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Abstract

High-dimensional Principal Component Analysis
by
Arash Ali Amini
Doctor of Philosophy in Electrical Engineering
University of California, Berkeley

Associate Professor Martin Wainwright, Chair

Advances in data acquisition and emergence of new sources of data, in recent years,
have led to generation of massive datasets in many fields of science and engineering. These
datasets are usually characterized by having high dimensions and low number of samples.
Without appropriate modifications, classical tools of statistical analysis are not quite ap-
plicable in these “high-dimensional” settings. Much of the effort of contemporary research
in statistics and related fields is to extend inference procedures, methodologies and theo-
ries to these new datasets. One widely used assumption which can mitigate the effects of
dimensionality is the sparsity of the underlying parameters. In the first half of this thesis
we consider principal component analysis (PCA), a classical dimension reduction procedure,
in the high-dimensional setting with “hard” sparsity constraints. We will analyze the sta-
tistical performance of two modified procedures for PCA, a simple diagonal cut-off method
and a more elaborate semidefinite programming relaxation (SDP). Our results characterize
the statistical complexity of the two methods, in terms of the number of samples required
for asymptotic recovery. The results show a trade-off between statistical and computational
complexity. In the second half of the thesis, we consider PCA in function spaces (fPCA), an
infinite-dimensional analog of PCA, also known as Karhunen—Loéve transform. We intro-
duce a functional-theoretic framework to study effects of sampling in fPCA under smoothness
constraints on functions. The framework generates high dimensional models with a different
type of structural assumption, an “ellipsoid” condition, which can be thought of as a soft
sparsity constraint. We provide a M-estimator to estimate principal component subspaces
which takes the form of a regularized eigenvalue problem. We provide rates of convergence
for the estimator and show minimax optimality. Along the way, some problems in approxi-
mation theory are also discussed.
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Chapter 1

Introduction

1.1 Statistics on massive datasets

The classical goal of statistical data analysis is to extract information (or more ambitiously
generate knowledge) from raw datasets, a process which is usually called “statistical infer-
ence”. This rather general statement is meant to encompass the many problems considered
in statistical analysis and its wide area of applications. In particular, the type of information
one seeks and the type of data at hand could be quite varied. Among the early datasets
considered are for example the results of experimental studies (say drug effectiveness studies)
and polling results (categorical data) [40]. Among the more recent examples are:

e the medical and astronomical images (e.g., results of MRI, images of far away galaxies,
images of the surface of the Earth),

the signal received by a cellphone, a radar, etc. [92],

the firing of a collection of neurons,

gene expression data [87],

paths traced by hurricanes [24],

reading of nodes in a sensor network,

epidemic graphs,

documents on the Internet (and the hyperlink graph),

paths between nodes on the Internet (routing graphs) [72, 38, 12],

financial time series (e.g., share prices of a collection companies over time),

voting history of members of a parliament /senate,

databases of handwritten data, faces, shapes of body organs or other complex objects,

and so on. The trait shared by these very different datasets which makes them targets of
statistical analysis is that they are “unorganized” and plagued by noise (of various sources,
e.g., measurement noise, noise inherent in the generating process, etc.). More precisely, one
suspects that they contain some organization (or regularity or information) obscured by noise
and one hopes to uncover it by means of analysis. It is also worth noting that these datasets
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are modeled through a myriad of mathematical objects: vectors, functions, matrices, graphs,
probability densities, etc.

The information one seeks to obtain could be the value of an unknown parameter sus-
pected to have influence on the observed dataset, e.g., the sequence of symbols transmitted
in the case of the cellphone signal; it could be a decision to be made, e.g., whether the treat-
ment was effective in an experimental study, whether a target is present in radar detection;
it could be an effective (i.e., low complexity) representation of the data revealing patterns
and facilitating interpretation and visualization; it could be a classification or clustering
task, i.e., grouping similar observations into classes, e.g., classifying a face as male/female,
a document according to its content, detecting objects in a scene and so on; it could be a
prediction problem, e.g. given the path of a hurricane so far what is the most likely path it
is going to take in the future; it could be revealing relationships or connections, e.g., what is
a reasonable association graph for members of the parliament given their votes, what is the
connectivity graph for nodes of a network?

The statistical aspects® of these problems are usually modeled by a family of probability
distributions P = {Py : 0 € ©} indexed by a parameter 6 taking values in some parameter
space ©. Each Py is a probability distribution over the observation space X', which could be
a space of vectors, functions or other more fancy mathematical objects. For example, in the
voting problem mentioned, © can be the space of {—1,0,1}-valued N, x N, matrices and
© a subspace of the space of all graphs on N, nodes—where N, is the number of senators
and N, is the number of bills. It is usually assumed that we have access to n independent
samples X := {z;}!", C X drawn from Pp«, where 0* € O is the unknown true parameter or
the state of nature. The goal is then to infer 6% from X; that is, to obtain a function of X,
say 0 = 0(X), which serves as an estimate of 8*. We can then compare it to the true value
in some appropriate error metric, say r(/ﬁ\, 0*) == [Ep- dQ(@\, 6*)]'/2, providing an assessment
of the quality of inference (cf. §2.6.1 and [16, 62]).

What makes the inference possible? Intuitively, since the “n” samples agree in the regular
part (6*) and differ in the random part (the noise due to sampling), one can hope that due
to independence, the noise can be averaged out as n grows large, revealing the underlying
regularity. In mathematical terms, one hopes that the collection P™ := {Py"™ :€ O} of n-fold
product measures generated by the family P becomes well-separated (in some appropriate
metric for probability distributions) as n — oo, allowing for perfect identification of 8* € ©
that generated the data X.

This is indeed the case in the classical setting where © is a subset of some finite-
dimensional vector space of fixed dimension p, e.g., © C RP. More specifically, asymptotic
theory [94] shows that when p is kept constant while n — oo, the error r(6,6*) goes to

INot all aspects are covered by the decision-theoretic model discussed here. For example, in the context of
sensor networks, there is the problem of communication between nodes: most nodes have access to their own
data, limited processing power and few communication links; there is a need for distribution of information
and computation. This raises interesting questions about the rate of information dissemination in the network
and its interaction with statistical rates.
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(a) Entire dataset

(b) An enlarged subset

Figure 1.1: Gene expression data from a breast cancer study. The top plot is the 78 x 4918 matrix of expression levels, the rows
represent patients (or tumor samples), the columns represent different genes suspected to influence treatment. The bottom plot
shows the subset of data corresponding to 70 genes among those found to be a good signature for treatment success.

zero for many reasonable estimators é\, i.e., they are consistent estimators of 6*. In fact,
one shows that the optimal convergence rate is O(n~'/2). The estimators that achieve this
rate are called /n-consistent; they are asymptotically efficient? or optimal in a statistical
sense. This sort of asymptotics is well-suited for approximating problems of classical statis-
tics, where n > p. As an example consider a polling problem, where we ask a population of
roughly n ~ 1000, which of the p ~ 5 candidates they are going to vote for in an election.
The situation is quite the opposite for most modern datasets mentioned earlier. Fig. 1.1(a)
shows an example of gene expression data from a breast cancer study conducted by van’t
Veer et. al [95]. The observed dataset, X, collects the expression levels of p = 4918 genes in
tumor samples from n = 78 patients, organized as a n x p matrix. Out of the 78 patients, 34
exhibited recurrence in a 5-year period after treatment; that is, the samples may be thought
of as coming from two populations, say, Py, , modeling gene sequences in patients that ex-
hibited recurrence and Py,, modeling those in patents that did not. The goal was to find a
subset of genes that could reliably differentiate between the two groups and hence could be
used as a predictor of treatment success. Here, we have n < p and consequently classical
asymptotic results are poor approximations for this problem. Fig. 1.1(b) shows the part of
X corresponding to a subset of genes of size n; = 70 which are part of the signature found

2 An estimator is statistically efficient roughly means that among all estimators it requires the least number
of samples to achieve a certain level of error.
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by the study to be a good predictor. Even in this reduced dataset, one has n ~ p, rendering
classical asymptotics useless.

1.2 Structured high-dimensional datasets

For problems in which n < p, a more appropriate form of asymptotics is obtained by letting
both n and p go to infinity simultaneously. This will be referred to as the high-dimensional
setting. A rough calculation shows that the error (6, 6*) will be of the order O(y/p/n) for
optimal estimators. Thus, as long as p/n — 0 as (n, p) — 0o, we cannot hope for consistency
(cf. §2.4.3).

But p/n — 0 is not a good model for our problems. We would like to let p/n — v > 0
or even p/n — oo and still be able to consistently estimate the parameter. The key is to
impose additional structure on the parameter, so that the parameter space, ©, has some low
effective dimension. A simple such structure which is both natural and popular is sparsity.
Returning to our example in which © C R?, we could further impose

Oc{ecR: [{j: [0]; #0} <s} (1.1)
for some s < p. (Here and elsewhere, [6]; applied to a vector # is its j-th entry and |A|

(198

applied to a set A is its cardinality.) In other words, all # € © have at most “s” nonzero
entries. In yet other words, all § € © lie in the union of (]Z ) coordinate subspaces, each of

which is s-dimensional. A rough estimate then suggests that if SIOi(I;) ~ 2 1;ng goes to zero,
we can hope for consistency. Rigorous results of this sort will appear in Chapter 3 when we
discuss high-dimensional sparse PCA.

Assumption (1.1) is sometimes referred as a hard sparsity constraint suggesting that there

are also soft measures of sparsity; notable among them is an ¢2-ball constraint,
p
Oc{fer: > |[b];|"<Cy} (1.2)
j=1

for some ¢ < 1. This model allows for a more graceful drop of entries of 6 to zero. Although
our focus will be mostly on hard sparsity, some results related to model (1.2) will be discussed
in Chapter 3 in the context of PCA.
Another structure is an ellipsoid condition which arises naturally when the parameter is
a function living in some class of functions and one imposes a smoothness condition on the
class. When the function class is infinite-dimensional, the natural space for the parameter
is usually the space of infinite sequences 6 = (61, 0s,...) with some constraint, say, on their
energy Ej; 9]2- < o0; this space is referred to as ¢, sequence space. The ellipsoid condition
is then,
NG

@C{HEEQ:Z—JSCM} (1.3)

j=1 "
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for a null positive sequence p = (1, pio, ... ): p; > 0 and p; — 0 as j — oo. Since for large j,
p; is small, so is the corresponding [f];. Hence, the ellipsoid condition too can be thought of
as a soft sparsity assumption. Results for models of the form (1.3) will appear in Chapter 5
in the context of our discussion of functional PCA.

To summarize, all these models impose conditions implying that despite the true param-
eter living in a high-dimensional or even infinite-dimensional space, its truly significant part
is of relatively small size (low-dimensional). This is somehow the essence of sparsity and it is
a plausible assumption for many real-world datasets. As mentioned earlier, a sparse vector
lies in a union of low-dimensional (linear) subspaces. One possible direction of generalization
is to allow it to lie on a (globally nonlinear) submanifold of low dimension or on a union of
such submanifolds.

1.3 Principal component analysis (PCA) and sparsity

As the title suggests, our focus in this thesis will be on principal component analysis (PCA)
in the high-dimensional setting (and in function spaces). PCA is a classical method for
reducing dimension, say from a subset of R? to some subset of R? where d < p, and is
frequently used to obtain a low-dimensional representation of a dataset. It operates by
projecting the data onto the d directions of maximal variance, captured by eigenvectors of
the p x p population covariance matrix ». Of course, in practice, one does not have access
to the population covariance, but instead must rely on a “noisy” version of the form

S=Y+A (1.4)

where A = A,, denotes a random noise matrix, typically arsing from having only a finite
number n of samples. We usually take X to be the sample covariance, which for a dataset
{;}7_, C R? with population mean zero, is given by ¥ = = 3" | z,xf. Fig. 1.2 shows a toy
example with p = 3 and d = 1 and n = 200. R
As with any statistical procedure, a natural question when using the noisy version ¥ is
the issue of consistency, i.e., under what conditions the sample eigenvectors (i.e., based on
i) are consistent estimators of their population analogues. In the classical theory of PCA,
the model dimension p is viewed as fixed, and asymptotic statements are established as the
number of observations n tends to infinity. With this scaling, the influence of the noise matrix
A dies off, so that sample eigenvectors and eigenvalues are consistent estimators of their
population analogues [7] (cf. §2.4.1). However, such “fixed p, large n” scaling is inappropriate,
as discussed in §1.2, for many contemporary applications in science and engineering (e.g.,
financial time series, astronomical imaging, sensor networks), in which the model dimension
p is comparable or even larger than the number of observations n. This type of high-
dimensional scaling causes dramatic breakdowns in standard PCA and related eigenvector

methods, as shown by classical and ongoing work in random matrix theory [43, 55, 58]
(cf. 2.4.2).
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Figure 1.2: PCA toy example. (a) is the scatter-plot of some n = 200 points in R? generated from a spiked covariance model
with one component (cf. Chapter 3). The data clearly concentrates along a line through the origin (i.e., a 1-dimensional
subspace). (b) shows the data after projection onto two 1-dimensional subspaces, generated by the true principal component
(PC), the green points, and by the sample PC based on the sample covariance, the red points. Qualitatively, the sample version
is a very good estimate of the true PC, as one expects for a classical scaling n = 100 > 3 = p.

As discussed in §1.2, it is possible to add a natural structural assumption, namely sparsity,
to help mitigate the curse of dimensionality. Various types of sparse models have been
studied in past statistical work. There is a substantial and on-going line of work on subset
selection and sparse regression models [e.g., 26, 37, 69, 90, 100], focusing in particular on
the behavior of various ¢;-based relaxation methods. Other work has tackled the problem
of estimating sparse covariance matrices in the high-dimensional setting, using thresholding
methods [17, 39] as well as ¢;-regularization methods [31, 108].

1.3.1 Sparse PCA in high-dimensional setting

A related problem—and the primary focus of Chapter 3—is recovering sparse eigenvec-
tors from high-dimensional data. While related to sparse covariance estimation, the sparse
eigenvector problem presents a different set of challenges; indeed, a covariance matrix may
have a sparse eigenvector with neither it (nor its inverse) being a sparse matrix. Various
researchers have proposed methods for extracting sparse eigenvectors, a problem often re-
ferred to as sparse principal component analysis (SPCA). Some of these methods are based
on greedy or nonconvex optimization procedures (e.g., [59, 109, 71]), whereas others are
based on various types of ¢;-regularization [110, 32]. Zou et al. [110] develop a method based
on transforming the PCA problem to a regression problem, and then applying the Lasso
(¢4-regularization). Johnstone and Lu [58] proposed a two-step method, using an initial pre-
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processing step to select relevant variables followed by ordinary PCA in the reduced space.
Under a particular ¢,-ball sparsity model, they proved fs-consistency of their procedure as
long as p/n converges to a constant. In recent work, d’Asprémont et al. [32] have formulated
a direct semidefinite programming (SDP) relaxation of the sparse eigenvector problem, and
developed fast algorithms for solving it, but have not provided high-dimensional consistency
results. The elegant work of Paul and Johnstone [73, 75] studies estimation of eigenvectors
satisfying weak ¢,-ball sparsity assumptions for ¢ € (0,2). We discuss connections to this
work at more length below.

In Chapter 3, we study the model selection problem for sparse eigenvectors. More pre-
cisely, we consider a spiked covariance model [55], in which the maximal eigenvector z* of
the population covariance ¥, € RP*P is k-sparse, meaning that it has nonzero entries on
a subset S(z*) with cardinality k, and our goal is to recover this support set exactly. In
order to do so, we have access to a matrix f], representing a noisy version of the population
covariance, as in equation (1.4). Although our theory is somewhat more generally applica-
ble, the most natural instantiation of S is as a sample covariance matrix based on n i.i.d.
samples drawn from the population. We analyze this setup in the high-dimensional regime,
in which all three parameters—the number of observations n, the ambient dimension p and
the sparsity index k—are allowed to tend to infinity simultaneously. Our primary interest is
in the following question:

Using a given inference procedure, under what conditions on the scaling
of triplet (n,p, k) is it possible, or conversely impossible, to recover the
support set of the maximal eigenvector z* with probability one?

We provide a detailed analysis of two procedures for recovering sparse eigenvectors:

(a) a simple diagonal thresholding (or cut-off ) method, used as a pre-processing step by
Johnstone and Lu [58], and

(b) a semidefinite programming (SDP) relaxation for sparse PCA, recently developed by
d’Aspremont et al. [32].

Under the k-sparsity assumption on the maximal eigenvector, we prove that the success/failure
probabilities of these two methods have qualitatively different scaling in terms of the triplet
(n,p, k). For the diagonal thresholding method, we prove that its success/failure is governed
by the rescaled sample size

n
Odgia(n,p, k) = Plog(p — k)’ (1.5)

meaning that it succeeds with probability one for scalings of the triplet (n, p, k) such that 04,
is above some critical value and, conversely, fails with probability one when this ratio falls
below some critical value (cf. Proposition 2). We then establish performance guarantees for
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the SDP relaxation [32]: in particular, for the same class of models, we show that it always
has a unique rank-one solution that specifies the correct signed support once Ogia(n, p, k) is
sufficiently large, and moreover, that for sufficiently large values of the rescaled sample size

n
Osap(n, p, k) = Tlog(p — )’ (1.6)

if there exists a rank-one solution, then it specifies the correct signed support (cf. Theorem 7).
The proof of this result is based on random matrix theory, concentration of measure, and
Gaussian comparison inequalities (cf. § 2.4.2 and §2.3 for related background). Our final
contribution, regarding the spiked covariance model with hard sparsity constraint, is to use
information-theoretic arguments to show that no method can succeed in recovering the signed
support for the spiked identity covariance model if the order parameter 0, (1, p, k) lies below
some critical value (cf. Theorem 8). One consequence is that the given scaling (1.6) for the
SDP relaxation is sharp, meaning the SDP relaxation also fails once 04, drops below a
critical threshold. Moreover, it shows that under the rank-one condition, the SDP is in fact
statistically optimal, i.e., it requires only the necessary number of samples (up to a constant
factor) to succeed.

Computational vs. statistical efficiency

Our results, in Chapter 3, highlight some interesting trade-offs between computational and
statistical costs in high-dimensional inference. On one hand, the statistical efficiency of
SDP relaxation is substantially greater than the diagonal thresholding method, requiring
O(1/k) fewer observations to succeed. However, the computational complexity of SDP is
also larger by roughly a factor O(p*): an implementation due to d’Asprémont et al. [32] has
complexity O(np + p*logp) as opposed to the O(np + plog p) complexity of the diagonal
thresholding method. Moreover, our information-theoretic analysis shows that the best
possible method—namely, one based on an exhaustive search over all (i) subsets, with
exponential complexity—does not have substantially greater statistical efficiency than the
SDP relaxation. The following table summarizes these results:

Method Computational complexity Statistical complexity
Diagonal cut-off O(np + plogp) O(k2 log(p — k))
SDP relaxation O(np + p*log p) O(klog(p — k))

1.4 Functional PCA and its sampling problem

The second half of this thesis considers mainly the functional version of PCA, or fPCA
for short. fPCA lies within the broader field of functional data analysis (FDA), that is,
statistical analysis of data which can be modeled as functions. FDA is an established field in
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statistics with a great number of practical applications [80, 81]. When the data is available
as finely sampled curves, say in time, it is common to treat it as a collection of continuous-
time curves or functions, each being observed in totality. These datasets are then termed
“functional” and various statistical procedures applicable in finite-dimension are extended
to be applicable to them, among which is the principal component analysis (PCA). By the
infinite-dimensional (or nonparametric) nature of function spaces, however, new phenomena
might also be expected. In particular, statistical analysis in infinite-dimension may provide
some insights into aspects of the “high-dimensional” (parametric) setting which has been
the focus of much recent work in theoretical statistics, as discussed in §1.2 and §1.3.

If one thinks of continuity as a mathematical abstraction of reality, then treating func-
tional data as continuous curves is arguably a valid modeling device. However, in prac-
tice, one is faced with finite computational resources and is forced to implement a (finite-
dimensional) approximation of true functional procedures by some sort of truncation of
functions, say in frequency-domain. It is then important to understand the effects of this
truncation on the statistical performance of the procedure. In other situations, for example
in longitudinal data analysis [36], a continuous curve model is justified as a hidden underly-
ing generating process to which one has access only through sparsely sampled, corrupted by
noise perhaps, measurements in time. Studying how the time-sampling affects the estimation
of the underlying functions in the presence of noise has some elements in common with that
of the frequency-domain problem mentioned above.

The generalized sampling

The aim of the second half of this thesis, which constitutes Chapter 5, is to study effects
of “sampling” on fPCA in smooth function spaces. We take a functional-theoretic approach
to sampling by treating the sampling procedure as a (continuous) linear operator. This
provides us with a notion of sampling general enough to treat both the frequency-truncation
and time-sampling in the context of a unified framework. We take as our smooth function
space a Hilbert subspace H of L?0,1] and denote the sampling operator by ® : H — R™.
We assume that there are functions x;(¢), ¢ € [0,1] in H for ¢ = 1,...,n, generated i.i.d.
from a probabilistic model (to be discussed). We then observe the collection {®x;} , C R™
in noise. We refer to the index n as the number of statistical samples, and to the index m
as the number of functional samples.

We analyze a natural M-estimator which takes the form of a regularized PCA in R™ and
provide rates of convergence in terms of n and m. The eigen-decay of two operators govern
the rates, the product of ® and its adjoint ®* and the product of the map embedding H
in L? and its adjoint. These eigenvalues will determine ellipsoid models of the form (1.3)
discussed 1.2. Our focus will be on the setting where H is a reproducing kernel Hilbert
space (RKHS), in which case the two eigen-decays are intimately related through the kernel
function (s,t) — K(s,t). In such cases, the two components of the rate interact and give
rise to optimal values for the number of functional samples (m) in terms of the number
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of statistical samples (n) or vice versa. This has practical appeal in cases where obtaining
either type of samples is costly.
A particular rate of eigenvalue decay which concerns is the polynomial-a: decay,

1
ILL] = ij? fOI' j = 1,2, e (17)

where {y;} are the relevant eigenvalues and o > 1/2. For this type of decay, the rates of
convergence for the two examples of time sampling and frequency truncation will be worked
out in detail by specializing our general results to these two operators. Under suitable
conditions we obtain the following rates,

time sampling frequency truncation

R OO

mn n m

which are then shown to be minimax optimal. The interplay between the two types of sample
(statistical versus functional) is clear from the table.

In deriving the rates of convergence in function space, more precisely in the L? norm, we
encounter some problems which are approximation-theoretic in nature. In particular, we will
need to understand how well the (semi)norm defined by || f[le == [|®f]l2 = (31, [®f];)"/?

approximates the L? norm ||f| 2 := (fol f2(t)dt)'/?. This type of approximation problem
will be discussed as an interlude in Chapter 4, which also serves as an introduction to the
Hilbert space setup for fPCA in Chapter 5.

1.5 Organization of the thesis

We start with some general background material in Chapter 2. This chapter reviews some
aspects of vector-matrix analysis and its infinite-dimensional extensions (i.e., functional anal-
ysis) and sets the notation for the subsequent chapters. There are also material on concentra-
tion inequalities and Fano’s inequality which are commonly used to establish upper and lower
bounds on performance of estimators. Section 2.4 of this chapter contains a detailed intro-
duction to PCA and some discussion of classical random matrix theory and high-dimensional
effects.

In Chapter 3, we study sparse PCA in high-dimensional setting by analyzing diagonal
cut-off and SDP relaxation methods and providing minimax lower bounds. This material
appears in in [3]. Section 3.6 contains some unpublished analysis of SDP under the ¢, sparsity
assumption. Chapter 4 is devoted to the study of the approximation problem related to
|- ||le and || - || L2; the material appears in [4]. Chapter 5 contains the analysis of the sampling
problem for functional PCA whose material appear in [5].
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Chapter 2

Background

This chapter serves a two-fold purpose: to review some of the concepts and tools fre-
quently used throughout the thesis and to establish our notation. We try to present some
of the topics in their simpler forms. More refined versions will appear in the subsequent
chapters and in appendices as needed.

We start with our conventions regarding matrix norms and special classes of matrices.
We assume that the reader is familiar with linear algebra, basic matrix operations and finite-
dimensional operator theory (e.g. [15, 54]).

2.1 Vectors, Matrices and their norms

2.1.1 Vector Ep norms

The standard n-dimensional Euclidean space is denoted as R™. For a vector z = (z1,...,x,) €
R™, and p € (0, 0], we use

(Z 'x”p)l/p p=ee (2.1)

[l = :

maxj<i<n || P =00

to denote its £, (quasi)norm. To emphasize the (quasi)norm, we will denote R" equipped
with || - ||, as €. Strictly speaking, || - ||, is a norm for p € [1,00) and only a quasinorm for
p € (0,1), as it does not satisfy the triangle inequality in the later case [61]. For simplicity,
we will omit the “quasi” prefix and call || - ||, a norm for all p € (0, 00]. Fig. 2.1 illustrates
the unit ball of £}, defined as

B :={zeR" : |z, <1}, (2.2)

for some values of p (and n = 2). Note that the unit ball is not convex for p € (0,1). The
¢, norms in these cases are often used as soft measures of sparsity, as opposed to the hard
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Figure 2.1: £, norm balls. Plots of the unit balls BE for p = %, 1,2,4, from left to right.

sparsity which is measured by the cardinality of x € R", defined as
card(z) := |[{i : x; # 0}; (2.3)

this is sometimes also called the ¢y norm of x.

We will say that a vector x € R™ is sparse, if card(x) < n. Similarly, we will say that
r € R"is sparse in the “/,, sense”, for some p € (0, 1), if |||, is relatively small. Here, relative
means relative to the dimension n, assuming some fixed normalization, say ||z||. = 1.

For any p € [1, o], let p’ denote its Hélder conjugate, defined via the relation 1/p+1/p" =
1. Then, we have the Hélder inequality [42, Chap. 5]: for z,y € R",

> Lzl < lallplylly- (2.4)
i=1

In the special case p = p’ = 2, (2.4) reduces to the Cauchy-Schwarz inequality. Another
special case of interest for us is when p = 1 and p’ = co. Applying (2.4) with y; = 1, we
obtain the upper bound in the useful relation

lzlp < llll < 27 l]l,, (2:5)

which holds for p € [1,00] and z € R™. The lower bound is obtained by noting that for
p € (1,00), the map o — aP~! is increasing on (0, 00). (Without loss of generality, assume
S lail = 1. Then, |a;[P~! < 1for alli and Y, |z [P =, |2il|lzi [P~ <>, || = 1. The case
p = oo is trivial.)

2.1.2 Classes of matrices and spectral theorems

We denote the class of real-valued m-by-n matrices as R™*", the class of n-by-n (real-valued)
symmetric matrices as S” and the class of n-by-n positive semidefinite (PSD) matrices as ST}
Recall that a square matrix A € R™" is symmetric if A = AT where AT is the transpose
of A, and is PSD if in addition 27 Az > 0 for all x € R". Thus, we have the inclusions
St CS" C R

The class R"*™ is a vector space (with the usual matrix addition and scalar multiplication)
and can be identified with R™* and hence has dimension n2. The class S™ is subspace of R™*"
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of dimension n(n + 1)/2 and S7 is a convex cone [53] in this subspace. The cone structure
of S induces a natural partial order (sometimes called Lowner oder) which we denote by >
and <. More precisely, A= Band BXAif A-Bc§.

We denote a generic eigenvalue of A € R™™ as A(A). The minimum and maximum
eigenvalues are denoted as Apin(A) and Apax(A). The eigenvalues in decreasing order are
referred to as A[(A) > Aj(A) > --- > M(A). Any member of the set of eigenvectors
of A associated with an eigenvalue is denoted as ¥(A). Similarly, Ymax(A) represents any
eigenvector associated with the maximal eigenvalue (occasionally referred to as a “maximal
eigenvector”) and 0j(A) any eigenvector associated with )\j(A). We always assume that
eigenvectors are normalized to unit fo-norm, and have a nonnegative first component. The
sign convention guarantees uniqueness of the eigenvector associated with an eigenvalue with
geometric multiplicity one.

By the spectral theorem [15, Chap. 1], any (real) symmetric matrix A € S" has a
decomposition of the form

A=UANU" (2.6)

where A is diagonal with eigenvalues of A on its diagonal and U € R™ ™ is an orthogonal
matriz collecting the corresponding eigenvectors. Our notation for a diagonal matrix A €
R™™ with diagonal entries {\;}7; is diag(Ay, ..., \,). By definition, an orthogonal matrix
U € R is such that UTU = UUT = I,, where I,, denotes the n-by-n identity matrix. The
class of n-by-n orthogonal matrices will be denoted as Q™. We refer to (2.6) as the eigenvalue
decomposition (EVD), eigen-decomposition or spectral decomposition of A. Note the by

As a consequence of the spectral decomposition, for any matrix A € R™*™ one obtains a
decomposition

A=UxV" (2.7)

where Y € R™*" is diagonal, U € QO™ and V € Q". The nonzero diagonal entries of > are
called the singular values of A and denoted as {0;(A)}. They are positive by definition and
their number is equal to the rank of A, denoted as rank(A). For example, if m < n and A is
full rank, we have ¥ = [X; 0] where £; = diag(c1(A),...,0m(A)). We refer to (2.7) as the
singular value decomposition (SVD) of A.

Recalling the definition of a PSD matrix, we note that for A > 0 and any U of compatible
dimension, we have UT AU = 0. In particular, it follows from (2.6) that A = 0, that is, all
the eigenvalues of a PSD matrix are nonnegative.

2.1.3 Matrix operator norms

Now consider the class of real-valued m-by-n matrices, denoted as R™*". For a matrix A €
R™*" we use [|Al|,,q to denote its operator norm, when viewed as an operator A : {7 — £



CHAPTER 2. BACKGROUND 14

more precisely, we have

[Allp.q = max [[Az],. (2.8)

l[zllg=1
When p = ¢, we also use ||A||, = || A|l,p- A few cases of particular interest in this thesis are

o the spectral norm: ||Alls = ||A]2.2 = max;{0;(A)},

o the (_ operator norm: ||Alc = || Allccco = max Z;‘:l | A5,

o the ¢, operator norm: ||A[; = || Afl11 = max o 1A,

where {0;(A)} are the singular values of A (see §2.1.2). The above expression for the spectral
norm follows from the definition (2.8), the SVD (2.7) and the invariance of the £, norm under
orthogonal transformations.

For a symmetric matrix A € S”, one has another useful expression for the spectral norm,

| All2 = sup {|A| : Xis an eigenvalue of A}, (2.9)

which is a consequence of the EVD (2.6). The right-hand side of the above equation is called
the spectral radius and is denoted as spr(A). In general, for a non-symmetric matrix A,
one only has spr(4) < ||Afl.. Finally, for a PSD matrix A € S”, we get form (2.9) that

ANz = Amax(A) -
As a consequence of the definition (2.8), for any vector z € R", we have
[Az]l, < I Allpqllllo, (2.10)
a property referred to as | - ||,, being consistent with vector norms | - ||, and || - ||, By
using (2.10) twice, it follows that operator norms are consistent with themselves,
[ ABllp.q < 1ANLp+ 1 Bllrq- (2.11)

When all the norms in (2.11) are the same, this is called its submultiplicative property.
Recall that the trace of a square matrix A € R™*" is given by tr(A) = >, A;;. Given two
square matrices X, Y € R™*" we define the matrix inner product

(X,Y) = (XY") =) X;;Y5;. (2.12)

This inner product induces the Hilbert-Schmidt norm || X||lus := v/ {(X, X)) (also called the
Forbenius norm). It is not hard to see, using the SVD of X, that [|X |lus = (Y7, 02(X))1/2.

i=19i
Note that both the spectral and the Hilbert-Schmidt norms depend only on the singular
values of the matrix. Any such matrix norm is unitarily invariant in the sense that for any

two orthogonal matrices U and V' (of proper dimensions), one has
loxvil = 11X (2.13)

Another useful example of a unitarily invariant norm is the nuclear norm || .X||. := >, 0;(X)
which is dual to the spectral norm with respect to the inner product (2.12).
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Vector norms on matrices

We occasionally find it useful to apply vector £, norms to matrices, treating them as vectors,
say, by stacking their columns on top of each other. [As the £, norms are symmetric, there is
no ambiguity in arrangement of elements in passing from a matrix to a vector.] Our notation
of using double bars || - || for vector norms and triple bars || - || for matrix norms should leave
no confusion as to which type of norm is being applying to the matrix.
For example, for B € R™**_ we have
|Bllo ==  max |Bjl.

1<i<n, 1<j<k
The following “mixed-norm” inequality will be useful to us in §3.F,
[AB||se < | Alloco0ll Blloo; (2.14)
where A € R™*" and B € R™**. For the proof, let by, . .., b, denote the columns of B. Then,
1ABlloo = [I 1Ay, - -, Abi] lloo = max [|Abillo

< Ao i 1]l = Al 1Bl

where we have used (2.10). For more details, see any of the standard books [54, 89].

2.2 Matrix perturbation theory

Occasionally, one has a matrix with known eigen-decomposition which is perturbed by a
relatively unknown (noise) matrix and one wants to find out how close the eigenvalues and
eigenvectors of the perturbed matrix are to the original one. In this section, we collect some
inequalities bounding such deviations. There are many interesting approaches to deriving
perturbation inequalities. We restrict ourselves to an illustrative sample. For more details,
see [15, 89].

The first result is Weyl theorem on perturbation of eigenvalues [15, Cor. II1.2.6]. Recall
that {)\j(A)} denotes the eigenvalues of matrix A in nonincreasing order.

Theorem 1. (Weyl) Let A, B € S™. Then,
max [Aj(4) = X}(B)| < |4~ Bl. (2.15)

1<j<n

Next, we consider perturbation of spectral (or invariant) subspaces. As an example, one
has Davis-Kahan “sin© theorem”. We will use Bhatia’s notation [15, p. 211] regarding
projection operators for the remainder of this section: for S C R and a symmetric matrix A,
we write P4(S) to denote the orthogonal projection onto the eigenspace of A corresponding
to its eigenvalues that lie in S.
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Let A and B be symmetric matrices, S; an interval [a,b] C R and Sy = (—00,a—§|U[b+
J,00), for some § > 0. Let E := P4(S1) and F := Pg(S;). Then, one has the following [15,
Theorem VIL.3.1, p. 211].

Theorem 2. (Davis-Kahan)
1
IEE]: < 1A = Bll2. (2.16)

Let F+ := I — F be the projection onto the orthogonal complement of ran F. As a
consequence of the CS-decomposition [15, Theorem VII.1.8], the nonzero singular values of
E — F* are the nonzero singular values of EF repeated twice. In particular, ||E — F*|, =
IEF 2. The nonzero singular values of EF' are themselves the sines of the canonical angles
between the subspace ran F and ran F'*, hence the name “sin © theorem”.

Using Theorems 1 and 2 and the discussion above, one can derive perturbation inequalities
for invariant subspaces. Let us first agree on a distance between subspaces. Let £ and F
be two subspaces and P¢ and Pr be orthogonal projections onto them. One defines the
projection-2 distance between them as

da(E, F) == || Pc — Px|2- (2.17)

Consider A,A € S". We think of A+ A as a perturbation of A. Let \; := )\j-(A) and
note that {\,...,A\;} C [Aj, \]. Let P; := P4([A\;, \1]), i.e., projection onto the eigenspace
of A corresponding to the j-th largest eigenvalues. Similarly, let Xj = )\j(A + A) and
]5]- = PA+A([Xj,X1]). Now, let 6; := A; — Aj4+1 > 0 be the gap to right of the j-th eigenvalue
of A. If |Alls < 16;, Weyl inequality implies that [\;, \] € (A; — 18;, A\ + 36;) and
[Xn,xj+1] C (=00, A\j41+20;) = (=00, A; — 36;). Letting S5 := (\; — 18;, A\ + 16;), it follows
that

Paya([h, M) = Paga(S5) = Piya(S2). (2.18)

Applying Theorem 2 with S; = [A;, \1] and B = A + A, we obtain the following for the
perturbation of the j-th leading invariant subspace.

Corollary 1. With the above notation,
~ 9
I1P; = Bill> < min { = A, 1}. (2.19)
J
Taking 7 = 1 in Corollary 1 gives a perturbation inequality for the largest eigenvector,

assuming that the largest eigenvalue is simple; that is, assuming \; is separated from the
rest of the spectrum. Similar bounds maybe obtained for other eigenvectors corresponding
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to simple eigenvalues. As an example, consider the previous setup, fix some j € {1,...,n}
and assume \; is simple. Let

dj ‘= min {|)\] — /\j+1|a |)\] — /\j—1|} > 0, (220)

the two-sided gap in spectrum at A\;. We assume \,1; := A, and A\ := A; for the above to
make sense in the corner cases. Let z; := ﬁj(A), i.e., the j-th eigenvector of A, with possible
sign ambiguity. Note that z;2] = Pa([\;, \;]) = Pa({)\;}). Also let Z; := ﬁj(A + A).
Assuming [|Afl; < 3d;, we have by Weyl inequality {Xj} C (\j — 3d;j, \j + 3d;) and

A\ Y C (=00, Ajpr + 3] U Non — 3dj,00) © (A — 3dj, A + 3d))°
Letting S§ := (X\; — 3d;, A; + £d;), we observe that

77 = Pasa({N}) = Paga(S5) = Pi,a(S2).

Finally, assume z; and z; are aligned or sign-matched, that is ZJTZJ > 0. Letting ¢; := zJTZJ €
0, 1] and recalling that z;,2; € S"™!, we have

1z = Zll5 = 2(1 — ¢j) < 2(1 = &) = 2052 — ZF |3

where the last equality is a consequence of CS decomposition (cf. Lemma 34 of Chapter 5).
Applying Theorem 2 with S; = {\;} and Sy as above, we get the following for perturbation
of aligned eigenvectors.

