic optimization investigates different implementations of the carry
equations. Ling's equations can lead to simplifications of paralel prefix nodes [Ling81],

[Doran88] and reduced transistor stack height.

Existing adder comparisons can be classified in two categories by their use of opti-

mization techniques:

» without optimization:

esimulation-based study of the impact of wires on the adder delay with fixed gate sizes

[HuangO0];

*logic manipulation-based study of the impact of carry tree topology on logic depth

[Beaumont-Smith01];
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* with optimization:
eoptimal transistor sizing for minimum delay using logical effort [Dao01];

eoptimal transistor sizing in the energy - delay space using a combination of logical
effort and net load assignment for static adders [Dao03].
This chapter presents an thorough analysis of the design tradeoffs for 64-bit carry-
lookahead addersin atypical high-performance microprocessor environment and the actual
design of an optimal adder in a general purpose 90nm CMOS process. The impact in the

power - performance space is analyzed for design choices in six categories.
1. set of equations

2. logic style

3. carry treeradix

4. carry treelateral fanout

5. carry tree sparseness factor

6. sizing strategy
The design tradeoff analysis extends the conclusions from our publication
[Zlatanovici03]. The implementation example is a more detailed description of our design

from [Kao06].
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4.2 Optimization setup

In order to make afair comparison between variousimplementations, ageneric 64-bit adder
structure is constructed, as shown in Figure 4-1. It is a conventional architecture, featuring

acarry tree, a sum-precompute block and a sum-select multiplexer.

The carry tree is composed of two sub-trees: a generate sub-tree, implementing the
AND-OR equations of the generate terms (G) and a propagate sub-tree implementing the
AND equations of the propagate terms (P). The sum-precompute block precomputes the
sums at each bit assuming incoming carries of 0 and 1 for SO and S1 respectively. Thefinal
multiplexer selects the appropriate sums based on the carry signals computed by the carry
block. In most cases, the carry tree and the sum-select multiplexer are the critical path,

while the sum-precompute block is non-critical.
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Figure 4-1. Generic 64-bit adder block diagram and optimization setup.

In the subsequent sections, this generic architecture is implemented in a genera
purpose 90nm CMOS process using various choices for the set of equations, logic family,
carry tree architecture, layout strategy and technology parameters. The optimization prob-
lem (3-23) is solved at different energy constraints for each architecture and a correspond-
ing optimal energy - delay tradeoff curve is plotted in order to analyze the impact of these

choicesin the energy-delay space.

The external environment isthe samefor al the adders optimized in the subsequent
sections and it is also shown in Figure 4-1. In a high-performance integer execution unit,
the microarchitecture sets the constraints for the adder design. The selected bitslice height

of 24 metal tracks accommodates a wide-issue architecture. The bitdlice height and adder
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topology determine the length of the long "prefix™" wiresin the carry tree. In this study, the
input capacitance per bitslice is limited to 27fF and the output loading capacitance of the
adder equals its input capacitance, assuming that a buffer would be used to drive the local
loop-back bus. The output capacitance and bitslice height are changed only in the analysis
in Section 4.6 to reflect different adder environments. The slopes in the circuit are con-

strained to 100ps, for signal integrity reasons.

4.3 Carry lookahead vs. ripplecarry

Conventional wisdom says that ripple carry adders (RCA) have always the lowest power,
due to their extreme simplicity. RCAs are usually considered inadequate for wide adders
due to the linear dependency of the delay as a function of the bitwidth. Instead, carry loo-
kahead adders (CLA) have alogarithmic dependency and are the preferred solution in all
microprocessors. Since the RCA is a reference design in al cases, it is interesting to see
what limitsit setsfor all other adder designsin the energy - delay space. Figure 4-2 shows
a comparison of a RCA with a straightforward implementation of a CLA in static CMOS.
The delay is normalized to fanout-of-4 (FO4) inverter delays and the energy is normalized
such that the RCA has arelative energy of 1. The tradeoff curve corresponding to the CLA

is extended to the right at the same energy level for comparison purposes only.

AsshowninFigure 4-2, a64 bit CLA can be easily made about 10 times faster than
the corresponding RCA. The RCA consumes about half the power of the smallest CLA

while being 6 times slower than it.
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Figure 4-2. Comparison of 64 bit carry lookahead and ripple carry addersin the energy-

delay space.

Due to the nature of the comparison, the graph in Figure 4-2 is inherently badly
scaled. However, the graph helps set the scale for all subsequent comparisons, by showing
where the ultimate lowest power limit is, and the cost in performance required to achieve

that limit.
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4.4 Design choices

4.4.1 Set of logic equations

The conventional implementation of the carry-lookahead adder uses the well known gen-
erate-propagate equations [Rabaey03]. If g and b; are the input operands, the sum bits §

can be computed using the following recursive equations:

g, = ab; (4-1)
p = &b

G =g +pGi,

S=al0bd G

The quantity that is propagated to the next stageisthe carry out of biti. Ling'sequa-
tions [Ling81] are an dternative to the classical CLA. These equations propagate Ling's

pseudo-carry H; instead:

g, = ab, (4-2)
t, = +b

H :g tl 1H| 1

3: OH;+git_Hi_y

The potential advantage of using Ling's equations comes after unrolling the recur-
sions [Doran88]. For instance, unrolling the recursions (4-1) and (4-2) for agroup of 4 bits

resultsin:

G3
Hj

dsz + P39, + P3P,9; + P3P,P19g (4-3)
O3+ 09y + 1,0, +1,1,0g

The terms in the H3 equation have fewer factors. When implemented in CMOS,

Ling's scheme requires fewer transistors in the stack of the first gate. However, the sum
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computation for Ling's pseudo-carry equations is more complicated. For a conventional

CLA, the sum-precompute block from Figure 4-1 must implement:

0

S
s

where SO is the precomputed value of the sum for an incoming carry (G;) of 0 and Sl for

= a 0b, (4-4)
(a Oby)’

an incoming carry of 1. If aLing CLA scheme is used, the sum-precompute equations are:

S =alb, (4-5)

31 a Ubp (a_1+b_;)

and they require more hardware for their implementation. Ling's equations effectively

move some complexity from the carry tree into the sum-precompute block.

4.4.2 Logic style

The usual choicesfor thelogic style when designing a 64-bit adder are static CMOS, dom-

ino, compound domino and compound domino with stack height reduction.

In this context "domino logic" is a family in which a dynamic gate is always fol-
lowed by a (skewed) static inverter. By contrast, in "compound domino logic" a dynamic
gate can be followed by an arbitrary (skewed) static gate, such as an AND-OR-INV that

can merge a number of carry signals.

A variant of compound domino takes advantage of the possibilities to reduce the
transistor stack height in the gates by reformulating the logic equations [ Park00]. By using
the absorption property of the generate and propagate signals, the unrolled carry lookahead

equations (4-3) can be rewritten as:
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Gz = (g3 + 9, +0; +P19,)(93 + P3P,) (4-6)
Hy = (93+ 95+ 01 +9p) (93 + trty)

These equations can be implemented by two dynamic gates (one for each parenthe-
sis) followed by a (skewed) static NOR2 gate. Such an implementation style reduces the
tallest transistor stack height by 2 in each of the equations (4-3) and isfurther referred to as

"compound domino with stack height reduction”.

4.4.3 Carry treeradix

Thefocus of this chapter ison 64-bit adders; however, al carry treefigures depicted in this
and the next two subsections are for 16-bit trees, for simplicity. Carry-in and carry-out sig-
nalsare omitted from the figuresfor the same reason, athough they are included in the opti-

mizations.

The common legend for all carry tree drawingsis (similar to [Huang00]):
» white square: generate / propagate gate;
» black circle: carry merge gate;

» white rhomboid: sum select multiplexer.

Theradix of acarry treeis defined as the number of carries merged in each step. A
radix 2 carry treeis shown in Figure 4 and aradix 4 treein Figure 5. The radix determines
the number of stages needed in atreein order to compute all the required carries. A 64-bit
adder requires 3 radix 4 stages or 6 radix 2 stages. Mixed-radix trees can aso be used; for

instance a 64-bit carry tree can be implemented in 4 stages using a radix 4-3-3-2 scheme.
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An adternate term for radix that is used sometimesin literatureis valency. The full meaning

of the figure captions will be explained in the section defining tree stage lateral fanoui.
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Figure 4-3. 16-bit radix 2 1-1-1-1 (Kogge-Stone) carry tree.
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Figure 4-4. 16-bit radix 4 1-1 (Kogge-Stone) carry tree.
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4.4.4 Tree stage lateral fanout

Ladner and Fischer introduced the minimum-depth prefix graph [Ladner80] based on ear-
lier theoretical work [Ofman63]. The longest lateral fanning wires go from a node in the
tree to N/2 other nodes. Capacitive fanout loads become particularly large for later levels
in the graph, as increasing logical fanout combines with the increasing span of the wires.
Kogge and Stone [Kogge73] addressed this fanout issue by introducing the "recursive dou-
bling" algorithm. Using the idempotency property, the lateral fanout at each nodeislimited
to one, at the cost of a dramatic increase in the number of lateral wires and logic gates at
each level. Knowlesintroduced anew family of minimum-depth adders[KnowlesO1] span-
ning all therange from Ladner - Fischer to Kogge - Stone, with various|lateral fanouts. Each
member of the family is uniquely labeled by listing the lateral fanouts at each level, from
the stage nearest to the output, back towards the inputs. Several terms are used for “lateral
fanout” in the literature, among which are “branching” [Beaumont-Smith01] and simply
“fanout” [Harris03]. In this thesis the term “lateral fanout” will be used with the same
meaning as in [Knowles01], in order to avoid confusion with the electrical fanout of the

gate.

A sample of the Knowles family of radix 2 minimum depth trees are shown in
Figure 4-5 (8-4-2-1 tree, the original Ladner-Fischer tree), Figure 4-6 (4-4-2-1 tree) and
Figure 4-7 (2-2-2-1 tree). The tree in Figure4-3 is a 1-1-1-1 tree (Kogge-Stone). The
Knowleslabeling can be extended to higher radix treesaswell - for instancetheradix 4 tree

from Figure 4-4 isa 1-1 tree, hence a Kogge-Stone tree.
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mﬂw

v.ﬁw

]

mﬂw

Nﬂw

24

 f A4

H.ﬁw

an

5s

s

‘S

wwo

oq

mwo
wwo

mwo
Nwo

ﬂwo
owo

pezabe

0O 0o 0o oo oo o oo o0 o0 o o0 o0 o

(s7q ‘STe)

Awﬂn_ .wﬂmv

AmﬂQ .ma@v

ANﬂn_ .Nﬂmv

Aﬂﬂn_ Qﬂmv

AOHQ .oamv

(6q

(%q

(tq

(°q

(5q

(q

((q

(q*

(q

(°q

‘o)

‘8g)

re)

‘9g)

‘s)

‘re)

‘ee)

Te)

.O@v

Figure 4-6. 16-bit radix 2 4-4-2-1 carry tree.

75



<O s,

sy
O s,
O s
O s,

0O 000000 OO0 O0OO0OO0OO OO oORTaOoQao
g &8 & &8 & & & & & & ¢ 3 9§ & i 4
& & & & & &
Figure 4-7. 16-bit radix 2 2-2-2-1 carry tree.
4.4.5 Tree spar seness

All the carry trees discussed so far are "full” trees because they compute the final carry at
every bit. However, it is possible to compute only some of the carries and select the sum
based only on the available carry bits. For instance, one can compute only the even carries
(Ho, Ho, Hy,..., Hgp) inthe CLA block and use them to select the multiplexers in the sum-
select stage. The gates and wires corresponding to the eliminated carries are pruned, dra-
matically reducing the complexity of thetree. Theresulting treeis sparse, with a sparseness

of 2, as exemplified in Figure 4-8.
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Figure 4-8. 16-bit radix 2 1-1-1-1 sparse-2 carry tree.

Themost significant bitsare not used in the carry computation because thelast carry

is not computed. However, those bits are used in the pre-computation of the sum.

The sum-precompute block is more complex in sparse trees, but still can be
removed from the critical path. Even order pre-computed values for the sum are given by
€g. (4-5) for Ling's carry scheme, but odd order sums must be pre-computed by unrolling

the carry recursion (4-2) once:

0

S
S

Sparseness can be larger than two and can be applied to any carry tree. A sparse-4

a b (a_qb;_1) (4-7)
a Ub [a_ibj_;+(a_1+bj_q)(a_5+b_,)]

version of the tree in Figure 4-3 is shown in Figure 4-9. In this case, the carry recursion
must be unrolled once, twice and three times every four bitslices in the sum precompute

block.
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Figure 4-9. 16-bit radix 2 1-1-1-1 sparse-4 carry tree.

The sparse-2 and sparse-4 versions of the Ladner-Fisher tree are shown in Figure 4-
10 and Figure 4-11. It should be noted that sparseness reduces the actual lateral fanout in
the tree: the third stage has a fanout of 8 in the full tree, 4 in the sparse-2 tree and 2 in the
sparse-4 tree. However, in order to uniquely identify the tree and keep sparseness as an
independent variable, the fanout notation corresponding to the full tree is used for all its
gparse versions. Therefore, although the tree from Figure 4-11 appears as a 2-2-1-1 at first
sight, it islabeled as "8-4-2-1 sparse-4" because it is a sparse-4 version of the full 8-4-2-1
tree (from Figure 4-5). The design from [Mathew05] is an implementation of a 64-bit ver-

sion of thistree (Figure 4-11).
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By using this notation, the space of minimum-depth carry trees can be represented

along 3 independent axes: radix, lateral fanout and sparseness. Figure 13 showsthisrepre-



sentation, highlighting the location of the well known Kogge-Stone and L adner-Fischer

tree and of afew recent implementations.
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Figure 4-12. Three-dimensional representation of minimum-depth carry tree space.

4.4.6 Sizing strategy

An adder is a regular structure that is suited for bitsliced implementations. A common
sizing strategy isto group all identical gates in a stage such that they have the same size.
Figure 4-13 shows the common way to group gates in a 16-bit carry tree. All gates with
identical function in a stage a grouped, meaning they have the same size. For instance, all
G2 gatesinthefirst stage areidentical and have the same size. Similarly, all P2 gatesin the

first stage areidentical and have the same size (although not the same size asthe G2 gates).
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Figure 4-13. Gate grouping in acarry tree.

Gate grouping speeds up the design process by reducing the number of variablesin
the optimization and allowing layout reuse. The size and distribution of groups can be var-
ied. For example, to make the timing window in footless domino implementation, some of
the lower bitsin higher stages can be downsized or footed. In the extreme case, each gate

could be individually sized (flat sizing).

4.5 Exploration of design choices

4.5.1 Set of logic equations

Figure 4-14 showsthe energy - delay tradeoff curvesfor radix 4 and radix 2 domino adders

implemented in domino logic using classical CLA and Ling equations.

At high speeds, wherethe carry treeisin the critical path, the switch to Ling's equa-
tionsisadvantageous: by lowering the stack height in thefirst stage, Ling's equations allow

thefirst gate in the carry treeto be larger for the same input capacitance. When driving the
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same load (next stage and corresponding interconnect), the speed increases. At very low
Speeds with most gates minimum sized, the sum-precompute block appears in the critical

path and the smple classical CLA equations offer the lowest power.
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Figure 4-14. Energy - delay tradeoff curves for domino adders implemented using

classical CLA and Ling equations.

4.5.2 Logic style

Figure 4-15 shows the optimal energy - delay tradeoff curves for 64-bit adders that imple-
ment the architecture from Figure 4-1 in the four logic families from Section 4.4.2. Two
curves are plotted for domino logic - corresponding to aradix 2 and radix 4 architecture of
the carry tree, respectively. The static and compound domino implementations use radix 2

architectures for the carry tree.
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Figure 4-15. Energy - delay tradeoff curves for adders implemented in various logic

families.

For comparison purposes, horizontal lines in the figure extend the energy level of
"point 2" from Figure 2-2 and represent only additional available slack. Figure 4-15 shows
that for long cycle times a static implementation is preferred due to its lower power con-
sumption. Due to their high activity factors, dynamic circuits cannot translate the extra-
dlack into power savings for cycle times beyond 9 FO4. However, static adders can only
achieve the minimum 12.5 FO4 delays when designed at "point 1". If the required delay is

shorter than 12.5 FO4, adynamic design is required.

The radix-4 domino design has the lowest energy - delay curve in Figure 4-15, at
high speeds. Radix-2 compound domino design approaches the radix-4 domino design in
speed, but has higher energy. Radix-2 compound domino adders can be implemented in the
same number of stages asaradix-4 domino. However, they suffer from an increased impact

of the wires: compound domino adders have dynamic wires that traverse multiple bitslices
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and prudent design practices require that such wires be shielded. As stated in the beginning
of Section 4.2, all adders are optimized in the exact same conditions, including wires; how-
ever, the shields required by compound domino consume routing resources, increasing the
actual length of the wires as well astheir capacitance. This extra-capacitanceisin the crit-
ical path, leading to an increase in delay and power consumption. This reduces the perfor-

mance of compound domino adders and is taken into account in Figure 4-15.

The logic design of the adder that uses stack height limiting, implemented in com-
pound domino, recuperates the speed loss due to extrawiring capacitance because all long
wires are driven by static gates. However, these long wires must be driven by a stack of 2
PMOS transistors in the NOR2 gates characteristic for this logic implementation. While
providing relatively short delays due to a small number of stages and reduced stack height,
the large PMOS transistorsin the NOR2 gates and the high count of transistors and clocked

gates make this logic family less attractive because of increased power consumption.

4.5.3 Carry treeradix

Figure 4-16 shows the optimal energy - delay tradeoff curves for 64-bit domino adders

implemented with carry trees of different radices.
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Figure 4-16. Energy - delay tradeoff curves for adders implemented with Kogge-Stone

trees of various radices.

For the loading conditions described in Figure 4-1, radix 4 trees are closer to the
optimal number of stages as described in [Sutherland99] and achieve the best performance

and lowest power.

Using the logical effort formalism from [Sutherland99] it can be easily shown that
if wire loads and stack effects are ignored, al carry trees have the same branching effort
and the same logical effort. For the same external loading conditions (i.e. the same electri-
cal effort), the overall effort of the carry tree is a constant regardless of the chosen archi-
tecture. For the light loading conditions from Figure 4-1, the number of stages should be
kept at a minimum and hence the highest feasible radix should be used. As shown in
Figure 4-16, radix 2 adders (6 stages) are the slowest, mixed radix 4-3-3-2 adders (4 stages)
have significantly better performance and radix 4 adders (3 stages) achieve best perfor-

mance.
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The result holds for heavier loadings as well: if the optima number of stages
increases, it is always better to drive high loads with buffers (inverters) rather than with the

last gates of the adder (complex AND-OR-INV gates or multiplexers).

The limiting factors in the above rule are the same as the simplifying assumptions

in the logical effort analysis: wire loads and stack effect.

» Higher radix treeswill have longer wires closer to the inputs: the first stage of aradix 4
tree needs to drive wires spanning 12 bitslices; the first stage of a mixed radix 4-3-3-2
tree needs to drive wires spanning 8 bitslices; the first stage of aradix 2 tree needsto
drive wires spanning only 2 bitslices. Therefore, the advantage of a higher radix treeis
eroded in processes with a high wire capacitance - such as modern deep submicron

technologies. Section 4.6 elaborates on this aspect.

» The maximum transistor stack height in acarry treeis usualy equal to the radix of the
stage. However, the tallest stack that can be used is effectively limited by the poor V pp/
V 1y ratio of deep submicron technologies. A stack that is too high can cause a slow-
down beyond the ssimple predictions of logical effort and significant signal slope degra-
dation. In such a situation, stack height limiting compound domino can help maintain

the speed of the adder (with a significant cost in power).

4.5.4 Tree stage lateral fanout

The optimal energy - delay tradeoff curvesfor radix 2 trees across the Knowles family are
presented in Figure 4-17 (full trees), Figure 4-18 (sparse-2 trees) and Figure 4-19 (sparse-

4 trees).
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Figure 4-17. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 full trees with different lateral fanouts.
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Figure 4-18. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 sparse-2 trees with different lateral fanouts.
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Figure 4-19. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 sparse-4 trees with different lateral fanouts.

Trees with high fanout have low degrees of redundancy, with the Lander-Fischer
tree computing the minimum number of carries and having the highest loading along the
critical path. At the other extreme, a K ogge-Stone tree computes all the carries and usesthe
redundancy to reduce the fanout, offering the lowest loading along the critical path. Con-
sequently, the tradeoff along the fanout axis in the carry tree space is length of wires and

gate fanout vs. number of gates.

Figure 4-17 shows that for full trees, the lower the fanout, the higher the maximum
speed. At the other end of the curves, the higher the fanout, the lower the minimum achiev-

able power.

Figure 4-18 and Figure 4-19 show the same effect for sparse-2 and sparse-4 trees,
but with progressively smaller differences. Although the order is maintained throughout the

whol e spectrum, the differences in performance and power for sparse-4 treesare negligible
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across the fanout range. The reason for the reduced impact of lateral fanout on very sparse
trees is because of the fact that sparseness reduces the effective fanout of the tree. Asthe
trees are pruned to sparse-4, their critical paths become similar, with differencesonly in the
branching factors at the input (lower) and output (higher), hence the similar delays.
Although the number of gates is reduced, the increased output branching requires the
remaining gates to be upsized by a roughly equal factor, resulting in similar energy con-

sumption as well.

4.5.5 Tree spar seness

Figure 4-20, Figure 4-21, Figure 4-22 and Figure 4-23 show the impact of tree sparseness
along the fanout dimension of the carry tree space (for fanouts of 1-1-1-1-1-1, 4-4-4-4-2-1,
and 32-16-8-4-2-1) for domino and compound domino adders. Figure 4-24 shows the
impact of sparseness along the radix dimension of the space for 1-1-1-1-1-1 radix 2 and

radix 4 trees.
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Figure 4-20. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 1-1-1-1-1-1 trees with different sparseness factors.
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Figure 4-21. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 4-4-4-4-2-1 trees with different sparseness factors.
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Figure 4-22. Energy - delay tradeoff curvesfor Ling domino adders implemented using

radix 2 32-16-8-4-2-1 trees with different sparseness factors.
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Figure 4-23. Energy - delay tradeoff curves for Ling compound domino adders

implemented using radix 2 1-1-1-1-1-1 trees with different sparseness factors.
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Figure 4-24. Energy - delay tradeoff curvesfor Ling domino addersimplemented using 1-

1-1-1-1-1 trees with different sparseness factors.

Adders with sparse trees differ from adders with full trees in three fundamental
ways:
1. the gates and connections in the carry tree are pruned, reducing the size of the tree;

2. the sum-precompute block becomes more complex by unrolling the carry iteration at

bit indexes where carries are not directly available;

3. the branching at the output of the carry tree increases.

These differences have several consequences in the power - performance space:

1. asmaller carry tree with less gates and less wires can be upsized for better performance

in the same power budget;
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2. reduced input loading for the carry block: a sparse tree has fewer gatesin thefirst stage
and therefore the load on the input is smaller; thus, for the same input capacitance, the
input gates on the critical path can be made larger, resulting in afaster adder; also, asa

result, larger gates will drive the internal wiring;

3. larger output load for the carry tree: one carry output must drive a number of gates
equal to the sparseness factor of the tree, thus slowing down the circuit. Optimal delay

is obtained through upsizing the critical path;

4. reduced internal branching due to gate pruning, speeding up the adder; the effect is
more pronounced in high fanout trees and non-existent in Kogge-Stone derivatives

(fanout of 1);

5. more complex sum-precompute blocks slow down the critical path through additional
branching from the input and extra power consumption;
The overall result isabalance of all the above factors. The results of making atree
sparse depend on the configuration of the origina tree. Increasing the sparseness factor

benefits adders for which factors 1, 2 and 4 from the above list dominate factors 3 and 5.

Factor 1 is dominant for trees are very large, with many gates and many wires.
Radix 2 trees with high redundancy (and reduced fanout) are excellent candidates for good
power - savings and speed-ups due through sparseness due to this factor, as shown by
Figure 4-24. On the other hand, radix 4 trees are smaller with fewer gates and fewer wires,
reducing the effectiveness of factor 1. The same is true for compound domino adders -

although radix 2, the number of gatesin the tree is the same as in the radix 4 domino tree.
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Factor 2 is generally small and benefits mostly higher radix trees, with long wires

start to appear aready after the first stage.

Factor 3 mostly affects higher radix trees, with less stages available to drive the
extraload. For radix 2 trees, the impact of this factor is reduced because the large number
of stages allows an adequate tapering for the increased load. A radix 2 sparse 2 tree is till
amenable to extra pruning, although as shown in Figure 4-20 and Figure 4-24 the benefit
of increasing the sparseness factor to 4 decreases significantly. On the other hand, the
smaller number of stagesin aradix-4 tree makes factor 3 more important when the output
load increases. As shown in Figure 4-24, pruning aradix 4 tree to a sparseness factor of 2
results in an adder that is faster and consumes less. Pruning the tree further down to a
sparseness factor of 4 trips the balance of the above factors, resulting in a dlower and more

wasteful adder.

Factor 4 is particularly dominant for high-fanout trees, where sparseness provides
dramatic speed improvements and power reductions, as shown by Figure4-21 and

Figure 4-22.

Factor 5 has uniform influence throughout the tree spectrum and its impact is par-
ticularly pronounced for high sparseness factors. All the figuresin this subsection reflect a
decrease of the power/performance gain at the sparse-2 to sparse-4 transition when com-

pared to the full to sparse-2 transition.