Corollary 2. With the above notation,

LN (221)

~ ~ .2
2 = Zill2 < V2ll;2; = %2 o < min {=
J

J

There is a more direct way of deriving the above corollary due to Bosq which will work
for any norm derived from an inner product. We refer the reader to [22, Lemma 4.3].

The takeaway from this section is that given a perturbation matrix A, having a good
control on ||A[|z leads to a good control on the eigen-structure of the perturbed matrix
A+ A. This, for example, is all one needs to establish the classical consistency theory
for PCA. However, in some cases in our high-dimensional models, more refined bounds are
required, as we will see in later chapters.

2.3 Concentration inequalities

Concentration inequalities are ubiquitous in recent approaches to analysis of consistency of
M-estimators. Also called tail bounds or large deviation bounds, they provide powerful
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tools in deriving finite sample probability bounds. (That is, non-asymptotic bounds which
hold for sufficiently large number of samples.) They are also connected with the notion of
concentration of measure which we will briefly touch upon towards the end of this section.

Consider a random variable X with mean E X. Then, |X — E X| measures the (two-
sided) deviation of X from its mean. A concentration inequality is an upper bound on the
probability of the deviation being larger than say ¢, with the upper bound going to zero
exponentially fast as t — 0. More precisely, an inequality of the form

P(IX —EX|>t) < crexp(—ct?), Vte|0,e), (2.22)

for some constants ¢, ¢, > 0. In words, such inequalities capture sharp “concentration” of
X around its mean, in a probabilistic sense. A one-sided version of the above, i.e., a bound
on P(X —EX > t) for example, is sometimes called a deviation bound; we however will
not make that distinction. The exponent of ¢ in (2.22) can be other than 2, although, and
exponent of 2 is what we encounter in most cases of interest to us.

Sub-Gaussian variables

Perhaps the most well-known approach to deriving these inequalities is the Chernoff bounding
technique (using an upper bound on the moment generating function); the easiest case
perhaps that of sub-Gaussian random variables. Recall that a sub-Gaussian (zero-mean)
random variable X is one whose moment generating function (m.g.f. for short) is bounded
uniformly by that of a Gaussian random variable, that is,

2y2

Eexp(AX) < exp (U ), VAER, (2.23)
for some constant ¢ € [0, 00) which we call “a” sub-Gaussian standard of X. (One usually
calls the smallest o satisfying (2.23) “the” sub-Gaussian standard of X; it is a norm on the
space of sub-Gaussian random variables which turns it into a Banach space. We do not
however insist on working with the smallest 0.) We denote a sub-Gaussian random variable
X with standard o as

X ~ SubGauss(o). (2.24)

If the random variable is not zero-mean the above means that X — E X satisfies (2.22).

Clearly a zero-mean Gaussian random variable is sub-Gaussian. A more interesting
example is a zero-mean random variable which is bounded almost surely, that is, |X| < C,
a.s., for some constant C' > 0. It is not hard to see that the sum of independent sub-Gaussian
random variables with standards o; is sub-Gaussian with standard (3, 02)%/2,

)

It follows form (2.23) and Markov inequality [46] that for A, ¢ € [0, 00),

212
IP(X > t) = IP’(e)‘X > e/\t) < e MEeM <exp (U

— At). (2.25)
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The right-hand side is minimized by taking \ = ﬁ, leading to

t2
P(X >1t) <exp(-— ﬁ), t>0. (2.26)
o
Since the same inequality holds for X replaced by — X, we get an inequality of the form (2.22)
with ¢; = 2, ¢o = (20%)7! and € = co. We also get the following, the special case of which
for bounded random variables is called the Hoeffding inequality.

Lemma 1. Let X; ~ SubGauss(o;), i = 1,...,n be independent. Then,

P(| Z(Xi —EX;)|>1t) <2exp(— #202) t e 0,00). (2.27)

Sub-Exponential variables

If a zero-mean random variable X satisfies (2.23) only on a neighborhood of zero, say for
A€ (—A,A), we call it sub-exponential with parameters o and A, denoted as

X ~ SubExp(c, A). (2.28)

If X is not zero-mean, the above means that X —IE X satisfies the necessary condition. There
are alternative characterizations of sub-exponentiality. For example, the above definition is
equivalent, under E X = 0, to either of the following two:

(a) EeM < 0o, A€ (-I',T), for some I' > 0,
(b) EeMXl < 0o, for some Ao > 0.

This first one is called Cramér condition. As an example, let X ~ N(0,1); then E e =
(1—2X)"Y2 for A € (—o0, 1), and oo otherwise. Thus, X? — 1 satisfies the Cramér condition
on (—%, %), hence it is sub-exponential; or according to our convention one just says that
X? is sub-exponential. It is easy to show that sums of independent sub-exponential random
variables are sub-exponential. Recall that a chi-square random variable with n degrees of
freedom, denoted as x?2, is the sum of squares of n independent standard Gaussian random
variables. It follows that x? is sub-exponential.

For a (zero-mean) sub-exponential random variable, we still have (2.25) but only for
A€ (=AM, A). If t/o? < A, the right-hand side (RHS) is again minimized at A = ¢/0? and
we get the sub-Gaussian type bound (2.26). If /02 > A, the infimum of RHS is achieved as
AT A, leading to the sub-exponential type bound

a?\? At
At) <exp ( 7) (2.29)

P(X >t) <exp(
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The two bounds can be summarized as

2 At

P(X >t) <exp(-— min{@, ?}), t €0,00). (2.30)

Note that in a neighborhood of zero we still have a bound of the form (2.22). We also have.
Lemma 2. Let X; ~ SubExp(o;,A), i =1,...,n. Then,

P(\Z(Xi ~EX)| >t) < Qexp(—min{ﬁ,%}), t € [0,00). (2.31)

The special case of the above for a y? random variable is frequently used in this thesis.

In particular, there is a constant ¢ty > 0 such that

2 2

P(1X2 — 1) > 1) < 2exp (= 22), £ <tp.

n 2
More refined versions of x? concentration are discussed in §3.A. There are other variations on
Lemma 1 and Lemma 2. For example, using variance information, one can obtain Bernstein
type inequalities. These inequalities are also closely tied with another characterization of
sub-Gaussian and sub-exponential random variables, namely, one in terms of the order of
growth of their moments. For example, a random variable X is sub-Gaussian, if and only
if (E|X|[?)'/? < K./p for some constant K > 0 and all p > 1. For a more details, we refer
to [25, 98].

Vector-valued variables

It is possible to extend results of the form (2.22) to random vectors, random matrices and
with some success even to random elements of a general Banach space. In such cases, one is
usually interested in bounding the deviation || X —E X || for some appropriate norm || - ||. For
example, consider a random vector X € R? with sub-Gaussian entries, X; ~ SubGauss(a;).
Let 0 = ||(04)|lo- Then, a simple application of union bound combined with the above
exponential bounds yields

2

P(|X —EX|s > t) §2pexp(—%), t €10, 00). (2.32)

By the equivalence of norms on finite-dimensional spaces, this inequality can be translated
to deviations in other norms.

A more interesting deviation bound along these lines is the Ahlswede-Winter matrix

bound [1, 98, 91] for the deviations of the form ||S, — ES,[|s where S, = >~ | X; with X;

are independent random matrices with controlled entries. It is interesting in that the proof
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uses the matrix analogue of Chernoff bounding. For a version of the bound see Lemma 26
in §4.A.2.

Bounds similar to (2.32) and also the Ahlswede-Winter explicitly depend on the dimen-
sion p of the vectors (or matrices) involved. Using martingale techniques, one can obtain
bounds on the deviations of the form |[|S, || — E [|S, |||, where S, is the sum of independent
random elements, that do not explicitly depend on the dimension of the random elements.
In particular, these bounds hold for (controlled) random elements in a Banach space. We
refer to [66] for details.

Gaussian concentration

Another rather powerful approach in obtaining concentration inequalities which goes beyond
sums of independent random elements is using the concentration of underlying measures.
We briefly mention the idea here, focusing on the Gaussian measure; the interested reader
is referred to [65] for thorough discussions. Consider a metric space (2, d) equipped with
a Borel probability measure p. For any Borel set A, let A = {w € Q: d(w,A) < &} be
the e-neighborhood of A. Also, let A% denote the complement of A°. The measure p has
Gaussian (or normal) concentration if there are constants C, ¢ > 0 such that for all A, with
1) = 3

- 9

p(A%) < Cexp(—ce?), &>0. (2.33)

In particular, let 47 denote canonical Gaussian measure on R? with density (27) —P/2—|I=l3/2

with respect to Lebesgue measure. One can show that 4”7 viewed as a (Borel) probability

measure on (R?, [ - [|2) satisfies (2.33) with C = 1 and ¢ = 4. (This is sometimes called

dimension free concentration as the constants do not depend on p.)
If a measure u satisfies (2.33), the Lipschitz functions on (2, d) satisfy a concentration

inequality of the form (2.22). For functions f : Q@ — R, the Lipschitz seminorm is defined as

[fllz := sup
wHw’

A function f is Lipschitz if || f||L < co. By looking at f/| f|l. we can (and will) restrict our
attention to 1-Lipschitz functions, i.e., those with || f||, = 1.

A median of f with respect to p is a number my such that both u({f > my}) and
p({f < my}) are greater that or equal to 3. Take A = {f < my}, so that u(A) > 3. Then,
it is easily verified that A° C {f < my +¢}. (To see this, pick z € A°. Then, by definition,
there exists y € A such that d(z,y) < e. It follows that f(z) < f(y) +¢ < ms+€}.)
Hence, (2.33) implies

p({f > my+e}) < Cexp(—ce?), €>0.
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By applying the same argument to —f and combining the results, we get the two sided
bound

p({|f —my| >¢e}) <20 exp(—ce?), >0 (2.34)

which shows sharp concentration of f around its median. One can show that, in fact,
having concentration inequalities for Lipschitz functions is equivalent to having (2.33) for
the underlying measure. Letting pf := [ fdu denote the mean of f and integrating (2.34)
over € € (0,00) one obtains that f is integrable and |uf —mg| < C'/Z. Hence by modifying
the constants appropriately, one also has concentration of f around its mean,

p{|f — nfl = e}) < Cexp(—c' &%), >0

This, in particular holds for 1-Lipschitz functions on a Gaussian space. In this case, using
different techniques, it is in fact possible to obtain concentration around the mean without
the need to modify the constants. We summarize this useful result in the following lemma

(cf. [66, 65]).

Lemma 3. Let X;,i=1,...,p beii.d. N(0,1). Let f : RP — R be 1-Lipschitz with respect
to| - |l2 on R? and let f = f(Xi,...,X,). Then, E|f| < oo and

P(f-Efl>1) <20 (-5). >0 (2.35)

2.4 PCA and its SDP formulation

As mentioned before, principal component analysis (PCA) is the central theme of this thesis.
In this section, we briefly introduce it and discuss a lesser known semidefinite programming
(SDP) formulation of it. We then review its consistency in the classical setting and some
recent inconsistency results in the high-dimensional setting. Our focus will be on the first
principal component.

PCA as subspace of maxmal variance

Consider a collection of data points x;,7 = 1,...,n in RP, drawn i.i.d. from a distribution P.
We denote the expectation with respect to this distribution by E. For simplicity, a generic
point from the distribution is denoted as x. Assume that the distribution is centered, i.e.,
Ex = 0, and that E ||z[|3 < co. We usually collect {z;} in a matrix X € R™*?. Thus, ;
represents the ¢-th row of X. Let X and S = fln denote the population covariance and the
sample covariance, respectively; more specifically,

| 1<
Y i=Ezzl, ¥:= EXTX == ;xxT (2.36)
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The first principal component (PC) of the distribution P is a vector z* € R? satisfying

2* € arg max E(z72)? (2.37)

l[2ll2=1
that is, z* is a direction such that the projection of the distribution along which has maximal
variance. We should warn the reader that some authors call the projection ((2*)Tx)z* or even
(z*)Tx the first principal component of x. To avoid confusion, we call these the first principal

projection and the first principal coordinate of x, respectively. Noting that E(zTz)? =
E(zTz)(272) = 2T (Ezz")z, we obtain

Z* € arg max z' Yz (2.38)

llzll2=1

By a well-known result in linear analysis, called Rayleigh-Ritz or Courant-Fischer theo-
rem [15, 54, 42], (2.38) is the variational characterization of maximal eigenvectors of ¥. In
the notation introduced in §2.1.2, z* = ¥, (2). If there are multiple maximal eigenvectors,
any one of them satisfies (2.38) and can be taken as the first principal component.

The second PC is obtained by removing the contribution form the first PC and applying
the same procedure; that is, obtaining the first PC of z — ((2*)?z)z*. The subsequent PCs
are obtained recursively until all the variance in z is explained, i.e., the remainder is zero.
In case of ambiguity, one chooses a direction orthogonal to all the previous components.
Thus, PCs form an orthonormal basis for the eigen-space of ¥ corresponding to nonzero
eigenvalues.

PCA as best linear approximation

A slightly different viewpoint on PCA is through a linear approximation framework. Let P
be the collection of all rank-one projection operators on RP. That is,

P = {zzT Dz € Spfl}.

Pick some P € P;. For any vector x € RP, we think of Px as an approximation of x. When
x ~ P is random, E ||z — Px||3 measures the approximation error, in an average sense. We
can now find the “best” P in the restricted class P, as

P = argfr)ré%)nlEHx—PxH%. (2.39)

It is not hard to see that this formulation is equivalent to (2.37); indeed, it is equivalent to
maximizing E (z, Pz),. In particular, P* = 2*(z*)7 where z* is the principal component of
the distribution of x. The above easily generalizes, by replacing P; with P,, the class of
rank d projection operators.
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SDP formulation

Let us now derive a SDP equivalent to (2.38). By a property of the trace, tr(z7%z) =
tr(Xzz7). For a matrix Z € RP*P, Z = 0 and rank(Z) = 1 is equivalent to Z = z2T for
some z € RP. Imposing the additional condition tr(Z) = 1 is equivalent to the additional
constraint [|z||s = 1. Dropping the rank(Z) = 1, we obtain a relaxation of (2.38) as follows

ARS argzt(ﬂ%{z):l tr(X2). (2.40)

It turns out that this relaxation is in fact exact. That is,

Lemma 4. There is always a rank one solution Z* = z*(2*)T of (2.40) where z* = ¥ pax (E

max(2)-
Proof. 1t is enough to show that for all Z feasible for (2.40), one has tr(X2) < Apax(2).
Using the EVD of Z = >, \iw;u], as in (2.6), this is equivalent to >, Au! Zu; < Apax(X).
But this is true, by (2.38) and >, \; = 1. O

As the optimization problem in (2.40) is over the cone of semidefinite matrices (Z > 0)
with an objective and extra constraints which are linear in Z, the problem (2.40) is a textbook
example of a SDP. The SDPs belong to the class of conic programs for which fast methods
of solution are currently available. For more information about semidefinite programming,
see [23, 96].

Noisy samples

In practice, of course, one does not have access to the population covariance, but instead
must rely on a “noisy” version of the form

Y =Y4A, (2.41)

where A = A,, denotes a random noise matrix, typically arising from having only a finite
number of samples. Unless otherwise stated, we assume the estimate 3 to be the usual sample
covariance, as in (2.36). One then applies the procedure described above to 3, instead of X,
and obtains the sample principal components. This is what is usually referred to as principal
component analysis. A natural question in assessing the performance of PCA is under what
conditions the sample PCs (i.e., based on X) are consistent estimators of their population
analogues.

2.4.1 Classical consistency theory (fixed p, large n)

In the classical theory of PCA, the model dimension p is viewed as fixed, and asymptotic
statements are established as the number of the observations n tends to infinity. With this
scaling the influence of the noise matrix A dies off, so that the sample eigenvectors and
eigenvalues are y/n-consistent estimators of their population analogues.
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To be more specific, by the results of §2.2; the errors in the sample eigenvalues and
eigenvectors (or projection operators) relative to the population versions are O(||A,[l2) =
O(|E, = 2||2). By the strong law of large number [e.g., 94, 60], A, — 0 as n — oo, almost
surely, element-wise. Since p is fixed, ||A, |l = max; ; [[A,]i;] — 0, almost surely. Recall
that all norms on a finite-dimensional vector space are equivalent with constants depending
on the dimension [21, Chap. 4]. That is, all norms on SP are equivalent up to constants
depending on p which itself is constant. In particular,

A2 < p*[[An]lee =0, (2.42)

proving strong consistency. Furthermore, since by the multivariate central limit theorem [e.g.,
94, 60], we have ||A, e = Op(n~Y?), it follows that ||A,[l2 = O,(n~'/2). This provides the
rate of convergence for the sample eigenvalues and eigenvectors and proves /n-consistency’.

2.4.2 Random Matrix Theory

Before considering the high-dimensional performance of PCA, we review some relevant parts
of random matrix theory [9, 6, 57]. Classical random matrix theory goes back to the obser-
vation of Wigner that the empirical distribution of the eigenvalues of an n-by-n (symmetric)
Gaussian matrix (or more precisely Gaussian ensemble) converges almost surely, as n — 0o,
to a semicircle law [103]. This result was later refined and extended to include a large class
of random symmetric matrices, with i.i.d. entries on and above diagonal, satisfying some
mild moment conditions; see [9, 6] and the reference therein.

Marchenko-Pastur law

A similar behavior is observed for the sample covariance which is of interest to us. To
state the result, consider a data matrix’* X = (z;;) € R™? and the corresponding sample

covariance matrix in = %X TX e St as in §2.4. One can look at the empirical distribution

of the eigenvalues of i\]n, which we denote in this section as g ; thisis a (discrete) probability
measure, putting equal mass at each eigenvalue, that is

1 V4
Hs, = ];Z 05, (Sn)
i=1

where d, denotes a unit point mass at x (or Dirac delta measure at x). Note that ug is a
random measure.

'Here and elsewhere O,(-) denotes a stochastic “O” notation as is common in treatments of asymptotics
in classical statistics. In short, X,, = O,(a,) means that {a, ' X, } is a tight sequence, that is, it is a bounded
sequence in a probabilistic sense. See [94] for more details.

2To be precise, we consider a doubly infinite array of elements {x;;} and for each n and p = p(n), take
X = X, to be the n-by-p section of it, located at the upper-left corner, for example. We then have a
well-defined model which we can study as n — oco.
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Figure 2.2: Marchenko-Pastur density, and normalized histogram of the empirical eigenvalues for n = 2000 and two values of
a=p/n.

Theorem 3. Assume {z;;} to be i.i.d. mean zero, with variance o*. Let (n,p) — oo such
that p/n — a € (0,00). Then, with probability one, us, —converges weakly to

2 if o € (0,1]
parp = {(1 —a Y +v, ifae(l,00) (243)

where v is absolutely continuous w.r.t. Lebesque measure (dx) with density

@(a:) _ 1 V(s —x)(x —b_)
dx 2102 ox

where by = o(1 + \/a)?.

Hz e b, 0]}

The theorem was originally proved, under stronger conditions, by Marchenko and Pas-
tur [67], in whose honor the limiting distribution is now called. The form stated above
follows from a result due to Yin [106], see also [9]. Note that in the case where a@ > 1,
Marchenko-Pastur distribution has a point mass at 0, represented by dq in (2.43).

Fig. 2.2 shows the plots of the Marchenko-Pastur density for n = 2000 and two values
of @, namely 0.1 and 0.6. The important observation here is that while the expected value
of 3, which is equal to oI, under assumptions, has all its eignvalues concentrated at 1,
the sample covariance itself, asymptotically, shows a spread of the eigenvalues around 1,
with the smallest and largest eigenvalues tending towards the extreme points of the support
of the density. Fig. 2.2 also shows the normalized histogram of the eigenvalues of a single
Gaussian random matrix with 02 = 1. One observes that the simulation gets very close to
the theoretical prediction even at samples of size n = 2000.

The statement above about the limiting behavior of the extreme eigenvalues does not
immediately follow from Theorem 3, though separate results have established this intuitive
observation. The first result in this direction was due to Gemen [43] which established

convergence of largest eigenvalue of ¥, to by, under some growth conditions on moments of
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{x;;}. Subsequent results relaxed the conditions to the finiteness of only the forth moment

(see [9, Chap. 5] for the intermediate results). The following is from [10] (cf. [9, Thm. 5.11]).

Theorem 4 (Bai-Yin). Assume {z;;} to be i.i.d. with mean zero, variance o* and finite
fourth moment. Let p/n — a as n — o0o. Then, almost surely

Hm Amax(S0) = 02(1 4+ @)%, a € (0,00), (2.44)
n—o0
Hm Apin(5n) = 02(1 — Va)?, «a e (0,1). (2.45)
n—oo

These theorems suggest a dramatic failure of the in as an estimate of the population
covaraince, in the so called “high-dimensional setting” where p (data dimension) and n
(sample size) go to infinity simultanuously. It also hints at the break-down of multivariate

methods, such as PCA, which base their inference on the sample covariance in To be more
specific, recall that X =E X, = 021p and note that

I, - Sll: = = max N(En = 0%1,)]

— max |A;(5,) — 02| = max{|Amin (En) — 02|, PAmax(Sn) — 02|}
J

Hence, by Theorem 4, for o € (0, 1),

lim &, — Sfls = c2(2vVa +a) >0 (2.46)
n—0o0

which clearly is nonzero. That is, in is not an operator-norm consistent estimate of . In
particular, the argument in §2.4.1 for consistency of PCA does not go through and in fact,
we will see shortly that PCA is not consistent unless p/n — 0 (cf. §2.4.3).

The inconsistency of 5 has lead to investigation of covariance structures which lead
to consistent estimators in high dimensions. Notable among these are sparse covariance
estimation methods, for example, by thresholdings [18, 39] or by ¢;-regularization [31, 108].

Non-asymptotic results

Let us briefly look at some non-asymptotic results which closely match the asymptotic be-
havior discussed above. These types of results and their extensions, combined with concen-
tration inequalities discussed in §2.3, are useful in establishing finite sample bounds on the
performance of M-estimators which base their estimates on large random matrices.

We will focus on the classical case of a Gaussian matrix W with independent entries.

Theorem 5 (Gordon). Consider W € R™*P with i.i.d. standard Gaussian entries. Then,

Vi = /D S Eopin(W) <Eomax(W) < Vn+/p. (2.47)
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Recall that oy., (W), for example, denotes the maximum singular value of W. The proof
is based on Slepian’s inequality and its generalization by Gordon to minimax of Gaussian
processes [66, Section 3.3]. We refer the reader to [34] for details of the proof. However, we
provide a sketch below as the technique will be useful to us in subsequent chapters.

We will only consider the proof of upper bound which is based on the Slepian’s inequality,
a form of “comparison inequality” for suprema of Gaussian process. We state it below for
future reference. (See, [66, Section 3.3] for the proof.)

Lemma 5 (Slepian). Consider two Gaussian processes (Xy)ier and (Yy)ier whose increments
satisfy E| X, — Xy|? <E|Y, — T3|? for all s,t € T. Then,

Esup X; < EsupY;
teT teT

Theorem 5 is proved by considering a Gaussian process X,, = (Wu,v) indexed by
(u,v) € SP71 x S"~! and comparing it with the process Y, , = (g, u) + (h,v), where g € R?
and h € R™ are Gaussian vectors with i.i.d. standard entries. One then verifies that the
increment inequality of Lemma 5 holds, hence the expected supremum of the Y-process
dominates that of X-process. It is easy to verify using SVD of W, that supremum of X-
process over its index set is oyax(W). Using Jensen’s inequality one can bound the supremum
of Y-process as y/n + /p. Modifications and extensions to this result will be presented in
Chapters 3 and 5, where the argument is carried out in more details.

Combining the result of Theorem 5 with Lemma 3 on concentration of Lipschitz functions
of Gaussian vectors, we can obtain full probabilistic bounds on singular values of W. In
particular, treat W as a vector in the Fuclidean space R™, the corresponding norm being
[Wilas = (3=, W3)'/2. As a consequence of Weyl’s Theorem (cf. (2.15)), singular values are
1-Lipschitz functions on this space, i.e., |0;(W) — o;(W’)| < [|W — W/||lus. Hence, Lemma 3
applies and we obtain the following.

Corollary 3. For W of Theorem 5, we have, with probability at least 1 — 2 exp(—t?/2),

V=P =t < onmin(W) < 0 (W) < V4 /P + t. (2.48)

We note that the above result is of the right order as that predicted by asymptotics of
Theorem 4. To see this, assume that p/n = a < 1. Let W = U[g]VT be the (full) SVD of
W, where S = diag(o;(W),...,0,(W)) € RP*P. We have,

1 1 a(W
IEWTW gl < 127~ 1 = max |70 o]
n n ? n

Taking ¢ = ¢,/p for some fixed ¢ > 0, in Corollary 3, we have, with probability at least
1 — 2exp(—e?p/2) that

Jn

—1‘ < (1+e)Va
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For any a > 0, we have that |[a—1| < & implies® |a>—1| < 3max{6, 02}. Letting 5, = Lwtw
be the sample covaraince based on W, we obtain

I, — LIl < 3(1+2)* max{v/a, a}

with probability at least 1 — 2 exp(—ep/2) which is a non-asymptotic version of (2.46).

Part of the on-going research in non-asymptotic random matrix theory is to extend these
type of results to more general ensembles, for example, matrices with just independent rows
of sub-Gaussian vectors; see [98] and the references therein.

2.4.3 PCA inconsistency in high-dimensional setting

In this section, we briefly look at some inconsistency results for PCA, in the high-dimensional
setting where (n,p) — o0o. We will focus on the spiked covariance model proposed by [58],
as this will be our model for the discussion of sparse PCA in Chapter 3. We further focus
on a single-spiked model here.

Recall from §2.4 that in the context of PCA, we observe data points {z1,...,z,} i.i.d.
from a distribution with population covaraince matrix ¥ = Ez,27. The (single) spiked
covariance model assumes the following structure on X,

Y =Bz + 1, (2.49)

where [ > 0 is some positive constant, interpreted as a measure of signal-to-noise ratio
(SNR). It is easily verified that the eigenvalues of ¥ are all equal to 1 except for the largest
one which is 1+ . It follows that 2 is the leading PC for ¥. One then forms the sample
covariance ¥ as in §2.4 and obtains its maximal eigenvector, z, hoping that Z is a consistent
estimate?® of z*.

This unfortunately does not happen unless p/n — 0 as shown by Paul and Johnston [75]
among others (see also [57]). More specifically, under technical conditions, as (p,n) — oo
while p/n — a > 0, asymptotically, the following phase transition occurs:

0, <
</Z\, z*>2 — {1a/52 g N g (250)

1+a/527

Note that (Z,2*), measures cosine of the angle between z and z* and is related to the
projection 2-distance between the corresponding 1-dimensional subspaces. (See §2.2 for
definition of projection 2-distance.)

3To see this, note that |a— 1| < § implies a+1 < 1+6+1 < 3max{d, 1}, hence [a*> — 1| = (a+1)ja—1| <
3max{d, 1}4.

4There is sign ambiguity in Z; or rather we have a freedom in choosing the sign of z*. We will assume
that Z matches z* in sign, it the sense that (Z, z*) > 0.
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In particular, neither case in (2.50) shows consistency, i.e., (Z, z*), — 1. Interestingly, if
the SNR £ is below some threshold, z is asymptotically orthogonal to z*, a complete opposite
of consistency.

This has led to research on additional structure/constraints that one may impose on z* to
allow for consistent estimation. As already mentioned, one such constraint is sparsity which
will be the focus of our Chapter 3. Let us mention that there are other approaches to high-
dimensional analysis of PCA, notable among them is the High-Dimension Low Sample Size
(HDLSS) setting where one fixes the sample size n and lets the dimension p go to infinity.
The HDLSS framework was introduced by Hall et. al. [50]; further analysis is provided by
Ahn et. al. [2].

2.5 Hilbert spaces and reproducing kernels

We will need some facts on Hilbert spaces and functional analysis in general which we will
review here. This material is mainly used from Chapter 4 onward. Details can be found in
any standard text on functional analysis [21, 29, 64, 97].

We recall that a Hilbert space is a complete inner product space; it is usually used as an
infinite-dimensional analogue of the Euclidean space. We occasionally represent the inner
product of a Hilbert space H as (-, -);, and the norm it induces as || - [|3;; we might omit the
subscript if H is understood from the context. Particular example of interest to us is when
H is a space of functions f : X — R on some domain X (usually a subset of R?). As a more
specific example, consider X C R? and let P be a (Borel) probability measure on X. Then,
we have the space L? := L*(X,P) of (equivalence classes®) of square-integrable functions,
defined as

L2(X,P) = {f:)(—HR‘ /de]11><00}.

This space becomes a Hilbert space with the inner product (f, g),. := [ fgdP, for f,g € L*.
We now summarize some key elements of the theory; H and K will be real Hilbert spaces;
all Hilbert spaces are assumed over reals, unless otherwise stated.

e Linear operators and functionals: The basic objects of study are linear maps between
Hilbert spaces, called (linear) operators, and linear maps from a Hilbert space to real
numbers, called (linear) functionals. The collection of linear functionals on a Hilbert
space is called its algebraic dual.

e Operator norm: For an operator L : H — K, its operator norm is defined as

Lx
IZ] == | LNy == sup |La|c = sup |Lz|x =sup Ll
e <1 lzlla=1 220 |||

(2.51)

SWhen dealing with LP spaces, one usually identifies functions that are equal almost surely. This is so
that we have || f|| 2 = 0 implies f = 0, making || - |2 a legitimate norm.
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e Boundedness and continuity: When ||L| < oo, L is called a bounded operator. One
then shows that for an operator, boundedness, continuity everywhere and continuity at
the origin are all equivalent. We will denote the collection of bounded operators from
H to K as B(H,K). Taking K = R, one obtains parallel definitions and results for
linear functionals on H. The collection of all bounded linear functionals on H is called
the (topological) dual of H and denoted as H*. Deviating slightly from our convention,
we let [|¢]|y« denote the norm of a functional ¢ € H*.

e Riesz-Fréchet representation theorem: states that H* is isometrically isomorphic to H.
More specifically, for any ¢ € H*, there is a unique hy € H such that ¢(f) = (f, hg)y,
for all f € H, and we have [|¢||+ = ||hg|lz. The map ¢ — hy is usually used to
identify the dual space, H*, with the Hilbert space itself, H.

e Orthonormal basis: A collection {¢;} C H such that ||[¢p|[» = 1 and (Y, 10;),, = g,
for all k, j is called an orthonormal system. If furthermore, any f € H can be (uniquely)
represented as f = >, (f, ¥y) 1y (where the sum converges in H-norm), the collection
is called an orthonormal basis®. Any Hilbert space has an orthonormal basis which
can be taken to be countable if the Hilbert space is separable; a condition which we

always assume.

e Projections onto convex sets: For any closed convex set C C H and any point h € H,
there exists a unique point h € C which is closest to i among all the points of C, i.e.,
|h = h||s = infocc ||h — c|2. The map h — T is called projection onto convex set C
which we denote as Fp..

e Projections onto linear subspaces: An important special case of the above is when £ C
H is a closed linear subspace of H. In this case, there is an alternative characterization
of the projection map, in terms of the orthogonal complement of £ which is defined as

L= {feH: (fy) foralye L}

One can verify that £+ is a closed linear subspace of H”.

For any h € H, its projection onto L is the unique element h € L such that h—he Lt
This is sometimes called the “orthogonality principle ”: the error h — h is orthogonal
to the subspace £. From this it follows that H decomposes into direct sum of £ and
L+, represented as,

H=LEDL (2.52)

6This type of basis is usually called Schauder basis, in contrast to the linear-algebraic notion of the basis,
called the Hamel basis, of which any vector space has one. This later notion refers to a collection of elements
of H such that any f € H has a (unique) expansion in terms of a “finite” subcollection.

"This is true even if £ itself is not closed or linear.
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meaning that any h € H has a unique decomposition as h = y + z where y € £ and
z € L+, Another consequence is that P is a (bounded) linear operator of norm 1
(assuming £ is not the trivial subspace {0}). For the above reasons, one calls P the
“orthogonal” projection onto £. We often omit the “orthogonal” label if it is implicitly
understood.

e Kernel and image: Recall that for a linear operator L : H — K, its kernel, Ker L, and
its image or range, Ra L, are defined as

Ker L :={z € H: Lz =0},
RaL::{yEIC: L:v:yforsomexe”;'-[}.

Both are linear subspaces of their respective spaces. For a bounded linear operator,
the kernel is always closed, while the image is not necessarily so. For example, for

the projection operator, P, : H — H, onto a closed linear subspace £ C H, we have
Ker P, = L+ and RaP, = L.

e Adjoints: For a linear operator T': H — K, its adjoint 7% : K — H is the unique linear
operator satisfying

(Tw,y)e = (x,Ty);,, forallzeH,yelk.

If T' is bounded so is T* and we have Ker T* = (RaT)*. In particular, since (RaT)* =
(RaT)* we have, the direct sum decomposition®

K =RaT @ KerT". (2.53)

An operator T' € B(H,H) is self-adjoint if 7% = T'. Self-adjoint operators are extensions
of symmetric matrices. Projection operators P, introduced above are examples of self-
adjoint operators”.

e Compact operators: A linear operator T is compact if it maps bounded sets to pre-
compact sets (i.e., those whose closures are compact.) As a pre-compact set in a metric
space is bounded, compact operators are a subclass of bounded operators. They are in
fact a proper subclass as the identity map I : H — H on an infinite-dimensional Hilbert
space is bounded but not compact!®. Moreover, the class of compact operators is a
closed! linear subspace of bounded operators. Finite-rank operators (i.e., operators T
with finite-dimensional image, i.e., dim RaT < 00) are examples of compact operators,

8RaT is the closure of RaT and we are relying on that (2.52) is valid for a closed subspace L.

9This is seen by noting that orthogonality principle implies (Pzx,y) = (Prx, Pry) = (x, Pry).

10This is a consequence of the well-known theorem that the unit ball of an infinite-dimensional normed
space is never compact.

1 Closure is in the topology induced by the operator norm defined in (2.51).
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as are their limits. In fact, informally, compact operators behave in many ways like
finite-rank operators (in much the same way as compact sets behave mostly like finite
sets.) We will use By(H, K) to denote compact operators from #H to K.

e Spectrum: of T' € B(H,H) is the collection of “complex” numbers A such that AT — T
does not have a bounded inverse, usually denoted as o(T'). (Here, I is the identity map
on H.) One can show'? that A € o(T) if and only if A\I — T is not bijective. The points
of the spectrum are further classified depending on how \I — T fails to be bijective.

As we will be focusing on compact operators, we are mostly interested in the “point
spectrum” of T', denoted as 0,(7"), which consists of all the (complex) points A such
that Ker(Al — T') # {0}, that is, A\l — T is not injective. In analogy with finite
dimensional case, an element A € 0,(7T) is called an eigenvalue of T, while Ker(A] —T')
is the corresponding eigenspace (i.e., each element is an eigenvector). In general, the
point spectrum is a proper subset of the spectrum.

e Spectrum of a compact operator: One shows that for T' € By(H, H),
o(T) = 0,(T") U{0}.

Furthermore, 0,(7) is countable and can be ordered as a sequence {1, Ag,...} so
that A, — 0 as k — 0. Moreover, the eigenspace corresponding to each Ay is finite-
dimensional, i.e., dim Ker(Ay/ —7T") < 0o. (One might call the aforementioned dimen-
sion the multiplicity of Ax.)

An important consequence of the above result is that a compact operator on H, always
has at least one eigenvector.

e Spectral theorem for compact self-adjoint operator: is an extension of EVD for sym-
metric matrices (cf. (2.6)). A simple statement is as follows:

Theorem 6. Let H be a (separable) Hilbert space and let T' € Bo(H, H) be self-adjoint.
Then, there is an orthonormal basis of H consisting of eigenvectors of T'.

This theorem is stated in different formats in the literature. For example, let {¢y}
be the orthonormal basis of eigenvectors of T" guaranteed above, corresponding to the
sequence {\;} of eigenvalues (i.e, T¢p = Apdr. Then, any f € H can be represented
as f =), (%, ¢r) ¢r which then implies, by continuity and linearity of T

Tf=> Ne(f %) &r, [EH. (2.54)
k

12This is a consequence of inverse mapping theorem, for example.
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Another way of expressing the above is in terms of elementary tensors ¢ ® ¢r. We
recall that for h € H, h ® h € B(H,H) can be thought of as the rank-one projection
onto the span of {h}. Hence'?,

T:Z)\k¢k®¢k-
%

The spectral theorem above can be extended to compact operators between two spaces
H and K which serves as an extension of SVD for general matrices (cf. (2.7)).

Reproducing Kernel Hilbert Spaces (RKHS)

We now turn to a brief review of RKHS theory. The classical reference on the subject is [8].
Here, we follow closely the treatment of [76]. See also [88, Chap. 4]. Again, our Hilbert
spaces are mostly over real numbers although the results usually hold for the complex case
with minor modifications.

Consider a set X and let F(X,R) be the collection of real-valued functions on X. In
other words, F(X,R) := R*. This is clearly a vector space with the usual operations of
addition and scalar multiplication.

e We say that H is a “reproducing kernel Hilbert space (RKHS)” on X over R, if

— H is a vector subspace of F(X,R).
— H is a Hilbert space with respect to some inner product.