Aswith Ling's equations, pruning a carry treein order to make it sparse effectively
moves complexity from the carry tree in the sum-precompute block. As long as the carry

tree remainsthecritical path, this moveis advantageous. However, asthe complexity of the
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carry tree decreases, the critical path may shift in the sum-precompute block, making the

pruning ineffective.

It should be noted that the complexitiesin the carry tree and sum-precompute block
scale differently with the sparseness factor: for a sparseness factor of N, the carry treeis
generaly N times smaller than the full tree. However, the sum-precompute block needs to
repeatedly unroll the carry iteration at each bitslice: if G; and G, are available, the carry
iteration needs to be unrolled once at bit index i+1, twice at i+2, and up to N-1 times at
i+N-1. In N bitslices of asparse-N tree, the carry iteration needs to be unrolled 1+2+...+ N-
1=N(N-1)/2 times. Therefore, a O(N) decrease in the complexity of the carry tree leads to

a O(NZ) increase in the complexity of the sum-precompute block.

4.5.6 Sizing strategy

All the curves presented so far in this chapter use the grouped sizing strategy. While con-
venient for design purposes, gate grouping can have a negative impact on the performance
and power consumption of the adder. Grouping gates is equivalent to introducing equality
constraints pertaining to the gate sizes in the optimization problem. Consequently, the fea-
sible set of the problem is reduced and the value of the optimum is worsened. An optimi-
zation with aflat sizing strategy is aways bound to yield a better solution in the energy -

delay space (although the design costs might become prohibitive).

Of the three dimensions of the minimum depth carry tree space, the sizing strategy
has the most impact along the fanout axis. Figure 4-25 shows the delay reductions that can
be achieved for point 1 in Figure 2-2 when using a flat sizing strategy as opposed to a

grouped sizing strategy.
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Figure 4-25. Minimum delay reduction for full trees when using aflat sizing strategy.

Structures with regular fanout (such asthe K ogge-Stone tree) obtain very little ben-
efit from a flat sizing strategy (3.6% delay improvement). On the other hand, structures
with irregular fanout (such as the Ladner-Fischer tree) can be significantly sped up by
ungrouping the gates. In such asituation, high fanout gates can be upsized without increas-
ing the power consumption and input loading of lower fanout gates, resulting in a 18.5%

Speed increase.

Along the sparseness axis of the minimum-depth carry tree space, the speed
increases due to ungrouping the gates follow the same percentages from Figure 4-25 for the

actual fanout in the tree (not the same as the fanout label, as explained in Section 4.4.5).

4.5.7 Summary of adder design rules

The analysis of the impact of main design choices on adder behavior in the energy - delay
space can be summarized in aset of 7 design rules, that can guide the designer when choos-

ing the architecture of a 64-bit adder:
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1. Use Ling's equations unless the lowest possible power is required;

2. For delay requirements longer than 12.5 FO4 use static CMOS. For lessthan 12.5 FO4

use domino;
3. Usethe highest feasible radix for the carry tree;

4. Usethe lowest lateral fanout for highest speed or highest lateral fanout for lowest

power;
5. Sparseness reduces the impact of lateral fanout;

6. Sparsenessis most beneficial for adders with large carry trees, high lateral fanout and

relatively small sum-precompute blocks;

7. Flat sizing is most beneficial for adders with irregular structure and high fanout. Gate

grouping has low impact for regular adders.

4.6 Fastest adder across different technologies

All the adders optimized so far in this chapter use a reference 90nm general purpose bulk
CMOS process and the environment specified in the beginning of this section. While the
design rules formulated in the previous subsections are general, the conclusions on which
adder architectureisfastest in a given environment are dependent on the parameters of the

particular process used for the analysis and the particular environment of the adder.

The circuit optimization framework can be used to investigate the influence of cer-

tain technology parameters on the behavior of digital circuits in the power - performance
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space. In the case of 64-bit adders, two technology parameters can significantly influence

the design choices:

* Cuird/Cyate ratio (“wire capacitance ratio"), where C,i is the lumped capacitance of
1um of the interconnect used to route the carries across bitslices and Cyqe i'S the capac-

itance of 1um of minimum length transistor gate;

* Corain/Cgate rétio ("drain capacitance ratio"), where Cy 4, is the drain capacitance of a
single finger 1um transistor.

The environment of the adder is usually reflected in the height of the bitslice. This

in turn determines the wire capacitances as well as the output capacitance of the adder. A

taller bitslice will increase the wire loads on the internal nodes of the adder but will

decrease the output load because the layout will be narrower. The effect of the bitdlice

height can be transposed in the same coordinates as the technology (Cyire/Cyate: Corain/

Cyate) Py simple scaling operations:

» ataller bitdice height is equivalent to a technology with a proportionally higher wire

capacitance ratio;

» asmaller output load is equivalent to atechnology with a smaller drain capacitance
ratio that will yield the same delay when resized for the new load.
Figure 4-26 shows a partition of the (Cyire/Cgater Carain/ Cgate) SPaCE, highlighting
the architecture of the fastest adder in each region. In this figure, the delays corresponding
to "point 1" in Figure 2-2 are compared across processes with different wire and drain

capacitance ratios and for different bitdice heights using the above equivalency.
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Figure 4-26. Fastest adder across different processes and environments.

All adders in Figure 4-26 use Ling's equations and are implemented in domino
logic. For the 90nm process used in this analysis, the fastest architecture is radix 4 sparse
2, as concluded in Figure 4-24 in Section 4.5.5. This adder has been built in 90nm CMOS.

Section 4.8 presents the design details and Section 4.9 the measurement results.

Figure 4-26 highlights the historical trend on the last three bulk CMOS processes
from the same foundry. While the optimal architecture is the same in all three cases, the

scaling trend points toward a different optimal architecture in the near future.

An increased drain capacitance ratio decreases the driving capability of a gate,
degrades the slopesin the circuit and reduces the tallest acceptable transistor stack. Conse-
guently, the highest feasible radix of the carry tree is also reduced. Even if ataller stack
may be acceptable, the increased self-loading of the gates penalizes architectures with
higher radix due to their longer wires and higher branching. The impact of this parameter

on 64-bit adder performance is predicted by the design rule from Section 4.5.3: as shown
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in Figure 4-26, for processes with high drain capacitance ratios (exceeding 0.67), radix 2

architectures become faster than radix 4.

Interconnect parameters can also influence the architecture of the optimal 64-bit
adder. If wire capacitance is significant, factor 1 in Section 4.5.5 becomes dominant and
tripsthe balance towards sparse architectures. Taller datapaths (exemplified by the 36 track
example in Figure 4-26) will tend to favor designs with high sparseness and many stages
for appropriate tapering (radix 2). Figure 4-26 shows that radix 2 sparse 4 adders offer the
best performance in very aggressive processes with high wire and drain capacitance ratios.
At that point, adders with good energy efficiency can be obtained by using designs with
high lateral fanout, as shown in Section 4.5.4) sparse trees with high fanout achieve speeds

very close to the low fanout trees but with lower power consumption.

4.7 Runtime analysis and gate grouping

The runtime of the framework depends primarily on the size of the circuit, the sizing strat-

egy and the type of models used in the optimization.

A typical 64-bit domino adder with about 1300 grouped gatesis optimized with tab-
ulated models on a 2.4GHz Opteron-based workstation with 2 GB of RAM running 64-bit
Linux in 10 to 30 secondsif the constraints are rather lax. When the constraints are partic-
ularly tight and the optimizer struggles to keep the problem feasible, the runtime increases
to about 90 seconds. A full power - performance tradeoff curve with 100 points can be

obtained in about 45 minutes on such a machine. For grossly infeasible problems the opti-
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mizer provides a certificate of infeasibility in a matter of seconds. The optimization times

can be reduced by 2-4x by using analytical models.

Changing the sizing strategy to flat increases the optimization time by 5-8x for ana-

lytical models and by 10-20x for tabulated models.

4.8 Fastest adder: test chip implementation

A test chip implementing the adder with the fastest architecture has been fabricated in a
genera purpose 90nm bulk CMOS process using standard Vyy transistors. The chip con-
tains 8 64-bit adder cores and the corresponding testing circuitry (Figure 4-27) andis 1.6 x

1.7mminsze
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Figure 4-27. 90nm test chip micrograph.

The size of an actua adder core is 417 x 75 umz. The technology offers 7 metal
layers and one poly layer, with a nominal supply voltage of 1V for the core. The chip is
fully custom designed (the only standard cells used are the pin pads) and uses only standard

threshold (SVT) devices.

Asconcluded in the, Section 4.5 for this processthe fastest 64-bit adder architecture

uses aradix 4 sparse 2 carry tree implementing Ling's equations in domino logic and the
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sum-precompute block in static CMOS. A sizing strategy with gate grouping has been used

for this adder.

The complete diagram of the carry tree asimplemented on the testchip is shown in

Figure 4-28.
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Figure 4-28. 64 bit radix sparse 2 carry tree, asimplemented on 90nm testchip.

The g and t signals are computed by the G and T gates at each bitdlice using (4-2);
a 3-stage radix 4 sparse 2 carry tree computes even order carries. Each carry signal drives

two sum select multiplexers, therefore selecting two sums.

Figure 4-29 shows the block diagram of the adder and on-chip testing circuitry,
highlighting the logic families used in the core, and Figure 4-30 shows the corresponding

timing diagram.
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Figure 4-30. Adder timing diagram.

Delayed-precharged domino logic is used in the carry tree in order to hide the pre-
charge phase from the overall cycle time. Most stages in the critical path use footless

domino logic with stack node precharging when needed. Since the monotonicity of the
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global inputsa[ 63:0] and b[63:0] cannot be guaranteed, thefirst stageisimplemented using
footed domino logic. Figure 4-31 shows circuit details of such footed and footless domino

gates.

Footed domino gate Footless domino gate

Figure 4-31. Example of footed and footless domino gates.

The inputs of the sum-select mux, S0[63:0], S1[63:0], are outputs of a static block
and non-monotonic thus psel must be ahard clock edge (Figure 4-30). Critical timing edge
arrivals can be fine tuned at runtime through the chip's scan chainin order to ensure correct

functionality and best performance.

Using footless domino logic where possible increases the speed of the adder and
reduces stack heights and transistors counts. These benefits do not come for free, and
Figure 4-30 illustrates the cost of using footless domino. As opposed to a footed gate, a
footless gate must be in evaluation when its earliest inputs arrive - otherwise crowbar cur-
rent can occur (see Figure 4-31 for transistor level schematic). Any dynamic gate (footless
or footed) must bein evaluation when itslatest input arrives, in order to ensure correct oper-
ation of the circuit. When moving further away from inputs (or registered signals), the

spread between the fastest and slowest paths in the circuit increases, therefore increasing
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the amount of time a footless domino gate must be in evaluation. After a few stages, this
requirement becomes very stringent and leaves very little time for the precharge phase.
Consequently, the precharge phase becomes critical and transistors must be upsized. At pc4
the precharge phaseisjust ascritical asthe evaluation phase! Footless domino gatesrequire
bigger precharge transistors that slow down the evaluation path through their drain capac-
itance and increase the power consumption on the clock lines and in the clock distribution
network. The tight constraints on the precharge transistors also reduce the design margins

for timing signals, thus requiring runtime edge adjustment through the test scanchain.

The floorplan of the adder is shown in Figure 4-32.The bitslice height is selected to
be 24 metal tracks, enough to accommodate the multiple loopback buses of modern muilti-

issue microprocessor architectures.[Fetzer02].
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Figure 4-32. Sparse adder floorplan.

Due to the sparsity of the tree, the bitsliced floorplan has a period of 2 bitslices

(Figure 4-32 shows 4 bistlices). Some blocks are repeated every bitslice (such as the G/T
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gates and the sum select multiplexer) while other are repeated every other bitslice (the
actual H and | carry gates, the sum precompute gates). The floorplan is assembled such that
the sum precompute gates occupy the space freed by the pruned carry gates in the sparse
tree. Theresult isavery compact layout with very little unused space. Moreover - and very
important from a functional perspective - the blocks are aligned such that the clock lines
are always straight. The lack of jogs and branches on the clock lines hel ps meeting the very

tight timing constraints imposed by the footless domino style.

4.9 Fastest adder: measured results

Figure 4-33 shows the average worst case delay (the delay for the worst case input combi-
nation, averaged across all the measured chips). At the nominal supply voltage of 1V the
average delay of the adder is 240ps or 7.5 FO4, in good agreement with the 7.3 FO4 esti-

mate from the circuit optimization framework.
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Figure 4-33. Measured worst case delay.

The fastest chip from the batch had a delay of 226 psat 1V. Increasing the supply
voltage to 1.3V reduces the delay of the adder to an average of 180ps. It should be noted
that the design has been optimized at 1V; are-optimization at 1.3V yields a dlightly faster

design, as shown by the example in Section 3.11.