— for every y € &, the “evaluation functional” §, : H — R, defined as d,f := f(y)
is bounded (equivalently continuous).

e By Riesz-Fréchet theorem, for any y € X, the bounded linear function J, can be
represented by a function k, € ‘H. That is, 6,(f) = (f, k,) for all f € H. We can then
define the 2-variable “reproducing kernel” for H as

K () = ky(2) = (ky, k). (2.55)

It is customary to write K (-,y) for k,, so that the “reproducing property” of the kernel
can be expressed as

13We are interpreting the series convergence in the sense of (2.54). It can also be shown that the series
converges in the operator norm.
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e As an example, consider the space Sobolev space
H=1{f:[0,1] = R | f is absolutely continuous, f(0) =0 and f’ € L*[0,1].}

with the inner product (f, g) = fol f'(t)g'(t)dt. One verifies that this is an RKHS with
kernel K (x,y) = min(z,y).

e For an RKHS H on X with reproducing kernel K(-,-), we have the following:

— The linear span of {k, : y € X'} is dense in H (in the norm topology).

— Norm convergence in #H, implies point-wise convergence. That is, || f, — f|l% — 0
implies f,,(z) — f(x) for all € X. This is a consequence of (2.56) and Cauchy—
Schwarz inequality.

— If {44} is an orthonormal basis for H, then

K(z,y) =Y t(x)d(y)

where the series converges pointwise.
e We have the following characterization of reproducing kernels:

— Two RKHS with equal kernel functions are equal, that is, they contain the same
functions and their norms are the same. (By equality of kernels we mean pointwise
equality as bivariate functions.)

— One easily verifies that the reproducing kernel K(-,-) of a RKHS is positive
semidefinite. That is, for any finite collection {zy,...,2,} C X, the matrix
(K(x;,2;)) is positive semidefinite.

The converse, which is rather deep, is also true: For any positive semidefinite
function K(-,-) on X, there exists a RKHS on X whose reproducing kernel is
K(-,-). This result combined with the previous point shows that there is a one-
to-one correspondence between positive semidefinite functions and RKHSs.

2.6 Minimax lower bounds via Fano inequality

One of the approachs in deriving minimax lower bounds is through the use of Fano inequality.
Here, we give a brief introduction. For more details we refer to [107, 104, 48].
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2.6.1 Decision theory and minimax criterion

Consider a collection of probability distributions { Py, 0 € ©}, parametrized with 6, defined
on a common (measurable) space X'. The classical decision-theoretic approach to the problem
of statistical inference is as follows: we observe a random variable X distributed according
to Py for some unknown, underlying, true #; the goal of us, as statisticians, is to construct
an estimator of the (true) parameter, 6, based on the observation, X, under the assumption
that there is a cost, depending on the mismatch between the estimator and (true) 6, which
has to be minimized. We denote the estimator as 8 = 8(X).

Usually, P, stands for the distribution of n i.i.d. samples from a simpler distribution.
That is, Py = QY", for some @y, where the notation ®" stands for n-fold product of a measure
with itself. In other words, X consists of n i.i.d. copies from ()y. We ignore this minor detail
in the following.

To formalize the notion of cost, one puts a distance (or metric) d on © to measure
the discrepancy between 6 and 0 as d(@,@\). At a rather abstract level, there is usually
another piece to the story, a loss function: an increasing function ¢ : Ry — R, such
that £(0) = 0. The cost of a discrepancy d(6,0) to the statistician is £(d(6,0)). It is also
customary to call £(d(-,-)) the loss function. Common loss functions are ¢(x) = z?, for p > 0
and {(x) = 1{z > 0}. The default for us is ¢(x) = x*. Common distances are:

e The discrete distance 1{0 # é\}, often used when 6 takes on discrete values, say © C
{0,1}¢. We call the corresponding loss £(d(6,6)) = 1{0 # 0}, the zero-one loss.

e The ¢, distance ||0 — ]|, when 6 takes on real values, say © C R%. We might call the
corresponding loss £(d(6,0)) = ||0 — 6|3, the squared error loss.

~

The expected cost, also known as risk, that is, R(6) := E,¢(d(0,6(X))) is what we
are interested in minimizing. Here E,y denotes the expectation under Fp, that is, assuming
X ~ Py. As for any particular estimator 6, the risk depends in general on 6, one approach
is to try minimizing the maximum risk,

R*(©) := inf sup Ey £(d(8, 8(X))).
§ 6co
An estimator the achieves the “inf” above is called minimaz optimal, the corresponding
risk, R*(0©), is called minimax risk. (For simplicity, we assume that the “inf” is taken over
estimators § taking values in ©, so that there is no ambiguity in the definition of R*(©).
Also, a more detailed notation for the minimax risk is R*(0;d,¥); we have omitted the

dependence on the distance and loss assuming that those can be inferred from the context.)

2.6.2 Reduction by discretization and Bayesian averaging

In order to obtain lower bounds on the minimax risk, the usual approach is to reduce the
problem to the case where © is a finite discrete set, and the loss is the zero-one loss, in which
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case the inference problem is essentially a multiple hypothesis testing. More specifically, for
some 0 > 0, let F':= F5 C © be a finite subset of © with the property that

d(6,0") > 26, V0,0 € Fs.
Then it is easy to verify that
R* > ((0) R*(F) (2.57)
where

R*(F5) := n%f max Py{T # 6}

where “inf” is now over all estimators T' = T(X) taking values in Fs. One usually tries to
choose ¢ appropriately such that R*(Fy) is bounded below by a numerical constant, in which
case, by (2.57), () determines a lower bound on minimax risk up to constants. Of course
reduction (2.57) is unnecessary, if we start with a finite discrete ©, as for example in the
problem of model (or subset) selection where © C {0, 1}<.

The next common step is noting that the minimax risk R*(Fs) is bounded below by
optimal Bayes risk for any prior on Fjs. In particular, let w be a probability measure on Fj
and put wy := w({0}), for § € F5. Then since ), wg = 1 and wy > 0, for € Fj, it is
clear that

R*(F5) > r*(w) (2.58)
where
r*(w) := inf Z weP AT # 6} (2.59)
T pery

is the optimal Bayes risk for (prior) w. To see the Bayesian interpretation, let T be a random
variable with distribution w and given 7' = 6, let X be distributed as Py. Then, (2.59) can
be restated as

r*(w) = inf Py (T # T) (2.60)

where the subscript w on P, signifies the underlying prior on w(-) the parameter 6.

2.6.3 Fano inequality

We can now apply Fano inequality to (2.60). Assume that the prior w on € is uniform, i.e.

Wy = |T15| for all 6 € Fs. Then, one form of the inequality states

I(X;T) + log2
log | F5|

infP(T(X)#T) > 1— (2.61)
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where 1(X;T) is the mutual information between X and T [30]. Hence, the problem of find-
ing a minimax lower bound is reduced to finding an upper-bound on the mutual information
I(X;T). Before mentioning some such bounds, let us discuss some equivalent definitions of
mutual information.

The usual definition is via entropies. Assume that each Py, 0 € © is absolutely continuous
with respect to a (common) underlying measure p, with density x — pg(x). Let ¢ be the
counting measure on Fs. Then, (X, T') has a distribution with density (z, ) — wypy(x) with
respect to 4 ® c. Let us denote this (joint) density as pxr. Let px(z) := Y gcp wops()
be the marginal density of X with respect to p. Also let pxr(z|0) := pg(x) denote the
conditional density of X given T' = 6.

The (differential) entropy of X and the conditional entropy of X given T" are

H(X) = —/px log pxdp, = —Elog px (X) (2.62)
HXIT) =~ [ pxrlogpyin dn @ c =~ Elogpyn (X]7) (2.63)

respectively. The mutual information is defined as
I(X;T):=H(X)—-H(X|T) (2.64)

This form is suitable for upper bounding the mutual information using the maximum entropy
principal. See §3.5 for an example.

Another useful expression for the mutual information is in terms of the Kullback-Leibler
(KL) divergence between two distributions. For two distributions P and @) with densities p
and ¢ with respect to p, it is given by

D(P|Q) = D(plq) = / plog L. (2.65)

Expanding (2.64), we have
1067 =S wy / polog P =3 woD (oo ). (2.66)
0 X 0

hence the mutual information has an interpretation as an averaged KL divergence.

Recall that we are assuming wy to be uniform on Fj. For simplicity, let N := |Fs|. In
this case, it is natural to denote the distribution corresponding to px = % > o Do as P; it is
the center of the collection {Fp}. Then, we obtain an alternative form of Fano inequality,

¥ 2oer, D(Py| P) +log2
log N

infP(T #T) > 1— (2.67)
T
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2.6.4 Bounds on mutual information

A rather simple series of bounds based on representation (2.66) is

(@ 1 (b)
I(X;T) Z D(P | P) < 3 > DR Py) < max D(Fy| Fy) (2.68)

9€F5 6,0'c€Fs

where (a) follows from convexity of the KL divergence and (b) is trivial. Note that (b) can
be interpreted as follows: the mutual information is bounded by the “diameter” of the set
Fs in KL divergence. This rather crude bound—which is still useful in some cases—can be
refined to give a more sophisticated bound due to Yang and Barron [104].

To derive the Yang-Barron inequality, we first note that 1(X;7T") = infg % Y oc 7 D(Fy | Q)
where the infimum is taken over all distributions @) of X. Using this variational characteri-
zation, any choice of () provides an upper bound. In particular, let £ C © some finite subset
of O, possibly other than Fj. Let () be the distribution of X obtained by setting a uniform
prior on F, i.e., () has the density ¢ = ﬁ > tep P For each 6 € Fy, let ty € E be such that

D(Py | P,,) = mingeg D(Py | P,)—that is, we are projecting Fp onto {F;, t € E'}. Then,

I(X;T) <— D(P, / lo d
( Z 0| Q) = Z Do g’E\IZteEpt'u

9€F5 96F

—z/mmg EET

0eFys
= log | E| + N > D(R| P,
0cFs

<log|E|+ max D(Fy| P;,) (2.69)
OcFy

where (a) follows since dropping nonnegative terms of a sum does not make it bigger. (We
are dropping every term except py,,) Using the definition of ty, we can restate this as the
Yang-Barron inequality

I(X;T) < log|E| + maxmin D(Fy | ). (2.70)

To see the usefulness of (2.70), let Nk (¢) be the cardinality of the smallest set E C ©
such that any 6 € © is within a ball of radius ¢ around some element of F, in square root
KL (pseudo-)metric, that is, for any 6 € ©, there is t € E such that /D(Py|P,) <e. In
other words, Nk (¢) is the covering number of set © in square root KL (pseudo-)metric. It
follows that the RHS of (2.70) is upper-bounded by log Nk (g) + 2. As this holds for any
€ > 0, we obtain

. <j 2
I(X;T) < inf {e* +log Nk1(e)}. (2.71)
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2.6.5 Symmetry and risk flatness

The lower bound on the minimax risk using Fano inequality is based on the uniform prior on
the parameter space. The question one might ask is whether there are other priors which lead
to tighter bounds. It is known that under some general regularity conditions [16], there are
the so-called least favorable priors for which the optimal Bayes risk is equal to the minimax
risk, i.e., for which inequality (2.58) is tight. In this subsection, we consider settings in which
symmetry considerations lead to the rather opposite conclusion, namely that all priors are
effectively the same. To introduce the setup, we need some notations.

Consider the case where © C RY. Let 7 be a permutation of [d] := {1,...,d}. The set of
all such permutations is the symmetric group of [d] denoted as G4. For any vector x € R,
let 2 o m be the vector in RY, with entries (z o 7); = x,(;). That is,

rom = (Tray,--.,Tu(d))-

We are interested in collections {Fp : 6§ € Fs} that have the following property: for any
e Fsand m e &y,

X~PFP = Xorm~ Py. (272)

Let us call such collections of distributions symmetric. Then, one can argue that in determin-
ing the minimax risk, we only need to focus on estimators 7'(X) that have the corresponding
symmetry property, i.e., for 7 € G4

T(Xom)~T(X)om.

We will actually argue sufficiency of an even more restricted class of estimators, namely
those with the property that, for 7 € &,

T(Xom)=T(X)om. (2.73)

Let us call an estimator 7' satisfying the above strongly symmetric. In particular, we have
the following which we state without proof.

Proposition 1. Consider a symmetric collection {Py : 6 € Fs} of distributions, in the sense

of (2.72). Then, for any estimator f(X), there is a strongly symmetric estimator T(X), in
the sense of (2.73), such that

max Py(T # 0) < max Py(T # 6).

0cFs OEFs
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Chapter 3

High-dimensional sparse PCA

3.1 Sparse spiked covariance model

The primary focus of this chapter is the (sparse) spiked covariance model, in which some
base covariance matrix is perturbed by the addition of a sparse eigenvector z* € RP. In
particular, in the notations of §2.4, we study sequences of covariance matrices of the form

¥, = Bz + {IS F:—k] = Bz 4T (3.1)

where I',_ € Sﬁ_k is a symmetric PSD matrix with Apax(Ip—x) < 1. The vector z* is
assumed k-sparse, that is, having exactly k£ nonzero entries,

card(z") = k.

Without loss of generality, by re-ordering the indices as necessary, we assume that the non-
zero entries of z* are indexed by {1,...,k}, so that equation (3.1) is the form of the co-
variance after any re-ordering. We also assume that the non-zero part of z* has entries
2} € \/LE{—L—H}, so that [|z*]|s = 1.

The spiked covariance model (3.1) was first proposed by Johnson [55], who focused on the
spiked identity covariance matrix (i.e., model (3.1) with I',_; = I,_x). As mentioned earlier
(cf. 7), Johnstone and Lu [58] established that, for the spiked identity model and a Gaussian
ensemble, the sample maximal eigenvector, based on a sample of size n, is inconsistent as
an estimator of z* whenever p/n — ¢ > 0. These asymptotic results were refined by later
work [74, 11].

In this chapter, we study a slightly more general family of spiked covariance models, in
which the matrix I',_j, is required to satisfy the following conditions:

Al I/Tytllooco = O(1), and (3.2a)
A2. Amax(Tp_r) < min {1, Auin(Cpp) + g} . (3.2b)
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Here /I',_j denotes the symmetric square root. These conditions are trivially satisfied by
the identity matrix I,,_j, but also can hold for more general non-diagonal matrices. Thus,
under the model (3.1), the population covariance matrix X itself need not be sparse, since
(at least generically) it has k% + (p — k)* = ©(p?) non-zero entries. Assumption (A2) on the
eigenspectrum of the matrix I',_; ensures that as long as 8 > 0, then the vector z* is the
unique maximal eigenvector of ¥, with associated eigenvalue (1 + ). Since the remaining
eigenvalues are bounded above by 1, the parameter 8 > 0 represents a signal-to-noise ratio,
characterizing the separation between the maximal eigenvalue and the remainder of the
eigenspectrum. Assumption (A1) is related to the fact that recovering the correct signed
support means that the estimate 2 must satisfy |2 — 2*||oc < 1/vk. As will be clarified
by our analysis (see §3.4.4), controlling this ¢,, norm requires bounds on terms of the form

|\/T'p—k t||oo, which requires control of the ¢o-operator norm ||/I"p—klco.co-

3.1.1 Model selection problem

In this chapter, we study the model selection problem for eigenvectors: i.e., we assume that
the maximal eigenvector z* is k-sparse, meaning that it has exactly k non-zero entries, and
our goal is to recover this support, along with the sign of z* on its support. We let

Si=supp(z") = {i | 2 # 0}

denote the support set of the maximal eigenvector; recall that supp(z*) = {1,...,k} by our
assumed ordering of the indices. We also define the function supp, : R? — {—1,0,+1}? by

sign(u;) if u; #0
supp. ()], = D) T 7 (33)
0 otherwise,

so that

L = supp(z")

encodes the signed support of the maximal eigenvector.

Given some estimate S\i of the true signed support S%, we assess it based on the 0-1
loss 1{:9’; # S%}, so that the associated risk is simply the probability of incorrect decision
P(gi # S5%). Our goal is to specify conditions on the scaling of the triplet (n,p, k) such
that this error probability vanishes, or conversely fails to vanish asymptotically. We consider
methods that operate based on a set of n samples z1,...,x,, drawn i.i.d. with Gaussian
distribution N(0,%,). Under the spiked covariance model (3.1), each sample can be written
as

v = Buz+ Ty, (3.4)

where v; ~ N(0, 1) is standard Gaussian, and g; ~ N(0, I,,) is a standard Gaussian p-vector,
independent of v;, so that v/T'g; ~ N(0,T).
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3.2 Two methods of support recovery and results

The data {z;}, defines the sample covariance matrix
S o= 1 2": rirl (3.5)
o i=1 o .

which follows a p-variate Wishart distribution [7]. In the following, we analyze the high-
dimensional scaling of two methods for recovering the (signed) support of the maximal
eigenvector which operate on 53 Tt will be assumed throughout that the size k of the support
of z* is available to the methods a priori, i.e., we do not make any attempt at estimating k.

3.2.1 Diagonal cut-off

Under the spiked covariance model (3.1), note that the diagonal elements of the population
covariance satisfy [X]p = 14 f/k for all £ € S, and [X], < 1 for all £ ¢ S. This latter
bound follows since for all ¢ ¢ S, we have [X]g < ||I'y—k[l2,2 < 1. This observation motivates
a natural approach to recovering information about the support set S, previously used as a
pre-processing step by Johnstone and Lu [58].

Let Dy, 0 =1,...,p be the diagonal elements of the sample covariance matrix—viz.

1 & ) ~
D, = ﬁ;(xze) = [X]w.

Form the associated order statistics

Day = D) = -+ = Doy < Dy,

and output the random subset §d of cardinality k specified by the indices of the largest k
elements {D(,—g+1, - - ., D(p) }. That is, if my is the permutation of [p] such that D,y = D,
then

Sy = {malp—k+1),...,7ap)}.

The chief appeal of this method is its low computational complexity: apart from the or-
der O(np) of computing the diagonal elements of 3, it requires only performing a sorting
operation, with complexity O(plogp).

Note that this method provides only an estimate of the support S, as opposed to the
signed support S%. One could imagine extending the method to extract sign information as
well, but our main interest in studying this method is to provide a simple benchmark by which
to calibrate our later results on the performance of the more complex SDP relaxation. In
particular, the following result provides a precise characterization of the statistical behavior
of the diagonal cut-off method:
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Proposition 2 (Performance of diagonal cut-off). For k = O(p'~°) for any § € (0,1), the
probability of successful recovery using diagonal cut-off undergoes a phase transition as a
function of the rescaled sample size

n

0 ia ) 7k To1. 7/ 1\ 36
More precisely, there exists a constant 0, such that if n > 0,k*log(p — k), then
P(Sy=5) > 1—exp(—0(Klog(p—k))) — 1, (3.7)

so that the method succeeds w.a.p. one, and a constant 6, > 0 such that if n < 6,k*log(p—k),
then

P(Si=5) < exp(—6(log(p—k)) — 0, (3.8)
so that the method fails w.a.p. one.

Remarks. The proof of Proposition 2, provided in §3.3, is based on large deviations bounds
on y?-variates. The achievability assertion (3.7) uses known upper bounds on the tails of
x>-variates [e.g., 19, 58]. The converse result (3.8) requires an exponentially tight lower
bound on the tails of y?-variates, which we derive in Appendix 3.B.

To illustrate the prediction of Proposition 2, we provide some results on the diagonal
cut-off method. For all experiments reported here, we generated n samples {xy,...,z,}
in an i.i.d. manner from the spiked covariance ensemble (3.1), with I' = [ and g = 3.
Figure 3.1 illustrates the behavior predicted by Proposition 2. Each panel plots the success
probability P(S; = S) versus the rescaled sample size 0qia(n, p,n) = n/[k?*log(p — k)]. Each
panel shows five model dimensions (p € {100,200, 300,600, 1200}), with panel (a) showing
the logarithmic sparsity index & = O(logp), and panel (b) showing the case k = O(,/p).
Each point on each curve corresponds to the average of 100 independent trials. As predicted
by Proposition 2, the curves all coincide, even though they correspond to very different
regimes of (p, k).

3.2.2 Semidefinite-programming relaxation

We now describe the approach to sparse PCA developed by d’Aspremont et al. [32]. Recall
from §7 that S% represents the cone of positive semidefinite p-by-p matrices. Given n i.i.d.
observations from the model N(0,%,), let 5. be the sample covariance matrix (3.5), and
let A, > 0 be a user-defined regularization parameter. d’Aspremont et al. [32] propose
estimating z* by solving the optimization problem

~

7 = arg max |te(S Z)—AHZ%@ (3.9)
,J

ZeSh, (Z2)=1
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Figure 3.1: Plot of the success probability ]P’(gd = S) versus the rescaled sample size 0gia(n, p, k) = n/[k? log(p — k)]. The five
curves in each panel correspond to model dimensions p € {100, 200, 300, 600,1200}, SNR parameter 8 = 3, and sparsity indices
k = O(logp) in panel (a), and k = O(,/p) in panel (b). As predicted by Proposition 2, the success probability undergoes a
phase transition, with the curves for different model sizes and different sparsity indices all lying on top of one another.

and computing the maximal eigenvector 2 = 19max(2 ). The optimization problem (3.9) is a
semidefinite program (SDP), a class of convex conic programs that can be solved exactly in
polynomial time. Indeed, d’Asprémont et al. [32] describe an O(p*logp) algorithm, with an
implementation posted online, that we use for all simulations reported in this paper.

To gain some intuition for (3.9), recall the exact SDP formulation of the ordinary PCA,
that is (2.40) of §§ 2.4. In particular, replacing ¥ with S in (2.40), we get the sample version

max  tr(32). (3.10)
ZeSt, tr(Z2)=1

As mentioned before, this problem always has (at least) a rank-one solution. In particular,
if 2z = ﬂmaX(Z) is any maximal eigenvector of 3, then Z = 227 is a solution of (3.10). (If the
maximal eigenvalue is not simple, there are also higher rank solutions.) If we were given a
priori information that the maximal eigenvector were sparse, then it might be natural to solve
the same semidefinite program with the addition of an ¢, constraint. Given the intractability
of such an {y-optimization problem, the SDP program (3.9) is a natural relaxation.

In particular, the following result provides sufficient conditions for the SDP relaxation (3.9)
to succeed in recovering the correct signed support of the maximal eigenvector:

Theorem 7 (SDP performance guarantees). Impose conditions (3.2a) and (3.2b) on the
sequence of population covariance matrices {¥,}, and suppose moreover that A, = 5/(2k)

and k = O(logp). Then,

(a) Rank guarantee: there exists a constant 0, = 0, (I ) such that for all sequences
(n,p, k) satisfying Oaia(n, p, k) > Oy, the semidefinite program (3.9) has a rank one
solution with high probability, and
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(b) Critical scaling: there exists a constant iy = O (I B) such that if the sequence
(n,p, k) satisfies

n
Osap(n,p, k) == ———— > Ouyt, 3.11
dp( p ) k log(p _ k) t ( )
and if there exists a rank one solution, then it specifies the correct signed support with
probability converging to one.

Remarks. Part (a) of the theorem shows that rank one solutions of the SDP (3.9) are not
uncommon; in particular, they are guaranteed to exist with high probability at least under
the weaker scaling of the diagonal cut-off method. The main contribution of Theorem 7 is
its part (b), which provides sufficient conditions for signed support recovery using the SDP,
when a rank one solution exists. The bulk of our technical effort is devoted to part (b);
indeed, the proof of part (a) is straightforward once all the pieces of the proof of part (b)
have been introduced, and so will be deferred to the last appendix. For technical reasons,
our current proof(s) require the condition k& = O(logp); however, it should be possible to
remove this restriction, and indeed, the empirical results do not appear to require it.

3.2.3 Minimax lower bound

Proposition 2 and Theorem 7 apply to the performance of specific (polynomial-time) meth-
ods. It is natural then to ask whether there exists any algorithm, possibly with super-
polynomial complexity, that has greater statistical efficiency. The following result is information-
theoretic in nature, and characterizes the fundamental limitations of any algorithm regardless

of its computational complexity:

Theorem 8 (Information-theoretic limitations). Consider the problem of recovering the
eigenvector support in the spiked covariance model (3.1) with I' = I,. For any sequence
(n,p, k) — +oo such that

n 1+

. 1
esdp(n7p7k) klOg(p—kZ) < ﬁQ 9 (3 2)

the probability of error of any method is at least 1/2.

Remarks. Together with Theorem 7, this result establishes the sharpness of the thresh-
old (3.11) in characterizing the behavior of SDP relaxation, and moreover, it guarantees
optimality of the SDP scaling (3.11), up to constant factors, for the spiked identity ensem-
ble.

To illustrate the predictions of Theorem 7 and 8, we applied the SDP relaxation to the
spiked identity covariance ensemble, again generating n i.i.d. samples. We solved the SDP re-
laxation using publically available code provided by d’Asprémont et al. [32]. Figure 3.2 shows
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the corresponding plots for the SDP relaxation. Here we plot the probability ]P’( suppy (2) =
Si) that the SDP relaxation correctly recovers the signed support of the unknown eigenvec-
tor z*, where the signs are chosen uniformly in {—1,+1} at random. Following Theorem 7,
the horizontal axis plots the rescaled sample size Osqp(n, p, k) = n/[klog(p — k)]. Each panel
shows plots for three different problem sizes, p € {100, 200,300}, with panel (a) correspond-
ing to logarithmic sparsity (kK = O(logp)), and panel (b) to linear sparsity (k = 0.1p).

SDP relaxation (k = 0.1 p)
1 AH————4 1 \ A A0
0.81 0.8r
[2] 12}
(%] 173
& 0.6r 2 0.6t
[&] (]
> >
(2] w
S04} S04
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(a) (b)

Figure 3.2: Performance of the SDP relaxation for the spiked identity ensemble, plotting the success probability
P(supp (%) = S%) versus the rescaled sample size Osqp(n,p,k) = n/[klog(p — k)]. The three curves in each panel corre-
spond to model dimensions p € {100, 200,300}, SNR parameter 8 = 3, and sparsity indices k = O(logp) in panel (a), and
k = 0.1p in panel (b). As predicted by Theorem 7, the curves in panel (a) all lie on top of one another, and transition to success
once the order parameter 0sqj, is sufficiently large.

Consistent with the prediction of Theorem 7, the success probability rapidly approaches one
once the rescaled sample size exceeds some critical threshold. (Strictly speaking, Theorem 7
only covers the case of logarithmic sparsity shown in panel (a), but the linear sparsity curves
in panel (b) show the same qualitative behavior.) Note that this empirical behavior is con-
sistent with our conclusion that the order parameter Osqp(n, p, k) = n/[klog(p— k)] is a sharp
description of the SDP threshold.

3.3 Proof of Proposition 2 — diagonal cut-off

This section contains the proof of Proposition 2. We begin by proving the achievability
result (3.7). We provide a detailed proof for the case I'y_ = I,_, and discuss necessary
modifications for the general case at the end. For £ =1,...,p, we have

1< 1 O
Dy = — izl(l’ief = > (VBuiz + git)”. (3.13)

=1



CHAPTER 3. HIGH-DIMENSIONAL SPARSE PCA 48

Since (v/Bz;vi + gie) ~ N(0, B(2;)? + 1) for each i, the rescaled variate #Dg is central

X2 with n degrees of freedom. Consequently, we have

1 for all ¢ € S¢
E[DZ] = 148
+ 5 forallle S,

where we have used the fact that (z})? = 1/k by assumption.

A sufficient condition for success of the diagonal cut-off decoder is a threshold 75 such
that Dy > (14 74) for all £ € S, and D, < (1 + 7) for all £ € S°. Using the union bound
and the tail bound (3.64) on central x?, we have

2
Xa 3
> < (p—kPyr > < - -
P{%%i(Df— (1+Tk)} < (p k)JP{ - _1+Tk} < (p—k) exp( 16Tk>

so that the probability of false inclusion vanishes as long as n > ( )2 log(p — k).
On the other hand, using the union bound and the tail bound (3.63b), we have

2 1
P{mian<(1+Tk)} < w{ﬁ—1< +T’“—1}
les n 1_|_§

2 _ 8

= kP{&—1<Tk ’“}
n 1+2
2

< w{ﬁ—um—é}
n k

8

As long as 7, < 3/k, we may choose x = %(% — 7)? in equation (3.63b), thereby obtaining
the upper bound

P{rgréingg<n(1+Tk)} < kexp(_%(g_Tk)2>a

so that the probability of false exclusion vanishes as long as n > 4(é —7%) 2 log k. Choosing

T = ﬁ ensures that the probability of both types of error vanish asymptotically as long as

n > max {3—;2/’{;2 log(p — k), EkQ log k} .
Since k = o(p), the log(p — k) term is the dominant requirement. The modifications required
for the case of general I', ; are straightforward. Since var([v/Tgi]¢) = [[p_x]ee < 1 for all
¢ € S¢and samples i = 1,...,n, we need to adjust the scaling of the x2 variates. For general
')k, the variates { Dy, ¢ € S°} need no longer be independent, but our proof used only union
bound, and so is valid regardless of the dependence structure.
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We now prove the converse claim (3.8) for the spiked identity ensemble. At a high-level,
this portion of the proof consists of the following steps. For a positive real ¢, define the
events

A(t) = {maXDg > 1 +t}, and  Ay(t) := {mian <1 +t}.
tese tes

Noting that the event A;(t) N Ay(t) implies failure of the diagonal cutoff decoder, it suffices
to show the existence of some ¢ > 0 such that P[A;(¢)] — 1 and P[Ay(¢)] — 1.

Analysis of event A;. Central to the analysis of event A, is the following large-deviations
lower bound on y?-variates:

Lemma 6. For a central x? variable, there exists a constant C' > 0 such that

2 2
X C nt

IP’{—” 1 t} > — (——), te(0,1).
>ty = e 5 €(0,1)

See Appendix 3.B for the proof.
We exploit this lemma as follows. First define the integer-valued random variable
Z(t) =Y 1{Dy>1+1t}
tese

corresponding to the number of indices ¢ € S for which the diagonal entry D, exceeds 1+,
and note that P[A(¢)] = P[Z(t) > 0]. By a one-sided Chebyshev inequality [46], we have

(E[Z()])*
(B[Z(1)])? + var(Z(t))

Note that Z(t) is a sum of (p — k) independent Bernoulli indicators, each with the same
parameter ¢(t) := P[D, > 1+ t]. Computing the mean E[Z(t)] = (p — k)q(t) and variance
var(Z(t)) = (p — k)q(t) (1 — q(t)), and then substituting into the Chebyshev bound (3.14),
we obtain

P[A(t)] = P{Z(t) > o} (3.14)

(p — k)2g2(t) (p—k)q(t) b
P{Al(t>} = G- PO+ -1 —q®) = G-RaO+1 - -k

Consequently, the condition (p — k)q(t) — oo implies that P[A;(¢)] — 1.

Let us set t = 4/ Mog;ﬂ where § € (0,1) is the parameter from the assumption k =

O(p'~?). From Lemma 6, we have ¢(t) > <= exp(—nt®/2), so that

c
(»— k)(J( w> > wexp ( —~ glog(p —~ k))
C(p _ k)1—6/2

vn
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Since n < Lk?*log(p — k) for some L < +oo by assumption, we have

510g(p—k)> . © (p—k)'° (p—k)°?

n NN )

(p— k)q(

which diverges to infinity, since k = O(p'~°).

Analysis of event A,. In order to analyze this event, we first need to condition on the
random vector v := (vy,...,v,), so as to decouple the random variables {Dy, ¢ € S}. After
conditioning on v, each variate nD,, ¢ € S is a non-central Xfw*, with n degrees of freedom
and non-centrality parameter v* = %Hv”%, so that each D, has mean (v* + n).

Since v is a standard Gaussian n-vector, we have [[v||3 ~ x2. Therefore, if we define

the event B(v) := {% > %}, the large deviations bound (3.63a) implies that P[B] <

exp(—n/16). Therefore, by conditioning on B and its complement, we obtain

PlAS] < IP’{ min D; > 1 +t‘]B%C} + P[B]

< (P{Xi,,,* > n(l+1) ’BC})k + exp(—n/16), (3.15)

[lv]]

n

(V1)

< < on

o

where we have used the conditional independence of {D,, ¢ € S}. Finally, since
the event B¢, we have v* < %n, and thus

IP’{XEW* >n(l+t) | IB%C} < P{XEW* > {n—l—u*}—l—n{t—%} | IB%C}.

Since t = /dlog(p — k)/n and n < Lk?log(p—Fk), we have t > \/%%7 so that the quantity

€:= min{%,t — %} is positive for the pre-factor L > 0 chosen sufficiently small. Thus, we
have

IP’{XEW* >n(l+1t) | ]B%C} < P{Xi,y* > {n+v"} +ne}

< TLGQ n€2
exp| —————=-) = exp| ——-
= P60+ 23 P\ e

using the x? tail bound (3.66). Substituting this upper bound into equation (3.15), we obtain

kn €2
64

Plag] < em>(— )-+@®(—nﬂ6%

6 log(p—Fk)
n

which certainly vanishes if € = % Otherwise, we have ¢ = t — % with t = , and

we need the quantity

Vin (- 37) = Vol B - 3
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to diverge to +oo. This divergence is guaranteed by choosing n < Lk*log(p — k), for L
sufficiently small.

3.4 Proof of Theorem 7(b) — SDP relaxation

Theorem 7(b) is the main result of this chapter. Its proof is constructive in nature, based on
the notion of a primal-dual certificate: that is, a primal feasible solution and a dual feasible
solution that together satisfy the optimality conditions associated with the SDP (3.9).

3.4.1 High-level proof outline

We first provide a high-level outline of the main steps in our proof. Under the stated

assumptions of Theorem 7, it suffices to construct a rank-one optimal solution Z = 2zz7,

constructed from a vector with ||Z]|2 = 1, as well as the following properties:

Correct sign: sign(z;) = sign(z)) forallie S, and (3.16a)
Correct exclusion: zi =0 for all j € S°. (3.16b)

Note that our objective function f(Z) = tr(X Z) — A, > |Zij] is concave but not differen-
tiable. However, it still possesses a subdifferential (see the books [84, 53] for more details),

so that it may be shown that the following conditions are sufficient to verify the optimality
of Z =7zz". Let

Spl = {x eRP: x|z = 1}
Lemma 7. Suppose that for each x € SP~L, there exists a sign matriz U= (A](x) such that

(a) the matriz U satisfies

€ [-1,+1] otherwise.

A~ A~

(b) The vector Z satisfies of xT (i — AU (2))x <27 (2= M\U(2))z.
Then 7 = 23T is an optimal rank-one solution.

Proof. The subdifferential 0 f (2 ) of our objective function at Z = Z consists of matrices of
the form > — A\, U, where U satisfies the condition (3.17). By the concavity of f, for any
such U and for all € SP~!, we have

Fflxz®) < F(2)+ (S = M) (22T = 2)).
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Therefore, it suffices to demonstrate, for each z € SP~1, a valid sign matrix U (x) such that
tr((X — \U(x)) (zz” — Z)) < 0. Since we have

tr((E = NU(2) 227) < (S = M\U(2)) 2)
by assumption (b), the stated conditions are sufficient. O

Remarks. Note that if there is a U independent of z such that 7 satisfies condition (b) of
Lemma 7, i.e. if 2 is a maximal eigenvector of I )\n(? , then the above argument shows
that 2z7 is in fact “the” optimal solution (i.e., among all matrices in the constraint space,
not necessarily rank-one).

The condition (3.17), when combined with the condition (3.16a), implies that we must
have

Ugs = sign(z%) sign(z5)”. (3.18)

The remainder of the proof consists in choosing appropriately the remaining dual blocks
Ussc and U sese, and verifying that the primal-dual optimality conditions are satisfied. To
describe the remaining steps, it is convenient to define the matrix

d = S-\NU-T = Bz*2*T =\ U+ A, (3.19)

where A 1= 5 — X is the effective noise in the sample covariance matrix. We divide our
proof into three main steps, based on the block structure

o — | ®ss Psse| _ [Bhat — MUss +Ass —AUsse + Agse (3.20)

(I)SCS q)SS —AnUScS + ASCS —)\nUScSc + AScSc

(A) InStep A, we analyze the upper left block ®gg, using the fixed choice Usg = sign(z%) sign(z5)7 .
We establish conditions on the regularization parameter A, and the noise matrix Agg
under which the maximal eigenvector of ®g¢ has the same sign pattern as zg. This
maximal eigenvector specifies the k-dimensional subvector Zg of our optimal primal
solution.

(B) In Step B, we analyze the off-diagonal block ®gcg, in particular establishing conditions
on the noise matrix Ageg under which a valid sign matrix Ugcg can be chosen such that
the p-vector Z := (Zg,0gc) is an eigenvector of the full matrix ®.

(C) In Step C, we focus on the lower right block ®gege, in particular analyzing conditions
on Agege such that a valid sign matrix Ugege can be chosen such that z defined in Step
B satisfies condition (b) of Lemma 7.
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Our primary interest is the effective noise matrix A = S — % induced by the usual i.i.d.
sampling model. However, our results are actually somewhat more general, in that we can
provide conditions on arbitrary noise matrices (which need not be of the Wishart type) under
which it is possible to construct (Z, U ) as in Steps A through C. Accordingly, in order to
make the proof as clear as possible, we divide our analysis into two parts: in §3.4.2, we
specify sufficient properties on arbitrary noise matrices A, and in §3.4.3, we analyze the
Wishart ensemble induced by the i.i.d. sampling model, and establish sufficient conditions
on the sample size n. In §3.4.3, we focus exclusively on the special case of the spiked
identity covariance, whereas §3.4.4 describes how our results extend to the more general
spiked covariance ensembles covered by Theorem 7.

3.4.2 Sufficient conditions for general noise matrices

We now state a series of sufficient conditions, applicable to general noise matrices. So as
to clarify the flow of the main proof, we defer the proofs of these technical lemmas to the
appendix.

Sufficient conditions for step A
We begin with sufficient condition for the block (S, .S). In particular, with the choice (3.18)
of Usg and noting that sign(z5) = vk 25 by assumption, we have

bgs = (6 — Ank)zgz*g + Agg = ozzgz*g + Agg,

where the quantity a := — A,k < [ represents a “post-regularization” signal-to-noise ratio.
Throughout the remainder of the development, we enforce the constraint

B
o= o (3.21)

so that o = /2. The following lemma guarantees correct sign recovery (see equation (3.16a)),
assuming that Agg is “small” in a suitable sense:

Lemma 8. (Correct sign recovery) Suppose that the upper left noise matriz Ags satisfies

[0}
1Ass]loo,00 < o and  ||Ags|l22 — 0 (3.22)

with probability 1 as p — +oo. Then w.a.p. one,

(a) The mazimal eigenvalue vy, := Amax(Pss) converges to «, and its second largest eigen-
value vo converges to zero.
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(b) The upper left block ®ss has a unique maximal eigenvector Zg with the correct sign
property (i.e. sign(zs) = sign(zk)). More specifically, we have

1

125 — z5lle < STk (3.23)

Sufficient conditions for step B

With the subvector Zg specified, we can now specify the (p — k) x k submatrix Uses so that
the vector

7 = (Zg,0sc) €RP (3.24)
is an eigenvector of the full matrix ®. In particular, if we define the renormalized quantity

Zs = zs/||Zs]l1, and choose

~ 1 -\ .~
Uses = " (AgesZs) sign(Zs)”, (3.25)

n

then some straightforward algebra shows that (Ages — /\nﬁSCS)ES = 0, so that Z is an
eigenvector of the matrix ® = 82*(2*)7 — X\, U+ A. It remains to verify that the choice (3.25)
is a valid sign matrix (meaning that its entries are bounded in absolute value by one).

Lemma 9. Suppose that w.a.p. one, the matriz A satisfies conditions (3.22), and in addi-
tion, for sufficiently small 6 > 0, we have

)
lAses]loo2 < i (3.26)
Then the specified ﬁScS 1s a valid sign matrix w.a.p. one.

Sufficient conditions in Step C

Up to this point, we have established that 2 := (Zg, 0ge) is an eigenvector of S — MU and
we have specified the sub-blocks (755 and ﬁssc of the sign matrix. To complete the proof,
it suffices to show that condition (b) in Lemma 7 can be satisfied—namely, that for each
x € SP~1, there exists an extension Usege (x) to our sign matrix such that

2T (i - A,ﬁ(x)) 7> 47T (i . A,ﬁ(x)) z.

Note that it is sufficient to establish the above inequality with ®(z) in place of Y- \0 (z)"
Given any vector x € SP~1, recall the definition (3.19) of the matrix ® = ®(z), and observe

n particular, we have 27Tz < T[22 [|2]|3 = max{1, |[Tp—kll22} [|z]|3 = 1, while 2TTZ = ||Z5]|3 = 1;
i.e., we have 2Tz < 2TTZ.
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that (2)7®(2)Z = v for any choice of Ugege(x). Consider the partition z = (u,v) € SP~1,
with u € R¥ and v € R™, where m = p — k. We have

2T Or = uf dggu + 20T Dgegu + v Dgegev. (3.27)

Let us decompose u = uZs + z, where |u| < 1 and ZZ is an element of the orthogonal
complement of the span of Zg. With this decomposition, we have

UT(I)SS’LL = MQ/Z\g(I)SS/Z'\S + 2u2§@552§ + (Eé)TCI)SS/Zié
= v+ (Z5) Psszy,

using the fact that Zg is an eigenvector of ®gg with eigenvalue ~; by definition. Note that
125113 < 1—p?, so that (z3)T®gszs is bounded by (1 — u?)7ys, where 7, is the second largest
eigenvalue of ®gg, which tends to zero according to Lemma 8. We thus conclude that

u ®gsu < pPyr 4 (1 — ). (3.28)
The following lemma addresses the remaining two terms in the decomposition (3.27):

Lemma 10. Let m = p—k and let S = {(n;, {;) }; be a set of cardinality |S| = O(m). Suppose
that in addition to conditions (3.22) and (3.26), the noise matriz A satisfies w.p. 1

)
max /vl (Agege + v <n+—~0+¢, V(nt)eES, 3.29
”27\/ (Ases oSt (1, ) (3.29)
Vi1 >

Jor sufficiently small 6,€ > 0 as m — +oo0. Then w.p. 1, for all x € SP=L there exists a
valid sign matriz Usese(z) such that the matriz ®(x) := Bz* 2*7 — X\, U(z) + A satisfies

«

2" (®(z))z < plPa+ (1- u2)§ < a. (3.30)

where |u| = |27Z] < 1.

3.4.3 Noise in sample covariance — identity case

Having established general sufficient conditions on the effective noise matrix, we now turn
to the case of i.i.d. samples x1,...,z, from the population covariance, and let the effective
noise matrix correspond to the difference between the sample and population covariances.
Our interest is in providing specific scalings of the triplet (n,p,k) that ensure that the
constructions in Steps A through C can be carried out. So as to clarify the steps involved,
we begin with the proof for the spiked identity ensemble (I' = I). In §3.4.4, we provide the
extension to non-identity spiked ensembles.
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Recalling our sampling model z; = \/Bv;2* + g;, define the vector h = % Yo vigi. The
effective noise matrix A = ¥ — ¥ can be decomposed as follows:

A = B(%Zv$—1> 22T /B (BT + b2 ") + ( Zglgz ) (3.31)

i=1

-~

P R W

We have named each of the three terms that appear in equation (3.31), so that we can deal
with each one separately in our analysis. The decomposition can be summarized as

A =BP+\/BR+W.

The last term W is a centered Wishart random matriz, whereas the other two are cross-
terms from the sampling model, involving both random vectors and the unknown eigenvector

z*. Defining the standard Gaussian random matrix G = (g;;) € R"*P, we can express W
concisely as

1
W= EGTG — I, (3.32)

Our strategy is to examine each of the terms AP, /BR and W separately. For sub-block
Agg, the corresponding sub-blocks of all the three terms are present, while for sub-block
Ageg, only /BRges and Weeg have contributions. Since the conditions to be satisfied by
these two sub-blocks are expressed in terms of their (operator) norms, the triangle inequal-
ity immediately yields the results for the whole sub-block, once we have established them
separately for each of the contributing terms. On the other hand, although the conditions
on Agege (given in Lemma 10) do not have this (sub)additive property, only the Wishart
term contributes to this sub-block, and it has a natural decomposition of the form required.

Regarding the Wishart term, the spectral norm of such a random matrix (||[IW]|2,2) is well-
characterized [34, 43]; for instance, see claim (3.33a) in Lemma 12 for one precise statement.
See also the discussion of § ?. The following lemma, concerning the mixed (0o, 2) norms of
submatrices of centered Wishart matrices, is perhaps of independent interest, and plays a
key role in our analysis:

Lemma 11. Let W € RP*? be a centered Wishart matriz as defined in (3.32). Let I,J C
{1,...,p} be sets of indices, with cardinalities |1, |J| — oo asn,p — oo, and let Wy ; denote
the corresponding submatriz. Then as long as max{|J|,log|I|}/n = o(1), we have

J| + +/log |1
|||WI,J|||OO,2=0< vl )

as n,p — oo with probability 1.
See Appendix 3.D for the proof of this claim.
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Verifying steps A and B

First, let us look at the Wishart random matrix. The conditions on the upper-left sub-block
Wss and lower-left sub-block Wgeg are addressed in the following:

Lemma 12. As (n,p, k) — 400, we have w.a.p. one

k

[Wssll2e = O ﬁ)’ (3.33a)

k2
[Wsslloooo = O \/g), (3.33b)

oo = O vk V;;_g(p_k)) (3.33¢)

In particular, under the scaling n > Lklog(p — k) and k = O(logp), the conditions of
Lemma 8 and Lemma 9 are satisfied for Wss and Wgeg for sufficiently large L.

[Wses

Proof. Assertion (3.33a) about the spectral norm of Wgg follows directly from known results
on singular values of Gaussian random matrices (e.g., see [34, 43]). To bound the mixed
norm [|[Wgeg|loo2, we apply Lemma 11 with the choices I = S¢ and J = S, noting that
|I| = p—k and |J| = k. Finally, to obtain a bound on ||[Wgs||ec.00, we first bound ||[Wss||so.2-
Again using Lemma 11, this time with the choices [ = J = S, we obtain

Wil = 0(VAEEE) o, b (350

as n,k — oo. Now, using the fact that for any 2 € R*, ||z||s < V7w, We obtain

[Wslloooo = max [Wsallow < max_[Wssz|lwo = VE[Wsslloo,2-
llzlloo<1 lzll2<Vk

Combined with the inequality (3.34), we obtain the stated claim (3.33b). O
We now turn to the cross-term R, and establish the following result:

Lemma 13. The matric R = z*h" 4+ hz*", as defined in equation (3.31), satisfies the
conditions of Lemmas 8 and 9.

Proof. First observe that h may be viewed as a vector consisting of the off-diagonal elements
of the first column of a (p+1) x (p+ 1) Wishart matrix, say W’. This representation follows
since h; = % Z?Zl v;0:;, where the Gaussian variable v; is independent of g;; for all 1 < 5 < p.
For ease of reference, let us index rows/columns of W’ by 1/, 1,... p, let "= {1’} U S, and
let h =W’y guse. (Recall that S U S is simply {1,...,p}.)
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Since the spectral norm of a matrix is an upper bound on the ¢s-norm of any column, we
have

k+1
hslla < [Wsrsi oz = © ( ) 7 (3.35)

n

where we used known bounds [34] on singular values of Gaussian random matrices. Un-

der the scaling n > Lklog(p — k), we thus have ||hg||2 L, 0. By Lemma 21, we have
P[|W';;] > t] < Cexp(—cnt?) for ¢ > 0 sufficiently small, which implies (via union bound)

that
1A]le = O ( logn(p)> -0 <%> : (3.36)

under our assumed scaling. Note also that ||h]|s = max{||hs||co, ||Pse]|co}, i-€. the co-norm
of each of these subvectors are also @(k~'/2). Assume for the following that L is chosen large
enough so that ||h||. < 6/Vk.

Now, to complete the proof, let us first examine the spectral norm of Rgg = z5h%+hgz5”.
The two (possibly) non-zero eigenvalues of this matrix are z5” hg % ||2%||2||hs||2, whence we
have

[ Rssllz2 <

* * P
25 hs| + [1z5lallhslls < 2[hs]ls = 0.

As for the (matrix) co-norm of Rgg, let us exploit the “maximum row sum” interpretation,
Le. [[Rsslloo,co0 = maxies D jcq [Rij] (cf. §2.1.3) to deduce

I Rssllocoo < |||Zgh£|”oo,oo+”thZ;Tmoo,oo
T
(mase 7Y IAE I + (max [aal) 1257 1

1 !/
ﬁHlW 5757 lloc.00 + 1R o VE:

IA

IN

From the argument of Lemma 12, we have |[W' s/ | o000 = (9( kg), so that

1 k P
— W///OOOOZO \/j — 0,
W5l ( n)

and moreover, the norm || Rgs||coco can be made smaller than 26, by choosing L sufficiently
large in the relation n > Lklog(p — k).
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Finally, to establish the additional condition required by Lemma 9—namely equation (3.26)—
notice that

I Rses

|02 = max || Rgesy|loo
lyllz=1

= max ||h5cz§Ty||oo
lyll2=1

= ((max 1257y)) s e < =

liyll2=1 * = Vk

where the last line uses max,,—1 |25"y| = ||2%]]2 = 1, thereby completing the proof. O

Finally, we examine the first term in equation (3.31), i.e. P. As this term only contributes
to the upper-left block, we only need to establish that it satisfies Lemma 8&:

Lemma 14. The matriz Psg satisfies condition (3.22) of Lemma 8.

Proof. Note that for any matrix norm, we have || Pss|| = |[n=" >0, (v:)? — 1| l2525" [ Now,
notice that ||z525" [loe = |257 25| = 1. Also, using the “maximum row sum” characterization

of matrix oo-norm, we have ||2525" [|oo.co = Z?Zl (£ \/LE) (+ \/LEN = 1. Now by the strong

law of large numbers, [n~' 3" (v;)% — 1| 3 0 as n — oco. It follows that with probability 1

[ Pssll2.2 = Il Pssllco.c0 = 0,

which clearly implies condition (3.22). O

Verifying step C

For this step, we only need to consider the lower-right block of W; i.e., we only need to verify
condition (3.29) of Lemma 10 for Agege = Wgege. Recall that W = n~'GTG — I, where G is
an X p (canonical) Gaussian matrix (see equation (3.32)). With a slight abuse of notation,
let Gge = (Gyj) for 1 <i <n and j € S°. Note that Ggc € R™™ where m = p — k and

Agege + 1, = Wgege + 1,,, = nilGTCGSE.
Now, we can simplify the quadratic form in (3.29) as

\/'UT(ASCSC + In)v =/ |In"12Gse0]3 = Hn’lﬁGchHg.

for which we have the following lemma.

Lemma 15. For any M > 0 and € > 0, there exists a constant B > 0 such that for any set
S = {(n:, 4;)}; with elements in (0, M) x R™ and cardinality |S| = O(m), we have

1
max [l Gserlly <+ Byl e W0 €8 (3.37)
vl|257, n

olli<e
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as p — oo, with probability 1. In particular, under the scaling n > Lklogm, condition (3.29)
of Lemma 10 is satisfied for L large enough.

Proof. Without loss of generality, assume M = 1. We begin by controlling the expectation of
the left-hand side, using an argument based on the Gordon—Slepian theorem [66], similar to
that used for establishing bounds on spectral norms of random Gaussian matrices [e.g. 34].
First, we require some notation: for a zero-mean random variable Z, define its standard devi-
ation 0(2) = (E|Z]?) 2 For vectors x,y of the same dimension, define the Euclidean inner
product (z,y) = 2Ty. For matrices X,Y of the same dimension (although not necessarily
symmetric), recall the Hilbert—Schmidt norm

1/2
X flus == (X, X)2 = Z ),

Given some (possibly uncountable) index set {t € T}, let (X;)ier and (Yi)ier be a pair of
centered Gaussian processes. One version of the Gordon—Slepian theorem (see [66]) asserts
that if o(Xs — Xy) < o(Y; = Y)) for all s,¢t € T, then we have

Ejsup X;] < E[supY]. (3.38)

teT teT
For simplicity in notation, define H = Gge € R™™ H := n~'/2Gg., and fix some
n, £ > 0. We wish to bound
F(H;n, ) = ”n|r|1a<x |Hvly = Hnlrllax (Hv, u)

lolli<e o]l 1<,
[[ull2=1

where v € R™, u € R™. Note that (Hv,u) = u”Hv = tr(Hou®) = {(H,uvT)). Consider H
to be a (canonical) Gaussian vector in R™", take

To={t=(u,0) e R" xR™ | [[v]z <n, |Jvlls < £ flull2 =1}, (3.39)

and define X, = (H,uvT)) for t € T. Observe that (X;);er is a (centered) canonical Gaussian
process generated by H and f (H n, ) = maxyer X;. We compare this to the maximum of
another Gaussian process (Y;)ier, defined as Y; = ((g, h), (u,v)) where ¢ € R* and h € R™
are Gaussian vectors with E[gg”] = n?I,, and E[hhT] = I,,. Note that, for example,

o((g,u)) = (E{g,u)?)""* = (u" Elgg"Nu)"* = nllull2,

in which the left-hand size is the norm of a process ((g, u>)u expressed in terms of the norm
of a vector (i.e., its index).
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Let t = (u,v) € T and t' = (u/,0v') € T. Assume, without loss of generality, that
|v[|2 < [|v||l2- Then, we have

0*(Xy — Xp) = luv” —u'v" g

= JJuv” — w'o" + o

—
= oMl — o3 + e I3l — o' I3 + 2" — [l 13) (o] — o7')
< o= ol |3+ flo — /(3 = 0*(Y; — o).

where we have used Cauchy—Schwarz inequality to deduce [u”v/| <1 = ||[v/||3 and [vTv/| <
|v][2]|v/|l2 < ||v]|3. Thus, the Gordon-Slepian lemma is applicable and we obtain

Ef(f[;n,f) < EmaxY,

teT
= E max (g,u) +E  max h,v
IIUII2=1< ) IIUIIQSn,IIvIIle< )

< Elglla + (E|lhllo) ¢

< Van+ (x/@) .

where we have used (E ||g||2)2 < E (l|lg]13) = Etr(g99") = trE(gg9”) = nn* the bound used
for E ||h||e follows from standard Gaussian tail bounds [66]. Noting that H = n~Y/2H, we
obtain E f(H;n,€) < n+ /%™ ¢,

The final step is to argue that f(H;n,¢) is sufficiently close to its mean. For this, we will
use concentration of Gaussian measure [66, 65 for Lipschitz functions in R™". To see that

A — f(A;n,0) is in fact 1-Lipschitz, note that it satisfies the triangle inequality and it is
bounded above by the spectral norm. Thus,

|F(H;m,0) — f(F50,0)| < f(H = Fin, ) < |H = Fllag < [|[H — Fllus

where we have used the assumption 7 < 1. Noting that H = n~Y2H and f(H;n,t) =
n~'2f(H;n, (), Gaussian concentration of measure for 1-Lipschitz functions (cf. Lemma 3
of §2.3) implies that

P[f(H;n,0) —E[f(H;n,0)] > t] < exp(—nt?/2).

Finally, we use union bound to establish the result uniformly over S. By assumption, there
exists some K > 0 such that |[S| < K'm. Thus

P[(max (f(H;n,0) — (n+ +/(Blogm)/n - 0)) > t] < K exp(—nt?/2 + logm).

n,0)ES
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Now, fix some ¢ > 0, take t = /¢ 1°g ™ and apply the Borell-Cantelli lemma to conclude
that

310gm.€)} < 6logm
n n

max {f(H;n,f) - (n+

(n,0)eS

eventually (w.p. 1). O

3.4.4 Nonidentity noise covariance

In this section, we specify how the proof is extended to (population) covariance matrices
having a more general base covariance term I'p—i in equation (3.1). For convenience, in this
section, we write v := v; and ¢' := g;. Then, for example, g% := (gj,] € 8) = (95,7 € 9).

Let Fp/_ , denote the (symmetrlc) square root of I',_;. We can write samples from the general
model as

P =\Buz+§, i=1,...,n (3.40)

y 9s )
g = 1/2 4 (341)
(Fp/—kgsc

with ¢ ~ N(0,1,) and v* ~ N(0,1) standard independent Gaussian random variables.

where

Denoting the resulting sample covariance as 3, we can obtain an expression for the noise
matrix A = X —X. The result will be similar to expansion (3.31) with h and W appropriately
modified; more specifically, we have

hs =hs,  hse =T hse (3.42)
Was = Wss, Wseg = Fp_kWSCS, Wese = D)2 Weese T2 (3.43)

Note that the P-term is unaffected.

Re-examining the proof presented for the case I',_; = I,,_j, we can identify conditions
imposed on h and W to guarantee optimality. By imposing sufficient constraints on I'y_y,
we can make h and W satisfy the same conditions. The rest of the proof will then be exactly
the same as the case I',_j, = I,_j. As before, we proceed by verifying Steps A through C in
sequence.

Verifying steps A and B

Examining the proof of Lemma 13, we observe that we need bounds on |hs]l2, ||h5||1 and
1A ]lso = max{||hg|loos [|se|lcc }- Since hg = hg, we should only be concerned with ||hge
for which we simply have

o0y

1/2
s lloo < IT3 5 loo,00 s e
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Thus, assumption (3.2a)—i.e., [TY2] c.00 = O(1)—guarantees that Lemma 13 also holds for
(nonidentity) T.

Similarly, for Lemma 12 to hold, we need to investigate H\Wss |2, since this is the
only norm (among those considered in the lemma) affected by a nonidentity I". Using sub-
multiplicative property of operator norms (cf. (2.11) in §2.1.3), we have

[Wseslloo.e < T, oo, oolWses ez

so that the same boundedness assumption (3.2a) is sufficient.

Verifying step C

For the lower-right block WSC se, we first have to verify Lemma 15. We also need to examine
the proof of Lemma 10 where the result of Lemma 15—namely relation (3. 37)—Was used.
Let G = (95)it21, and let Gge = (Gw) for 1 <i<nandje S Note that G%. € Re—hxn
and we have

GlLe= (L., 35%) =1, (9. ..., g%) = T2 GL.

Using this notation, we can write Wege = n‘lGTCGSC—Fp_k = F;/_Qk (n'GL.Gge—1I,y) F;/Qk,
consistent with equation (3.43).
Now to establish a version of (3.37), we have to consider the maximum of

In"2Gsev]l, = 0 2Gs T %0l

over the set where ||[v||s < n and ||v||; < ¢. Let v = F1/2kv and note that for any consistent
pair of vector/matrix norms we have ||0]| < |||I‘1/2 Illvll. Thus, for example, ||v]|s < 7 implies

|02 < H|F1/2 ll2.2m, and similarly for the ¢;-norm. Now, if we assume that Lemma 15 holds
for Gge, we obtain, for all (n,¢) € S, the inequality

max ||n"?Gsev|)s < max |~ Y2Gge ||,
[vll2<n, 15120052, 2,2,
vl <e o

Il <ITE2 N1 1

logm
< Ty laom + BT,y ==t +<. (3.44)

Thus, one observes that the boundedness condition (3.2a) guarantees that
I, Cellen = I e e < Av,

thereby taking care of the second term in equation (3.44). More specifically, the constant
A; is simply absorbed into some B’ = BA;. In addition, we also require a bound on
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|||F1/ § ll2,2, which follows from our assumption ||I')_x|22 < 1. However, the fact that the
factor multiplying 7 in (3.44) is no longer unity has to be addressed more carefully.
Recall that inequality (3.37) was used in the proof of Lemma 10 to establish a bound on

v Agegev® = 0T Waegev® = v (HTH — I, )v* = |[Hv*|)5 — ||v*||3

where H = n~'/2Gg.. The bound obtained on this term is given by (3.79). We focus on the
core idea, omitting some technical details such as the discretization argument?. Replacing
Wgege with Wgege, we need to establish a similar bound on

U*TWSCSCU* = v*T(n_léTcCN;gc —Tpp)v™ =|n~ 1/2GS o*||2 — ||F1/2 “|I2.

Note that [[v*[|2 < |1, ll22]|Ty/% 0|2 or, equivalently, |12 ]|54v*[l2 < [IT)/%v* |5, Thus,
using (3.44), one obtains

1/2 * 1/2 1/2
I~ 12G gen 1% - [hysie? / 15 < <H|F / —IT, = . Il2, 2)”“ I3

+ (terms of lower order in |[v*|5).

Note that unlike the case I'y_j, = I, 4, the term quadratic in |[v*||; does not vanish in
general. Thus, we have to assume that its coefficient is eventually small compared to f.
More specifically, we assume

1/2 —1/2 (07
02052 = IT, 503 < 5 =5 eventually. (3.45)

|

The boundedness assumptions on H|F11J/_ ® Jl1.1 and H|F11J/_ 2 ll2.2 now allows for the rest of the terms
to be made less than «/4, using arguments similar to the proof of Lemma 10, so that the
overall objective is less than «/2, eventually. This concludes the proof.

Noting that |||F1/2 152 = Amax(Tp—r) and |||F_1/2|||2_§ = Amin(I'p—k), We can summarize the
conditions Sufﬁc1ent for Lemma 10 to extend to general covariance structure as follows

I = 10 e = O(1) (3.46a)
)\max(rp—k) < 1 (346b)
)\max(rpfk> - )\min(rpfk:) < g; (346(3)

as stated previously.

2In particular, we will assume that v* saturates (3.44), so that ||v*|l2 = 7. For a more careful argument

see the proof of Lemma 10.
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3.5 Proof of Theorem 8 — minimax lower bound

Our proof is based on the standard approach of applying Fano’s inequality (e.g., [30, 52, 104,
101] and § 2.6). Let S denote the collection of all possible support sets, i.e. the collection of
k-subsets of {1, ..., p} with cardinality |S| = (?); we view S as a random variable distributed
uniformly over S. Let Pg denote the distribution of a sample X ~ N (0, ¥,(S5)) from a spiked
covariance model, conditioned on the maximal eigenvector having support set S, and let
X" = (x1,...,x,) be a set of n ii.d. samples. In information-theoretic terms, we view
any method of support recovery as a decoder that operates on the data X™ and outputs
an estimate of the support S = ¢(X™)—in short, a (possibly random) map ¢ : (RP)" — S.
Using the 0-1 loss to compare an estimate S and the true support set .S, the associated risk
is simply the probability of error Plerror] = > ¢ ¢ (i)fng [§ # S]. Due to symmetry of the
ensemble, in fact we only need to restrict our attention to symmetric estimators for which
we have Plerror] = Pg[S # S|, where S is some fixed but arbitrary support set, a property
that we refer to as risk flatness (cf. §2.6.5).

In order to_generate suitably tight lower bounds, we restrict attention to the following
sub-collection S of support sets:

{Ses | {1,....,k—1} C S},

consisting of those k-element subsets that contain {1,...,k — 1} and one element from
{k,...,p}. By risk flatness, the probability of error with S chosen uniformly at random from
the original ensemble S is the same as the probability of error with .S’ chosen uniformly from
S. Letting U denote a subset chosen uniformly at random from S using Fano’s inequality,
we have the lower bound

I(U; X™) +log 2

Plerror] > 1-— —
log [S|

where I(U; X™) is the mutual information between the data X" and the randomly chosen

support set U, and |S\ p — k + 1 is the cardinality of S.

It remains to obtain an upper bound on [(U; X™) = H(X") — H(X"|U). By chain rule
for entropy, we have H(X") < nH(z). Next, using the maximum entropy property of the
Gaussian distribution [30], we have

1
H(X") < nH(z) < n{‘g[l +log(2m)] + 5 log det B [xxT]}, (3.47)
where E[zz”] is the covariance matrix of z. On the other hand, given U = U, the vector
X" is a collection of n Gaussian p-vectors with covariance matrix ¥,(U). The determinant

of this matrix is 1 4+ 3, independent of U, so that we have

HX"|U) = %[1+10g(2w)]+§10g(1+5). (3.48)
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Combining equations (3.47) and (3.48), we obtain
Jaaxwgg{mmmﬁuﬁy4%u+ﬁn. (3.49)

The following lemma, proved in Appendix 3.E, specifies the form of the log determinant of
the covariance matrix Xy, := E[zaT].

Lemma 16. The log determinant has the exact expression

B B p—k B
logdet Xy = log(1+ B) +log (1— 1+M(p_k+1>>+(p—k)1og (Hk(p—/ﬁ(l)))'
3.50

Substituting equation (3.50) into equation (3.49) and using the inequality log(1+a) < «,

we obtain
p p—k 3
{log (1— l—l—ﬁk(p—k:—l—l)) +(p—k)log(1+—k(p_k+1))}

U3 X") < 2
Sg{ B p—k B(p—k‘)}
n
2

148 kp—k+1)  klp—k+1)

3 p—k
{1+6k@—k+n}
B> n

20+ 8) k-

<

From the Fano bound (3.47), the error probability is greater than % if %% <log(p—k) <

log |§|, which completes the proof.

3.6 Some results on /, sparsity

In this section, we provide some partial analysis of the SDP for the spiked covariance model
with ¢, sparsity model. In particular, we assume a sampling model 7 with the following
constraint on z*,

p
d Il <k (3.51)
j=1

for some ¢ € (0,2) and k = £(p) > 0. Recall that Z is the solution and A, is the regularization
parameter of SDP (3.9). Let us define
ARSI C

We have the following theorem.
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Theorem 9. Let \, = 1K ’Blzgp, assume (3.51) holds and ||z*||a = 1. Then,

~ lo 1
1Z = 2[5 < ca(B) w2 (=0) 7 (3.52)

cen

with high probability at least 1 — c3p™* — cse™

The co(f) constant in (3.52) is decreasing in § and can be taken to be cy(5) ~ BTF4 as
B — 0o. The proof relies on the following lemma.

Lemma 17. Let f be a convex function defined on a convex subset C of a mormed space
(X, ]| -|)- Let T be a minimizer of f on C, i.e.,

f(@) = inf f(x) (3.53)

zeC

Furthermore assume that for some xo € C and R > 0, we have for all x € C
|lxt —zol| = R = f(x) > f(xg). (3.54)
Then, we have |T — xo|| < R.

Proof. Without loss of generality, we can assume xo = 0 and f(z() = 0, since 7 is a minimizer

of f on C if and only if 7 — ¢ is a minimizer of g(z) = f(x + x¢) — f(z0) over z € C — xy.
Now, assume that the conclusion does not hold, ||z|| > R. Then, there exists A € (0,1)

such that z = (1 — A)zo + AZ has norm R. (This holds for example with A = -£). Then,

1]l

f(2) < (X =N f(wo) + Af(Z) = Af(Z) < Af(x0) = 0. (3.55)
But since ||z||2 = R, by assumption (3.54) we should have f(z) > f(x¢) = 0 which is a
contradiction. ]

3.6.1 Proof of Theorem 9

We will apply the Lemma (3.54) to the function f(Z) = — (S — L,, Z) + M\, || Z||1 over the set
C=SEN{Z:tr(Z) =1}, with 2y = Z* and T = Z. To simplify notation, let £ := Z — Z*
and F := Z — Z*. Then,

f(2) = [(Z*) = —(E = L, E) + M1 Z° + Ell = |2°]11) (3.56)

Our strategy is to find a value of R such that for all |El|ls = ||E|lzs = R, we have
f(Z) — f(Z*) > 0 with high probability. It then follows from the lemma that ||E|nzs < R.

Lemma 18. We have {(—Z*, E)) > %|||E|||?q5
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Proof. In general, we have | Z||gs < || Z||« where || - || is the nuclear norm of the matrix—
cf. §7. For a matrix Z € S, || Z]|. = tr(Z). It follows that, for Z € C,

1Z)| s < tr(Z) =1. (3.57)
Now,

1> |1 Z0%s = 12" + Ells = 1 Elis + 127 1s + 2427, E)).
Using || Z*||us = v/ (2%, 2*) = 1 and rearranging gives the inequality. H

As was observed previously (cf. ?), we can write &2 = BES ) Z +/B(z*h T +h(z)") +
LGTG, where h = £ 3" v;g; and G = (g;;) € R™P is a standard Gaussian matrix. Since
E €SP, we have

n

(S~ 1 B) = ~B( S )27 B) ~(2VBh() + TG -, E)  (35%)

i=1 | ~
-~ M
To A

By x? concentration, % JuE > % with probability at least 1 —exp(—n/64). Hence, with

the same probability, the first in (3.58) bounded below as Ty > —18(Z*, E)) > B3| E|l%s-
As for the term involving A, we first note that the following bound on its vector £, norm
which follows from our previous discussions.

Lemma 19. With probability at least 1 — cop™

~ |
18 o < 1) 2082
n

Consider the set S := {i : |zf| > 7} C [p], where 7 > 0 is some threshold to be
determined later, and let k = card(S). We denote by Z% C R¥*| a vector consisting of all
elements 77, (i,j) € S2. Similarly, let Z%. C RP’~¥* denote the vector consisting of zZ%,

(i,7) ¢ S2. Similar notations will used for A and E.

Lemma 20. As long as | Alls < A\n, we have

Ty = (B, Bs) + (125 + Eslly — 1 Z2l12) = —2Aak] sl (3.59)
Ty i= —(Bge, Bse) + Ml 25 + Bsell = 1 Z5:]11) > —4h,7' 2. (3.60)

We take A\, = c14/ @ so that the consequences of Lemma 20 hold. Note that ||Eglls <

IE|l s = R. From Lemma 23 in Appendix 3.G, k < 77 %. Then, putting the pieces together
we have

F2)-f(Z)=To+Ti+ 15 > §R2 — 207 KR — AN, TR (3.61)
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_1
Choose 7 so that \,7'79x* = (\,77%)? or equivalently, 7 = A\,"*. Then, taking R =
c3\, 7~k for some sufficiently large c3 = c3(f) > 0, we can make the right-hand side of (3.61)
positive?, implying that f(Z) — f(Z*) > 0. Some algebra shows that

_1

. ]
R = 03/1)\;['"1 — C4/€(ﬂ) 2(1+q) (362)
n

where ¢4 > 0 could depend on . The proof is complete. The proofs of auxiliary lemmas
can be found in Appendix 3.G.

Appendix 3.A Large deviations for y? variates

The following large-deviations bounds for centralized y? are taken from Laurent and Mas-
sart [63]. Given a centralized y*-variate X with d degrees of freedom, then for all z > 0,

IP{X —d>da + Qx} < exp(—z), and (3.63a)
IP{X _d< —2\/%} < exp(—1). (3.63b)

We also use the following slightly different version of the bound (3.63a),

3 1
]P’{X—dZd:L’}geXp (—1—6dx2), O§x<§ (3.64)
due to Johnstone [56]. More generally, the analogous tail bounds for non-central x?, taken
from Birgé [19], can be established via the Chernoff bound. Let X be a noncentral x* variable
with d degrees of freedom and noncentrality parameter v > 0. Then for all z > 0,

]P’{X > (d+v) +2y/(d + 20)x + 2;1;} < exp(—z), and (3.65a)
]P’{X <(d+v)—2/{d+ 21/);6} < exp(—a). (3.65b)

We derive here a slightly weakened but useful form of the bound (3.65a), valid when v
satisfies v < Cd for a positive constant C'. Under this assumption, then for any ¢ € (0, 1),
we have

IP’{X > (d+v)+ 4d\/3} < exp (—1 +620d) . (3.66)

3With this choice of R, the RHS becomes (gc?z) —2c3 —4) A\, 79k, which is positive if ¢ > %(1 +V1+B).
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To establish this bound, let x = % for some § € (0, 1). From equation (3.65a), we have

2 2
p* o= ]P’{Xz(d—i-y)—i-Zd\/g—i-Q d (5} < exp(— 0 ) gexp<— 0 d).

d—+2v d+ 2v 1+2C

Moreover, we have
P> P{X > (d+v)+2av6 + 240} > P{X > (d+v)+ 44V},

since v/6 > § for § € (0, 1).

Appendix 3.B Proof of Lemma 6

Using the form of the x2 PDF, we have, for even n and any ¢ > 0,

% 1 o n
]P’{—” > 1 +t} - / z2 ' exp(—z/2)dx
(

n 2"/2F(n/2) 1+t)n
B 1 (n/2 —1)! n(1+6)\ S 1 0\
T 2PT(g2) | (1) P (_ 2 ) 2 ﬁ( 2 )

=0

exp(=n/2) (n/2)""™
(n/2 —1)!
where the second line uses standard integral formula (cf. §3.35 in the reference book [45]). Us-

ing Stirling’s approximation for (n/2—1)!, the term within square brackets is lower bounded
by 2C/y/n. Also, over t € (0,1), we have (1 +¢)~! > 1/2, so we conclude that

> exp(—nt/Q){ } (14 ¢)"/2

P{’% > 1+ t} > % exp (—g{t ~log(1 +t)}) . (3.67)

Defining the function f(¢) = log(1+t), we calculate f(0) = 0, f/(0) = Land f”(t) = —1/(1 + t)2

Note that f”(t) > —1, for all t € R. Consequently, via a second-order Taylor series expan-
sion, we have f(t) —t > —t*/2. Substituting this bound into equation (3.67) yields

2 2
X C nt
An > -

]P’{n>1+t} > \/ﬁexp< 2)

as claimed.
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Appendix 3.C Proofs for §3.4.2

3.C.1 Proof of Lemma 8

The argument we present here has a deterministic nature. In other words, we will show
that if the conditions of the lemma hold for a nonrandom sequence of matrices Agg, the
conclusions will follow. Thus, for example, all the references to limits may be regarded as
deterministic. Then, since the conditions of the lemma are assumed to hold for a random
Ags a.a.s., it immediately follows that the conclusions hold a.a.s.. To simplify the argument
let us assume that a ' [|Ags e, < € for sufficiently small € > 0; it turns out that € = 5 is
enough.

We prove the lemma in steps. First, by Weyl’s theorem (cf. Theorem 1 in § 2.2
and [54, 89]) , eigenvalues of the perturbed matrix azgng—l—Asg are contained in intervals of
length 2[|Ags|l2.2 centered at eigenvalues of az525”. Since the matrix 2525”7 is rank-one, one
eigenvalue of the perturbed matrix is in the interval [a £ || Ags]|2,2], and the remaining k& — 1
eigenvalues are in the interval [0+ || Agg]l2.2]. Since by assumption 2||Ags|22 < « eventually,
the two intervals are disjoint, and the first one contains the maximal eigenvalue v; while the
second contains the second largest eigenvalue v2. In other words, |y; — a| < ||Ags|22 and
72| < [|Assllze- Since |[Ags|l22 — 0 by assumption, we conclude that v — o and v — 0.
For the rest of the proof, take n large enough so

o™t =1| < ¢, (3.68)

where € > 0 is a small number to be determined.
Now, let Zg € R* with ||Z5]]2 = 1 be the eigenvector associated with 7y, i.e.