The adder consumes 260mW at 1V supply voltage in the worst case, as shown in
Figure 4-34. The worst case power is obtained (and measured) for a different input combi-
nation than the worst case delay. In Figure 4-34 the power includes the adder core and the
clock generation and buffers and excludes the test circuitry. Increasing the power supply
voltageto 1.3V and reducing the clock period to 180ps results in a worst case power dissi-
pation of 606mW. As discussed in Section 3.11, if the design were to be re-optimized at

1.3V with a180ps delay constraint, the power dissipation would be much lessthan 606mWw.
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Figure 4-34. Measured worst case power.

Figure 4-35 showsthe power distribution inside a core when running the worst case

power input combination. For this high activity circuit using standard threshold (SVT)

devices, leakage is small at 1%.

Leakage

37%
42%

20%

Figure 4-35. Power distribution in a core for worst case power input combination.
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The clock generator and buffers consume almost half of what the actual adder core
consumesin theworst case. The clock generator and buffers have the highest power density
possible on achip (inverters switching every cycle) and Figure 4-35 showsthat their power
consumption is very significant, thusrequiring avery careful design of the power distribu-

tion network.

The measured power numbers cannot be readily compared with the estimates of the
optimizer. First, the optimizer does not account for the power dissipated in the clock gen-
erator and buffers (but does include the power on the actual clock lines). Second, the opti-
mizer can only compute average energy per operation (and hence average power), while
the measurements show peak power. In the optimization, node activities are computed
through logic simulation and they include an inherent averaging effect. In an experimental

2129

setup, it is impossible to measure the average power across input combinations and

instead the peak power is more relevant.

The reason for doing the optimization and the comparison on average power isthat
such an optimization shows the power contributions of all blocks and paths and allows us
to draw conclusions on where the power is spent in the adder. In an optimization and com-
parison on peak power only (i.e. for only oneinput combination), certain pathsin the circuit
would have never been sensitized and may have never switched thus may had been incor-
rectly sized (either very slow or very big). Working back from the measured peak power
by accounting for node activities, the average energy per operation of the adder core is

10.33pJ, very closeto the 10.4 pJ prediction of the optimizer at 1V supply voltage.
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5 Optimizing Sequential Circuits

This chapter provides and in-depth look at the optimization of sequential circuits in the
power - performance space. It builds on the concepts presented in Chapter 3 for combina-

tional circuits by including the position of storage elementsin the optimization.

Just like their combinational counterparts, sequential circuits can be optimized for
minimum cycle time or minimum energy. Optimization problems similar to (3-23) and (3-
24) can be formulated by simply replacing the “ delay” of the combinational circuit with the
“cycletime’ of the sequentia circuit and including storage element positions (the * cutset”)
inthelist of optimization variables. Although both problem versions make sense, it is more
common to constrain the cycle time of a sequential circuit due to throughput requirements
and minimize its energy consumption. Therefore, this chapter will focus on solving the fol -

lowing optimization problem:

Tcycl e S Tcycle,max
. C,<C
min E such that In = ~in,max (5-1)
cutset, W, W >1
tslope,j < tslope,max

The repositioning of storage elements while preserving the logic structureis called
retiming and has been first presented in [Leiserson91] for circuits with edge-triggered flip-

flops. Retiming can have several goals, such as minimizing the clock period, or minimizing
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the energy consumption subject to a maximum clock period. The first solutions to these

problems have been presented in [Leiserson9l].

The subsequent sections in this chapter present a way to include retiming in the
power - performance optimization framework under certain assumptions. More precisely,
the described methodology focuses on performing ajoint sizing and retiming optimization

on asequential circuit.

Sizing and retiming cannot be performed simultaneously on a circuit: retiming by
itself, asintroduced in [Leiserson91], assumes that gate delays do not change; on the other
hand, resizing gatesimplicitly changes their delay. Due to this fundamental conflict, sizing

and retiming must be done one at a time, iteratively, as shown in Figure 5-1.

[INITIAL CIRCUIT |
v

SIZING

NY

RETIMING [GPTIMUM]

Figure 5-1. Iterative sizing and retiming of a sequential circuit

The circuit is iteratively resized and retimed for the same goal (e.g. minimum

energy with maximum cycle time constraint) until the process converges. The convergence
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criteriaisstraightforward: iterations stop when no flip-flops are moved by the retiming pro-
cess (i.ethe total retiming r is zero). At this point, attempting to resize the circuit will not
yield any improvement because retiming did not change anything from the previous sizing
step.

In order to achieve optimality, the two steps must be coupled - i.e. at least one of
the two steps must be modified to take into account the results of the other step (beyond just
the current netlist). For instance, if the classical retiming algorithms [Leiserson91],
[Shenoy97] were to be used, information about the previous sizing step would be lost. An
optimally sized circuit will have many otherwise faster paths slowed down to the delay dic-
tated by the cycle time constraint in order to save as much energy as possible. Without any
other information, such paths will be regarded as critical by the retimer, thus fixing the cor-
responding flip-flopsin their current positions due to the cycle time constraints and ending
the iterations. In fact, such paths are not really critical, and the extra delay introduced in a
cycle by aretimed flip-flop can be easily compensated by upsizing the logic in that cycle.
For acorrect optimization, the retimer should know and make use of a measure of the crit-
icality of the paths ending at each flip-flop. Such criticality measures can be obtained from
the preceding sizing step. Thus, the retiming steps have to be sizing-aware retimings and
use modified algorithms that take such path criticality measures from the sizing optimiza-

tions.

As shown later in the chapter, in order to solve the optimization problem (5-1), the

iteration from Figure 5-1 needsto be operated in two modes:

* minimum period mode;
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* period-constrained minimum energy mode.

Each mode requires a sizing algorithm and a retiming algorithm. The methodol ogy
presented in this chapter usesthe sizing step unchanged from Chapter 3 and couplesit with
new sizing-aware retiming algorithms. Therefore, two sizing-aware retiming algorithms

are needed:
* asizing-aware minimum period retiming algorithm;

* asizing-aware period-constrained minimum energy retiming.
The resulting mixed rigorous/ heuristic approach uses optimality-guaranteed al go-

rithms for certain subproblems and near-optimality heuristics for the rest.

Section 5.1 introduces the definitions, notations and basic concepts of retiming
from [Leiserson91] and [Shenoy97]. The two basic agorithms from the article are pre-
sented in Section 5.2 (minimum period retiming) and Section 5.3 (period-constrained min-
imum energy retiming). Section 5.4 describes how retiming can be coupled with sizing for
the purpose of joint sizing and retiming power - performance optimization. Section 5.5 pre-
sents the sizing-aware version of the minimum period retiming and Section 5.6 the sizing-
aware version of the period-constrained minimum energy retiming. An example on using
thejoint sizing - retiming power - performance optimization on aFloating Point Unit (FPU)
is presented in Section 5.7. The example compares the results obtained by [Synopsys04]

and the described methodol ogy.
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5.1 Definitions

This section introduces the definitions, notations and basic concepts of retiming as pre-

sented in [Leiserson91] and [ Shenoy97].

A sequential circuit isan interconnection of logic gates and storage elements which
communicates with its environment through primary inputsand primary outputs. A sequen-
tial circuit can be represented by adirected graph G(V,E), where each vertex v corresponds
to a gate v. Each directed edge e, represents a flow of signal from the output of gate u at
its source to the input of gate v at its sink. Each edge has a weight w(e,,) which indicates
the number of registersthat the signal at the output of gate u must propagate through before
itisavailable at the input of gatev. If there is an edge from vertex u to vertex v, uiscalled
afan-in of vand viscaled afan-out of u. The sets of fan-outs (fan-ins) of u is denoted by
FO(u) (FI(u)). Each vertex v has a constant delay associated with the each of its inputs,

dy(v), ubOFI(v).

Two special vertices called the global source and the global sink are introduced in
the graph to capture the interaction of the circuit with its environment. Edges directed from
the global source represent the primary inputs and edges directed to the global sink repre-
sent primary outputs. Both special vertices have delays of 0. An edge from the global sink
to the global source with the appropriate weight can be included to model an external loop-

back bus from the primary outputs to the primary inputs.

A retiming is alabeling of the vertices r:V — Z where Z isthe set of integers. the

weight of and edge e, after retiming is denoted by w;,(g,,) and is given by:

115



w,(e,,) = r(v) +w(e,)—r(u) (5-2

A positive (negative) retiming label r(v) for avertex v represents the number of reg-
isters moved from its outputs (inputs) towards it inputs (outputs). A retiming of zero
implies no movement of registers. Figure 5-2 illustrates the retiming notations on asimple
logic gate. The retiming of acircuit is an assignment of retimings to all the combinational

gatesin the circuit.

retime by -1

N

retime by +1

Figure 5-2. Retiming a gate

A path p is defined as a sequence of alternating vertices and edges such that each
successive vertex is a fanout of the previous vertex and the intermediate edge is directed
from the former to the latter. A path can start and end at vertices only. The existence of a
path from vertex u to vertex visrepresented as u — v. The weight of the path w(p) is the

sum of the edge weights for the path.

The delay of a path d(p) isthe sum of the delays of vertices along the path. A zero-
weight path is a path with w(p)=0. The clock period of the circuit is determined by the fol-

lowing equation:

¢ = max{d(p)|w(p)= G (5-3)
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that isthe delay of the slowest zero-weight path.
Retiming makes the following assumptions:
1. the delay d(v) of vertex vis non-negative for all v V;
2. the edge weight w(e) of edge eisnon-negative for al e E;
3. every directed cyclein G contains at |east one register;

4. al registers are edge-triggered D flip-flops, clocked by the same signal with identical

skew to all registers;
5. flip-flops are assumed to be ideal, with zero clock-to-Q delay, setup time and hold time;

6. the delay of a gate does not change when flip-flops are rearranged.

Among the assumptions summarized above, the first three are easily handled. Most
synchronous registers can be modeled using D flip-flops, thereforethe 4th assumptionsonly
prevents the retiming of circuits with asynchronous set/reset registers. Since retiming
involves arepositioning of registers, precise skew considerations are difficult to handle this
early in the design process. A nominal tolerance of clock signals can be easily introduced
to model clock skew. A nominal clock-to-Q delay and a nominal setup time can be incor-
porated in the algorithms by providing a margin around the clock period (asis donein the

subsequent sections). Hold time violations can be easily corrected after retiming.

The most seriousrestriction isthe last one, assuming that gate delays do not depend
on flip-flop positions. Since registers are repositioned, loading at the gate outputs are diffi-
cult to predict in advance. The only way in which the delays of gate can be guaranteed to

remain the same after retiming is to make sure that capacitive loadings at all nodes remain
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the sameregardless of the positions of theflip-flopsin the circuit. This can be accomplished

if al D type flip-flops have C, /C;,, = 1. This choice presents two main advantages:

* inserting or removing aflip-flop on awire does not changeitsloading, thusthe delay of

the gate driving that wire stays the same;

 al flip-flopsin the circuit will have the same setup and hold times. The size of the flip-
flop is determined by the value of the capacitive load on the wireit isinserted on (C,);
thus, all flip-flops operate in the same electrical environment and will have identical
timing parameters.
The choice of having all D flip-flopswith C, /C;,, = 1 is effectively an equality con-
straint in the sizing optimization. If flip-flops were allowed to have different gains (C, /Cj,
ratios) a better optimization result could be obtained. All algorithms and resultsin the sub-

sequent sections of this chapter assume that C, /C;,, = 1 for all D flip-flops.

5.2 Minimum period retiming

The objective of thisretiming isto obtain a circuit with the minimum clock period without
any consideration to the energy penalty due to the increase in the number of flip-flops. The
minimum period retiming algorithm is based on the FEAS relaxation algorithm

[Leiserson9l] - “feasible clock period test”.

The FEAS algorithm determines if a retiming exists for a specified target clock
period c. If such aretiming exists, FEAS computes it aswell. If no “legal” retiming exists

for the target clock period ¢, FEAS provides a certificate of infeasibility.
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Let A(v) denote the largest delay seen along any combinational path that terminates

at the output of v. It denotes the latest arrival time at v:
A(v) = d(v) + max{A(u)|u O FI(v), w(e,,) = O (5-4)
It can be shown that the clock period can be given by the expression:
¢ = max{A(v)|vOV} (5-5)

Algorithm FEAS:. Given a synchronous circuit G(V,E,d,w) and a desired clock

period c:

1. For each vV set r(v)=0
2. Repeat |[V|-1 times {
2.1 Conpute retinmed edge wei ghts using Eq. (5-2)
2.2 Conpute A(v) for all vOV using Eq. (5-4)
2.3 For all vOV such that Av)>c, set r(v)=r(v)+1

}
3. Compute retimed edge wei ghts using Eq. (5-2)
4. Conpute retinmed clock period cr using Eq. (5-5)
5. If cr > c then there is no feasible retinmng for target cl ock
period c
el se the current values of r yield a legal retimng
The algorithm requires has a O(|V||E|) complexity. FEAS can be used as adecision

algorithm in a bisection to find the minimum feasible clock period.