(02325 + Ass)Zs = 1 Zs. (3.69)
Taking inner products with Zg, one obtains a(z%'Z5)? + 25 AgsZs = 7. Noting that

1ZL AgsZs| is upper-bounded by [|Ags|l2.2, we have by triangle inequality

o — (25" Z5)*| = la — 1+ — alz5 2s)’)
<o =m| + | — a(25"2)°] < 2| Assllag
which implies zj‘qT?g — 1 (taking into account our sign convention). Take n large enough so

that
125725 — 1] < e, (3.70)

and let © be the solution of
azg + Agsu = au (3.71)

which is an approximation of equation (3.69) satisfied by zg. Using triangle inequality, one
has [[u]loo < [|2E]le0 + @ | Ass]loo.colltt]|oo, Which implies that

lulloe < (1= ™ Asslso00) 25l < (1 =€) |25l (3.72)
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We also have

lu = 25l < @ lAsslwcolltlloo < e(1 =) 7H|25]|co- (3.73)

Subtracting equation (3.71) from equation (3.69), we obtain az§(257 2 — 1)+ Ags(Zg —u) =
v1zs — au. Adding and subtracting y;u on the right-hand side and dividing by «, we have

252572 — 1) + a 'Ags(Zs — u) = o (Zs — u) + (ma~! = 1,

which implies

155 o < (e~ = 07 8ssllnce) {12573 =1 skl + o™ ~11- il
<(1=20)"Ye+e(l—e)™- |25]oo

where the last inequality follows from equations (3.68), (3.70) and (3.72). Combining with
the bound (3.73) on |luz§||~ yields

=t . e e e
|28l ~1—2¢ (1—-2)(1—¢) 1—¢
<—3€ .
(1 —2¢)?

Finally, we take ¢ = 5 to conclude [|Z5 — 2§l < 3]/25]l00 = ﬁ a.a.s., as claimed.

3.C.2 Proof of Lemma 9

Recall that by definition, Zg = Zg/[[Zs[1. Using the identity sign(zZ5)7Zs = [|Zs|hh ylelds
U ses25 = A, "AgesZg, which is the desired equation. It only remains to prove that U geg 1S
indeed a Vahd sign matrix.
First note that from equation (3.23) we have |z;| € [ﬁ, %E} for i € S, which implies
that [|Zs]y € [, 245]. Thus, |Zsll2 = 1/(IZs]h) < 2
Now we can write
< M Age
ZefglcaféSWzﬂ An 1Ases Zslo

<A Ases

|oo2 IZ52

so that taking § < % completes the proof.



CHAPTER 3. HIGH-DIMENSIONAL SPARSE PCA 73

3.C.3 Proof of Lemma 10

Here we provide the proof for the case I',_ = I,_j; necessary modifications for the general
case are discussed in §3.4.4. First, let us bound the cross-term in equation (3.27). Recall
that Zg = zg/||Zs||1. Also, by our choice (3.25) of Ugcg, we have

(I)SCS = ASCS — )\nUSCS = ASCS — Ascszs sign(ES)T.

Now, using sub-multiplicative property of operator norms [see relation (2.11) in §2.1.3], we
can write

[®seslloc.e = 1Ases (Tt — Zs sign(Zs)") ooz
< [ Asesllocs - — Zs sign(Zs)" [l
< 1 Asesllooz - (1+ [1Zs]l2 [ sign(Zs)ll2) < 31 Aseslloo, (3.74)
where we have also used the facts that [|ab” |22 = ||all2/|b]l2, and ||Zs|l2 = 1/(]|Zs]]1) < %

using the bound (28). Recall the decomposition z = (u,v), where u = pZs + Z& with
12+ ||Z&]|2 < 1. Also, by our choice (3.25) of Uses, we have ®gegu = ®gegZd. Thus,

max 207 ®gegu| < max 207 ®gegii| < /1 — p2 max 1207 @ e (3.75)
. lall2 < /142, lall<

u Ll zg

2.4)), we have

—~ FIA

Using Holder’s inequality (cf.

max 207 ®geqii| < 2||v||y max | P sest| o
llill2<1 llall2<

< 2[[v|l1 | Pses

|oo,2

)
< 6”””1ﬁ

where we have used bound (3.74) and applied condition (3.26). We now turn to the last
term in the decomposition (3.27), namely v ®gegev = vTAgegev — \, v1Ugegev. In order

(3.76)

to minimize this term, we use our freedom to choose Usese(x) = sign(v) sign(v)7, so that
— A v Ugegev simply becomes — A, ||v||2.

Define the objective function f* := max, z7®z. Also let H = n™'2Gg., where Gge =
(Gy;) for 1 <i<nandje S Noting that Agege = HTH — I,,, (with m = p — k) and using
the bounds (3.28), (3.75) and (3.76), we obtain the following bound on the objective

f* < max uf Dggu + max 20T Dgegu + max v Pgegev
u u,v

max {6||le— + [[H[f3 = (ol = Aallv]IT}

< {u% +(1 - uz)w} + (1—p? {” 1ax TR

g*
(3.77)
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In obtaining the last inequality, we have used the change of variable v — (y/1 — p2) v, with
some abuse of notation, and exploited the inequality ||v]|s < /1 — 2. (Note that this bound
follows from the identity ||z]|3 =1 = u? + ||le2 + |[v]|3.)

Let v* be the optimal solution to problem ¢* in equation (3.77); note that it is random
due to the presence of H. Also, set S = {(n;;, ¢;;)} where ¢ and j range over {1,2,...,[v/m |}
and

Mij = ﬁ, lij = ﬁ]-

Note that S satisfies the condition of the lemma, namely |S| = [\/m ]?> = O(m).
Since ||v*]]; < 1, and [[v*|]2 < ||v*|l1 < /m ||v*]|2, there exists? (n*, £*) € S such that

1
" lv*]]2 <7
o3 < v <

Thus, using condition (3.29), we have

)
|Hv*||s < max ||[Hvlls <7+ —=+e < [v*]ls + —

l[oll2<n", Vk \/_ \/_

lvlli<ex

—= (vl +3) +

To simplify notation, let
A= A(e,0,m, k) :=1//m+36/Vk+e, (3.78)

so that the bound in the above display may be written as ||v*|| + 0||v*||;/vE 4+ A. Now, we
have

* * 2
HU* 2_ U* 2 <2 /U* (5“1} ||1 +A) + (6M+A>
[Hv*[|5 = [[v*]13 < 2[|v*]] v NG
¥ |+ ) <||v*||1 )
<216 +Al+(0 . 3.79
- < vk Vk (3.79)

1 Let i* = [/m|v*|2] and n* = \}m Using the fact that, for any « € R, [z] — 1 < = < [z,
we have n* — 1/y/m < |[v*]l2 < n* or, equivalently, |[v*|2 = n* + & where —1/y/m < £ < 0. Now let
g = HZ:H;-I One has (j* — 1)||v*|l2 < [[v*|l1 < j*||v*||2 which, using the fact that [|v*||2 < 1, implies

F vl — 1 < [[v* |1 < 7*||v*|l2- This in turn implies

Fnt e =1 < vt <5

Take ¢* = j*n* and note that j*¢ — 1 > —3, since j* is at most [/m].
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Using this in (3.77) and recalling from (3.21) that A\, = (/(2k), we obtain the following

bound
. lv*[|1 ( |v* |1 ) ( o™ |1 )2 5 (HU*H1)2
ST L LRIy Y Gl FSR WY 3 (I |
="k k k 2 \ V&

Note that this is quadratic in ||v*||;/Vk, i.e.

a:52—§, b=80+20A, and c=24A+ A%
By choosing ¢ sufficiently small, say 6 < /4, we can make a negative. This makes the
quadratic form azx? + bx + ¢ achieve a maximum of ¢+ b*/4(—a), at the point z* = b/2(—a).
Note that we have b/2(—a) — 0 and ¢ — 0 as ¢,6 — 0 and m,k — oco. Consequently, we
can make this maximum (and hence ¢g*) arbitrarily small eventually, say less than «/2, by
choosing ¢ and e sufficiently small.
Combining this bound on ¢* with our bound (3.77) on f*, and recalling that 7, — « and

v9 — 0 by Lemma 8, we conclude that

where

fo< ,ﬂ(a+o(1))+(1—u2){%+o(1)} < a+o(l),

as claimed.

Appendix 3.D Proof of Lemma 11

In this section, we prove Lemma 11, a general result on || - ||oc2-norm of Wishart matrices.
Some of the intermediate results are of independent interest and are stated as separate
lemmas. Two sets of large deviation inequalities will be used, one for chi-squared RVs x2
and one for “sums of Gaussian product” random variates. To define the latter precisely, let

71 and Z5 be independent Gaussian RVs, and consider the sum Z?:l X; where X; 1ngZQ,
for 1 < ¢ < n. The following tail bounds are known [58, 19]:

P(‘n’l Sox| > t) < Cexp(—3nt?/2), ast — 0 (3.80)
=1
P(ln~'x2 — 1| >t) < 2exp(—3nt?/16), 0<t<1/2, (3.81)

where C' is some positive constant.
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Let W be a p x p centered Wishart matrix as defined in (3.32). Consider the following
linear combination of off-diagonal entries of the first row

n n p

doaWy=n"tY " g0 ) gy

j=2 i=1 j=2

Let & := [la||5* L5 9ija;, where a = (ay,...,a,) € Rpfl. Note that {£'}7, is a collection
of independent standard Gaussian RVs. Moreover, {£'}!; is independent of {g;1}? . Now,

we have
p

n
> ;Wi =n"all2 Y gaé',
=1

Jj=2

which is a (scaled) sum of Gaussian products (as defined above). Using (3.80), we obtain

p
]P)(‘ Z CLJWU
j=2

Combining the bounds in (3.82) and (3.81), we can bound a full linear combination of
first-row entries. More specifically, let © = (x1,...,x,) € RP, with z; # 0 and Z?:z xj; # 0,
and consider the linear combination Z§:1 x;Wh;. Noting that Wi; =n™'> . (gi1)* — 1 is a
centered x2, we obtain

> t) < Clexp (— 3nt2/2||al|2) (3.82)

p p
P[ Zl’lej > t} SP(|1‘1W11|+ Zl‘lej >t>
j=1 Jj=2
p
S ]P)U-I'lwlly > t/2] +]P)[ ijWU > t/2:|
j=2
3nt? 3nt?
§2exp<— )+Cexp<——>
16 - 42 2.4 o7}
3Int?
< (2, Chemp (- 220 ).
< 2max{2,C}exp 16-457, 27

Note that the last inequality holds, in general, for z # 0. Since there is nothing special
about the “first” row, we can conclude the following.

Lemma 21. Fort > 0 small enough, there are (numerical constants) ¢ >0 and C' > 0 such
that for all x € RP\{0},
P

p
Z ijij

j=1

> t) < Cexp (—ent/||z]3). (3.83)

for1 <i<np.
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Now, let I,J C {1,...,p} be index sets®, both allowed to depend on p (though we have
omitted the dependence for brevity). Choose z such that z; = 0 for j ¢ J and ||z ;]2 = 1.
Note that [|[W; z ]l = r?ealx| Yo Wijzj| = nznealx|2§:1 Wi x|, suggesting the following

lemma

jeJ
Lemma 22. Consider some index set I such that |I| — oo and n™'log|I| — 0 as n,p — oo

and some x; € SVI=1. Then, there exists an absolute constant B > 0 such that

log |1
Wrixillee < B _og] | 3.84
’ n

as n,p — oo, with probability 1.

Proof. Applying the union bound in conjunction with the bound (3.83) yields

P(max‘ E Wijl’j
el
jeJ

> t) < I C exp(—cnt?). (3.85)

Letting ¢ = By/n~1log|I|, the right-hand side simplifies to C exp (—(cB?* — 1)log |I|). Tak-

ing B > v/2¢~! and applying Borel-Cantelli lemma completes the proof. O
Note that as a corollary, setting x; = (1,0,...,0) yields bounds on the co-norm of

columns (or, equivalently, rows) of Wishart matrices.

Lemma 22 may be used to obtain the desired bound on ||W; s|l~2. For simplicity, let
y € RV represent a generic |J|-vector. Recall that [[W; s|lc2 = max,cgsi-1 [|[Wrsylleo. We
use a standard discretization argument, covering the unit ¢2-ball of R/ using an e-net, say
N. Tt can be shown [68] that there exists such a net with cardinality |A| < (3/¢)”] . For
every y € SII71 let u, € N be the point such that ||y — u,|l» < e. Then

IWrsylloo < Wrillse2lly = uylla + [Wrsuylloo < AWrslloo2€ + Wiyl
Taking the maximum over y € S”I=! and rearranging yields the inequality

IWisllso < (1= &) max [ 17, . (3.86)

Using this bound (3.86), we can now provide the proof of Lemma 11 as follows. Let
N = {ui,...,un} be a 1-net of the ball SVI=!, with cardinality |A/| < 6/’I. Then from our
bound (3.86), we have

]P)(l”W[’J’”OOQ > t) < ]P’(2 Igleaj\}[( ||W],JUHOO > t)

< |N| . P(HWI,JUIHOO > t/2)
< 6. O exp(—cnt?/4).

5We always assume that these index sets form an increasing sequence of sets. More precisely, with I =
I, we assume Iy C Iy C ---. We also assume |I,| — 00 as p — 0.
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In the last line, we used (3.85). Taking ¢t = D"|J|+ ;Llogm with D” large enough and using
Borel-Cantelli lemma completes the proof.

Appendix 3.E Proof of Lemma 16

The mixture covariance can be expressed as

Sy o= Elzz’] = E[E [22"|U]]
1
= — E [z2"|U=S
S el =s)
1 * * T
- Szzégﬁ(lp+ﬁz (S)z (S))
s T B
= I,+—= 25(9)z*(S)" = I, + —=Y,
+|S|s% (8)2*(S) B

where
Yy =) [VEZ (VR (S)]; = Y I{i € S}I{j € S} = ) I{{i,j} € S}.
seS SeS SeS
Let R:={l,...,k— 1} and R® := {k,...,p}. Note that we always have R C S for S € S.
In general, we have

S|, if bothi,j € R,
Yij =41, ifexactlyoneofiorj €R,
0, ifbothi,j ¢ R.

Consequently, Y takes the form

S| IS||1 1 1

S| ... IS||1 1 1 SIT.IT 1,17,
Y: 1 1 1 0 or Y: ||RR R-R

1 110 1 0 lpelp  IRrexpe

1 ... 110 0 ... 1

where TR, for example, denotes the vector of all ones over the index set R. We conjecture

an eigenvector of the form
v=| 1R
bl g
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and let us denote the associated eigenvalue as A. Thus, we assume Yv = Av, or, in more
detail,

SIIRI Ty +b|R Ty = Mg,
where we have used, for example, 151, = |R|. Note that |R°| = |S| = p — k + 1. Rewriting
in terms of [S|, we get
SI(RI+b) = A,
IR|+b=Ab

from which we conclude, assuming A # 0, that b = é. This, in turn, implies A = |§| |R|+ 1.
Thus far, we have determined an eigenpair. We can now subtract A (v/[|v||2)(v/]|v]]2)" =
(A/||v||3) voT" and search for the rest of the eigenvalues in the remainder. Note that

A A _\§]|R\+1_|§|
lol3  [R[+8?|R| |R|+|S|! '

Thus, we have

A (B

> =
v —, — — —
vl 5T, TpTh

implying
0 0

——)\QUUT—

[ollz

17 1T
0 I_@]'RClRC

% = 0 and the rest

of |[R°] — 1 of its eigenvalues equal to 1. Thus, the remainder has |R| 4 1 of its eigenvalues
equal to zero and |R°| — 1 of them equal to one.
Overall, we conclude that eigenvalues of Y are as follows:

The nonzero block of the remainder has one eigenvalue equal to 1 —

IS||R| +1, 1 time, (p—k+1)(k—1)+1, 1 time,
1, |R°| — 1 times, or 1, p — k times,
0, |R| times, 0, k — 1 times.
The eigenvalues of Y are mapped to those of ¥, by the affine map x — 1 + % x, so that

Yy has eigenvalues
kE—1
-1, B, 8
k kE(p—k+1) k(p—k+1)
with multiplicities 1, p — k and k — 1, respectively. The log determinant stated in the lemma
then follows by straightforward calculation.

1+

(3.87)
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Appendix 3.F Proof of Theorem 7(a)

Since in part (a) of the theorem we are using the weaker scaling n > 0,.k%log(p — k:)
have more freedom in choosing the sign matrix U. We choose the upper-left block Ugg as
in part (b) so that Lemma 8 applies. Also let 2 := (Zg,0g) as in (3.24), where Zg is the
(unique) maximal eigenvector of the k x k block ®gg; it has the correct sign by Lemma 8.
We set the off-diagonal and lower-right blocks of the sign matrix to

~ 1 ~ 1
USCS == )\—ASCS, UScSc == A_ASCSC (388)

so that ®geg = 0 and ®gege = 0. With these blocks of ® being zero, Z is the maximal eigen-
vector of ®, hence an optimal solution of (3.9), if and only if Zg is the maximal eigenvector
of ®gg; the latter is true by definition. Note that this argument is based on the remark
following Lemma 7. It only remains to show that the choices of (3.88) lead to valid sign
matrices.

Recalling that vector co-norm of a matrix A is ||A|l« = max;;|A; ;| (see § 2.1.3), we
need to show ||Uses|loc < 1 and ||Ugese||o < 1. Using the notation of section 3.4.4 and the
mixed-norm inequality (2.14), we have
VB : VB,

oo = Il lloo < =5 lloooo |25 oo
n

n

_ \A/_fuﬁgc

\/_ 1/2
—|||r 2 llo.collse

|Uses

ool 25l

OOHZSHOO

_ 2k log(p — k) 1 _ o)L
_\/B(’)(l)(’)< , )\/E O 7 =0

where the last line follows under the scaling assumed and assumption (3.2a) on \HFl/ 2 Dlooco-
For the lower-right block, we use the mixed-norm inequality (2.14) twice together with
symmetry to obtain

- 1 I 1/2 1 2
|Useselloo = )\_HWSCSCHOO = HF d WSCSch o/l oo
n

1/2
|||r/ 12 oo | Wsese [loo

_2k log(p — k)
ol )

which can be made less than one by choosing 6, large enough. The bound on ||[Wsese||so
used in the last line can be obtained using arguments similar to those of Lemma 11. The
proof is complete.
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Appendix 3.G Proofs of §3.6

We start with an inequality relating ¢;, {- norms and ¢, F-norm for ¢ € (0,1); recall that
for g € (0,1), we let [[2][; := >_; [2;]7. We have the following

Izl < llzllc llzllg, g € (0,1) (3.89)

for z € RP. For the proof, first assume ||z|l« < 1, that is, |2;| < 1 for j € [p]. For any
q € (0,1), the function z +~ 2! is increasing on [0,1]. That is, for z € [0,1], we have
2'7% < 1 or equivalently x < 2% In particular, Y27, |z;| < 3°%_, [2;|¢ which is the desired
inequality. The general form is obtained by applying the inequality to z/||z]| -

The following lemma collects some observations regarding ¢; norm of z* and its subvectors
and some relations between k, 7 and k.

Lemma 23. Assume |2, <k and |[2*[|a = 1. Let S := {i : |2}| > 7} and k := card(S).
Then,

R P (3.90)

Proof. We have ||z*]|o < ||z*]l2 = 1 and ||z¥c||coc < 7. The first two assertions in (3.90) now
follow from (3.89). For the third assertion, we note that since x — x is increasing for ¢ > 0,
we have

B
k=) 1< VT <7, :

Z _Z(T)_r K (3.91)

jES jES
[l
We can now give a bound on || Z%||;. For simplicity, let a = ||z%|; and b = ||z&|[1. Then,
1Zzlli = D ez =0+ 2ab < 2b(a +b) < 27! 7% (3.92)

(i) ¢S xS

by (3.90) and a + b = ||z*||;.

3.G.1 Proof of Lemma 19
We have [|h(2*)" [l = max;; [hl|25] < [|Allsollz*]lcc < [[Alloo- Both [[h]le and [|n7'GTG —

I, || are bounded by a constant multiple of 10% with stated probability.
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3.G.2 Proof of Lemma 20
By triangle inequality, || Z% + Esl|l1 > || Z5|l1 — || Es|li- We have
Ty > [ Aslcll Esll = Al Bl

> =2\, || Es|l1
> =2\ k|| Esl|2

where the first line follows from Holder inequality (2.4) in addition to triangle, the second line
from assumption ||A|lw < A, and the last line from (2.5) . Similarly, by triangle inequality,

| Z% + Esell1 > [|Esel|li — || Z%||:. Then,
Ty > —[|Asellooll Bsell + Aall Bscll — 27l Z& |l
> _2)\71‘ ng 1

> —2)\, (2717 9?)

where the last line follows from (3.92).
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Chapter 4

Approximation properties of certain
operator-induced norms on Hilbert
spaces

4.1 Introduction

This chapter serves as an interlude to Chapter 5 where we study effects of sampling in
functional PCA. The focus here is on a class of approximation-theoretic issues that arise
frequently in the analysis of functional estimators in statistics and statistical learning theory.
In particular, we will see how the results established here will assist us in determining the
functional rate of convergence for the estimators of Chapter 5 .

To set the stage, let P be a probability measure supported on a compact set X C R% and
consider the function class

L*P):={f: X =R | |fllzm® <}, (4.1)

where || f|| 2 == \/fx f2(x) dP(z) is the usual L? norm® defined with respect to the measure

P. It is often of interest to construct approximations to this L? norm that are “finite-
dimensional” in nature, and to study the quality of approximation over the unit ball of some
Hilbert space H that is continuously embedded within L?. For example, in approximation
theory and mathematical statistics, a collection of n design points in X’ is often used to define
a surrogate for the L? norm. In other settings, one is given some orthonormal basis of L?(PP),
and defines an approximation based on the sum of squares of the first n (generalized) Fourier
coefficients. For problems of this type, it is of interest to gain a precise understanding of the
approximation accuracy in terms of its dimension n and other problem parameters.

'We also use L?(X) or simply L? to refer to the space (4.1), with corresponding conventions for its norm.
Also, one can take X’ to be a compact subset of any separable metric space and P a (regular) Borel measure.
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The goal in this chapter is to study such questions in reasonable generality for the case
of Hilbert spaces H. We let ®,, : H — R" denote a continuous linear operator on the Hilbert
space, which acts by mapping any f € H to the n-vector ([®,f]1 [®nflz -+ [®nfln)-
This operator defines the ®,,-semi-norm

1flle, == (4.2)

In the sequel, with a minor abuse of terminology,” we refer to || f||e, as the ®,-norm of
f. Our goal is to study how well | f|l¢, approximates ||f||z2 over the unit ball of H as
a function of n, and other problem parameters. We provide a number of examples of the
sampling operator ®,, in §4.2.2. Since the dependence on the parameter n should be clear,
we frequently omit the subscript to simplify notation.

In order to measure the quality of approximation over H, we consider the quantity

Ro(e) = sup {||fl72 | f € By, Iflls <€}, (4.3)

where By :={f € H | ||f|l% < 1} is the unit ball of H. The goal in this chapter is to obtain
sharp upper bounds on Rg. As discussed in Appendix 4.C, a relatively straightforward
argument can be used to translate such upper bounds into lower bounds on the related
quantity

Ty(e) :==inf {|IfI5 | f € Bu. [fl72 ="} (4.4)

We also note that, for a complete picture of the relationship between the semi-norm || - ||¢
and the L? norm, one can also consider the related pair

To(e) :=sup {|fllz | f € Bu, Ifll} <€*}, and (4.52)
Ry(e) = inf {|[f7> | € Bu, Ifls =<} (4.5b

Our methods are also applicable to these quantities, but we limit our treatment to (Re, 1)
so as to keep the contribution focused.

Certain special cases of linear operators ®, and associated functionals have been studied
in past work. In the special case € = 0, we have

Re(0) = sup {||fIlz> | f € By, ©(f) =0},

a quantity that corresponds to the squared diameter of By N Ker(®), measured in the L2-
norm. Quantities of this type are standard in approximation theory (e.g., [35, 78, 79]), for
instance in the context of Kolmogorov and Gelfand widths. Our primary interest in this

2This can be justified by identifying f and g if ®f = ®g, i.e. considering the quotient H/Ker .
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chapter is the more general setting with £ > 0, for which additional factors are involved in
controlling Re(g). In statistics, there is a literature on the case in which ® is a sampling
operator, which maps each function f to a vector of n samples, and the norm ||-||¢ corresponds
to the empirical L2-norm defined by these samples. When these samples are chosen randomly,
then techniques from empirical process theory [93] can be used to relate the two terms. As
discussed in the sequel, our results have consequences for this setting of random sampling.

As an example of a problem in which an upper bound on Rg is useful, let us consider a
general linear inverse problem, in which the goal is to recover an estimate of the function f*
based on the noisy observations

yl:[¢f*]z+wla 'L.Zla"'ana

where {w;} are zero-mean noise variables, and f* € By, is unknown. An estimate fcan be
obtained by solving a least-squares problem over the unit ball of the Hilbert space—that is,
to solve the convex program

fi=arg frggi Zl(yi — [®f]:)*.

For such estimators, there are fairly standard techniques for deriving upper bounds on the
®-semi-norm of the deviation f — f*. Our results in this chapter on Rg can then be used
to translate this to a corresponding upper bound on the L?-norm of the deviation f — f*,
which is often a more natural measure of performance.

As an example where the dual quantity 7' might be helpful, consider the packing problem
for a subset D C By of the Hilbert ball. Let M(e;D, || - ||z2) be the e-packing number of D
in || - ||2, i.e., the maximal number of function fi, ..., far € D such that || f; — f;||z2 > € for
alli,j =1,..., M. Similarly, let M (e; D, ||-||¢) be the e-packing number of D in || - || norm.
Now, suppose that for some fixed ¢, T4(¢) > 0. Then, if we have a collection of functions
{f1,..., fu} which is an e-packing of D in || - ||z2 norm, then the same collection will be
a /Tg(e)-packing of D in || - . This implies the following useful relationship between
packing numbers

M(e;D, | - |[r2) < M(VI(€); D, || - [|e)-

The remainder of this chapter is organized as follows. We begin in §4.2 with background
on the Hilbert space set-up, and provide various examples of the linear operators ® to which
our results apply. §4.3 contains the statement of our main result, and illustration of some
its consequences for different Hilbert spaces and linear operators. Finally, §4.4 is devoted to
the proofs of our results.

4.1.1 Notation

For the convenience of the reader, we review some notations used in this chapter. More
details can be found in Chapter 2. For any positive integer p, we use S% to denote the
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cone of p x p positive semidefinite matrices. For A, B € S%, we write A = B or B <
A to mean A — B € S%. For any square matrix A, let Apin(A) and Apax(A) denote its
minimal and maximal eigenvalues, respectively. We will use both v/A and A2 to denote
the symmetric square root of A € S%. We will use {zy} = {z4}72, to denote a (countable)
sequence of objects (e.g. real-numbers and functions). Occasionally we might denote an n-
vector as {x1,...,z,}. The context will determine whether the elements between braces are
ordered. The symbols ¢, = ¢5(N) are used to denote the Hilbert sequence space consisting
of real-valued sequences equipped with the inner product ({zx},{yx})e, := > re, iyi. The
corresponding norm is denoted as || - ||,

4.2 Background and setup

We begin with some background on the class of Hilbert spaces of interest in this paper and
then proceed to provide some examples of the sampling operators of interest. For a general
review of the functional-analytic concepts used here, one can refer to §2.5.

4.2.1 Hilbert spaces

We consider a class of Hilbert function spaces contained within L?(X), and defined as follows.
Let {1x}?2, be an orthonormal sequence (not necessarily a basis) in L?(X) and let oy >
o9 > o3 > --- > 0 be a sequence of positive weights decreasing to zero. Given these two
ingredients, we can consider the class of functions

Y = {f € L*(P) ‘ f= ; Voragy, for some {ag}i2, € ﬁz(N)}, (4.6)

where the series in (4.6) is assumed to converge in L?. (The series converges since Y - (v/oray)? <
or|[{ar}]e, < 00.) We refer to the sequence {ay}32, € {5 as the representative of f. Note
that this representation is unique due to o} being strictly positive for all £ € N.

If f and g are two members of H, say with associated representatives ov = {a}72, and
B = {Bk}2,, then we can define the inner product

(f.9)m =) B = (B, (4.7)

k=1

With this choice of inner product, it can be verified that the space H is a Hilbert space. (In
fact, H inherits all the required properties directly from ¢5.) For future reference, we note
that for two functions f,g € H with associated representatives o, 3 € {5, their L*-based
inner product is given by® (f, g)r2 = > oo, oS-

3In particular, for f € H, ||fllz: < /o1|lf|l#% which shows that the inclusion # C L? is continuous.
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We note that each vy is in H, as it is represented by a sequence with a single nonzero

element, namely, the k-th element which is equal to ak_l/ >, It follows from (4.7) that

(VOrUk, \/Tjtbj)n = Or;. That is, {\/oxx} is an orthonormal sequence in H. Now,
let f € H be represented by a € f;. We claim that the series in (4.6) also converges
in H norm. In particular, Z,ivzl Voot is in H, as it is represented by the sequence
{ar,...,an,0,0,...} € ly. Tt follows from (4.7) that || f — Sn_, /oxartlln = > N1 O
which converges to 0 as N — oo. Thus, {,/o%%} is in fact an orthonormal basis for H.

We now turn to a special case of particular importance to us, namely the reproducing
kernel Hilbert space (RKHS) of a continuous kernel. Consider a symmetric bivariate function
K: X x X — R, where X C R? is compact*. Furthermore, assume K to be positive
semidefinite and continuous. Consider the integral operator Ix mapping a function f € L?
to the function Ix f := [K(-,y)f(y)dP(y). As a consequence of Mercer’s theorem [83, 42],
I is a compact operator from L? to C'(X), the space of continuous functions on X equipped
with the uniform norm®. Let {0} be the sequence of nonzero eigenvalues of Ix, which
are positive, can be ordered in nonincreasing order and converge to zero. Let {1} be the
corresponding eigenfunctions which are continuous and can be taken to be orthonormal in
L?. With these ingredients, the space H defined in equation (4.6) is the RKHS of the kernel
function K. This can be verified as follows.

As another consequence of the Mercer’s theorem, K has the decomposition

K(z,y) = Zakwk(l’)%(y) (4.8)

where the convergence is absolute and uniform (in z and y). In particular, for any fixed
y € X, the sequence {/gx¥x(y)} is in €. (In fact, Yoo, (Vortn())? = K(y,y) < 00.)
Hence, K(-,y) is in H, as defined in (4.6), with representative {,/o% 91 (y)}. Furthermore, it
can be verified that the convergence in (4.6) can be taken to be also pointwise. To be more
specific, for any f € H with representative {ay}32, € fa, we have f(y) = > po | v/Orutr(y),
for all y € X. Consequently, by definition of the inner product (4.7), we have

(KG9 =Y anvortuly) = f(y),

so that K(-,y) acts as the representer of evaluation. This argument shows that for any fixed
y € X, the linear functional on H given by f +— f(y) is bounded, since we have

F@) = [LKCy ] < I IdKC )

4Also assume that P assign positive mass to every open Borel subset of X.

5In fact, Ix is well defined over L' D L? and the conclusions about Ix hold as a operator from L' to
C(X).

6The convergence is actually even stronger, namely it is absolute and uniform, as can be seen by noting
that 3237, 1l y/@rtn ()| < (1,1 a2) (0, oni (9)V? < (0L, 40 o) P maxyex k(y, y).
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hence H is indeed the RKHS of the kernel K. This fact plays an important role in the sequel,
since some of the linear operators that we consider involve pointwise evaluation.
A comment regarding the scope: our general results hold for the basic setting introduced

in equation (4.6). For those examples that involve pointwise evaluation, we assume the more
refined case of the RKHS described above.

4.2.2 Linear operators, semi-norms and examples

Let ® : H — R™ be a continuous linear operator, with co-ordinates [®f]; for i = 1,2,... n.
It defines the (semi)-inner product

(f,9)e = (2 f, Pg)rn, (4.9)
which induces the semi-norm || - ||¢. By the Riesz representation theorem, for each i =
1,...,n, there is a function ¢; € H such that [®f]; = (¢, f)x for any f € H.

Let us illustrate the preceding definitions with some examples.

Example 1 (Generalized Fourier truncation). Recall the orthonormal basis {1;}:°, under-
lying the Hilbert space. Consider the linear operator Ty : H — R™ with coordinates

[Tyn fli := (i, [z, fori=1,2,...,n. (4.10)

We refer to this operator as the (generalized) Fourier truncation operator, since it acts by
truncating the (generalized) Fourier representation of f to its first n co-ordinates. More
precisely, by construction, if f =372 \/orxy, then

[Df]; = Vo, fori=1,2,...,n. (4.11)

By definition of the Hilbert inner product, we have «; = (3, f)#, so that we can write

[(I)f]l = <S0747f>7{7 where PYi = \/F’sz <>

Example 2 (Domain sampling). A collection =7 := {x,...,x,} of points in the domain X
can be used to define the (scaled) sampling operator S,» : H — R" via

Sen f 1= n~4/? (f(z1) ... f(zn), for feH. (4.12)

As previously discussed, when H is a reproducing kernel Hilbert space (with kernel K), the
(scaled) evaluation functional f + n~'/2f(x;) is bounded, and its Riesz representation is
given by the function ¢; = n~'2K(-, z;). &

Example 3 (Weighted domain sampling). Consider the setting of the previous example. A
slight variation on the sampling operator (4.12) is obtained by adding some weights to the
samples

Won wn f 1= n V2 (wif(z) ... waf(x,)), for feH. (4.13)



CHAPTER 4. APPROXIMATION PROPERTIES OF OPERATOR NORMS 89

where w} = (wy, ..., w,) is chosen such that > ;_ w? = 1. Clearly, ¢; = n="2w; K(-, z;).

[As an example of how this might arise, consider approximating f(¢) by > r_; f(xx)Gn(t, zx)
where {G,(-,z)} is a collection of functions in L?(X) such that (G, (-, ), Gn(, x;)) 2 =
n~tw? 0;. Proper choices of {G,(-,2;)} might produce better approximations to the L?
norm in the cases where one insists on choosing elements of z} to be uniformly spaced, while
P in (4.1) is not a uniform distribution. Another slightly different but closely related case is
when one approximates f2(t) over X = [0, 1], by say n=" 3.7 "1 f2(xx)W (n(t — x3,)) for some
function W : [-1,1] — R, and x; = k/n. Again, non-uniform weights are obtained when P
is nonuniform.|

O

4.3 Main result and some consequences

We now turn to the statement of our main result, and the development of some its conse-
quences for various models.

4.3.1 General upper bounds on Rg(¢)

We now turn to upper bounds on Rg(¢) which was defined previously in (4.3). Our bounds
are stated in terms of a real-valued function defined as follows: for matrices D, M € St

L(t,M,D) := max{/\maX(D —~tVDMV'D), 0}, for t > 0. (4.14)

Here v/ D denotes the matrix square root, valid for positive semidefinite matrices.

The upper bounds on Rg(e) involve principal submatrices of certain infinite-dimensional
matrices—or equivalently linear operators on ¢(N)—that we define here. Let ¥ be the
infinite-dimensional matrix with entries

[\Il]jk‘ = <¢j7¢k>¢'a for ]7]{:: 1727"'a (415)

and let ¥ = diag{oy,09,...,} be a diagonal operator. For any p =1,2,..., we use ¥, and
U5 to denote the principal submatrices of U on rows and columns indexed by {1,2,...,p}

and {p+ 1,p+ 2,...}, respectively. A similar notation will be used to denote submatrices
of X.

Theorem 10. For all € > 0, we have:

2
Ro(e) < inf inf {ﬁ(t,qu,zp)+t<e+\/Amax(z;”qfﬁz;”)) fopa}. (416)

peN t>0
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Moreover, for any p € N such that Apin(¥,) > 0, we have

Rg(e) < (1 N Ugf) Amin(¥p)

(5 + \/ Amax(z:;”\pﬁz;/?)f + Opi1. (4.17)
Remark (a): These bounds cannot be improved in general. This is most easily seen in
the special case ¢ = 0. Setting p = n, bound (4.17) implies that R¢(0) < 0,41 whenever ¥,
is strictly positive definite and W5 = 0. This bound is sharp in a “minimax sense”, meaning
that equality holds if we take the infimum over all bounded linear operators ® : H — R".
In particular, it is straightforward to show that

. . 2
[oH %‘[n—f}R” RQ(O) - P: ’}-[n—f;Rn SeugH {||f||L2 | ®f = 0} = On+t1y (418)
® surjective ® surjective

and moreover, this infimum is in fact achieved by some linear operator. Such results are
known from the general theory of n-widths for Hilbert spaces (e.g., see Chapter IV in
Pinkus [78] and Chapter 3 of [41].)

In the more general setting of ¢ > 0, there are operators for which the bound (4.17)
is met with equality. As a simple illustration, recall the (generalized) Fourier truncation
operator Ty» from Example 1. First, it can be verified that <77Z)]€,77Z}j>j]‘w{1 = 0, for j,k <n

and (Y, w]'>Tw{L = 0 otherwise. Taking p = n, we have ¥,, = I,,, that is, the n-by-n identity
matrix, and ¥z = 0. Taking p = n in (4.17), it follows that for €2 < o,

Rr,,. (¢) < (1 - %)52 + o, (4.19)
1 0'1

As shown in Appendix 4.E, the bound (4.19) in fact holds with equality. In other words, the
bounds of Theorems 10 are tight in this case. Also, note that (4.19) implies Rr,, (0) < 0,41
1

showing that the (generalized) Fourier truncation operator achieves the minimax bound
of (4.18). Fig 4.1 provides a geometric interpretation of these results.