In sequential circuits with a constraint on throughput (i.e. with aclear target on the
clock period) it is not usually necessary to compute the minimum clock period but instead

it sufficesto test if the desired clock period target is still feasible.

5.3 Period-constrained minimum energy retiming

In practice there are several solutions to the minimum period retiming problem with alarge
variation in the number of flip-flops amongst them. This is expected since the formulation
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does not impose any restriction on the number and size of flip-flops. Since the gate sizes
and the capacitances in the circuit do not change during retiming, the energy consumption

of the circuit changes only when flip-flops are inserted, deleted or repositioned.

The aim of minimum energy retiming isto minimize the energy of the flip-flopsfor
atarget clock period. Under the assumption that al flip-flops have the same energy con-
sumption, the minimum energy retiming problem reduces to seeking a solution with the

minimum number of flip-flopsin the circuit.

The number of flip-flopsin acircuit after aretiming r is given by:

R= Y wi(e) = ¥ we)+ Y r(v) IFIv)I-IFOW)) (56)

edE edE vV

The first term in the summation is a constant representing the number of flip-flops
in the original circuit, so it can be dropped from the optimization objective. The second

term isalinear sum of the retiming labels.

Under the C, /C;,, = 1 assumption for al flip-flops, different flip-flops have different
energy costs depending on the actual value of C; . Thisis modeled by assigning each edge

eacost Ae) proportional to the cost of adding aflip-flop along e.

The objective function to minimize is given by:

zr(v)( S BE- Y B(e)j = 3 a,r(v) (57)

vV edFI(v) edFO(v) vV

where a,, is aconstant coefficient summarizing the cost (and benefit) of moving 1 flip-flop

from all the outputs of vertex v to al itsinputs.
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The constraints on the retiming vector r translate into 2 sets of inequalities:
1. non-negativity of edge weights after retiming:
r(v)—r(u) =-w(e,,) forany e, ,0E (5-8)

2. correct clocking at clock period c requires that the delay of zero-weight paths after
retiming be less than c. In fact, the correct way to formulate this constraint isto require

that all paths with a delay more than ¢ contain at least one register:
r(v)—r(u)=z-—w(u - v)+1 forany pahu - v suchthat d(u - v)>c (5-9)

With these constraints, the period-constrained minimum energy retiming can be

formulated as alinear program (LP) wherer(v) are the optimization variables:

min z a,r(v) suchthat

vov (5-10)
r(v)—r(u)=-w(e,) forany e, , OE

r(v)—r(u)=z-w(u - v)+1 foranypathu - v suchthat d(u - v)>c
Upon closer examination, (5-10) isaninteger linear program (ILP). Since the edge
weights w are integers, the first constraint specifiesinteger differences between all the ele-
ments of the retiming vector. The problem is defined up to an additive constant - it is easy
to show that adding the same amount to all elements of the retiming vector does not change
the final configuration of the circuit (Eg. (5-2)). Thus, even if the actual values of the ele-
ments of the retiming vector are not integers, their differences are aways guaranteed to be

integers.
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[Leiserson91] and [ Shenoy97] present a way to convert this LP to its dual, a net-
work flow cost minimization problem that is easier to solve with the tools available at the
time of writing of those articles. Modern L P solvers such as [Mosek06] generate and solve
the dual problem automatically thus removing the need for the user to explicitly formulate
it.

Asalinear program, period-constrained minimum energy retiming isaconvex opti-
mization problem and its solution (if any) comeswith an optimality guarantee. The solution
indicates the positions of the flip-flopsin the circuit that provide the achieve the minimum
energy while still meeting the maximum cycle time constraint. Circuits optimized with this
algorithm usually contain significantly less flip-flops than those optimized just for mini-
mum period (Section 5.2) because the energy minimization is obtained by reducing the

number and size of flip-flops within the problem constraints.

5.4 Coupling sizing and retiming

As described in the introduction of this chapter (Figure5-1 and related explanations),

sizing and retiming are coupled using two mechanisms:
1. successive iterations of sizing and retiming with the same objectives and constraints;

2. modifications of the retiming algorithms to make them sizing-aware.

The main property of thisapproach isthat all circuits generated throughout the iter-
ations, at the end of each resizing and retiming steps are feasible designs (i.e. they are func-
tionally correct and meet all design constraints). The initial design for each step of the

iteration isfeasible and hence a potential solution. Consequently, the value of the objective
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function in the optimization is guaranteed not to increase at any step. If achange occursin
the circuit (a flip-flop is moved or a gate is resized), the next step can only decrease the
value of the objective function (for instance resize the circuit such that the energy islessfor
the same clock period). This observation guarantees that the iterative process cannot con-
tinue forever, because the objective functions (clock period, energy) cannot be arbitrarily
small. Also, the process cannot have an asymptotic behavior because retiming is a discrete

transformation.

The approach issimilar to interior point optimization methods [Boyd03] dueto the
key property that intermediate solutions are feasible at each intermediate step. One of the
main problems with interior point methods is supplying an initial guess point that is feasi-
ble, in order to start the iterations. The iterative algorithm in Figure 5-1 requires only that
theresult of thefirst step befeasible. While thisisarelaxation on the original interior point
method limitation, it isnot very useful because for most digital circuitstheresult of thefirst
(sizing) step isnot feasible. Therefore, it is desirable to aways have away to supply afea-

sible starting point to the sizing - retiming iteration.

[BoydO3] presents arigorous way to find afeasible starting point for interior point
methods by solving another (secondary) optimization problem with similar properties to
the original one. The solution of the secondary optimization problem is the initial guess
point for the original problem. The construction of the secondary optimization problem
makes choosing its own starting point trivial. [GGPLABO06] follows the method from
[Boyd03] closely and uses such atwo-step approach for solving geometric programs with-

out requiring an explicit initial guess point from the user.
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A similar idea can be applied to the sizing - retiming iteration: supplying afeasible
starting point by first iterating on a different problem. Figure 5-3 shows the two-step

approach used to solve (5-1).

[INITIAL CIRCUIT |
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SIZING

N
D<Tcyc|e,max?
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INITIAL LOOP
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SIZING
N Y
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RETIMING [OPTIMUM

Figure 5-3. Coupling sizing and retiming for a two-step period-constrained energy
minimization problem
The initial loop iterates in minimum period mode and supplies a feasible starting

point for the main loop by performing an unconstrained cycle time minimization. In fact, it

isnot necessary to wait until theinitial |oop converges. Once the cycle time has gone below
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the throughput constraint, the current point is feasible for (5-1) and can be used a starting
point in the main loop iterations in period-constrained minimum energy mode. If theinitia
loop converges and the cycle timeis still too long, a certificate of infeasibility isissued for
the constrained energy minimization problem (there is no circuit that meets the cycle time
constraint). Theinitial loop can take any starting point and will produce acircuit that meets

all constraints except cycle time after the first step, if such acircuit exists.

The sizing steps in Figure 5-3 are formulated and solved as described in Chapter 3
with additional margins on the delay constraints to account for flip-flop setup time and
clock-to-Q delay, asexplained in Section 5.1. Asexplained in the introduction of this chap-
ter, the retiming steps in Figure 5-3 are actually sizing-aware retimings and use modified

algorithms that take such path criticality measures from the sizing optimizations.

The next two sections describe these modified algorithms for sizing-aware mini-
mum period and minimum energy retiming. Both algorithms make use of the Lagrange

multipliers obtained from the corresponding sizing optimization.

5.5 Sizing-aware minimum period retiming

The sizing-aware minimum period retiming is coupled with the minimum period sizing

optimization problem:
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for all nodes with FFs
Cin = Cin,max

W21

<t

TjST

cycle

cycle such that t (5-11)

slope,j slope,max

min T

W

T;,=0 for primary inputs
;=D for all j

T, +D;sT, for j O FI(i)

The period of the circuit is determined by the arrival times at the flip-flops, as
reflected by thefirst set of constraintsin (5-11). Thus, all pathsin the circuit can be consid-
ered to end at theflip-flopsand their degree of criticality isreadily available from the sizing
optimizer in the set of corresponding optimal Lagrange multipliers for those respective

constraints.

The sizing aware retiming must identify the most critical paths - i.e. the ones with
the highest optimal Lagrange multipliersfor the period constraint at their terminal flip-flop
- and favor a negative retiming for their terminal flip-flops. Using the retiming convention
from Figure 5-2, a negative retiming (r < 0) means a flip-flop is moved backwards, thus

removing one gate delay from its critical path and loosening its timing constraint.

The structure of the retiming algorithm remains similar to the one presented in
Section 5.2 for minimum period retiming except for the routine used to compute the clock
period. Instead of using the actual clock period c and the actual arrival times 4(v), the FEAS
algorithm is run with a set of different quantities, the sensitivity-adjusted clock period cg

and the sensitivity-adjusted arrival times, 44(v).

For each vertex vin V, let A, be defined as follows:
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» A,=0if theweight of all edges originating at v is zero;

c A= ZAi* for all edgesi with non-zero weight originating at v.
i
The sensitivity-adjusted arrival times are computed using a modified version of (5-

4) that takes the A, vector into account:
A (v) = (d(v) + max{A(u)|uOFI(v),w(e,) =0 )(1+A,) (5-12)

Because A, = 0 for nodes that have no flip-flops, the sengitivity-adjusted arrival
times remain the same along the logic paths until they reach the flip-flops. At the very end
of the path (at the flip-flop), acorrection factor is applied to reflect its criticality. If the path
isnot critical (A, = 0), the sensitivity-adjusted arrival time remainsunchanged. Very critical
paths, with high A, will have a significantly increased sensitivity-adjusted delay, thus

favoring negative retiming.
The sensitivity-adjusted clock period is defined in asimilar way as the actual clock
period (5-5), but using the sensitivity-adjusted arrival times instead:

¢, = max{A {(v)|lvOV; (5-13)

This sensitivity-adjusted clock period includes a measure of how critical is the
“most critical” path in the circuit. By repeatedly applying the FEAS algorithm, the sensi-
tivity-adjusted clock period cqis minimized in asimilar way asthe real clock period in the
stand-alone min-period retiming. The differenceisthat in the end, not only the critical path

delay is minimized, but its delay sensitivity is minimized as well.

Since the sensitivities obtained through the Lagrange multipliers are defined

locally, the algorithm is best behaved if the retiming vector is constrained to +/- 1, meaning
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that flip-flops can jump only one gate at a step. If flip-flops were allowed to jump two or
more gates at a step, the criticality measure provided by the optimal Lagrange multipliers
would be rather inaccurate due to their local scope. The consequence of this choice is a

dlight increase in the number of iterationsin the initial loop in Figure 5-3.

A dramatic speed-up in execution time can be obtained by improving the FEAS
algorithm using the following technique introduced in [Shenoy94]. The technique works
for both stand-alone and sizing-aware minimum period retiming. It is most beneficial for

the sizing-aware case due to repeated iterations in the initial loop in Figure 5-3.

It is empirically observed that if c (or cg) is feasible, then the retiming labels con-
verge rapidly before completing |V| - 1 iterations in the FEAS algorithm (line 2). On the
other hand, one cannot determine that a (sensitivity-adjusted) clock period is infeasible
until al |V| - 1 iterations have been exhausted and retiming labels have failed to converge.
Thus, any hope of speeding up minimum period retiming must focus on detecting if aclock

period isinfeasible before completing the requisite |V| - 1 iterations, if possible.

The detection principle isillustrated in Figure 5-4.

Vv \Y Vv Vv
> — — — — - —
\
/ 7
Combinational Loop Delay: D
S Number of FFs on the Loop: W
L

\

Figure 5-4. Critical cycle detection
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A routine detects the loops in the graph and computes their corresponding combi-
national delay and weight (number of flip-flops aong the loop). Because retiming cannot
change the number of flip-flopsin aloop of acircuit [Leiserson91], a (sensitivity-adjusted)

clock period c can be feasible only if:

(5-14)

S0

A target clock period ¢ means that a W-cycles computation must be completed in a
time of no more than cW with ideal flip-flop positioning. If the combinational delay along

aloop exceeds cW, that loop will prevent any feasible retiming at clock period c.

Theimplementation of thistechnique resultsin dramatic speed-up in execution time

for both stand-alone [ Shenoy94] and sizing-aware minimum period retiming.

5.6 Sizing-awar e period-constrained minimum energy
retiming

The sizing-aware period-constrained minimum energy retiming is coupled with the period-

constrained minimum energy sizing optimization problem:

Tj <T for all nodes with FFs

cycle
Ci n<S Ci n,max
W, =1
rr\}\i/_n E such that Lsiope, = Usiope,max (5-15)

T;= 0 for primary inputs
;<D for al j
T, +D;sT, for j O FI(i)
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If the stand-alone minimum energy retiming algorithm from Section 5.3 isused, the
iterations in the main loop from Figure 5-3 will stall. The main idea of the sizing-aware
algorithm is to have the retimer look ahead at the next resizing step and try to estimate
(approximate) what the objective function (energy) will be after resizing. The post-resizing
estimated energy is used as the objective in the retiming LP instead of the actual energy.
The optimal Lagrange multipliers from the previous sizing step are used for the estimation

of the energy after retiming and the next resizing step.

It should be noted that because the objective function in the optimization problem
(5-15) is energy, the meaning of the Lagrange multipliers for the flip-flop timing con-
straintsisratiosof normalized energiesto normalized delays (AE/E)/(AT/T) . Inthe pre-

vious section the meaning of Lagrange multipliers was aratio of normalized delays.

Using the same A, definitions as in the previous section, Figure 5-5 depicts the sit-
uation when aflip-flop isto moved forward (sometimes referred to as “forward retiming”)

correspondingtor = -1.

Figure 5-5. Predicting post-sizing energy for forward retiming
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Ao represents the optimal Lagrange multiplier for the timing constraint at the flip-
flop to be moved in the previous sizing step. A; ...Ay represent the optimal Lagrange mul-
tipliers of the timing constraints for al the flip-flops at the end of paths originating at the
output of the gate to be jumped. The irregular lines in the figure represent paths through

combinational logic.

The energy of the circuit after retiming is predicted (exactly) by (5-7). In order to
approximately predict the energy after the next resizing step, a correction factor is intro-

duced for a(v) at the current node in (5-7):

AD

N
AE = E ()\0— 3 )\N] (5-16)

cycle
y i=1

where AD isthe delay of the gate jumped by the flip-flop, as shown in Figure 5-5.

Moving the flip-flop forward adds an extralogic gate in the previous cycle (the one
driving the retimed flip-flop) with a delay AD. In order to keep the same cycle time, the
previous cycle must be upsized and its energy consumption will increase. The first termin
(5-16), E{AD/ Teyel o)Ag, accountsfor the energy increasein the previous cycle based on

the corresponding sensitivity.

On the other hand, the current cycle looses one logic gate with delay AD and can
therefore be downsized (and slowed down) until the same cycle time is achieved. The
energy savings in the current cycle are captured by the second term in (5-16),

N
AE = -EAD/ Ty Y Ay
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Eq. (5-16) isafirst order expansion of the actual post-resizing energy based on the
local gradient. The approximation is most accurate for circuits with long pipeline stages
where AD represents asmall portion of the overall cycletime Ty e Since the energy esti-
mations are based on the L agrange multiplierswhich arelocal in scope, the approximations

are accurateonly forr =0orr =-1.

A very similar formulais used for backward retiming (r = +1). Instead of consider-
ing al paths beginning at the current flip-flop, the contributions of all the paths ending at it
are included. Although the formula has the exact same expression as (5-16), the indices of
the Lagrange multipliersrefer to different flip-flopsin the circuit for the same current node.

Similarly, the formulais an accurate approximation only forr =0 or r = +1.

Using different formulas for forward and backward retiming makes it impossible to
formulate one single optimization problem for both forward and backward retiming: the
objective function depends on the result. The optimizer has no way of knowing which for-
mula to use in the objective function unless it already knows the solution (the r vector).
Consequently, the sizing-aware retiming is split in two parts:

o forward retiming (r < 0);
» backward retiming (r = 0).

Of course, aresizing must performed between the two steps in order to obtain the
optimal Lagrange multipliers if any flip-flop has been moved. Separating forward and

backward retiming has the advantage of preventing the collapse of two-gate cycles, as

shown in Figure 5-6.
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27N

Figur e 5-6. Two-gate cycle collapsed by retiming

The disappearing cycle causes alarge error in the approximation (5-16) that cannot

be recovered in the resizing step.

A very high Lagrange multiplier at aflip-flop signifies avery critical path and will
push the flip-flop backward (thus allowing the cycle to be downsized). A small or zero
Lagrange multiplier signifies a non-critical path and the flip-flop can move forward (thus

increasing the delay) at little energy cost.

Because of the split between the forward and backward retiming, the main loop in
Figure 5-3 must be restructured to accommodate the unidirectional retiming. Figure 5-7

shows the new main loop flow.
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Figure 5-7. Main loop for sequential circuit optimization using unidirectional retiming

Forward and backward retiming are performed in an aternate fashion, each step fol-
lowed by aresizing if any change has occurred. The iteration ends when neither of the ret-

mings causes any change to the circuit.

The delay constraint in the sizing-aware unidirectional retimingsis no longer equal
to Teyler like in the stand-alone retiming. Using such a constraint will prevent some non-
critical pathsfrom being retimed. In order to minimize energy, the sizing step will downsize

anon-critical path until either one of the following three conditions occurs:
1. all gates along the path are minimum size;
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2. the slope constraints along the path become active;

3. the delay of the path reachesc.

In the last situation, the non-critical path will have adelay of ¢ and will have anon-
zero (albeit small) Lagrange multiplier. If the delay constraint remains unchanged, such a
path cannot be retimed despite not being really critical. In order for any retiming to occur
in such asituation, the delay constraint must be increased by one gate delay. Since different
gates have different delays in the circuit, the delay constraint is increased by the delay of

the slowest gate.

To summarize, sizing-aware period-constrained minimum energy retiming solves
the same linear program (5-10) as its stand-alone counterpart with the following differ-

ences:

1. replace a(v) in (5-7) by a(v) +AE with AE given by (5-16);

2. increase the delay constraint from c to ¢ + max[d(v)];

3. separate forward and backward retiming as shown in Figure 5-7.

A dramatic speed-up in execution time can be obtained by using the following clock
constraint pruning technigue introduced in [ Shenoy94]. The number of clock period related
constraints in the LP (5-10) can be very large even for small circuits. However, many of

them are redundant and can be eliminated.

In the original formulation (5-10), clock period constraints are required for all pairs
of vertices (u, v) such that d(u — v) >c. To see why a smaller set of clock period con-

straints is sufficient for the LP (5-10), note that if
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r(v)—r(u)=2—-w(u - v) +1 (5-17)

istrue for a sub-path of a path, then it istrue for the entire path. Hence a clock period con-

straint need only be added to vertex v, reachable from w, such that:
dw - v)>c and d(w - u)<c forany uld{w - FI(v)} (5-18)

Figure 5-8 illustrates the constraint pruning principle from Eq. (5-18).

D (w -> x)= c boundary
@1+
(H—)

Uy
(1

Figure 5-8. Clock period constraint pruning principle

The figure shows the boundary in the graph where the combinational delay from
node w is ¢, the clock period constraint. Only the nodes immediately after that boundary

(Vq, Vo, ... V) Nneed a clock period constraint in the LP (5-10). A constraint for any node
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beyond vy, Vs, ... v,, will be satisfied automatically because a similar constraint is satisfied

for anode of the path between the w and that node.

5.7 Example: single-precision Floating Point Unit (FPU)

This example demonstrates the capabilities of the circuit optimization framework
on a red-life sequential circuit: an |EEE-compliant single-precision Floating Point Unit
(FPU). Thegoal of thisexampleisto synthesize the FPU from abehavioral description and
optimize it for minimum energy consumption at a cycle time of 2ns, with a latency of 4
cycles, using a general purpose 90nm CMOS technology. A commercial synthesis tool
[Synopsys04] is used to generate afirst design from a high level Verilog description. The
design isthen optimized separately by the same synthesis tool and by the circuit optimiza-

tion framework, in order to compare the results.

The block diagram of the FPU is shown in Figure 5-9.
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Figure 5-9. Block diagram of a 3-input fused multiply-add single-precision Floating Point

Unit (FPU)

The FPU takes three 32-hit input operands, A, B and C and computes (+/-)(C+/-
A*B). Each operand is separated in afraction part (23 bits), an exponent part (8 bits) and a
sign bit. Thearchitecture of the FPU isfused multiply-add and isinspired by the OpenCores
FPU implementation from [OpenCores06]. The mantissa path consists of a multiplier for

computing A* B, the alignment shiftier for C, two wide adders and the post-normalization
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block. The exponent path has a block that computes the exponent differences required to
align C and thefinal incrementers that adjust the exponent of the results based on the shift-

ing amounts required in the post-normalization of the mantissa.

The design flow used for this example is shown in Figure 5-10. The flow has three

starting points:

1. abehavioral Verilog description of the circuit to be tested. In this case, the behavioral
Verilog description of the FPU follows closely the block diagram from Figure 5-9, with

straightforward descriptions for each block and the same connections between blocks®;
2. alibrary of standard cells;

3. aset of design constraints (cycle time, latency, slope constraints, load capacitances
etc.).
From these three inputs, the fully automated flow produces three circuits with the
same function. The power and performance metrics for these designs are compared in the

end, in order to demonstrate the circuit optimization framework.

1. Behavioral Verilog description for the FPU provided by Seng Oon Toh
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Figure 5-10. Design flow used for the FPU

Design #3

The circuit under test (FPU) is fist synthesized in a purely combinational fashion

using Synopsys Design Compiler [SynopsysO4]. The resulting combinational Verilog

netlist is subsequently optimized on two separate paths:
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* retiming and re-mapping using the standard-cell based Synopsys ASIC flow

[Synopsys04] for adelay target of 2nsand 4 cycle latency (Design #1);

 continuous resizing and sizing-aware retiming by the circuit optimization framework
for the same constraints (Design #3).
For comparison purposes, athird designis produced by applying acontinuousresiz-
ing to Design #1 using the circuit optimization framework, without any retiming (Design
#2). The purpose of thisdesign isto compare only the retiming algorithms from the ASIC

flow with those from the circuit optimization framework.

Since the only technology data provided to the flow is the discrete-sized standard
cell library, afew extra processing steps are required in order to use the continuous sizing
capabilities of the circuit optimization framework. The standard cell library needs to be

tranglated into a continuous size library containing the gate models described in Chapter 3.

A logic gate usually has several entriesin the standard cell library corresponding to
the different available sizes - and each entry has a complete set of parameters. For contin-
uous sizing, alogic gate must have only one entry in the continuous size library, character-
ized by only one set of parameters for all possible sizes. The trandation is done in two

steps:

1. characterization of each entry in the standard cell library; at the end of this step, each

library entry hasits own set of parameters;

2. removal of the discrete sizing dependency using interpolation; in this step the library
entries with the same function are grouped together and one global set of parametersis

computed for the group™.
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The flow from Figure 5-10 is fully automated using a set of custom written parsers
and scripts. The parsers, written using the lex [Paxson95] and yacc [Donnelly95] utilities,
allow the circuit optimization framework to read all Verilog netlists produced by the ASIC
flow (by trandating them into itsinternal SPICE-like format) and to use any standard cell

library as abasis for building its own continuous size library.

Figure 5-11 showsthe comparison of the three designsfor the single precision FPU.

50 - W #1: Synopsys ASIC
O #2: Custom resizing of Synopsys ASIC
40 - O#3: Circuit optimization framework: complete flow
34.058

';‘
2 30 A
>
o 20.35 18.87
2 20 A
I}

10 A

O -

Figure5-11. Minimum energy achieved by the FPU for 2ns cycletime and 4 cycle latency

through various optimization methods

Design #1 (labeled “ Synopsys ASIC”) represents the design as produced by Synop-
sysASIC flow after retiming and re-mapping. For a 2ns cycle time, the average energy per

operation is34.058 pJ. Thisisastandard cell design, with discrete sizing levels as provided

by the library.

1. interpolation scheme developed in cooperation with Seng Oon Toh
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Design #2 (labeled “ custom resizing of Synopsys ASIC”) represents acustom (con-
tinuous) resizing of the combinational logic of the Synopsys ASIC without any retiming.
The positions of the registers in the circuit are kept unchanged, but all the logic gates are
resized using the circuit optimization framework in order to minimize the energy subject to
a 2ns maximum cycle time. The minimum size of the gatesis constrained to be the same as
the smallest gate of the sametypein the standard cell library. The average energy per oper-

ation decreases to 20.35pJ.

Design #3 (labeled “ circuit optimization framework: completeflow”) representsthe
best design obtained by the circuit optimization framework, after custom resizing and
sizing - aware retiming. This design is obtained by coupling sizing and retiming as shown
in Figure 5-3 and Figure 5-7 and using the algorithms presented in this chapter. The aver-
age energy per operation for thisdesign is 18.87 pJ for the same 2ns cycle time and latency

of 4 cycles.

Table 5-1 shows a breakdown of the energy savingsin the 2ns 4-cycle FPU design.

Table 5-1. Breakdown of energy savings for the FPU
Source of energy savings Amount of energy savings

Energy savings from to custom sizing 40.2%

Energy savings from sizing-aware retiming 7.2%

Total energy savings from ASIC design 44.5%

As can be seen from Table 5-1, the bulk of the energy savings come from resizing
(about 40%). This is the gain obtained by using continuously-sized gates instead of dis-

crete-sized standard cells. In Figure 5-11 these savings are represented by the energy dif-
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ference between Design #1 and Design #2. Both designs have the same cutset (as produced

by the ASIC flow) but use different sizing strategies.