Remark (b): In general, it might be difficult to obtain a bound on )\max(E%/ 211152113/ %) as it
involves the infinite dimensional matrix W;. One may obtain a simple (although not usually
sharp) bound on this quantity by noting that for a positive semidefinite matrix, the maximal
eigenvalue is bounded by the trace, that is,

Aumax (55 20555%) < tr (5/20,52%) = > 03[ (4.20)
k>p

Another relatively easy-to-handle upper bound is

1/2 1/2 1/2 1/2
Amax (B3 2 0,50%) < |22 0,5 % oo = igpz,/—ak\/—ar\[xy]kr\. (4.21)
p

r>p
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[1flle

On+41 01

Figure 4.1: Geometry of Fourier truncation. The plot shows the set {(||f|l.2,|lfll®) : IIfllx < 1} C R? for the case of
(generalized) Fourier truncation operator Ty .

These bounds can be used, in combination with appropriate block partitioning of E;j/ 2\1152;5/ 2,

to provide sharp bounds on the maximal eigenvalue. Block partitioning is useful due to the
following: for a positive semidefinite matrix M = ( ’04% f{; ), we have Apax (M) < Apax (A1) +
Amax(Az2). We leave the the details on the application of these ideas to examples in §4.3.2.

4.3.2 Some illustrative examples

Theorem 10 has a number of concrete consequences for different Hilbert spaces and linear
operators, and we illustrate a few of them in the following subsections.

Random domain sampling

We begin by stating a corollary of Theorem 10 in application to random time sampling in
a reproducing kernel Hilbert space (RKHS). Recall from equation (4.12) the time sampling
operator S;», and assume that the sample points {z1,...,,} are drawn in an i.i.d. manner
according to some distribution P on X'. Let us further assume that the eigenfunctions ¢,
k > 1 are uniformly bounded” on X', meaning that

sup sup [¢x ()] < Cy. (4.22)

k>1 zeX
Finally, we assume that ||o||; := >, ox < 0o, and that

opr < Cy 00y, for some positive constant C, and for all large p, (4.23)

Zk>pm o, < 0,, for some positive integer m and for all large p. 4.24)

7One can replace sup,cy With essential supremum with respect to IP.
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Let m, be the smallest m for which (4.24) holds. These conditions on {0y} are satisfied,
for example, for both a polynomial decay o, = O(k™) with a > 1 and an exponential
decay o, = O(p*) with p € (0,1). In particular, for the polynomial decay, using the tail
bound (4.63) in Appendix 4.B, we can take m, = [-%7] to satisfy (4.24). For the exponential
decay, we can take m, =1 for p € (0,1) and m, = 2 for p € (3,1) to satisfy (4.24).

Define the function

Gu(e) = % > min{oy, <2}, (4.25)

as well as the critical radius
r, = inf{e >0 : G,(e) < &%} (4.26)

Corollary 4. Suppose thatr, > 0 and 64 C} my 17 log(2nr.) < 1. Then for any e* € [r}.,01),
we have

]P’[RSZTIL (e) > (5’¢ +C,) 52} < 2exp ( — @), (4.27)

where éw :=2(1+ Cy)? and Co=3(1+ Oil)CaHUHl + 1.

We provide the proof of this corollary in Appendix 4.A. As a concrete example consider
a polynomial decay o, = O(k~®) for a > 1, which satisfies assumptions on {oy}. Using the
tail bound (4.63) in Appendix 4.B, one can verify that r2 = O(n~*/(**1)). Note that, in this
case,

2 log(2nr?) = O(n~a+ log na%l) = O(n"a logn) — 0, n — oo.

Hence conditions of Corollary 4 are met for sufficiently large n. It follows that for some
constants C7, Cy and (5, we have

Rs,, (Cyn~ T ) < Cyn~ait
with probability 1 — 2 eXp(—ana%l) for sufficiently large n.

Sobolev kernel

Consider the kernel K(z,y) = min(z, y) defined on X? where X = [0, 1]. The corresponding
RKHS is of Sobolev type and can be expressed as

{f € L*(X) | [ is absolutely continuous, f(0) =0 and f’' € L*(X)}.
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Also consider a uniform domain sampling operator S,r, that is, that of (4.12) with x; =
i/n,i <n and let P be uniform (i.e., the Lebesgue measure restricted to [0, 1]).

This setting has the benefit that many interesting quantities can be computed explicitly,
while also having some practical appeal. The following can be shown about the eigen-
decomposition of the integral operator Ik introduced in §4.2,

2k — 1)m1—2 _
o) = [%} , @/}k(:ﬁ):\@sin(akl/%), k=1,2,....
In particular, the eigenvalues decay as o5, = O(k™2).

To compute the ¥, we write

[\I’]kr = <wk7”¢r>¢ = %Z { COSM — COS w}

4.2
- - (4.28)
=1
We note that U is periodic in k& and r with period 2n. It is easily verified that n=' ", cos(glr/n)
is equal to —1 for odd values of ¢ and zero for even values, other than ¢ = 0, +2n, +4n,....
It follows that

141 if k—r=0,
(Ulpr =48 —-1—2  ifk+r=2n+1, (4.29)
L(=1)* " otherwise
for 1 < k,7 < 2n. Letting I, € R™ be the vector with entries, (I;); = (—1)7™,j < n, we
observe that ¥,, = I,, + %]ISH?. It follows that Apin(W,) = 1. It remains to bound the terms
in (4.17) involving the infinite sub-block W.

The ¥ matrix of this example, given by (4.29), shares certain properties with the W
obtained in other situations involving periodic eigenfunctions {1, }. We abstract away these
properties by introducing a class of periodic ¥ matrices. We call W5 a sparse periodic matrix,
if each row (or column) is periodic and in each period only a vanishing fraction of elements
are large. More precisely, U5 is sparse periodic if there exist positive integers v and 7, and
positive constants ¢; and ¢y, all independent of n, such that each row of U5 is periodic with
period yn. and for any row k, there exits a subset of elements Sy, = {¢1,...,¢,} C {1,...,yn}
such that

W knr| < 1, r € Sk, (4.30a)
(Wknir| <con™,  re{l,....yn}\ Sk, (4.30b)

The elements of S, could depend on k, but the cardinality of this set should be the constant
7, independent of £ and n. Also, note that we are indexing rows and columns of W5 by
{n+1,n+2,...}; in particular, £ > n+ 1. For this class, we have the following whose proof
can be found in Appendix 4.B.
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Figure 4.2: Sparse periodic ¥ matrices. Display (a) is a plot of the N-by-N leading principal submatrix of ¥ for the Sobolev
kernel (s,t) — min{s,t}. Here n = 9 and N = 6n; the period is 2n = 18. Display (b) is a the same plot for a Fourier-type
kernel. The plots exhibit sparse periodic patterns as defined in §4.3.2.

Y
N

Lemma 24. Assume V5 to be sparse periodic as defined above and o, = O(k™?), «
Then,

j2g, <1/ Ca
(a) fora > 2, )\mX(E;Z U2 =0(n), n — oo,
(b) for a =2, )\maX(Z%/Q\I/ﬁE%/Q) = O(n"%logn), n — co.

In particular (4.29) implies that Uj; is sparse periodic with parameters v = 2, n = 2,
¢; = 2 and ¢y = 1. Hence, part (b) of Lemma 24 applies. Now, we can use (4.17) with p =n
to obtain

Rs,, () < 2¢” + O(n"*logn) (4.31)

where we have also used (a + b)? < 2a2 + 2b%.

Fourier-type kernels

In this example, we consider an RKHS of functions on X = [0,1] C R, generated by a
Fourier-type kernel defined as K(z,y) := k(z — y), z,y € [0, 1], where

K(x) =Co+ 20 cos(2rka), x € [-1,1]. (4.32)
k=1

We assume that (x) is a R -valued nonincreasing sequence in ¢y, i.e. Y, (x < oo. Thus, the
trigonometric series in (4.32) is absolutely (and uniformly) convergent. As for the operator
®, we consider the uniform time sampling operator S;», as in the previous example. That
is, the operator defined in (4.12) with z; = i/n,i < n. We take P to be uniform.
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This setting again has the benefit of being simple enough to allow for explicit computa-
tions while also practically important. One can argue that the eigen-decomposition of the
kernel integral operator is given by

=0, Ya =0, tmna=vy, k>1 (4.33)
o1 = (o, ook = Cr, Ook+1 = Ci;s E>1 (4.34)

where ¢\ (2) := 1, \?(z) := V2 cos(2rkz) and ¢\ (t) := /2 sin(27wkz) for k > 1.

For any integer k, let ((k)),, denote k modulo n. Also, let k — ¢ be the function defined
over integers which is 1 at & = 0 and zero elsewhere. Let . := y/—1. Using the identity
n~t Yy, exp(e2mkl/n) = Oy, , one obtains the following,

() (o) 1 \%k+9;
W77V = [Oh—g)n + Okt <E> : (4.35a)
W) e = Sk-spn = Ot (4.35b)
<1/1;(€C), wj(s))@ =0, valid for all 7,k > 0. (4.35¢)

It follows that ¥,, = I, if n is odd and ¥,, = diag{1,1,...,1,2} if n is even. In particular,
Amin(¥,) = 1 for all n > 1. It is also clear that the principal submatrix of ¥ on indices
{2,3, ...} has periodic rows and columns with period 2n. If follows that ¥, is sparse periodic
as defined in §4.3.2 with parameters v =2, n =2, ¢; =2 and ¢, = 0.

Suppose for example that the eigenvalues decay polynomially, say as ( = O(k™®) for
a > 2. Then, applying (4.17) with p = n, in combination with Lemma 24 part (a), we get

Rs,,(c) < 2e2 + O(n™%). (4.36)

As another example, consider the exponential decay ¢, = p¥, k > 1 for some p € (0,1),
which corresponds to the Poisson kernel. In this case, the tail sum of {0} decays as the
sequence itself, namely, >, o, <2, Pk = IQTPppk. Hence, we can simply use the trace
bound (4.20) together with (4.17) to obtain

Rs,, () < 28° + O(p"). (4.37)

4.4 Proof of Theorem 10

We now turn to the proof of our main theorem. Recall from §4.2.1 the correspondence
between any f € H and a sequence o € {5; also, recall the diagonal operator X : ¢y — /5
defined by the matrix diag{o,09,...}. Using the definition of (4.15) of the ¥ matrix, we
have

1113 = (a, =205 20),,,
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By definition (4.6) of the Hilbert space H, we have || f||3, = > re, o2 and || f||3. = >, owai.
Letting By, = {& € {5 | ||alle, < 1} be the unit ball in £5, we conclude that Re can be
written as

Re(e) = sup {Qg(a) | Qo) < 52}, (4.38)

a€ By,
where we have defined the quadratic functionals
Qa2() := (o, 2a)g,, and Qola):= (a, BV2UXY20),,. (4.39)
Also let us define the symmetric bilinear form
Bs(a, B) == (a, SY2URY28),. . a8 € ?, (4.40)

whose diagonal is Bg(a, @) = Qo ().
We now upper bound Rg () using a truncation argument. Define the set

C:={a € By, | Qo(a) <e?}, (4.41)

corresponding to the feasible set for the optimization problem (4.38). For each integer
p=1,2,..., consider the following truncated sequence spaces

7;::{Oz€€2|a,-:0, f01ralli>p}7 and
7;L::{a€€2|ai:(), foralli:1,2,...p}.

Note that /5 is the direct sum of 7, and 7;}. Consequently, any fixed a € C can be decom-
posed as a = & + v for some (unique) £ € 7, and v € 71}. Since ¥ is a diagonal operator,
we have

Qo) = Q2(§) + Qa(7).

Moreover, since any « € C is feasible for the optimization problem (4.38), we have

Qa(e) = Qa(§) +2Bs(£,7) + Qal(y) < €2 (4.42)

Note that since v € 7;}, it can be written as v = (0,, ¢), where 0, is a vector of p zeroes,
and ¢ = (¢q, g, ...) € ly. Similarly, we can write £ = (x,0) where = € RP. Then, each of the
terms Qo (&), Ba(£,7), Qa(7) can be expressed in terms of block partitions of X1/2WU31/2,
For example,

Qa() = (2, Ax)re,  Qa(7) = (Y, Dy)rs, (4.43)



CHAPTER 4. APPROXIMATION PROPERTIES OF OPERATOR NORMS 97

where A := Zzl)/ Q\I/pZzl)/ >and D := 22-15/ 2\11522-15/ 2, in correspondence with the block partitioning
notation of Appendix 4.F. We now apply inequality (4.85) derived in Appendix 4.F. Fix
some p? € (0,1) and take

K2 = PP A (520550, (4.44)

so that condition (4.88) is satisfied. Then, (4.85) implies

2
K
Qa(&) +2Ba(€,7) + Qa(v) > p*Qa(€) — = 7115 (4.45)
Combining (4.42) and (4.45), we obtain
2 A (520587
Qul€) < 5+ . p: —lyll2- (4.46)

We further note that |73 < |72 + [|€]|2 = ||a||3 < 1. Tt follows that

2 A (DY 2032
Qa(&) < &%, where &% := 6—2 + (1p 2p p ) (4.47)
p —p
Let us define
C={€B,NT, | Qa(¢) <&} (4.48)

Then, our arguments so far show that for o € C,

@Q2(a) = Q2(§) + Q2(7) < sup Qa(§) + sup  Qa(7). (4.49)
gec ) 3631420%

Sp 5;

J/

Taking the supremum over « € C yields the upper bound
R@(e’f) < Sp -+ S;'
It remains to bound each of the two terms on the right-hand side. Beginning with the

term S5 and recalling the decomposition v = (0,,¢), we have Qa(y) = D77 | Or4pCt, from
which it follows that

oo oo

L 2 2

S, :sup{ E Tktp Cip | E ckgl} = Opt1,
k=1 k=1

. 0o - . . .
since {0y }72, is a nonincreasing sequence by assumption.
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We now control the term S,. Recalling the decomposition { = (z,0) where z € RP, we
have

Sy =sup Qa2(&) =sup {(z,5,z) : (z,z) <1, (x, Z;/Q\IJPZ;/Q z) < &%}
339
= sup inf {(z,5,2) + ¢(g* — (x, Z;,/Z\IIPZ]}D/Q z))}
(zzxy<1 20

(a)
< inf { sup (z,%)%(I, —t¥,)5)/ ) + &%}

20" pay<1

where inequality (a) follows by Lagrange (weak) duality. It is not hard to see that for any
symmetric matrix M, one has

sup {(z, Mz) : (z,z) <1} = max {0, Amax(M) }.

Putting the pieces together and optimizing over p?, noting that

inf){9+ b }:(\/E+\/5)2

re0) Lr 1 —1r

for any a,b > 0, completes the proof of the bound (4.16).

We now prove bound (4.17), using the same decomposition and notation established
above, but writing an upper bound on (s («)slightly different form (4.49). In particular, the
argument leading to (4.49), also shows that

Re(e) < sup  {Q2(§) + Q2(7) | £+ € By, Qu(§) <%} (4.50)

E€Tp, vETH

Recalling the expression (4.39) for Q¢(§) and noting that ¥, = A\ (¥,)I, implies A =
220,55 = Auim(0,)5,, we have

Qa(&) > Amin(V,) Q2(&). (4.51)

Now, since we are assuming Apin(¥,) > 0, we have

W

Ro(e) < swp {Qu(€)+ Q1) | €47 € B, Qu() <

E€Tp, veTH

) } (4.52)

The RHS of the above is an instance of the Fourier truncation problem with £? replaced
with £2/Apnin(¥,). That problem is workout in detail in Appendix 4.E. In particular, ap-
plying equation (4.83) in Appendix 4.E with * changed to £2/\yi(¥,) completes the proof
of (4.17). Figure 4.3 provides a graphical representation of the geometry of the proof.
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Qa(a) Qa(a)

Qs(e) Qz(a)
(a) (b)

Figure 4.3: Geometry of the proof of (4.17). Display (a) is a plot of the set Q := {(Q2(a), Qa(a)) : |lalle, = 1} C R2.
This is a convex set as a consequence of Hausdorff-Toeplitz theorem on convexity of the numerical range and preservation
of convexity under projections. Display (b) shows the set Q := conv(0, Q), i.e., the convex hull of {0} U Q. Observe that
Rg(e) = sup{z : (z,y) € @7 y < €2}. For any fixed r € (0,1), the bound of (4.17) is a piecewise linear approximation to one
side of Q as shown in Display (b).

4.5 Conclusion

We considered the problem of bounding (squared) L? norm of functions in a Hilbert unit
ball, based on restrictions on an operator-induced norm acting as a surrogate for the L?
norm. In particular, given that f € By and || f]|2 < €2, our results enable us to obtain, by
estimating norms of certain finite and infinite dimensional matrices, inequalities of the form

”f”%2 S 0152 + hq;;,u.[((fn)

where {0, } are the eigenvalues of the operator embedding H in L?, he x(-) is an increasing
function (depending on ® and H) and ¢; > 1 is some constant. We considered examples of
operators ® (uniform time sampling and Fourier truncation) and Hilbert spaces H (Sobolev,
Fourier-type RKHSs) and showed that it is possible to obtain optimal scaling he 3 (0,) =
O(0,) in most of those cases. We also considered random time sampling, under polynomial
eigen-decay o,, = O(n™%), and effectively showed that hg #(0,) = O(n~*/(@+Y) (for £ small
enough), with high probability as n — oo. This last result complements those on related
quantities obtained by techniques form empirical process theory, and we conjecture it to be
sharp.

Appendix 4.A Analysis of random time sampling

This section is devoted to the proof of Corollary 4 on random time sampling in reproducing
kernel Hilbert spaces. The proof is based on an auxiliary result, which we begin by stating.
Fix some positive integer m and define

v(e) =v(e;m) == inf {p : Z o < 52}. (4.53)

k>p™
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With this notation, we have

Lemma 25. Assume ¢* < o1 and 32C} muv(e)logv(e) < n. Then,

=~ ~ 1 n
2 < -
[P’{RSE711 (8) > 01/,8 + C, (71,(5)} < 2exp ( 3205 I/(<€)>' (4.54)

We prove this claim in §4.A.2 below.

4.A.1 Proof of Corollary 4

To apply the lemma, recall that we assume that there exists m such that for all (large) p,
one has

Z o < 0. (4.55)

k>p™m
and we let m, be the smallest such m. We define
pu(e) :=inf {p: o, <e*}, (4.56)

and note that by (4.55), we have v(g;m,) < p(e). Then, Lemma 25 states that as long as
% < 0y and 32C}m,pu(e) log u(e) < n, we have

P{Rs,(c) > (Cy + Cr)e?} < 2exp - ﬁ%) (4.57)

Now by the definition of p(g), we have o; > &2 for j < u(e), and hence

gi(g) > % Z min{aj,&‘Z} = ple) — 1 22 > () 2

, n - 2n
J < pl(e)

since p(g) > 2 when €% < ¢;. One can argue that € — G,(g)/e is nonincreasing. It follows
from definition (4.26) that for € > r,, we have

ple) < 2n<@>2 < 2n<

3

2
_g(rn) ) < 2nr2,
T'n

which completes the proof of Corollary 4.
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4.A.2 Proof of Lemma 25

For £ € R?, let £ @& be the rank-one operator on R? given by 1 +— (£,,1)2£. For an operator
AonR?, let || Af|2 denote its usual operator norm, [|A||2 := sup,,<; [[Az||2. Recall that for a
symmetric (i.e., real self-adjoint) operator A on R?, || A]|2 = sup{|A| : A an eigenvalue of A}.
It follows that ||A||2 < « is equivalent to —al, < A < al,.

Our approach is to first show that ||, — I,[|2 < § for some properly chosen p with high

probability. It then follows that Ayin(¥,) > 3 and we can use bound (4.17) for that value

of p. Then, we need to control .. (21/ 2\II~EI/ 2) To do this, we further partition U5 into
blocks. In order to have a consistent notatlon we look at the whole matrix ¥ and let \I/(k)
be the principal submatrix indexed by {(k — 1)p+ L...,(k=1p+p}, fork=12...p""
Throughout the proof, m is assumed to be a fixed positive integer. Also, let W(*) be the
principal submatrix of ¥ indexed by {p™ + 1,p™ + 2,...}. This provides a full partitioning
of ¥ for which U™, ... wF™" ™) and U are the diagonal blocks, the first p™* of which
are p-by-p matrices and the last an infinite matrix. To connect with our previous notations,
we note that U1 = VU, and that @ e wleo) gre diagonal blocks of W5. Let us
also partition the > matrix and name its diagonal blocks similarly.

We will argue that, in fact, we have U™ — I[]2 <1 for all k =1,...,p™"!, with high
probability. Let A, denote the event on which this claim holds. In particular, on event A,,
we have W) < 3] for k =2,...,p™'; hence, we can write

A (BY20,512) < Z max(\/zkhp(’f \/E(’“>+)\max<\/ <) [5e))

k=2

p™

gg )\maX(E( ) —i—tr( (o) () z<oo>>
k=2
35
=3 O(k Dpe1 Y ow[U (4.58)
k= k>pm

Using assumptions (4.23) on the sequence {0y}, the first sum can be bounded as

pmfl pmfl p'mfl
O(h—1)p+1 = § , O(k—1)p < E : Coop-10, < Collol10,
k=2 k=2 k=2

Using the uniform boundedness assumption (4.53), we have [W], = n~' Y7 ¥i(x;) < CF.
Hence the second sum in (4.58) is bounded above by C7 37, _ . o%.

We can now apply Theorem 10. Assume for the moment that €2 > Zk>pm o so that the
right-hand side of (4.58) is bounded above by 3C,||o||10, + CZe®. Applying bound (4.17),
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on event A, with® r = (14 Cy)™!, we get

3
Roy(6) <2{r + (1= 1) (3Cullolho, + C3*) } + s

=2(1+Cy)*® +3(1+ C,H)Collolliop + opia.
S 625824—6270p

where C,, := 2(1 + Cy)? and C, =31+ C’Jl)CUHaHl + 1. To summarize, we have shown
the following

Event A, and & > Z or = HRs,, (e2) < Cpe+ Cy o, (4.59)

k>p™

It remains to control the probability of A, := ZZ? {Ie™ — )2 < 1}. We start with
the deviation bound on W) — I,,, and then extend by union bound. We will use the following

lemma which follows, for example, from the Ahlswede-Winter bound [1], or from [85]. (See
also [98, 91, 102].)

Lemma 26. Let &y, ..., &, be i.i.d. random vectors in RP with E&; @& = I, and [|&1]]2 < G,
almost surely for some constant C,. Then, for § € (0,1),

Pl Seoe-1,
=1

Recall that for the time sampling operator, [® ¢;); = \/Lﬁwk(azz) so that from (4.15),

néo>

4—05). (4.60)

2>5}§pexp(—

Wpe = % > Unlwi)e(ws)
=1

Let & = (Y(z;),1 <k <p) e RPfori=1,...,n Then, {} satisfy the conditions of
Lemma 26. In particular, letting e; denote the k-th standard basis vector of RP, we note
that

(er, E(& ® &)er)o = Elen, &i)aler, &i)o = (Yn, Vi) 12 = O

and ||&l2 < /P Cy, where we have used uniform boundedness of {¢;} as in (4.22). Further-
more, we have UM = =13 & ®¢;. Applying Lemma 26 with C, = ,/pCy yields,

2 n

B{IwY — 112> 6} < pexp (= g7z ) (4.61)
¥

8We are using the alternate form of the bound based on (VA + vB)? = inf,¢(1) {Ar~! + B(1 —r)~1}.
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Similar bounds hold for W*) k=2 ... p™ ! Applying the union bound, we get

m—1

p
P {Iv® - L)2> 6} < exp(mlogp—
k=1

5_22)
4Cy p”

For simplicity, let A = A, , := n/(4C’i p). We impose m logp < é 42 so that the exponent
in (4.61) is bounded above by —§52. Furthermore, for our purpose, it is enough to take § = %
It follows that

1 n

—_— 4.62
32(]1%]))’ (4.62)

pm—l
c 1
PA) =P | {199 = Bl2 > 5} < exp (-
k=1
if 32C7, mplogp < n. Now, by (4.59), under & > Y7, . o, Rs,, (€2) > Cye? + Cy o,

implies Aj. Thus, the exponential bound in (4.62) holds for IF’{RSI? (e?) > 5¢ 2+ C, op}
under the assumptions. We are to choose p and the bound is optimized by making p as
small as possible. Hence, we take p to be v(¢) := inf{p : & > 37, . ox} which proves
Lemma 25. (Note that, in general, v(e) takes its values in {0,1,2,...}. The assumption
e? < oy guarantees that v(g) # 0.)

Appendix 4.B Proof of Lemma 24

Assume o0, = C'k™, for some a > 2. First, note the following upper bound on the tail sum
Z o, < C/ v dx = Cy(a) p . (4.63)
k>p p

Furthermore, from the bounds (4.30a) and (4.30b), we have, for k > n + 1,
[U]r < min{eq, e} (4.64)

To simplify notation, let us define I,, :== {1,2,...,yn}.

Consider the case a > 2. We will use the {,—¢,, upper bound of (4.21), with p = n.
Fix some £ > n + 1. Note that o, < 0,41. Then, recalling the assumptions on ¥ and the
definition of Sy, we have

o N
Z V Jk\/U_é ‘ [\Il]k,ﬂl S vV On+1 Z Z \/ O-n-l—r—‘rqvn‘ [\Ij]k,n+r+qvn|
>n+1 q=0 r=1
o T
= VOn+1 Z Z \V O-n+7“+q'yn‘ [‘P]k,nJrr’
q=0 r=1

> C
< VOnt1 Z {Cl Z VOn+r+gym T EQ Z 2V O'n—H“-i-q’Yn}- (465)
q=0

T‘ESk TEIn\Sk;
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Using (4.63), the second double sum in (4.65) is bounded by

Y ) VOurrram < D Vo < Cola)n' (4.66)

q=0 rel,\Sk >n

Recalling that Sy C I,, and | S| = n, the first double sum in (4.65) can be bounded as follows

Z Z JW:@Z Z (n+ 7+ qyn) "/

q=0 resSg q=0 resg

< \/Ei Y (n+gyn) ™

q=0 resg
oo

<VCn Y (L4 qy) ™0

q=0
< \/571<1 n V—Q/zzq—am)n_a/z
q=1

= Cy(ar,v,m)n~*/? (4.67)

where in the last line we have used 32 ¢ */* < oo due to /2 > 1. Combining (4.65), (4.66)
and (4.67) and noting that /7,11 < vVCn~*/2, we obtain

Z \/U_k\/g_lf“‘l/]k,f‘ < \/En_am{ﬁ(]:’)(aa% n) no? + % Cy(a) nl_a/2} = Cy(a,n,y)n™

>n+1

(4.68)

Taking supremum over k£ > 1 and applying the ¢~ {, bound of (4.21), with p = n, concludes
the proof of part (a).

Now, consider the case a = 2. The above argument breaks down in this case because
ZS; q¢~*? does not converge for a = 2. A remedy is to further partition the matrix

E%/ Q\IJ;LZ%/ ? Recall that the rows and columns of this matrix are indexed by {n+1,n+2,...}.
Let A be the principal submatrix indexed by {n + 1,n + 2,...,n%} and D be the principal
submatrix indexed by {n*+1,n?+2,...}. We will use a combination of the bounds (4.30a)
and (4.30b), and the well-known perturbation bound Ajax [( CAT g)} < Amax(A) + Amax (D),
to write

Amax (Z2 202 2Y%) < Ao (A) + Anax(D) < | AfJoo + tr(D). (4.69)
The second term is bounded as

tr(D) = Z ok [V]ee < min{cy, e} Z or = min{cy, e} (n?)? = Cs(y) n 2, (4.70)

k>n? k>n2
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where we have used (4.63) and (4.64). To bound the first term, fix k € {n +1,...,n%}. By
an argument similar to that of part (a) and noting that v > 1, hence yn? > n?, we have

Y Voo [Vlee < VEari D> vTarrram]| [Vini]

{=n+1 q=0 r=1

<ﬁﬁ§XqZ¢ﬁEm+ > Vo) (A7)

T €Sk e I \Sk

Using v > 1 again, the second double sum in (4.71) is bounded as

3yn? 3yn?
Z > Vourren < Y VE < VC Z < VClog(3yn?) < Cy(y)logn, (4.72)
q=0 7€ I,\Sy l{=n+1

for sufficiently large n. Note that we have used the bound Y7, ¢! < [Fz~dx = logp.
The first double sum in (4.71) is bounded as follows

oY e =VCY D (ntr+gm)”

=0 res =0 res
<VCn i (L+q7) 'n"
q=0
< \/577(1 + 7 4yt i q_1>n_1
—2
= Cy(v,n)n tlogn, q (4.73)

for n sufficiently large. Combining (4.71), (4.72) and (4.73), taking supremum over k and
using the simple bound /g1 < VCn™!, we get

logn logn

Jlloe < VO {e1Crly,m) =25 4+ 2 Co() logn | = Ci(y,m) 5 (4.74)

which in view of (4.70) and (4.69) completes the proof of part (b).

Appendix 4.C Relationship between Rg(c) and T4(¢)

In this appendix, we prove the claim made in §4.1 about the relation between the upper
quantities R¢ and Ty and the lower quantities Ty and Rg. We only carry out the proof for
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Rg; the dual version holds for Ts. To simplify the argument, we look at slightly different
versions of Rg and T, defined as

Ry(e) = sup{|[fll-: f € Bu. IfI3 <&}, (4.75)
T5(0) == inf {|Ifl3 : f € Bu, |fli: > 6"} (4.76)

and prove the following
Ry~ (0) = T3(9) (4.77)

where R3(6) := inf{e? : RS(c) > 0} is a generalized inverse of RS. To see (4.77), we
note that Re(e) > 62 iff there exists f € By such that || f]|3 < € and || f||7. > 6°. But this
last statement is equivalent to T'g(d) < 2. Hence,

Ry 7N(6) = inf{e? : T5(d) < &%} (4.78)

which proves (4.77).
Using the following lemma, we can use relation (4.77) to convert upper bounds on Rg to
lower bounds on T'y.

Lemma 27. Let t — p(t) be a nondecreasing function (defined on the real line with values in
the extended real line.). Let q be its generalized inverse defined as q(s) := inf{t : p(t) > s}.
Let r be a properly invertible (i.e., one-to-one) function such that p(t) < r(t), for allt. Then,

(a) q(p(t)) >t, for all t,
(b) q(s) > r~1(s), for all s.

Proof. Assume (a) does not hold, that is, inf{a : p(a) > p(t)} < t. Then, there exists
ap such that p(ag) > p(t) and ap < t. But this contradicts p(¢) being nondecreasing. For
part (b), note that (a) implies ¢t < q(p(t)) < q(r(t)), since ¢ is nondecreasing by definition.
Letting ¢ := r~'(s) and noting that r(r~1(s)) = s, by assumption, proves (b). O

Let p = Rg, ¢ =1 and r(t) = At + B for some constant A > 0. Noting that Ry < Rg
and T (- + ) > T'g for any v > 0, we obtain from Lemma 27 and (4.77) that

2
Re(e) <A+ B = T4(6+) > % - B, (4.79)

where T4 (6+) denotes the right limit of Ty as §2. This may be used to translate an upper
bound of the form (4.17) on Rg to a corresponding lower bound on 7'y
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Appendix 4.D The 2 x 2 subproblem

The following subproblem arises in the proof of Theorem 10.

F(?) = sup{\(?“ ) (%2 2?2) (Z)J: P24 s <1, Sr ) (‘62 £2> C)/S 52}, (4.80)

N~ ~~

=: z(r,s) =:y(r,s)

where u?,v? a® and d* are given constants and the optimization is over (r,s). Here, we

discuss the solution in some detail; in particular, we provide explicit formulas for F(g?).
Without loss of generality assume u? > v2. Then, it is clear that F/(¢?) < u? and F(e?) = u?
for €2 > u?. Thus, we are interested in what happens when €2 < u?.

The problem is easily solved by drawing a picture. Let z(r, s) and y(r, s) be as denoted
in the last display. Consider the set

S = {(z(r,s), y(r,s)) : 1*+s* <1}
= {r’(W* a®) + (0, d*) + ¢(0,0) : P+ s+ ¢ =1}
= conv { (v, a”), (v*,d?), (0,0)}. (4.81)

That is, S is the convex hull of the three points (u?, a?), (v*,d?) and the origin (0, 0).
Then, two (or maybe three) different pictures arise depending on whether a® > d? (and

whether d? > v? or d* < v?) or a® < d?; see Fig. 4.4. Tt follows that we have two (or three)

different pictures for the function €2 — F(g?). In particular, for a®> > d* and d* < v?,

2

F(e*) = v min {%, 1} + (u* — v?) max {O, e },

a? — d2

(4.82)
for a* > d* and d* > v?, F(g?) = &2, and for a® < d?,
2

F(e?) = u? min{%, 1}.

All the equations above are valid for €% € [0, oy].

Appendix 4.E Details of Fourier truncation example

Here we establish the claim that the bound (4.19) holds with equality. Recall that for the
(generalized) Fourier truncation operator Ty», we have

[e.e] oo n
RTw?(gz) = sup { Zakai : Zai <1, Zakaz < 52}
k=1 k=1 k=1
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Figure 4.4: Top plots illustrate the set S as defined in (4.81), in various cases. The bottom plots are the corresponding
2 2
e? — F(e?).

Let o = (t&, s7y), where t,s e R, € = (§1,...,&) €ER", y=(71,72...) Els and ||E| =1 =
I7lla- Let w2 = u2(€) == Yo, 002 amd 0? = v3(7) i= Yy, 0077
Let us fix £ and v for now and try to optimize over ¢ and s. That is, we look at

G(e% €, v) :=sup {t2u2 +5%0% P2 <, < 62}.

This is an instance of the 2-by-2 problem (4.80), with a* = u* and d* = 0. Note that our
assumption that u? > v? holds in this case, for all £ and 7, because {03} is a nonincreasing
sequence. Hence, we have, for €2 < o,

2 2
G2 _ .2 2 _ & 2 (1_7)(’7)) 2
(5 757’7) v —|—(U v )ug v (7)+ 'LL2(£) €
Now we can maximize G(g%&,v) over ¢ and then 7. Note that G is increasing in u?.
Thus, the maximum is achieved by selecting u* to be sup¢,—; u*(§) = o1. Thus,

2

s%p G(e*€&,7) = (1 - Z—l)UQ(V) +é°.

For €2 < o, the above is increasing in v?. Hence the maximum is achieved by setting v? to

be supy,,-1 v}(y) = 0,41. Hence, for €2 < oy

R, (e?) ;== sup G(e?;€,7) = (1 - %)32 + Opit (4.83)

&y 01
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Appendix 4.F A quadratic inequality

In this appendix, we derive an inequality which will be used in the proof of Theorem 10.
Consider a positive semidefinite matrix M (possibly infinite-dimensional) partitioned as

A C
M = ( & D> |
Assume that there exists p? € (0,1) and x* > 0 such that
A C
(CT (1- D+ m) = 0. (4.84)

Let (x,y) be a vector partitioned to match the block structure of M. Then we have the
following.

Lemma 28. Under (4.84), for all x and vy,

2
e Ax +22"Cy+y"' Dy > p’a’ Az — %Hy”% (4.85)
—p

Proof. By assumption (4.84), we have

(VI=ra" A=) (A ¢ )(Vl‘pgf“) > 0. (4.86)

o (1—p2)D+I£21 \/#y

Writing (4.84) as a perturbation of the original matrix,

A C 0 0
(CT D) * (0 —p?D + Ii2l) z 0, (4.87)

we observe that a sufficient condition for (4.84) to hold is p>D =< k?I. That is, it is sufficient
to have

P Amax (D) < K2 (4.88)
Rewriting (4.84) differently, as
(1-pHA 0 pPA C

we find another sufficient condition for (4.84), namely, p?A — k~2CCT = 0. In particular, it
is also sufficient to have

K Anax(CCT) < p*Ain(A). (4.90)
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Chapter 5

Sampled forms of functional PCA in
reproducing kernel Hilbert spaces

As mentioned in §1.4, the aim of this chapter is to study effects of “sampling” on func-
tional PCA (fPCA). We recall our functional-theoretic take on sampling, namely a continuous
linear operator ® : H — R™ acting on some Hilbert subspace H of L? which usually rep-
resents some smooth subclass of functions in L?. We also recall the basic setup: there are
functions z;(t), t € [0,1] in H for ¢ = 1,...,n, generated i.i.d. from a probabilistic model (to
be discussed below) which are acted upon by ®. We observe the collection {®z;}, C R™
in noise. The index n is referred to as the number of statistical samples, and the index m as
the number of functional samples.

Our model for the functions {x;} will be an extension to function spaces of the spiked
covariance model introduced by Johnstone and his collaborators [55, 58], and studied by
various authors [58, 75, 3]. We consider such models with r components, each lying within
the Hilbert ball By (p) of radius p, with the goal of recovering the r-dimensional subspace
spanned by the spiked components in this functional model. We analyze our M-estimators
within a high-dimensional framework that allows both the number of statistical samples n
and the number of functional samples m to diverge together. Our theoretical contribution is
to provide non-asymptotic bounds on the estimation error as a function of the pair (m,n).
Although our rates also explicitly track the number of components r and the smoothness
parameter p, we do not make any effort to obtain optimal dependence on these parameters.