Theadditional 7.2% of savings (from the custom sized design) are dueto the sizing-
aware retiming algorithms. In Figure 5-11 these savings are represented by the energy dif-
ference between Design #2 and Design #3. Both designs are continuously sized but use dif-

ferent retiming algorithms.

The total energy savings provided by the circuit optimization framework over the
ASIC flow amount to 44.5% for this example. In Figure 5-11 these savings are represented

by the energy difference between Design #1 and Design #3.

The computing resources and runtime required for optimizing this circuit are sig-
nificant. The FPU has 8288 instances of combinational gates and the sizing optimizations
are doneflat. The final design has 1364 flip-flops in the retiming graph that can be merged
into 715 bigger flip-flops (the graph representation from [Leiserson91] requires flip-flops
with branching outputs to be split and later re-merged, if needed). The initial loop from
Figure 5-3 yields afeasible design after the first iteration and the main loop from Figure 5-
7 requires 5 iterations to converge to a final cutset. The total runtime for the optimization
of the FPU is approximately 55 hours on a Sun V40Z machine with 4 2GHz Opteron pro-
cessorsand 16GB of memory. The retiming algorithms are single-threaded and cannot take
advantage of multiple processors in the current implementation. [Mosek06] has a multi-
threaded GP solver that provides a 2.5x speed-up for resizing on the 4-way machine when
compared to a single-core machine. The memory requirements for the sizing-aware retim-

ing are also substantial at approximately 6GB.
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The percentagesin Table 5-1 are representative for designs placed in the middle of
the power - performance space (far away from the endpoints of the optimal energy - delay
tradeoff curve). Experiments performed on parts of the FPUL show how the energy savings

change aong the power - performance spectrum:

 high performance circuits benefit most from the custom sizing and retiming capabilities
of the circuit optimization framework. Circuits close to point 1 in Figure 2-2 are very
sensitiveto sizing (as shown in Section 3.11) and even asmall change in agate size can
cause a significant speed increase or decrease. The coarse sizing granularity of the
ASIC flow incurslarge power and performance penalties for such circuits. On the other
hand, continuous sizing and the retiming coupled with it are best suited for fine tuning
such sensitive designs. The total amount of energy savings increases significantly as

does the percentage attributable to continuous sizing.

» |ow power circuits benefit least from the custom sizing and retiming capabilities of the
circuit optimization framework. Circuits close to point 2 in Figure 2-2 are generally
minimum-sized and hence not very sensitive to sizing (as also shown in Section 3.11).
Because of the low sizing sensitivity, sizing-aware retiming revertsto classical retiming
and does not provide any additional energy savings. In the extreme case of point 2 with
all the gates are minimum-sized, the circuit optimization framework does not provide

any improvement over the ASIC flow.

1. Experiments performed by Seng Oon Toh and still in progress
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6 Dealing with Process Variations:

Robust Optimization

In aggressive nanometer-scale CMOS, process variations are critically affecting the design
of digital integrated circuits. Scaling supply voltages, increasingly non-ideal device char-
acteristicsand increasingly hostile electrical environments are degrading design marginsto
the point where functionality becomes difficult to assure, and energy and delay become dif-
ficult to predict. Power - performance optimization is not immune to the perils of process
parameter fluctuations. This chapter presents a theoretical framework to include process
variationsin the optimization processin order to design robust circuits with good manufac-
turing yield. While not fully developed and integrated with the rest of the circuit optimiza-
tion framework, it providesinsight on the effect of processvariationson digital circuitsand

isagood starting point for future research.

It isnot the purpose of this chapter to analyze the causes and sources of process vari-
ationsin modern CMOStechnologies. [Frank04] contains an excellent survey on these top-
ics. Instead, the focus of this chapter is on how to deal with these variations in the
optimization process and how to perform a robust optimization. Section 6.1 discusses the
main approaches for dealing with parameter variations during design optimization. The

selected method for digital power - performance optimization, stochastic geometric pro-

146



gramming, ispresented in detail in Section 6.2 and asimple but representative examplefol-

lowsin Section 6.3.

6.1 Types of robust optimization

There are three main types of robust optimization:
* optimization across process corners,

» optimization with uncertain parameters (in some mathematical literatureit is called

simply “robust optimization” [Ben-Tal98));

* stochastic optimization.

Traditionally, robust design for electrical circuits meant analyzing process corners.
The designer had to make sure that the circuit still operates correctly and meets the specs
even in the worst situation. In optimization terms, this means adding constraints to the opti-

mization problem corresponding to all process corners (suchasTT, TF, FF, ... TS, SS):

g rr(x)<0 i=1..m
gi (X)) <0 i=1..m
min f(x) suchthat s g . .(x)<0 i= 1..m (6-1)

xdd

0 ss(X)<0 i=1..m

where g; xy represents the set of design constraint at the XY process corner. If a certain
value of the objective function must be achieved in order to ensure correct functionality
(e.g. aminimum required throughput for a pipeline), appropriate constraints can be added

acrossall corners. A morerelaxed approach is product binning when the objective function
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isjust ameasure of the performance of the circuit and does not impair correct functionality.

Microprocessors are the typical example for clock frequency binning.

Optimization across process corners has the advantage of being very smple. More-
over, the input data required in (6-1) is readily available since most foundries provide
models for their transistors and interconnects at multiple process corners. Adding con-
straints of the same type does not change the mathematical properties of the optimization
problem - so if the optimization problem in the typical case is convex, so is the one across

al the corners.

The disadvantage of corner optimization is that it usually results in overly conser-
vative and over-designed circuits. Figure 6-1 illustrates this conservatism for the ssmple

case of two gaussian variables.

______________________1__
-_—f—-—t—————————— -l -} -

Figure 6-1. Conservatism of corner optimization
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Thetypical (T) corner correspondsto the center of the distributions of the two vari-
ables. Thefast (F) and slow (S) process corners correspond to yield-imposed boundarieson
the distributions. A process corner - based design ensures that the circuit operates correctly
in the corners of the rectangle defined by the F and S boundaries for each variable. How-
ever, the end result in this case is that the circuit operates correctly in an elipsoid circum-
scribing the rectangle. It should be noted that there are many ellipsoids that can
circumscribe the same rectangle. The actual ellipsoid is determined by thejoint distribution
of thetwo parametersand in particular by their correlation. If the two parameters are uncor-
related, the two diameters of the ellipsoid are determined only by the individual variances

of the variables.

Sincethe ellipsoid covers more space than the rectangl e, the circuit can actually sus-
tain more variations than just those specified by the process corners - hence it is over-
designed. The over-designing translates directly into performance losses and power costs

in the optimization process.

The corner optimization approach has another theoretical limitation: the fact that
the circuit operates correctly in the corners does not guarantee (at least theoretically) that it
will operate correctly at any point inside the cube defined by those corners. Figure 6-2illus-

trates an unlikely but theoretically possible situation in which corner optimization fails.
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Figure 6-2. How designing for process corners can produce non-functional circuits

The figure presents a simplified situation in which the delay of a path depends on
only one process parameter. While such a situation is not possible with the simpler delay
models described in Chapter 3, the very non-linear characteristics of deeply scaled transis-
tors can (at least theoretically) produces such a non-monotonicity in a performance metric.
Since there is no constraint in the optimization problem to make sure that the circuit till
works at the intermediate points between the process corners, a setup time violation (or

other error) is possible in this situation.

A more thorough approach that extends corner exploration is the optimization with

uncertain parameters.

min f(x) such that (6-2)
xo

g;(x)<0 i=1..m

foral (OK
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In this case the constraint functions depend explicitly on the optimization variables
x and on aset of parameters ¢ that can fluctuate anywhere within an acceptable set, K (for
instance the interior of the cube defined by the process corners). The optimization problem
(6-2) requires that the constraints be satisfied at all the points of the K set, not just at its

corners.

If the original problem is convex and the set K has certain properties, the resulting
optimization problem with uncertain parameters can also be put in convex form. A com-
prehensive presentation about convex optimization with uncertain parameters can be found

in [Ben-Tal98] (the authors use the name “robust convex optimization” for it).

Since geometric programming is the most common form of optimization for digita
circuits, its uncertain counterpart is of particular interest. Section 3.5 of [Ben-Tal98] pre-
sentsaway to transform a GP with uncertain parametersinto aregular GP if the constraints
g; are affinein { and the acceptable parameter set K isan ellipsoid. The choice of an ellip-

soid is not random: it can be exactly the ellipsoid from Figure 6-1.

While interesting from a theoretical standpoint, the GP with uncertain parameters
in an elipsoid is not practical due to the difficulties of specifying the elipsoid. In terms of
optimization results, it is even more conservative and pessimistic than optimization across
process corners because it imposes correct functionality constraints on all the points of the

acceptable parameter set.

Both optimization strategies presented so far in this section attempt to put determin-
istic bounds on random parameter variations and design the circuit within those bounds. A

more natural approach isto let the process parameters be random - and therefore treat them
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like random variables - and include probability distributions in the optimization. The
resulting stochastic optimization problem requires that the constraints be satisfied with a

certain probability, n:

rréi%nf(x) suchthat P[g;(x,Z) <0] =n (6-3)

In (6-3) the uncertain parameters ¢ are random and are characterized by a joint
probability distribution function and n can be interpreted as the yield (sometimes this type
of problem isalso called yield optimization). It should be noted that the optimization vari-
ables x and the uncertain parameters { are digoint sets. In stochastic optimization it is not
possible for an optimization variable to be uncertain at the same time. Thisis alimitation
since in reality typical optimization variables such as gate sizes are subject to the same

random variations when the chip is manufactured.

Enforcing aminimum yield constraint is essentially equivalent to specifying the set
where acceptable parameters lie - like the K set in (6-2). If the parameters { are jointly
Gaussian, the probabilistic constraint from (6-3) has the equivalent of an ellipsoid in the
parameter space (like in Figure 6-1). The ellipsoid can be directly computed from the sta-
tistical properties of the process parameters and the minimum yield, . Thisisvery impor-

tant because it enables stochastic optimization for digital circuits.

The next section shows how to transform a stochastic GP (with direct application to
digital circuits) into aregular (deterministic) GP. The ellipsoid and its associated constraint

isjust an intermediate step in the calculation with no other relevance.
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6.2 Sochastic geometric programming with affine

uncertainties

Consider the following deterministic GP:

k
minc'x st. > g ¥ <1 (6-4)
i=1
The GP is aready in convex form by using the exponential substitution (2-4) and
has only inequality constraints, for simplicity. In this particular case the objective function

is constrained to be a linear function. Any optimization problem can be converted to an

equivalent problem with linear objective function using the epigraph form [Boyd03]:
min f(x) st. g(x) <0 isequivdentto mint st. g(x)<0 and f(x) <t (6-5)

We will make the assumption that only the a; coefficients are uncertain whereasthe
exponents 3 and objective function coefficients ¢ are certain. For the models used in digital
circuits optimization these assumptions are not very restricting. Indeed, for the models pre-
sented in Chapter 3 the exponents are always +/-1 or +/-2 with very little uncertainty.
Instead, the gate parameters such as p and g are subject to significant uncertainty and they
appear as affine coefficients in the constraints. Also, in the epigraph form the objective

function isjust t as shown in (6-5), with the coefficient equal to 1, deterministic.

Since g are the only uncertain parameters and the constraint functions are affinein

aj, thistype of problem is called affinely parametrized optimization problem.
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Assuming aisajointly Gaussian random vector with mean a and covariance matrix
> (denoted as a~N(a, %)) we can formulate the stochastic optimization problem derived
from (6-4):

k
T Bij
minc X st. P ZajEe <li=n (6-6)
j=1

In (6-6) the deterministic constraint is replaced by a probabilistic constraint: we
want to satisfy the constraint with a probability of at least n when the uncertain parameters
g vary according to their distribution. n can be interpreted as the desired yield. All subse-

guent mathematical derivations assume that n is at least 50%.

There is no available optimizer that can handle explicit probabilistic constraints. In
order to solve such aproblem it is necessary to remove the probability operator P[...] from
the constraints and transform the stochastic optimization problem into an equivalent deter-
ministic problem. The following mathematical derivation shows how to transform the sto-

chastic GP into adeterministic GP.
Let u be arandom variable defined as;
k T
U=y o (6-7)
j=1

Because u is alinear combination of the components of ajointly Gaussian random

vector (a), uisalso a Gaussian random variable itself:

u~N(T, o) (6-8)
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and the probabilistic constraint from (6-6) can be written as:

P(u<1) = P(g < %’) = P(u—;_- < %—) > (6-9)

For obvious reasons u—;q ~N(0, 1) and therefore:

(457555 = o5 (510
where:
1 - .
2
d(2) = = j e “dt (6-11)

—00

isthe cumulative distribution of a Gaussian random variable with zero mean and unit vari-
ance. The @ function and itsinverse are readily availablein Matlab and other mathematical

packages.