The general asymptotic properties of PCA in function spaces have been investigated
by various authors (e.g., [33, 22, 49].) Accounting for smoothness of functions by intro-
ducing various roughness/smoothness penalties is a standard approach, used in the pa-
pers [82, 77, 86, 20] among others. The problem of principal component analysis for sampled
functions, with a functional-theoretic take on sampling as ours, is discussed in [14], for the
noiseless case. A more recent line of work is devoted to the case of functional PCA with
noisy sampled functions [27, 105, 51]. Cardot [27] considers estimation via spline-based ap-
proximation, and derives MISE rates in terms of various parameters of the model. Hall et
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al. [51] study estimation via local linear smoothing, and establish minimax-optimality in cer-
tain settings that involve a fixed number of functional samples. Both of these papers [27, 51]
have studied trade-offs between the numbers of statistical and functional samples; we refer
the reader to Hall et al. [51] for an illuminating discussion of connections between FDA
and LDA approaches (i.e. having full versus sampled functions), which inspired much of
the present work. We note that the regularization present in our M-estimator is closely
related to classical roughness penalties [82, 86] in the special case of spline kernels, although
the discussion there applies to fully-observed functions, as opposed to the sampled models
considered here.

As mentioned above, our sampled model resembles very much that of spiked covariance
model for high-dimensional principal component analysis which was studied in some detail
in Chapter 3; in contrast, here the smoothness condition on functional components trans-
lates into an ellipsoid condition on the vector principal components. Perhaps an even more
significant difference is that, here, the effective scaling of noise in R is substantially smaller
in some cases (e.g., the case of time sampling). This could explain why the difficulty of
“high-dimensional” setting is not observed in such cases as one lets m,n — co. On the other
hand, a difficulty particular to our sampled model is the lack of orthonormality between
components (after sampling) which leads to identifiability issues; it also makes recovering
individual components difficult.

Elements of the technique we use to analyze the M-estimator (such as establishing a
perturbation inequality and uniformly controlling the terms involving noise, etc.) have be-
come more or less standard in recent years. We refer the reader to [93] for some general
discussions. These techniques lead to finite-sample bounds which hold with high probability.
We also draw on the recent work, namely [70], on bounding Gaussian complexities of balls in
a RKHS. Techniques from non-asymptotic random matrix theory, for example as discussed
in [34] and §2.4.2, are employed in bounding norms of random matrices. We provide a slight
extension, in Appendix 5.G, of one such result. Results on controlling suprema of linear
product-of-Gaussians processes are also established (cf. Appendix 5.F).

The remainder of this chapter is organized as follows. Section 5.1 is devoted to back-
ground material on reproducing kernel Hilbert spaces, adjoints of operators, as well as the
class of sampled functional models that we study in this chapter. More details can be found
in Chapter 4.2. In Section 5.2, we describe M-estimators for sampled functional PCA, and
discuss various implementation details. Section 5.3 is devoted to the statements of our main
results, and discussion of their consequences for particular sampling models. In subsequent
sections, we provide the proofs of our results, with some more technical aspects deferred to
the appendices. Section 5.4 is devoted to bounds on the subspace-based error, whereas Sec-
tion 5.5 is devoted to bounds on error in the function space. Section 5.6 provides matching
lower bounds on the minimax error, showing that our analysis is sharp. We conclude with a
discussion in Section 5.7.
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5.1 Background and problem set-up

In this section, we begin by introducing background on reproducing kernel Hilbert spaces, as
well as linear operators and their adjoints. We then introduce the functional and observation
model that we study in this chapter, and conclude with discussion of some approximation-
theoretic issues that play an important role in parts of our analysis.

5.1.1 Reproducing Kernel Hilbert Spaces

We begin with a quick overview of some standard properties of reproducing kernel Hilbert
spaces; we refer the reader to the books [99, 47] and §2.5 for more details. A reproducing
kernel Hilbert space (or RKHS for short) is a Hilbert space H of functions f : T — R that is
equipped with an associated kernel K : T" x T" — R. We assume the kernel to be continuous
and T' C R? to be compact. For concreteness, we think of 7' = [0, 1] throughout this chapter,
but any compact set of R? suffices. For each ¢t € T, the function R, := K(-,t) belongs to the
Hilbert space H, and it acts as the representer of evaluation, meaning that (f, R;)y = f(¢)
for all f € H.

The kernel K deﬁnes an integral operator Tx on L*(T), mapping the function f to the
function g¢(s fT t)dt. By the spectral theorem in Hilbert spaces, this operator
can be assomated Wlth a sequence of eigenfunctions ¢,k = 1,2,... in H, orthogonal in H
and orthonormal in L?(T), and a sequence of non-negative eigenvalues p; > o > ---. Most
useful for this chapter is the fact that any function f € H has an expansion in terms of these
eigenfunctions and eigenvalues, namely

= Vimoxty (5.1)
k=1

for some (ay) € (2. In terms of this expansion, we have the representations || f||3, = > o, af
and || f]12. = Y pe; ;. Many of our results involve the decay rate of these eigenvalues: in
particular, for some parameter a > 1/2, we say that the kernel operator has eigenvalues with
polynomial-a. decay if there is a constant ¢ > 0 such that

'uk<k:7 forall k =1,2,.... (5.2)

Let us consider an example to illustrate.

Example 4 (Sobolev class with smoothness o = 1). In the case T' = [0,1] and a = 1, we
can consider the kernel function K(s,¢) = min{s,t}. As discussed in Appendix 5.A, this
kernel generates the class of functions

H:={feL*[0,1]) | f(0)=0, f absolutely continuous and f" € L*([0,1])}.
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The class H is an RKHS with inner product (f,¢)% = fol f'(t)g' (t)dt, and the ball By(p)
corresponds to a Sobolev space with smoothness o = 1. The eigen-decomposition of the
kernel integral operator is

iy, = [M} _2, Up(t) = V2sin (1), k=1,2,.... (5.3)

Consequently, this class has polynomial decay with parameter o = 1.

We note that there are natural generalizations of this example to o = 2, 3, .. ., corresponding
to the Sobolev classes of a-times differentiable functions (e.g., see the books [47, 13]).

In this chapter, the operation of generalized sampling is defined in terms of a bounded
linear operator ® : H — R™ on the Hilbert space. Its adjoint is a mapping ®* : R™ — H,
defined by the relation (® f, a)gm = (f, ®*a)y for all f € H and a € R™. In order to compute
a representation of the adjoint, we note that by the Riesz representation theorem, the j-th
coordinate of this mapping—mnamely, f — [®f],—can be represented as an inner product
(@j, [)n, for some element ¢; € H, and we can write

Of = [(61, N (Do ) -+ (b ] - (5.4)

Consequently, we have (®(f), a)rm = > 71 aj(dy, flu = (Q_j=; a;dj, f)u, so that for any
a € R™, the adjoint can be written as

m

Ca=Y a;p; (5.5)

j=1

This adjoint operator plays an important role in our analysis.

5.1.2 Functional model and observations

Let s; > 83 > 53 > -+ > 5, > 0 be a fixed sequence of positive numbers, and let {f;}"_; be
a fixed sequence of functions orthonormal in L?[0, 1]. Consider a collection of n i.i.d. random

functions {z1,...,x,}, generated according to the model
.I‘Z(t) = Zsjﬁijf;(t)ﬂ for ¢ = 1,...,7’L, (56)
j=1

where {f;;} are i.i.d. N(0,1) across all pairs (i,5). This model corresponds to a finite-
rank instantiation of functional PCA, in which the goal is to estimate the span of the un-
known eigenfunctions { f7}7_,. Typically, these eigenfunctions are assumed to satisfy certain
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smoothness conditions; in this chapter, we model such conditions by assuming that the eigen-
functions belong to a reproducing kernel Hilbert space H embedded within L?[0, 1]; more
specifically, they lie in some ball in H,

Hf;“'i'lgpv .7: 17"'77" (57)
For statistical problems involving estimation of functions, the random functions might
only be observed at certain times (ti,...,%,), such as in longitudinal data analysis, or

we might collect only projections of each x; in certain directions, such as in tomographic
reconstruction. More concretely, in a time-sampling model, we observe m-dimensional vectors
of the form

Y; = [[Ifl(tl) .Tl(tg) s .ﬁﬂl(tm)}T —+ OoWw;, for i = ]., 2, e, Ny (58)

where {t1,ts,...,t,} is a fixed collection of design points, and w; € R™ is a noise vector.
Another observation model is the basis truncation model in which we observe the projections
of f onto the first m basis functions {¢;}72, of the kernel operator—mamely,

yi = (V1,202 Wa, )2 - (U, gji>L2}T + oow;, fori=1,2,...,n, (5.9)

where (-, )72 represents the inner product in L?[0, 1].

In order to model these and other scenarios in a unified manner, we introduce a linear
operator ®,, that maps any function z in the Hilbert space to a vector ®,,(z) of m samples,
and then consider the linear observation model

Yi = O (;) + 0wy, fori=1,2,...,n. (5.10)

This model (5.10) can be viewed as a functional analog of the spiked covariance models
introduced by Johnstone [55, 58] as an analytically-convenient model for studying high-
dimensional effects in classical PCA.

Both the time-sampling (5.8) and frequency truncation (5.9) models can be represented
in this way, for appropriate choices of the operator ®,,. Recall the representation (5.4) of
®,, in terms of the functions {¢;}7,.

e For the time sampling model (5.8), we set ¢; = K(-, ¢;)/1/m, so that by the reproducing
property of the kernel, we have (¢;, )y = f(t;)//mforall f € H,and j =1,2,...m.
With these choices, the operator ®,, maps each f € H to the m-vector of rescaled

samples \/Lfn [ftr) - f (tm)]T. Defining the rescaled noise o, = J& yields an
instantiation of the model (5.10) which is equivalent to time-sampling (5.8).

e For the basis truncation model (5.9), we set ¢; = u1;1; so that the operator ® maps each

function f € H to the vector of basis coefﬁcients[wl, ez o (U, f>L2}T. Setting
om = 0p then yields another instantiation of the model (5.10), this one equivalent to
basis truncation (5.9).
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A remark on notation before proceeding: in the remainder of the chapter, we use (¥, o)
as shorthand notation for (®,,,0,,), since the index m should be implicitly understood
throughout our analysis.

In this chapter, we provide and analyze estimators for the r-dimensional eigen-subspace
spanned by { f;‘}, in both the sampled domain R™, and in the functional domain. To be
more specific, for j = 1,...,r, define the vectors 27 := ®fr € R™, and the subspaces

3" :=span{z],..., 2 } CR™ and F*:=span{f],...,[fr} CH,

and let :7)\ and § denote the corresponding estimators. In order to measure the performance
of the estimators, we will use projection-based distances between subspaces. In particular,
let P3- and P5 be orthogonal projection operators into 3* and 3, respectively, considered as
subspaces of £5' := (R™, || - [|2). Similarly, let P5- and P be orthogonal projection operators

into §* and J, respectively, considered as subspaces of (H, || - [|z2). We are interested in
bounding the deviations

dys(3,3%) == |P; — Py llws, and  dus(§,§) = | P — Py

S (5.11)

where || - || gs is the Hilbert-Schmidt norm of an operator (or matrix).

5.1.3 Approximation-theoretic quantities

One object that plays an important role in our analysis is the matrix K := ®d* € R™*"™,
From the form of the adjoint, it can be seen that [K;; = (¢;, ¢;)w. For future reference, let
us compute this matrix for the two special cases of linear operators considered thus far.

e For the time sampling model (5.8), we have ¢; = K(-,¢;)/v/m for all j = 1,...,m,
and hence [K];; = L(K(-,#;),K(-,¢;))x = LK(t;,t;), using the reproducing property
of the kernel.

e For the basis truncation model (5.9), we have ¢; = p1,;4;, and hence [K;; = ()i, phj10)n =
1;0;5. Thus, in this special case, we have K = diag(p, - .., tm,)-

In general, the matrix K is a type of Gram matrix, and so is symmetric and positive
semidefinite. We assume throughout this chapter that the functions {¢; ity are linearly
independent in H, which implies that K is strictly positive definite. Consequently, it has a
set of eigenvalues which can be ordered as

~

ay > o > ... >y > 0. (5.12)

Under this condition, we may use K to define a norm on R™ via ||z||% := 27 K~'2. Moreover,
we have the following interpolation lemma, which is proved Appendix 5.B.1:
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f € Ra(®*). Moreover, for any z € R™, the function g = ®* K1z has smallest Hilbert norm
of all functions satisfying ®g = z, and is the unique function with this property.

Lemma 29. For any f € H, we have |®f||x < || fllz, with equality if and only if

This lemma is useful in constructing a function-based estimator, as will be clarified in Sec-
tion 5.2.

In our analysis of the functional error dHS@, §), a number of approximation-theoretic
quantities play an important role. As a mapping from an infinite-dimensional space H to
R™, the operator ® has a non-trivial nullspace. Given the observation model (5.10), we
receive no information about any component of a function f* that lies within this nullspace.
For this reason, we define the width of the nullspace in the L?-norm, namely the quantity

Nin(®) :=sup { | fII7> | f € Ker(®), [[flln <1} (5.13)

In addition, the observation operator ® induces a semi-norm on the space H, defined by

m

IF15 = 1215 = D[] (5.14)

j=1

It is of interest to assess how well this semi-norm approximates the L?-norm. Accordingly,
we define the quantity

Dy (®):= sup |[IfII5 — [Ifl1Z2], (5.15)

feRa(P*)
[Ifll2<1

which measures the worst-case gap between these two (semi)-norms, uniformly over the
Hilbert ball of radius one, restricted to the subspace of interest Ra(®*). Given knowledge of
the linear operator @, the quantity D,,(®) can be computed in a relatively straightforward
manner. In particular, recall the definition of the matrix K, and let us define a second matrix
© € ST with entries ©;; := (i, ;) 2.

Lemma 30. We have the equivalence
Dy(®) = | K — K20K 12|, (5.16)
where || - || denotes the ly-operator norm.

See Appendix 5.B.2 for the proof of this claim.

5.2 M-estimator and implementation

With this background in place, we now turn to the description of our M-estimator, as well
as practical details associated with its implementation.



CHAPTER 5. SAMPLED FUNCTIONAL PCA IN RKHS 117

5.2.1 M-estimator

We begin with some preliminaries on notation, and our representation of subspaces. For each

J = 1,...,m, define the vector zj := @[, corresponding to the image of the function f/
under the observation operator. We let 3* denote the r-dimensional subspace of R™ spanned
by {27,...,2}, where z7 = ®fF. Our initial goal is to construct an estimate 3, itself an

r-dimensional subspace, of the unknown subspace 3*.
We represent subspaces by elements of the Stiefel manifold V,.(R™), which consists of of
m X r matrices Z with orthonormal columns

V,(R") :={ZeR™" | Z"Z =1}

A given matrix Z acts as a representative of the subspace spanned by its columns, denoted
by col(Z). For any U € V,.(R"), the matrix ZU also belongs to the Stiefel manifold, and
since col(Z) = col(ZU), we may call ZU a version of Z. We let P; = ZZT € R™™ be
the orthogonal projection onto col(Z). For two matrices Z;, Zo € V,.(R™), we measure the
distance between the associated subspaces via dys(Z1, Z3) := || Pz, — Pz, ||us, where || - |lus
is the Hilbert-Schmidt (or Frobenius) matirx norm.

Subspace-based estimator

With this notation, we now specify an M-estimator for the subspace 3* = span{z7,..., z'}.
Let us begin with some intuition. Given the n samples {yi,...,y,}, let us define the m x
m sample covariance matrix ¥, = 13" y;y!. Given the observation model (5.10), a

straightforward computation shows that

E[S,] = Z s325(2)" + ol L. (5.17)

J=1

Thus, as n becomes large, we expect that the top r eigenvectors of in might give a good
approximation to span{z, ..., z*}. By the Courant-Fischer variational representation, these
r eigenvectors can be obtained by maximizing the objective function

(S, PgY) = tr(S,227)

over all matrices Z € V,.(R™).

However, this approach fails to take into account the smoothness constraints that the
vectors 27 = @ f7 inherit from the smoothness of the eigenfunctions f;. Since || f7|# < p by
assumption, Lemma 29 implies that

||zj*\|rj:( = (z;)TK’lzj < Hf]*H% < p? forallj=1,2,...,r.
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*

Consequently, if we define the matrix Z* := [zl e zﬂ € R™7 then it must satisfy the
trace smoothness condition
(K'Y 222" ) =D ()" K 'z < rp’. (5.18)

Jj=1

This calculation motivates the constraint ({(K~!, Pz)) < 2rp? in our estimation procedure.
Based on the preceding intuition, we are led to consider the optimization problem

7 € arg max {«in, P | (K7, Py) < 27‘,02}, (5.19)
ZeV, (Rm)

where we recall that Py = Z7ZT € R™™  Given any optimal solution 7 , we return the
subspace 3 = col(Z) as our estimate of 3*. As discussed at more length in Section 5.2.2,
it is straightforward to compute Z in polynomial time. The reader might wonder why we
have included an additional factor of two in this trace smoothness condition. This slack is
actually needed due to the potential infeasibility of the matrix Z* for the program (5.19),
which arises since the columns Z* are not guaranteed to be orthonormal. As shown by our
analysis, the additional slack allows us to find a matrix Z* € V,.(R™) that spans the same
subspace as Z*, and is also feasible for the program (5.19). More formally, we have:

Lemma 31. Under condition (5.26b), there exists a matriz Z* € V,(R™) such that
Ra(Z*) =Ra(Z*), and (K~', Z*(Z)") < 2rp. (5.20)

See Appendix 5.B.3 for the proof of this claim.

The functional estimate §

Having obtained an estimate! 3 = span{zy,..., 2.} of 3* = span{z],...,2}}, we now
need to construct a r-dimensional subspace § of the Hilbert space as an estimate of §* =
span{ ff,..., f*}. We do so using the interpolation suggested by Lemma 29. For each
j=1,...,r, define the function

m

fi =@ K8 = Y (K7'%): 6. (5.21)

=1

Since K = &®* by definition, this construction ensures that @f; = Zj. Moreover, Lemma 29
guarantees that f; has the minimal Hilbert norm (and hence is smoothest in a certain

'Here, {fz\j};:l C R™ is any collection of vectors that span 3 As we are ultimately only interested in the
resulting functional “subspace”, it does not matter which particular collection we choose.
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sense) over all functions that have this property. Finally, since ® is assumed to be sur-
jective (equivalently, K assumed invertible), ®*K ! maps linearly independent vectors to
linearly independent functions, and hence preserves dimension. Consequently, the space
S = span{f 1s-- f,,} is an r-dimensional subspace of H which we take as our estimate of

5"

5.2.2 Implementation details

In this section, we consider some practical aspects of implementing the M-estimator, and
present some simulations to illustrate its qualitative properties. We begin by observing
that once the subspace vectors {Z;}7_; have been computed, then it is straightforward to

compute the function estimates {fj}gzl, as weighted combinations of the functions {¢;}72,
Accordingly, we focus our attention on solving the program (5.19).

On the surface, the problem (5.19) might appear non-convex, due to the Stiefel manifold
constraint. However, it can be reformulated as a semidefinite program (SDP), a well-known

class of convex programs, as clarified in the following:

Lemma 32. The problem (5.19) is equivalent to solving the SDP

X € arg T)I(lg(?f«in, X)) such that || X2 <1, tr(X) =7, and (K~', X)) <2rp?, (5.22)

for which there always exists an optimal rank r solution. Moreover, by Lagrangian duality,
for some 3 > 0, the problem is equivalent to

X € arg max<< — BK' X)) such that || X2 <1 and tr(X) =1, (5.23)

which can be solved by an eigendecomposition of in — BK~1.

As a consequence, for a given Lagrange multiplier 3, the regularized form of the estimator
can be solved with the cost of solving an eigenvalue problem. For a given constraint 2rp?,
the appropriate value of # can be found by a path-tracing algorithm, or a simple dyadic
splitting approach.

In order to illustrate the estimator, we consider the time sampling model (5.8), with
uniformly spaced samples, in the context of a first-order Sobolev RKHS (with kernel function
K(s,t) = min(s,t)). The parameters of the model are taken to be r = 4, (s1, $2, 83, 84) =
(1, 0.5, 0.25, 0.125), g = 1, m = 100 and n = 75. The regularized form (5.23) of the
estimator is applied and the results are shown in Fig. 5.1. The top row corresponds to
the four “true” signals {f}, the leftmost being f (i.e. having the highest signal-to-noise

ratio.) and the rightmost f;. The subsequent rows show the corresponding estimates {f]},
obtained using different values of 5. The second, third and fourth rows correspond to § = 0,

B =0.0052 and 8 = 0.83.
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Figure 5.1: Regularized PCA for time sampling in first-order Sobolev RKHS. Top row shows, from left to right, plots of the r = 4
“true” principal components f7,..., f; with signal-to-noise ratios s; = 1, s = 0.5, s3 = 0.25 and s4 = 0.125, respectively. The
number of statistical and functional samples are n = 75 and m = 100. Subsequent rows show the corresponding estimators
f1,..., fa obtained by applying the regularized form (5.23).

One observes that without regularization (8 = 0), the estimates for two weakest signals
(f3 and f}) are poor. The case = 0.0052 is roughly the one which achieves the minimum
for the dual problem. One observes that the quality of the estimates of the signals, and in
particular the weakest ones, are considerably improved. The optimal (oracle) value of 3,
that is the one which achieves the minimum error between {f/} and {]?J}, is 8 = 0.0075 in
this problem. The corresponding estimates are qualitatively similar to those of § = 0.0052
and are not shown.

The case 5 = 0.83 shows the effect of over-regularization. It produces very smooth signals
and although it fails to reveal f; and fJ, it reveals highly accurate versions of f; and f}.
It is also interesting to note that the smoothest signal, f;, now occupies the position of
the second (estimated) principal component. That is, the regularized PCA sees an effective
signal-to-noise ratio which is influenced by smoothness. This suggests a rather practical
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appeal of the method in revealing smooth signals embedded in noise. One can vary 8 from
zero upward and if some patterns seem to be present for a wide range of 5 (and getting
smoother as [ is increased), one might suspect that they are indeed present in data but
masked by noise.

5.3 Main results

We now turn to the statistical analysis of our estimators, in particular deriving high-
probability upper bounds on the error of the subspace-based estimate 3, and the functional
estimate §. In both cases, we begin by stating general theorems that applies to arbitrary lin-
ear operators ®—Theorems 11 and 12 respectively—and then derive a number of corollaries
for particular instantiations of the observation operator.

5.3.1 Subspace-based estimation rates (for 3)

We begin by stating high-probability upper bounds on the error d HS(E, 3*) of the subspace-
based estimates. Our rates are stated in terms of a function that involves the eigenvalues
of the matrix K = ®®* € R™, ordered as iy > fis > -+ > [, > 0. Consider the function
F Ry — R, given by

1/2

F(t) := [Zmin{tQ,rpQﬁj} : (5.24)

As will be clarified in our proofs, this function provides a measure of the statistical complex-
ity of the function class Ra(®*) = {f € H | f =3_7", a;¢; for some a € R™}.

We require a few regularity assumptions. Define the quantity

Cn(f*) = L 2%); . }<f¢*’ ff><1> - 52‘;“ = SH}E}XST ‘(’21*7 Z;>Rm - 5ij|= (5.25)
which measures the departure from orthonormality of the vectors 27 := ®fF in R™. A

straightforward argument using a polarization identity shows that C,(f*) is upper bounded
(up to a constant factor) by the uniform quantity D,,(®), as defined in equation (5.15).
Recall that the random functions are generated according to the model x; = Z;:1 siBij [}
where the signal strengths are ordered as 1 = sy > s9 > --- > s, > 0, and that o,, denotes
the noise standard deviation in the observation model (5.10).

In terms of these quantities, we require the following assumptions:
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2
1
(A1) % > 3 and of :=supo>, < ks, (5.26a)
1 m
1
(A2) C,(f") < o and (5.26b)
(A3) 0\/—771]:@) < /Kt for the same constant  as in (Al). (5.26¢)
n
(A4) r<min {% %, na—ﬁ} (5.26d)

Remarks: The first part of condition (Al) is to prevent the ratio s./s; from going to
zero as the pair (m,n) increases, where the constant 1/2 is chosen for convenience. Such
a lower bound is necessary for consistent estimation of the eigen-subspace corresponding to
{s1,...,8:}. The second part of condition (A1), involving the constant k, provides a lower
bound on the signal-to-noise ratio s, /o,,. Condition (A2) is required to prevent degeneracy
among the vectors 27 = @ f* obtained by mapping the unknown eigenfunctions to the obser-
vation space R™. (In the ideal setting, we would have C,,(f*) = 0, but our analysis shows
that the upper bound in (A2) is sufficient.) Condition (A3) is required so that the critical
tolerance €, , specified below is well-defined; as will be clarified, it is always satisfied for the
time-sampling model, and holds for the basis truncation model whenever n > m. Condition
(A4) is easily satisfied, since the RHS of (5.26d) goes to oo while we usually take r to be
fixed. Our results, however, hold if r grows slowly with m and n subject to (5.26d).

Theorem 11. Under conditions (A1)—(AS3) for a sufficiently small constant k, let €,,, be
the smallest positive number satisfying the inequality

Im  3/2 < 2
\/ﬁr Fle) < ke (5.27)

Then there are universal positive constants (co, 1, c2) such that
P[d%4(3,3) < co ] > 1— (1, 6mn), (5.28)

where (N, €m.p) = 01{7“2 exp ( — o (€ A e?mn)) + rexp(—&)}.

Theorem 11 is a general result, applying to an arbitrary bounded linear operator ®.
However, we can obtain a number of concrete results by making specific choices of this
sampling operator, as we explore in the following sections.

Consequences for time-sampling

Let us begin with the time-sampling model (5.8), in which we observe the sampled functions
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As noted earlier, this set-up can be modeled in our general setting (5.10) with ¢; = K(-, ¢;)/v/m
and o, = g¢/\/m.

In this case, by the reproducing groperty of the RKHS, the matrix K = ®®* has entries
of the form K;; = (¢i, ¢j)n = K( t;l’t . Letting iy > s > ... > i, > 0 denote its ordered
eigenvalues, we say that the kernel matrix K has polynomial-decay with parameter o > 1/2
if there is a constant ¢ such that fi; < cj=2* for all j =1,2,...,m. Since the kernel matrix
K represents a discretized approximation of the kernel integral operator defined by K, this
type of polynomial decay is to be expected whenever the kernel operator has polynomial-a
decaying eigenvalues. For example, the usual spline kernels that define Sobolev spaces have
this type of polynomial decay [47]. In Appendix 5.A, we verify this property explicitly for
the kernel K(s,t) = min{s, ¢} that defines the Sobolev class with smoothness o = 1.

For any such kernel, we have the following consequence of Theorem 11:

Corollary 5 (Achievable rates for time-sampling). Consider the case of a time-sampling
operator ®. In addition to conditions (A1) and (A2), suppose that the kernel matriz K has
polynomial-decay with parameter o > 1/2. Then we have

2

P|d (3 3 <o mln{(Lng) 2““, r3 %}] >1—¢(n,m), (5.29)

where k., == 132 pa, and p(n, m) ;= cr{exp (—c2f (T‘2p2mn)ﬁl+1 Am}) +exp(—n/64)}.

Remarks: (a) Disregarding constant pre-factors not depending on the pair (m,n), Corol-
lary 5 guarantees that solving the program (5.19) returns a subspace estimate 3 such that

dfis(g, 3") X min {(mn)ﬁiil, n~'} with high probability as (m,n) increase.

Depending on the scaling of the number of time samples m relative to the number of func-
tional samples n, either term in this upper bound can be the smallest (and hence active) one.
For instance, it can be verified that whenever m > ni, then the first term is smallest, so that
we achieve the rate diIS(E, 3= (mn)fﬁil. The appearance of the term (mn)fﬁil is quite
natural, as it corresponds to the minimax rate of a non-parameteric regression problem with
smoothness o, based on m samples each of variance n~=!. Later, in Section 5.3.3, we provide
results guaranteeing that this scaling is minimax optimal under reasonable conditions on the
choice of sample points (in particular, see Theorem 13(a)).

(b) To be clear, although the bound (5.29) allows for the possibility that the error is of
order lower than n~!, we note that the probability with which the guarantee holds includes
a term of the order exp(—n/64). Consequently, in terms of expected error, we cannot guar-
antee a rate faster than n=!.
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Proof. We need to bound the critical value €,,,, defined in the theorem statement (5.27).
Define the function G*(t) := 7', min{f;,#*}, and note that F(t) = v/rpG(-5) by

construction. Under the assumption of polynomial-a eigendecay, we have

2() g/ min{cx >, t*} du,
0

and some algebra then shows that G(¢) 3 t!71/(%) Disregarding constant factors, an upper
bound on the critical €,,, can be obtained by solving the equation

Ezzam 3/2
N Vro(—=

)1—1/(204)'

Vrp

2
Doing so yields the upper bound € 3 [ r3(\/rp) ] 2aF1 - Otherwise, we also have the trivial
upper bound F(t) < y/mt, which yields the alternative upper bound &, , 3 (%r?’)l/ 2,
Recalling that o, = 09/y/m and combining the pieces yields the claim. Notice that this last
(trivial) bound on F(t) implies that condition (A3) is always satisfied for the time-sampling

model. O

Consequences for basis truncation

We now turn to some consequences for the basis truncation model (5.9).

Corollary 6 (Achievable rates for basis truncation). Consider a basis truncation operator
¢ in a Hilbert space with polynomial-a decay. Under conditions (A1), (A2) and m < n, we
have

2

2 3 * I{Taﬂo-g 2a+1 o
Pdys(3,37) < co (—5)] > 1 —p(n,m), (5.30)

n
where K, , = s pa, and o(n,m) = c1{exp ( — c2(r=?p’n) 2““) + exp(—n/64)}.

Proof. We note that as long as m < n, condition (A3) is satisfied, since i‘/@}" ) < o9 \/_ t <
oot. The rest of the proof follows that of Corollary 5, noting that in the last step we have
om = 0o for the basis truncation model. O

5.3.2 Function-based estimation rates (for J)

As mentioned earlier, given the consistency of 3, the consistency of /S\ is closely related
to approximation properties of the semi-norm || - ||¢ induced by ®, and in particular how
closely it approximates the L?-norm. These approximation-theoretic properties are captured
in part by the nullspace width N,,(®) and defect D,,(®) defined earlier in equations (5.13)
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and (5.15) respectively. In addition to these previously defined quantities, we require bounds
on the following global quantity

Ro(e;v) = sup {[|flIZ2 | 1115 < v Iflls <€) (5.31)
A general upper bound on this quantity is of the form
Ro(e;v) < c16® + 125,,(®). (5.32)

In fact, it is not hard to show that such a bound exists with ¢; = 2 and S,,,(®) = 2(D,,(®) +
N, (®)) using the decomposition H = Ra(®*) & Ker(®). However, this bound is not sharp.
One can show that in most cases of interest, S,,(®) is of the order of N,,(®). There are
different assumptions which can lead to such a scaling of the remainder term S,,(®). We
refer to Chapter 4 for a general approach. Here, we give a simple condition, which will be
verified for the first-order Sobolev RKHS, namely,

(D1) O < K>
for a positive constant c¢g.
Lemma 33. Under (D1), the bound (5.52) holds with ¢, = 2¢o and Sy, (®) = 2N,,(P).

This Lemma is proved in Appendix 5.B.4.

Theorem 12. Suppose that condition (A1) holds, D,,(®) < = < 1 and N,,(®) < 1. Then
there is a constant k. , such that

d7r5(8,87) < K p{€hn + Sm(@) + [Din(@)]} (5.33)
with the same probability as in Theorem 11.

As with Theorem 11, this is a generally applicable result, stated in abstract form. By
specializing it to different sampling models, we can obtain concrete rates, as illustrated in
the following sections.

For future reference, let us introduce another condition regulating the approximation
property of || - [|¢ relative to || - ||z2. Consider the matrix ¥ € R™ ™ with entries ¥,; :=
(Yi,1)e. Since the eigenfunctions are orthogonal in L?, the deviation of ¥ from the identity
measures how well the inner product defined by ® approximates the L2-inner product over
the first m eigenfunctions of the kernel operator. In particular, we require an upper bound
of the form

(D2) Amax (V) < ¢4,

for some universal constant ¢; > 0. Condition (D2) will be used when deriving minimax
lower bounds.
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Consequences for time-sampling

We begin by returning to the case of the time sampling model (5.8), where ¢; = K(-, ¢;)//m.
In this case, condition (D1) needs to be verified by some calculations. For instance, as
shown in Appendix 5.A, in the case of the Sobolev kernel with smoothness & = 1 (namely,
K(s,t) = min{s,t}), we are guaranteed that (D1) holds with ¢y = 1, whenever the samples
{t;} are chosen uniformly over [0, 1]; hence, by Lemma 33, S,,,(®) = 2N,,(®). Moreover, in
the case of uniform sampling, we expect that the nullspace width N,,(®) is upper bounded
by fim+1, so will be proportional to m™2% in the case of a kernel operator with polynomial-a
decay. This is verified in Chapter 4 (up to a logarithmic factor) for the case of the first-order
Sobolev kernel. In Appendix 5.A, we also show that, for this kernel, [D,,(®)]? is of the order
m~2% that is, of the same order as N,,(®).

Corollary 7. Consider the basis truncation model (5.9) with uniformly spaced samples, and
assume condition (D1) holds and that N, (®) + [Dp(®)]> 2 m™2*. Then the M -estimator

returns a subspace estimate § such that

1

m2a

d? (§ 5) <k {min{(g—g)% 0—8}4—
ASYE D= T nm n

} (5.34)

with the same probability as in Corollary 5.

In this case, there is an interesting trade-off between the bias or approximation error
terms which is of order m 2% and the estimation error. An interesting transition occurs at
. 1 .
the point when m 2~ nz, at which:

1

e the bias term m ™% becomes of the order n™!, so that it is no longer dominant, and

e for the two terms in the estimation error, we have the ordering

2 1\ — —2a
2(111 < (n1+%) 2a+1 — n*]-'

(mn)~

Consequently, we conclude that the scaling m = n2e is the minimal number of samples
such that we achieve an overall bound of the order n~! in the time-sampling model. In
Section 5.3.3, we will see that these rates are minimax-optimal.

Consequences for basis truncation

For the basis truncation operator ®, we have © = K? = diag(u?, ..., u2,) so that condition
(D1) is satisfied trivially with ¢y = 1. Moreover, Lemma 30 implies D,,(®) = 0. In addition,
a function f = Z;’;l ;a1 satisfies @ f = 0 if and only if a; = ag = -+ = a,, = 0, so that

No(®@) = sup {IFI[7> | [1flle <1, @f =0} = pmsa.

Consequently, we obtain the following corollary of Theorem 12:
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Corollary 8. Consider the basis truncation model (5.9) with a kernel operator that has
polynomial-c decaying eigenvalues. Then the M-estimator returns a function subspace esti-
mate § such that

~ 2 _2a
dirs(§.8") < w) { (507 +

} (5.35)

m2a

with the same probability as in Corollary 6.

By comparison to Corollary 7, we see that the trade-offs between (m,n) are very dif-
ferent for basis truncation. In particular, there is no interaction between the number of
functional samples m and the number of statistical samples n. Increasing m only reduces
the approximation error, whereas increasing n only reduces the estimation error. Moreover,
in contrast to the time sampling model of Corollary 7, it is impossible to achieve the fast
rate n~!, regardless of how we choose the pair (m,n). In Section 5.3.3, we will also see that
the rates given in Corollary 8 are minimax optimal.

5.3.3 Lower bounds

We now turn to lower bounds on the minimax risk, demonstrating the sharpness of our
achievable results in terms of their scaling with (m,n). In order to do so, it suffices to
consider the simple model with a single functional component f* € By(1), so that we
observe y; = Bi1 € (f*) + ow; for i = 1,2,...,n, where 83 ~ N(0,1) are i.i.d. standard
normal variates. The minimax risk in the ®-semi-norm is given by

M%,n(52; |- |lx) :=inf sup Pf*[
F freBu()

F =112 = o7 (5.36)
where the function f* ranges over the unit ball By (1) = {f € H | ||fllx < 1} of some Hilbert
space, and f ranges over measurable functions of the data matrix (y1,vs, ..., y,) € R™*™.

Theorem 13 (Lower bounds for ||f — f*||2). Suppose that the kernel matriz K has eigen-
values with polynomial-o decay and (A1) holds.

(a) For the time-sampling model,

2 2
H - 99 \zatz 0 ) 1
C =i 200 ) > - 5.37
ML (Cmin { (Z2) 75, 203 ) > S (5.37)
(b) For the frequency-truncation model, with m > (con)2a1+1 :
2
” Of~ 20 > 1

C(—)x | - > —. 5.38
MEL(C DT o) = 5 (5.38)
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Note that part (a) of Theorem 13 shows that the rates obtained in Corollary 7 for the
case of time-sampling are minimax optimal. Similarly, comparing part (b) of the theorem to
Corollary 8, we conclude that the rates obtained for frequency truncation model are minimax
optimal for n € [m, c;m?®* ™. The case of n > c;m?**! is not of practical interest as will
become clear shortly as a consequence of the next theorem.

We now turn to lower bounds on the minimax risk in the || - || ;2 norm—namely

M%,n(cp; |+ [lz2) :==inf sup P ]

fofreByu(l)

If = fl1% > 62 (5.39)

Theorem 14 (Lower bounds for || f — f*1132). Suppose that condition (D2) holds, and the
operator associated with kernel function K of the reproducing kernel Hilbert space H has
eigenvalues with polynomial-a-decay.

(a) For the time-sampling model, the minimax error is lower bounded as

1

M (Cfmin ()25 )y (Lpey ) > L ao)

%
mn m
(b) For the frequency-truncation model, the minimaz error is lower bounded as
20 2a_ 1 1
H (o 90\ 7atT 2% ). ) > - 5.41
MEL(CLE) ™+ () h D) = 5 (5.41)

Verifying condition (D2) requires, in general, some calculations in the case of time-
sampling model. It is verified for uniform time-sampling for the first-order Sobolev RKHS
in Appendix 5.A. For the frequency-truncation, (D2) always holds trivially since ¥ = I,,,.
By this theorem, the L? convergence rates of Corollary 7 and 8 are minimax optimal. Also

note that due to the presence of the approximation term m—2* in (5.41), the ®-norm term
@ 1
Nzt is only dominant when m > conZe+1 implying that this is the interesting regime for

Theorem 13(b).