The probabilistic constraint (6-9) can be rewritten as:

—0_ .1
5 ¢ () (6-12)

which comes down to:

o+odi(n) <1 (6-13)

In order to compute the mean and variance of the Gaussian random variable u we
must note that the optimization variables x, although unknown to us are not random vari-

ables. To compute the mean and variance (just another kind of mean) we must average only
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across those variables that are random () and not across the certain (but unknown) vari-

ables. Using the composition rules for jointly Gaussian random vectors, the mean of uis:

;
0= Y3 P (6-14)
=1
and thevariance g is:
k K -
6= JFsF= |3 T (D), " (6-15)
p:]_q:l
T T T
where F = [eﬁlx, ...,eBkX} .
Replacing (6-15) in (6-13) the probabilistic constraint becomes:
K ; k K .
~ oBix 1 (B +Bg) X
Zaj[deJ +® (n)O z Z(Z)p’qe P Tl (6-16)
j=1 p=1q=1

(6-16) is a deterministic constraint that is equivalent to the original probabilistic
constraint and represents the ellipsoid from [Ben-Tal98] in the e* variables. Although (6-
16) could be used “asis’ in a blind optimization, it has no convexity properties nor isit a
posynomial. However, through further mathematical processing (6-16) can be split into two
posynomial constraintsin order to obtain a GP equivalent with the original stochastic opti-

mization problem.

Note that the following two optimization problems are equivalent:
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minx st. a+.b<1 isequivaentto

minx st a+t<1 and JBsto%sl (6-17)

—+

The newly introduced variable t is called a slack variable [Boyd03]. Using (6-17)
the original probabilistic constraint breaks down into two deterministic constraints, both

posynomials:

k
i
Sa i d<t
i=1 (6-18)

k k ;
[(Bp+Bg) x—21] <

[ M1 OY Y (2), ¢

p=1g=1

1

Therefore, the stochastic version of the deterministic GP (6-4) when its constraints

are affinely parametrized is also a GP:

minch sit.
K T
S g res1
=1 (6-19)
k k

[0 M1 OY T (2), ¢

p=1g=1

[(By+B) =20 _ 4

(6-19) is called the stochastic GP and is significantly more complex than the origi-
nal deterministic GP. It should be noted that the stochastic GP is a regular (deterministic)
GP that can be solved my conventional optimizers such as [Mosek06], [GGPLABO6] and

[Mathworks05].
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Each constraint with k monomials in the deterministic GP produces a constraint
with k monomials, another constraint with k% monomials, and an additional variablein the
stochastic GP. Although the increase in complexity might seem drastic, it is still manage-
able because when using a static timer the constraints do not have too many monomials as

demonstrated by (3-29).

The most difficult part in a stochastic GP is collecting the data for the probability
distribution of the parameter vector, a. The mean a is easily identified with the nominal
values of the parameters but the covariance matrix Z is more difficult to fill. Correlation
dataisnot readily available from foundries (like process corner data) and must be measured

or computed separately.

Statistical static timing [Jess03] can be used to compute the required correlation
coefficientsfrom asmall set of global process variables (such astemperature and threshold
voltage). Statistical static timing tools are not fully developed and thereis little data avail-
ableto usethem. A more direct approach isto measure within-die and die-to-die variations
and correlationsfor aset of controlled structures on atest chip and then deriverulesto infer

what the correlation coefficients will be in the general case [Pang06].

6.3 Example: optimal orientation of thecritical path in a

64-bit carry tree

The purpose of this example is to test the stochastic optimization flow and to analyze the

impact of variations on the design of a simple circuit. The circuit under test is the critical

158



path of a64-bit radix 2 carry tree implemented in static CMOS. The exampleistechnology

independent and uses the logical effort delay model and normalizations [ Sutherland99].

The critical path of the carry tree is represented in a manner similar to Figure 3-2.
It consists of 6 gates with the appropriate branching efforts at the nodes. The path drives a
load C| =64 r.u. (relative units) and the maximum input capacitance is constrained to 1 r.u.
Each gateis characterized by 2 parameters, p and g, that are subject to variations. Since the
p terms can be lumped together, their sum is considered as a single parameter. Conse-
guently, the path has seven parameters (6 g's and one lumped p) and a 7x7 correlation

matrix.

The mean of the parametersis set to their nominal values. A recent work by Pang
et. a. [Pang06] offers a way to compute the correlation matrix for the path parameters
based on its orientation on the chip. The authors of [Pang06] identified two different pro-

cess variation mechanisms along the two dimensions of the chip:

In slit-and-scan photolitography, a narrow dlit of light is shone through the mask
and both the mask and wafer are moved such that the image of thereticle field is projected
onto the wafer. In the direction of the dlit, variations are due to lens aberrations and result
in more correlated features. In the scan direction (orthogonal to the dlit direction), varia-
tions are due to dosage and scan speed, which are better controlled. Hence, in the scan
direction there are less systematic variations and features are less correlated. For the chip
presented in [Pang06], the dlit direction is horizontal and the scan direction isvertical. The

correlation coefficient of the features decreasesin an approximately linear fashion from one
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to zero over 500um in the horizontal direction (more correlation) and over 300um in the

vertical direction (less correlation).

The gates in the path under test are spaced according to their position in areal 64-
bit adder, spanning 500pum (64 bitdices) and the correlation coefficients are computed
using the above rule for each orientation. A stochastic unconstrained delay minimization is

solved for the path at various yield targets in three cases:

1. a“reference’ case, where all the parameters are independent random variables, with

variances inferred from the measurements in [Pang06];

2. a“horizontal” case, where the critical path is routed mostly along the dlit direction of

the chip;

3. a“vertical” case, wherethe critical path isrouted mostly aong the scan direction of the
chip.

Figure 6-3 shows the minimum achievable delay for various yield targets in these

three cases. The delay is normalized to the delay of the fastest carry tree obtained in the

deterministic optimization. Figure 6-4 shows the corresponding area of the carry tree.
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The “vertical” layout, with less correlations between the gates, is both smaller and
faster than the “horizontal” layout. In this case correlations slow down the circuit: if agate

is slower, there is high likelihood that neighboring gates are slower, too (in fact, in this
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example the correlation distance is equal to the length of the path for the horizontal case,
therefore all gatesin the path are affected), thus producing aslower circuit at the sameyield
target. If the gates are less correlated, the variations are more likely to average out along

the path, thus reducing the delay at the same yield target.

The line for the reference case with independent parameters in Figure 6-4 is per-
fectly horizonta; in fact all the designs along that curve are identical to the deterministic
design. Since the individual variances of the parameters are all the same, the deterministic
design produces awell balanced delay distribution. The difference that existsin the delays
from Figure 6-3 corresponds to different points on this delay distribution: the same design

can have different yields at different delay targets.

While the differences are small (up to 1% for delay and 3% for area) for such a
simple circuit, this example shows what are the possible gains of taking the statistical char-
acteristics of the process variations into account at design time. Statistical characteristics
do not include just the individual variances of the parameters, but their joint moments as

well.

Accounting for correlations is not an easy task. It requires filling a correlation
matrix that spansthe whole circuit and that isusually not sparse. Moreover, correlation data
isnot readily available from the foundries. This emphasizes the importance of the research
into measuring and calculating such correlations [Pang06] and into generating the correla-

tion coefficients without the need for a huge non-sparse matrix [Jess03].

Dealing with process variations, in general, and robust optimization for digital cir-

cuits, in particular, are still areas open for research and significant work is still needed. This
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chapter presented aframework that can be used to tackle the problem of robust optimization
for digital circuits, but leaves several unanswered questions and unsolved problems. First
and foremost, the basic assumption isthat all the parametersthat vary are jointly Gaussian.
While assuming variations to be Gaussian has been very common practice throughout
many decades of literature, recent work such as [Qin04] concludes that some process
parameters follow alog-normal distribution. For small variations the Gaussian approxima-
tion generally holds, but the trend is opposite, towards large variation amplitudesin deeply

scaled technologies.

The example in this chapter demonstrates the importance of capturing the correla-
tions between process parameters across the die and the cost of ignoring them in the power
- performance space. The mathematical theory ishelped by thejointly Gaussian assumption
inwhich acorrelation matrix is enough to characterize the joint distribution of all variables.
However, even using this smplest way of characterizing correlation, the task of gathering

the data for the covariance matrix of area process has proved very difficult in practice.
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7 Conclusions

This thesis addresses the topic of power - performance optimization for custom digital cir-

cuits at circuit and microarchitecture levels. It:
» formulates the design as a power - performance optimization problem;
* presents a custom-written optimization framework to solve this problem;

» demonstrates the framework on practical circuits.

The circuit optimization framework provides a systematic solution to the problem
of maximizing the performance of the circuit in alimited power budget and to its dual -
minimizing the power of the circuit with a minimum performance constraint. The main

contributions of the framework are:

* modular design enabling great flexibility in the choice of models with various degrees

of complexity and accuracy;

 dtatic timing - based approach removing the dependency of input vector patterns and

ensuring a conservative and robust design;

» formulation of the design as a mathematical optimization problem that is solved numer-

icaly;

» guarantee for the global optimality of the result for certain classes of analytical models

leading to convex optimization for combinational circuits;
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« verification of the quality of the results against atight near-optimality boundary for
combinational circuits; the boundary is computed using analytical models leading to
convex optimization and can be use to check the quality of the results obtained with

very accurate but non-convex models (e.g. tabulated models);

» for sequential circuits, a combination of optimality guarantee / near - optimality check

for the logic with near - optimal heuristic - based retiming for the storage elements;

» development of a stochastic yield optimization methodology that maintains the same
type of optimality guarantee as the original deterministic problem (not fully integrated
with the rest of the framework);

The circuit optimization framework is demonstrated on four examples of practical

circuits:

* ab64-bit Kogge-Stone carry tree implemented in static CMOS in ageneral purpose
130nm process. Using analytical models, this example demonstrates the impact in the
energy - delay space of optimizing different sets of design variables (such as gate sizes,
supply voltage and threshold voltage). The main conclusion of this exampleisthat the
optimal design has aways equal sensitivitiesto all the designs variables. This may
sometimes lead to counter-intuitive solutions, such as reducing power by increasing the

supply voltage (but downsizing to retain the same performance);

» adetailed study of 64-hit carry lookahead adders in a genera purpose 90nm bulk
CMOS process. Using tabulated model s, the study investigates the impact in the energy
- delay space of several adder design choices: set of logic equations, logic family, carry

tree radix, carry tree lateral fanout, carry tree sparseness, sizing strategy, adder environ-
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ment and process parameters. A set of design guidelinesisformulated for these choices
in order to guide the selection of the best adder architecture in a specific environment.
A proof of concept implementation of the fastest adder in 90m CMOS in atypical high-
performance microprocessor environment is used to verify the optimizations. The opti-
mal architecturein this caseisaradix 4 sparse-2 clock-delayed domino carry tree
implementing Ling’s equations. The measurements show an average delay of 240 ps
(7.5 FO4) across al the chipsin the batch, at the nominal supply voltage of 1V and

with a power consumption of 260mW for the worst case input combination.

an |EEE-compliant single-precision fused multiply-add Floating Point Unit (FPU)
implemented in static CMOS in a general purpose 90nm process. Using analytical
models, this example compares the results of designing the same block using a com-
mercia logic synthesistool and the circuit optimization framework. The framework
offers most benefits for circuits in the high-performance end of the spectrum due to the
continuous sizing process coupled with a sizing-aware retiming algorithm. In the low-
power end of the spectrum the benefits decrease significantly because most gates have
minimum size. For a mid-range FPU design with 2ns cycle time and latency of 4
cycles, the circuit optimization framework saves 40.2% of the power through continu-
ous gate sizing and an additional 7.2% through retiming over the standard-cell based

ASIC design flow.

the critical path of a static CMOS 64-hit adder in a generic normalized technology.
Using analytical models, this example shows the impact of process parameter varia-

tionsin the energy - delay space and demonstrates stochastic yield optimization. With
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normalized variances of process parameters predicted to approach 0.5 for the 45nm
technology node, designing circuits with good yield can incur a high cost in power and
performance. Knowledge of within-die and die-to-die correlations helps alleviate the
negative impact of variations and accounting for them in the yield optimization can
improve performance and save power. This example shows that routing a critical path
in the direction in which process parameters are least correlated produces the fastest
and smallest circuit at the same yield target.

Future work on the circuit optimization framework is focused on four major direc-

tions:

full integration of the stochastic yield optimization methodology with the rest of the
framework; this will have to address the issue of collecting data about the correlations

in the circuit;

inclusion of clock generation and distribution in the optimization process; the current
version takes into account the power on the clock lines but not what is required to gen-

erate and distribute those signals;

integration of the framework in a general synthesis environment; thiswould allow the
exploration of logic restructuring in the power - performance optimization process and

a shift to standard cell-based ASIC design;

development of a hierarchical abstraction of the underlying circuit fabric to character-
ize functional blocks in the power - performance space; this would allow an effective
communication with the system architects and provide better integration of the whole

design optimization process.
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