5.4 Proof of subspace-based rates

We now turn to the proofs of the results involving the error dgg (3, 3*) between the estimated
3 and true subspace 3*. We begin by proving Theorem 11, and then turn to its corollaries.

5.4.1 Preliminaries

We begin with some preliminaries before proceeding to the heart of the proof. Let us first
introduce some convenient notation. Consider the n X m matrices

Y= [yl Yo v yn}Ty and W := [wl wy - wn}T’
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corresponding to the observation matrix Y and noise matrix W respectively. In addition,
we define the matrices B := (f;;) € R™" and S := diag(s,...,s,) € R™". Recalling
that Z* 1= (27,...,2) € Rm” the observation model (5.10) can be written in the matrix

» 7~ r

form Y = B(Z*S)" + 0,,W. Moreover, let us define the matrices B := BTTB € R™" and
W = WTTB e R™*". Using this notation, some algebra shows that the associated sample
covariance 3, = LYTY can be written in the form

S, = Z*SBS(Z)T +A; + A, (5.42)

—_——
I

where A; := 0, [WS(Z*)T + Z*SWT} and Ay = g2 W W,

Lemma 31, proved in Appendix 5.B.3 shows the existence of a matrix Z* € V.(R™) such
that Ra(Z*) = Ra(Z*). As discussed earlier, due to the nature of the Steifel manifold, there
are many versions of this matrix zZ , and also of any optimal solution matrix Z obtained
via right multiplication with an orthogonal matrix. For the subsequent arguments, we need
to work with a particular version of Z* (and Z ) that we describe here.

Now let us fix some convenient versions of Z* and Z. As a consequence of CS decompo-

sition, as long as r < m/2, there exist orthogonal matrices U,V € R™" and an orthogonal
matrix () € R™*™, such that

I, C
QTZ7U=1(0|, and Q"ZV=|35]|. (5.43)
0 0
where C' = diag(cy,- -+ ,¢.) and S = diag(sy, -+ ,5,) such that 1 > 35 > --- > 5. > 0 and

C?+ 5% = I,. (See Bhatia [15], Theorem VIL1.8, for details on this decomposition.) In the
analysis to follow, we work with A *U and ZV instead of Z* and Z. To avoid extra notation,
from now on, we will use Z* and Z for these new versions, which we refer to as properly
aligned. With this choice, we may assume U =V = [, in the CS decomposition (5.43).

The following lemma isolates some useful properties of properly aligned subspaces:

Lemma 34. Let Z* and Z be properly aligned, and define the matrices
P:=Py—Py = 22" - 72", and E:=Z7-Z". (5.44)
In terms of the CS decomposition (5.43), we have
IENs < IPllas, (5.45a)
(2T (P — P;)Z* = §2,  and (5.45D)
di(2,2°) = |IPz. = Pyllis = 2015° s + 20CS s = QZsk Sk G) = 2tr(5%). (5.45¢)
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~ ~ o~ o~ d2 _Ad
Proof. From the CS decomposition (5.43), we have Z*(Z*)T — Z(Z)T = Q (_Sga _%Eg 8>QT,
0 0 0
from which relations (5.45b) and (5.45¢) follow. From the decomposition (5.43) and the

proper alignment condition U =V = I, we have
IEW:s = 1Q"(Z = Z*)izs = M — Cllzzs + 1S s
=2 (1-a)<2) (1-&) =2 5 =|Plhs (546)
i=1 i=1 i=1

where we have used the relations C? + 52 = I, & € [0,1], and 2tr(5%) = ||Py. — Ps||%s-
[

5.4.2 Proof of Theorem 11

Using the notation introduced in Lemma 34, our goal is to bound the Frobenius norm || P||s.
Without loss of generality we will assume s; = 1 throughout. Recalling the definition (5.42)
of the random matrix A, the following inequality plays a central role in the proof:

Lemma 35. Under condition (A1) and sy = 1, we have
IPI%s < 128 (P, Ay + Ag)) (5.47)
with probability at least 1 — exp(—n/32).

]iroof. We use the shorthand notation A = A; + A, for the proof. SAince 7* is feaﬁible and
Z is optimal for the program (5.19), we have the basic inequality (X,, Pz.)) < (X., Py).
Using the decomposition > = I' + A and rearranging yields the inequality

(T, Pz — P3)) < (A, Pz — Ps). (5.48)

From the definition (5.42) of I' and Z* = Z*R, the left-hand side of the inequality (5.48)
can be lower bounded as

(T, Pz. — Pz) = (B, SR"(Z")"(P3. — P;)Z"RS))
= tr BSRTS*RS
> Aunin(B) Aain (S?) Amin (BT R) t1(S?)
where we have used (5.88) and (5.89) of Appendix 5.1, several times. We note that Ay, (S?) =
s? > % and A\pin(RTR) > % provided rC,,(f*) > %; see equation (5.68). To bound the
minimum eigenvalue of B, let Yuin(B) denote the minimum singular value of the n x
Gaussian matrix B. The following concentration inequality is well-known (cf. [34, 65]):

P[Ymin(B) < i — /1 —t] < exp(—t?/2), for all t > 0.
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Since Amin(B) = Vo (B/v/n), we have that Awin(B) > (1 — /r/n —t)* with probability at
least 1 — exp(—nt?/2). Assuming r/n < 7 and setting ¢ = 1, we get Ayin(B) > & with
probability at least 1 — exp(—n/32). Putting the pieces together yields the claim. [

The inequality (5.47) reduces the problem of bounding ||P||%¢ to the sub-problem of
studying the random variable (P, A; + Ay)). Based on Lemma 35, our next step is to
establish an inequality (holding with high probability) of the form

~ Om ~ ~
(P, A1+ Ag)) < Cl{% r32 F(IElms) + sl Elirs + €mn}- (5.49)

where ¢; is some universal constant, x is the constant in condition (Al), and €,,, is the
critical radius from Theorem 11. Doing so is a non-trivial task: both matrices P and A
are random and depend on one another, since the subspace Z was obtained by optimizing
a random function depending on A. Consequently, our proof of the bound (5.49) involves
deriving a uniform law of large numbers for a certain matrix class. R

Suppose that the bound (5.49) holds, and that the subspaces Z* and Z are properly
aligned. Lemma 34 implies that |||E s < |||13 llzzs, and since F is a non-decreasing function,
the inequality (5.49) combined with Lemma 35 implies that

~ Om P~
(1 — 128k ) || P45 < cl{ﬁ P2 F(IPllus) + efn}

from which the claim follows as long as  is suitably small (for instance, x < 52; suffices). Ac-
cordingly, in order to complete the proof of Theorem 11, it remains to prove the bound (5.49),
and the remainder of our work is devoted to this goal. Given the linearity of trace, we can

bound the terms (P, A;) and (P, A,)) separately.

~

Bounding (P, A;))

Let {Z;}, {Z;} and {€;} and {w;} denote the columns of 7. Z*, E and W, respectively,
where we recall the definitions of these quantities from equation (5.42) and Lemma 34. Note
that w; =n~' > | w;B;;. In Appendix 5.C.1, we show that

— -~ 3 e —  ~%
(@, &;)] + \/;07“ £ s max|(w;, Z)1. (5.50)

Consequently, we need to obtain bounds on quantites of the form |(w;, v)|, where the vector
v is either fixed (e.g., v = 2J) or random (e.g., v = €;). The following lemmas provide us
with the requisite bounds:

Lemma 36. We have

 — ) 0- = =
g o7 (04, 8)| < C{Tor P F(1Blns) + Bl + el |

(P, A1) < VBor®/? max
]7

with probability at least 1 — cyr exp(—£*r—3n 6’2”"’") — rexp(—n/64).

202
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Lemma 37. We have

P[mzix ar!@fféﬁ < \/6%;} > 1 —r?exp(—r’r—n/20?).
J7
See Appendix 5.C.2 and 5.C.3, respectively, for the proofs of these claims.

Bounding (P, A,)
Recalling the definition (5.42) of Ay and using linearity of the trace, we obtain
o) o’ ¢ Ty T >\T11/T
(P, 2o = =" { ) WIWE - (5 WIWE |,
j=1

. ~ o
Since €; = z; — 27, we have

_ | FO T T
(P 8 =0t {2E)" (SWTW = 1.)& + —IWe 3 +2()7% }

: (1 S BN
<o {2E) (CWIW -1 )&+ - IWElE (5.51)
T (€55 2;) Ta(¢5)

where we have used the fact that 23°.(Z)"e; = 2>°.((Z)7z; — 1] = 23°,(6; — 1) =
—lIENEs < 0.
The following lemmas provide high probability bounds on the terms 7T} and T5.

Lemma 38. We have the upper bound

azﬂ #5:%) < oo rF(1Blus) + sl Bllgs + e

€Em.,n €2
with probability 1 — ¢y exp(—k2r—2n %) — rexp(—n/64).

Lemma 39. We have the upper bound 037" _, Th(€;) < C%{|||E|||%{S + €2, .} with probability

at least 1 — cgexp(—k*r*nel, , /207).

See Appendices 5.C.4 and 5.C.5, respectively, for the proofs of these claims.
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5.5 Proof of functional rates

We now turn to the proof of Theorem 12, which provides upper bounds on the estimation

error in the function domain. As in the proof of Theorem 11, let Z = (z1, -+ ,2,) € V.(R™)
and Z* = (3},--- ,Z*) € V,(R™) represent the subspaces 3 and 3* respectively, and assume

that they are properly aligned (see Lemma 34). For j = 1,...,m, define g; :== ®*K !
and gj 1= ®*K _153“. Let {Ej}gzl be any basis of /3?’, orthonormal in L?, and similarly, let
{h3}i—; be any orthonormal basis of F*. Our goal is to bound the Hilbert-Schmidt norm
| P; — Ps-[lfis- In order to do so, we first observe that

s <23 |[hy — B33 (5.52)

j=1

175 — Ps-

so that it suffices to upper bound »77_, H?L] — B35 We relate this quantity to the functions
g; and g} via the elementary inequality

Ihy — hill72 < 4{llG; — g; 1132 + lh; — Gill7= + llg; — k31132 }- (5.53)

The remainder of our proof is focused on obtaining suitable upper bounds on each of these
three terms.

We begin by bounding the first term ||g; — g;‘||%2 Recall the definitions of Rg(€; ) and
Sm(®) and their relation via inequality (5.32). We exploit the inequality in the following
way: suppose that we can show that

D olG - glls < 4% and ) g - gill5 < B (5.54)
— =
Let S(A,B) = {(a,b) e R" x R" | 377_ af < A% 37", 07 < B*}. We may then conclude

that

.
g =gl < ,Sup ZR<1> (ay;
j=1

b)eS(A,B)

(4

< sup Z{cla +b2 (®)}

(a.6)€S(A,B) |

= A% + B2Sm(<b). (5.55)

=

where inequality (i) follows by repeated application of inequality (5.32).
It remains to establish upper bounds of the form (5.54). By definition, we have g; — g7 €
Ra(®*) and ®(g; — g;) = Z; — Z;. Recalling the norm ||a||} := " K 'a, we note that the
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matrices Z and Z* satisfy the trace smoothness condition S lZlE = (K Z2Z27T) <

2rp?, and hence

T ' T
MG —gl =15 -Zl% < 2> 51 +1Z%) < 8rp
j=1 j=1 j=1

——
B2
Furthermore, recalling that || f||e = ||®f]2, we have
r 7
DG —glla =D _I1Z = Z13 =12 — Z°l%s < IP; — Py.lius
- - —_—
7=1 7j=1

A2
Consequently, by the bound (5.55) with A* = ||P; — P;.
that

2 and B? = 8rp?, we conclude

s+ 8rp2 S, (P) (5.56)

,
-~ * |12
> 15 = gjllze < erllPy — Py
j=1
We now need to bound the remaining two terms in the decomposition (5.53). In order
to do so, we exploit the freedom in choosing the orthonormal families {h;}7_, and {h}}
By appropriate choices, we obtain the following results:

T
j=1-

Lemma 40. There exists an orthonormal basis {/}\L]’};:l 0f§ for which

> Ik = Gillze = 20%p" D7 (®). (5.57)
j=1
Lemma 41. There exists an orthonormal basis {h};}’_, of §* for which
D Ol = gill7e < c2r’CL(f*) + 6rp> S (®). (5.58)
j=1
As these proofs are more technical and lengthy, we defer them to Appendices 5.D.1 and 5.D.2
respectively.
Combining all of the pieces, we obtain the upper bound
IPs = Py-las < co{llPs — Py-Ias + r2" D2(®) + 2C(f") +rp*Su(®)}. (5.59)

By using polarization identity and decomposition H = Ra(®*) @ Ker(®), one can show
that

Con(f*) < K (Din(®) 4+ N (@), (5.60)

when N,,,(®) < 1. (See Appendix 5.B.5 for more details.) Using this inequality and noting
that S,,(®) > Ny, (®) > [N, ()] when N,,(®) < 1, the bound (5.59) can be simplified to
the form given in Theorem 12.
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5.6 Proof of minimax lower bounds

We now turn to the proofs of the minimax lower bounds stated in Theorems 13 and 14. We
begin with some preliminary results that apply to both proofs.

5.6.1 Preliminary results

Our proofs proceed via a standard reduction from estimation to multi-way hypothesis testing
(e.g., [107, 104]). In particular, let {f*,..., fM} be an §-packing set of By(1) in a given norm
| - ||«. (For our proofs, this norm will be either || - ||¢ or || - ||z2.) Given such a packing set,
it is known that the minimax error in the norm || - ||, can be lower bounded by

5 ~ y 02 I
2> 2 > =
A 4]_1 log M

2|l [ls) == inf sup Py

4 FofreBy(1)

Ml

where y = (y1,...,yn) € R™™ is the observation matrix, and f is a random function
uniformly distributed over the packing set. The quantity I(y; f) is the mutual information
between y and f, and a key step in the proofs is obtaining good upper bounds on it.

Let P, (respectively IP;) be the distribution of y given that f* = f (respectively f* = g).
The mutual information /(y; f) is intimately related to the Kullback-Leibler (KL) divergence
between Py and P,, which is given by

D(Py || Py) = /pf(y) log Zgi dy, (5.62)

where p; and p, are the densities with respect to Lebesgue measure. Our analysis requires
upper bounds on this KL divergence, as provided by the following lemma:

Lemma 42. Assume that ||flle = ||g|le. Then the Kullback-Leibler divergence is upper
2
bounded as D(Py || P,) < nll/{‘fgqu)‘

See Appendix 5.E.1 for the proof.

5.6.2 Proof of Theorem 13

We are now ready to begin the proof of our lower bounds on the minimax error in the (semi)-
norm || - ||¢. In order to leverage the lower bound (5.61), we need to have control on the
packing and covering numbers in this norm:

Lemma 43 (Packing/covering in ||-||g-norm). Suppose that the kernel matriz K has polynomial-
a decay.
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(a) Suppose that m < (con)2s for some constant co. Then there exists a collection of
functions {f', ..., fM} contained in By (1) such that M > 4™, and

2
and | fi — FI2 > 6‘770 foralli#je{1,2,....M}.
mn

2
g

i2 _ 90
171 = 2

(b) The covering number of the set Ra(®*) NBy(1) in the || - ||o-norm is upper bounded as

log No(€) < ¢1(1/€)a. (5.63)

In the other direction, if € > =35 for some constant ry > 0, then the packing number
18 lower bounded as

log Mg (€) > ca(1/€)=. (5.64)

The proof of this auxiliary result is given in Appendix 5.E.2; here we use it to prove
Theorem 13.

The case of time sampling

Let us consider part (a) first. Recall that in this case o, = 0o/y/m. First, supposing that
m < (con)2=, we establish a lower bound of the order 1/n on the minimax risk. (Note that
if this upper bound on m holds, then the 1/n term is the minimum of the two terms in
Theorem 13(a).) Let {f!,..., fM} be the collection of functions from part Lemma 43(a).
Using the Fano bound (5.61) and the inequality log M > mlog4, we obtain

ol I(y; f) + log 2
MH 0_. . >1_ 2/ e
m’”(256n | Hq>) - m log 4
where y is the matrix of observations (yi, ..., y,) € R™*" and the random variable f ranges

uniformly over the packing set {f!,..., fM}. By the convexity of the Kullback-Leibler
divergence, we have

1 @ 1 nllf = Flle @ nog _ m
Iy /) < 7 Y _DP [ Ppy) < 5 Y " < —24—0 = =
— — O o 4n 4
(2) 1#£j (2) i1#£j
where inequality (i) follows from Lemma 42, and inequality (ii) follows from the packing
construction in Lemma 43(a). Consequently, we have

Y

I(y; f) + log 2 - m/4 + log 2
mlog 4 ~  mlog4

1
< Z
-2

for all m > 2, which completes the proof.
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Otherwise, we may assume that m > (con)i, under which assumption we prove the lower
pleY
bound involving the term of order (mn)~ 2e+1. (Note that this lower bound on m holds, then
« 2 o
the (mn) 7T term is the minimum of the two terms in Theorem 13(a).) Let 6% = () 2ot

for some c3 > 0 to be chosen. Since m > (con)i by assumption, some algebra shows that
62 > £ so that the lower bound on the packing number from Lemma 43(b) may be applied.

m2a )
Combining this lower bound with the Fano inequality, we obtain
52 I(y; f) +log2
Ho(Z. . >1_»J/ e
Mm,n(4 ) || “‘I)) - 02(1/5)1/a

By the upper bounding technique of Yang and Barron [104], the mutual information I(y; f)
is upper bounded by inf,- {y2 + log Nk1.(v)}, where Nkj, is the covering number in the
square-root Kullback-Leibler (pseudo)-metric. By Lemma 42 and Lemma 43(b), we have
Nkr(v) < ¢ (\/%V) Ve Re-parameterizing in terms of € = %ﬂ, we obtain the upper
bound

. nm o 1 1o
I(y;f>§gg{0—ge2+q<1/e)u L < (Z) 7

2
)

2a
where €2 = 04( )2"+ ! for some constant c¢s. Consequently, we have

nm

_ Ly f) +log2 _ (1) +log2
B co(1/6)Ve = (1/6)1/e

Note that ¢ and €, are of the same order. By choosing the pre-factor c3 sufficiently small,
we can thus guarantee that the ratio R is less than 1/2, from which the claim follows.

The case of frequency truncation
_2a
Recall that in this case 0, = 0¢. Since by assumption m > (con)ﬁ, letting 6% = c3 (%(2’) Zatl

we have 62 > —4= after some algebra. Hence, the lower bound on the packing number from

Lemma 43(b) may be applied. Moreover, we have Nkp,(v) < cl(\‘;—%y) Y The rest of the
proof follows that of part (a).

5.6.3 Proof of Theorem 14

On one hand, no method can estimate to an accuracy greater than %Nm(CID). Indeed, whatever
estimator f is used, the adversary can always choose some function f* such that ®(f*) =0,
and ||f — f*[|2 = 1N, (®). To see this, note that on one hand, if ||f|[z2 > LN, (®), then

the adversary can set f* = 0. On the other hand, if || f]|.2 < TN, (®), then for any 6 > 0,
adversary can choose a function f* € Ker(®) N By (1) such that |[f*||z2 > Npn(P) — 4§, by
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definition (5.13) of Ny,,(®). We then have ||f* — fll2 > || f*]lz2 — | fllz2 > LNm(®) — 3 where
we let § — 0. In addition, it follows from the theory of optimal widths in Hilbert spaces [7§]
that N, (®) 7= o1, thereby establishing the m—2* lower bound for a kernel operator with
polynomial-a decay.

Let us now prove the lower bound involving (mn)_% in part (a). This term is the
smaller of the two terms involved in the minimum, when m > n%; this is the only case
we need to consider as for m < ni, the minimum is n~! which is dominated by the term
m~2%. We introduce the shorthand ¥ = span{t, ..., %, } NBy(1), corresponding to the
intersection of the unit ball By (1) with the m-dimensional subspace of H spanned by the
first m eigenfunctions of the kernel. For this proof, our packing/covering constructions take
place entirely within this set. The following lemma, proved in Appendix 5.E.3, provides
bounds on these packing and covering numbers:

Lemma 44 (Packing/covering in || - ||zz-norm). There is a universal constant ¢; > 0 such
that

log Nz2(e; ¥7") < cl(l/e)i. (5.65)

In the other direction, if € > —3= for some constant k1 > 0, there is a universal constant
co > 0 such that

log My2(e; U™) > co(1/€)a . (5.66)

Based on this lemma, proving a (mn)ﬁzﬁ bound is relatively straightforward, once again
using Fano’s inequality (5.61). Choosing 6% = 03(%)% for a constant c3 to be specified,
we construct a d-packing in || - ||z norm, of size M such that log M > c5(1/8)Y/*. As in
the proof of Theorem 13, we upper bound the mutual information in terms of the covering
number in the || - ||¢. By condition (D2), this covering number is upper bounded (up to
constant factors) by the covering number in the || - [|,2-norm. To see this, note that for any
f eV NBLe(e), we have f = 370 ajah;, with 377 a3 /p; < 1and Y77 af < €* Then,
condition (D2) implies || f||§ = (a, Va) < cila|3 < 22, that is f € U N Bg(y/cre). Finally,
by Lemma 44, the || - |2 covering number scales as (1/€)!/®, so that the same calculations
as before yield the (mn)fﬁil rate as claimed.

The proof of part (b) is similar. We only need to consider the case m > n7r1. The rest

_2a
of the argument follows by taking 6% = 03(%3) 2o+l and recalling that o, = ¢ in this case.

5.7 Discussion

We studied the problem of sampling for functional PCA from a functional-theoretic view-
point. The principal components were assumed to lie in some Hilbert subspace H of L?,
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usually a RKHS, and the sampling operator, a bounded linear map ® : H — R™. The
observation model was taken to be the output of ® plus some Gaussian noise. The two
main examples of ® considered were time sampling, [®f]; = f(¢;), and (generalized) fre-
quency truncation [®f]; = (¢, f)r2. We showed that it is possible to recover the subspace
spanned by the original components, by applying a regularized version of PCA in R™ followed
by simple linear mapping back to function space. The regularization involved the “trace-
smoothness condition” (5.18) based on the matrix K = ®®* whose eigendecay influenced
the rate of convergence in R™.

We obtained the rates of convergence for the subspace estimators both in the discrete
domain, R™, and the function domain, L2. As examples, for the case of a RKHS H for which
both the kernel integral operator and the kernel matrix K have polynomial-a eigendecay (i.e.,
py = ;< j~2), the following rates in HS-projection distance for subspaces in the function
domain were worked out in details:

time sampling frequency truncation
o)™+ (" ()"
mn m n m

The two terms in each rate can be associated, respectively, with the estimation error (due
to noise) and approximation error (due to having finite samples of an infinite dimensional
object). Both rates exhibit a trade-off between the number of statistical samples (n) and
that of functional samples (m). The two rates are qualitatively different: the two terms in
the time sampling case interact to give an overall fast rate of n=! for the optimal trade-off
m < ni, while there is no interaction between the two terms in the frequency truncation; the
optimal trade-off gives an overall rate of n_%, a characteristics of nonparametric problems.
Finally, these rates were shown to be minimax optimal.

Appendix 5.A A special kernel

In this appendix, we examine a simple reproducing kernel Hilbert space, corresponding
to a Sobolev or spline class with smoothness @ = 1. We provide expressions for various
approximation-theoretic quantities appearing in our results, such as D,,(®), N,,(®) and .
Further background on the calculations given here can be found in the paper [4].

Let us consider the time sampling model (5.8) with uniformly spaced points t; = j/m
for j =1,...,m. Elementary calculations show that K = (m™'K(t;,t;)) = —zLL", where

L € R™™ is lower triangular with all the nonzero entries equal 1. It can be shown that

—1/2
the eigenvalues of K are given by iy := {4m2 sin? (’;’;L—H)} " for k = 1,2,...,m. Using the

inequalities %x <sin(z) <z, for 0 < x < 7/2, we have

2m + 1\ 2 . w2 /2m + 1\2
( )MkSMk§—< )Mk,
2m 4 2m
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showing that ji;, is a good approximation of iy, even for moderate values of m.

Recalling the definition of ¥ € R™*™ from Section 5.3.2, it can be shown that it takes
the form ¥ = I,, + LII7, where I, € R™ is the vector with entries [I,]; = (—1)’™. Since
Amax (V) = 2, condition (D2) is clearly satisfied.

Now we consider the quantity D,,(®); by Lemma 30, it suffices to bound the operator
norm of K~ 3(K? — ©)K~'/2. Some algebra shows that K? — © = m~*(1rh” + im?K),
where h = (1,2,...,m), so that

1 1 1 1

1
Dp(®) = |[KV2(K?—O)K V?y=— KWK 'h+— = —4 — < —.
(@ =1 ( ) I 2m* N 6m? 2mjL 6m? — m

Finally, it was shown in Chapter 4 that N,,(®) 3 k;i;” .

Appendix 5.B Auxiliary lemmas

Here we collect the proofs of various auxiliary lemmas.

5.B.1 Proof of Lemma 29

The space Ra(®*) is finite-dimensional and hence closed, which guarantees validity of the
well-known decomposition H = Ra(®*) @ Ker(®). In particular, for any f € H, there is
a € R™ and f+ € Ker(®) such that f = ®*a + f+. Then, ®f = Ka, and

1£15 = [1®*all5, = (®"a, ®*a)y = (a, PP a)em = (Ka, Ka)x = ||®f|%.
Equality holds iff f+ = 0 which gives the desired condition.

5.B.2 Proof of Lemma 30

By a well-known result, for a symmetric matrix, the numerical radius is equal to the operator
T K_K—I/QGK—1/2
o ( )al. Making the

llall3

norm. Thus, we have ||[K — K~'20K 12|, = SUPgerm\ {0}

substitution b = K ~'/2a, or equivalently a = K/?b, we obtain

" (K% - ©)b|
K—K 20K 2|, = sup |
I Il2 b D

Now define the function f = ®*b € Ra(P*). With this definition, we have the following
equivalences:

VKb =203, = /IR, VR =2f13 = I/l3, and bTOb=Y bollz. = |I/IIz,
j=1

from which the claim follows.
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5.B.3 Proof of Lemma 31

The (truncated) QR decomposition [44] of Z* has the form Z* = Z*R, where Z* € V,(R™),
and R € R™" is upper triangular with nonnegative diagonal entries. By construction, we
have Ra(Z*) = Ra(Z*). Moreover, from the trace smoothness condition (5.18), we have

vt > ) ik = o (2K Z7) > Nun(RTR) tr (Z7)T K1 27) (5.67)
j=1
where the final inequality follows from the bound (5.89) in Appendix 5.1. Recalling the defini-
tion (5.25), we have C,,(f*) = |[(Z*)T Z*—I||cc = |[RT R—1I,||- Since N\;(RTR) = X\;(RTR —I,.) + 1,
we have

max [N(R'R) = 1| < |B'R = Ll < 7|R'R = L]lee = rCu(f7). (5.68)

.7_ """

Since rC,,(f*) < 3, we conclude that Ay (RTR) > 1. Combined with our earlier bound (5.67),

we conclude that Z* indeed satisfies the trace-smoothness condition.

5.B.4 Proof of Lemma 33

We only need to consider the case v = 1; the general case follows by rescaling. Consider the
following local one-sided version of D,,(®),

Uee(€6;®) :=  sup || f]|Z-. (5.69)
f€Ra(e"),
1l <1,
1713 <2

Using an argument similar to that of Lemma 30, (5.69) is equivalent to

Ue(€;®) = sup b'K~YV2QK 1/, (5.70)
bTb<1,
bT Kb < €2
Using Lagrange duality, we have

Uoc(€; @) < inf [max (Apax(K?OK 2 — 1K), 0) + te’]

t>0

< coe? (5.71)

since (D1) implies Apax (K720 K12 — ¢yK) < 0.
For f € H, let f = g+ f* be its decomposition according to H = Ra(®*) & Ker(®).
Then, lglf% + I1F- 13, = /13, < 1 and |22 < 2llgl% + 2|l |2.. Hence, we obtain

Ro(€;1) < 2Uc(g5P) + 2N, (D). (5.72)

Combining (5.71) and (5.72) proves the claim.
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5.B.5 Proof of inequality (5.60)

By polarization identity and some algebra,

Cu(f) < 29° sup 115 = [1£17]
<L, 11 2=

Let f = g+ f* be the decomposition according to f € H = Ra(®*)+Ker(®). Let f € By(1)
and || f|r2 = f%p' Then, as in Appendix 5.B.4, we have g, f+ € By(1). Hence,

AS = 11| < [lglls = Ngllz| +] llg + £ = lgllZ: |
N -~ s v

< D (®) a? b?

where we have define a, b > 0 as above for simplicity. Let d := || f*||;2. By triangle inequality,
b<a+dand |a—0b| <d. Then,

la*> — b*| = |a — bl(a+b) < d(2a+d) < (\/EJr 1) N, (D),

since a = \[%p and d < N,,,(®) < 1, by assumption.

Appendix 5.C Proofs for Theorem 11

In this appendix, we collect the proofs of various auxiliary lemmas involved in the proof of
Theorem 11.

5.C.1 Derivation of the bound (5.50)
From the CS—dEcomposition (5.43), we have 277+ = 6, and hence PZ* = ZC — 7* =
EC — Z*(1, — C). From the decomposition (5.42), we have
(P, ALY = o tr [WSR"(Z*)'P+ Z*RSW' P]
— 20 tr [RSW' PZ"]
= 20{ tr [RSW" EC] — tr [RSW Z"(1, - O)] }

where we have used the standard facts tr(AB”) = tr(A”B) and tr(AB) = tr(BA). For the
first term we have

<(3 m) (e mar)”

Jk=1 ak

T
> Risi(W, 65) G

7,k=1

tr [RSWTEC'\} =
| |
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where we have used Cauchy-Schwarz. By (5.68), under the assumption rC,,(f*) < 3, we
have tr(RTR) < %r. We also have 0 < s, < sy =1land 0<¢; <1forjk=1,...,r. It
follows that

PN 3 ! R 1/2 3 R
tr [RSWTECH < \/j\/F< Z ((wy, ej>)2> < \/jr?’/2 max | (W, €;)].
2 Pyt 2 jik
For the second term, using a similar argument by applying Cauchy-Schwarz, we get

tr [RSW' Z*(I, — 6)}‘ < \/g\/?(iu — )’ i(m,?pf)

1/2

3 N 1/2 N V3 - o
< /2o S0 -7) g 0 31 = 5 1B s, )
where the last inequality follows from the fact that (Zj(l —@)2)1/2 <> ,(1-¢;) = %|||E|||§{S

5.C.2 Proof of Lemma 36

We make use of an ellipsoid approximation (see [70]). To simplify notation, define K :
(8rp*)K and i := 87°p fi, so that we have tr(Z" K~'Z) < 2rp* if and only if tr(ZT K~ 1Z)
1/4. Since both Z and Z* satisfy this condition, it follows that I1Zll 7 < § and |2}z

for 5 = 1,...,r, where ||a||§~{ .= a” K~'a. Thus, we are guaranteed that €; € £z = {v
R™ | [lollz < 1}.

M o= |/\ i

We first establish an upper bound on the quantity sup {(wi,v) | v € Ez N Bs(t)},
where By(t) = {v € R™ | ||v|l2 <t} is the Euclidean ball of radius ¢t. Let 1y > -+ > [, be
the eigenvalues of K in decreasing order and let i := (i1, ..., ly). Since for U € V,,(R™),
the random vectors m and Uwy have the same distribution, it is equivalent to bound the
quantity sup { (W, v) | v € ENBy(t )} Now for v € £;NBy(t), we have " 77 'v? < 1 and
St 202 < 1implying > ", maX{,ul ,t7?}v? < 2. Consequently, if we define the modified
ellipse &, = {v € R™ | Zz_ < 1} where v; := 2min{t? /i;}, then we are guaranteed

that v € é’w so that it suffices to upper bound sup, ¢ ¢ (Wy, v). For future reference, we note
that

7l = 16 F2(t/v8), and ||| < 2t (5.73)

where F was defined previously (5.24). Define the random variables wy, := % Yo wiBi and
By = %Z?:l 2. For each index k, Lemma 45 (see Appendix 5.F), combined with the
relations (5.73), yields

7 sup (.0} < Byl g Il o, Bl ATV + 1)
VELy
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with probability at least 1 — exp(—d2/2). Taking 6 = A,\/nt/o, where A, := kr~3/2 for
some small enough constant x > 0, we obtain

o sup (W, v)| < C1 B

1/2{
veE, \/_

with probability at least 1 — exp(—A2nt?/20?).

As was mentioned earlier, the same bound with the same probability holds for sup {U| (W, v) |
v e EgNBy(t)}. Since ey € €, j=1,...,r we can apply the technical Lemma 48 of Ap-
pendix 5.H with v = (n,m), 6, = A,n/c? and t, = €, ,, to obtain

F(t/VB) + A, t2}

o~ 1/2
o| (W, &) < C1 By

{\/— (2[1&5l12/V8) + A (21[g;1]2)° +%f(%m,n/\/g)vLAr(?ém,n)Q},

forall j € {1,...,r}, with probability at least 1 —c; exp(—AZney, ,/20°). Note that ||€;]| <
IE|lgs, j = 1,...,7. Since the bound obtained above is nondecreasmg in ||e;||, we can
replace ||e;|| everywhere with IE|lrs. We also note that by x2 concentration [55, 63], we
have Byr < 3/2 with probability at least 1 — exp(—n/64). Finally, by definition of €,,,, and
monotonicity of F we have %F(Zem,n/\/g) < HF(emn) < A€}, ,. Putting together the
pieces, we conclude that

max 0| (@, )| < Co T=F(IBllus) + AEWs + Ar €2 .

vn

with probability at least 1 — c;rexp(—A2n €2, /20%) — rexp(—n/64), where we have used
union bound to obtain a uniform result over k

5.C.3 Proof of Lemma 37

We control terms of the form (wy, z7) using Lemma 45 in Appendix 5.FF, this time with

w; replaced with (w;, %) and v = 1 (i.e., we are looking at sums of products of univariate

1/2{f +6f} with
probability at least 1 — exp(—d2/2). Taking 6 = xr~'\/n/c, then the event max; By < 3/2,
which we have already accounted for, we have by union bound

Gaussians). Thus, for any fixed j and k, we have o[(wy, 2})| < 0 B

o 3( 0
m%XJH(wk,szg —{—7’+/@}§ 6K
-77

2y/n

with probability at least 1 — r?exp(—k?r—2n/20%). The second inequality follows by our
assumption r < ky/n/o.
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5.C.4 Proof of Lemma 38

For each j € {1,...,7}, we define the vector ¢/ := W2 € R" so that { = (¢7) where
Cij = wlT'zv]* We can use the same ellipsoid approximation as Appendix 5.C.2— that is,
we first look at sup {T1(v; Z;) | v € Ez N By(t)} and then argue that it is enough to
bound sup,ee T1(v; 27) = sup,ee (v, D Cw; — z7), due to the invariance of the under-
lying distribution under orthogonal transformations of v. Now applying Lemma 46 from
Appendix 5.F yields

A niz) < (R ) {VRT oV} e

with probability at least 1 — 2exp(— 6/1\32). Recalling that by assumption o < g, let

A, = kr™L. For t < 509/ A,, take § = A,t/(000) < 1. Then, using (5.73), the left-hand side
of (5.74) is bounded above by

Cl<||f/]|ﬁ|2 1){00%%5/\/%) +ﬁrt2} (5.75)

with probability at least 1—2exp (—A2n?/(16 6%03)). For t > 0o/ A,, take § = A,t/0%. In
this case, A,t > ooy > o2 implying § > 1. Then, the left-hand side of (5.74) is again bounded
above by (5.75), this time with probability at least 1 — 2exp(—A,nt/(160%)). Assuming

x < 1, which is going to be the case, we have Ef < Avr. Combining the two cases, we have
the upper bound (5.75) with probability at least

1 —2exp { - A2n (052 A1) (EATE2) ) (160°)} (5.76)

p1(t)

for all t > 0. (Note the break-up into two cases was to obtain a dependence of o=2 in the
probability exponent for all ¢t > 0.)

By an argument similar to Appendix 5.C.2-—that is, using technical Lemma 48-—we have
1€l < I E|lms and =T (2em, 2/ V8) < A€, from the definition; we obtain

1¢? Hz o B TIE i
o*T1(€5: %)) < Co N 1){00%}"(|||E|||Hs)+Ar|||E|||§{s+Ar63n,n}

for all j € {1,...,r}, with probability at least that of (5.76) with ¢ = ¢,,,, and 2 replaced
with some constant ¢y > 2, i.e. 1 — cop1(€m,n). By concentration of be variables and union
bound, we have max; n~!(|¢7||3 < 3/2 with probability at least 1 — rexp(—n/64). Putting
together the pieces, we conclude that

S ~ o ~ ~
7 D 11E5 %) < Co{ oo mr F(1Blls) + wllElys + el |
j=1

with probability at least 1 — ¢ p1(€m.) — 7 exp(—n/64), as claimed.
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5.C.5 Proof of Lemma 39

As before, the problem of bounding 75(€;) can be reduced to controlling sup,ce T3(v), by
invariance under orthogonal transformation. Applying Lemma 47 of Appendix 5.G with
with 0 = ky/nt/o yields

t
o sup \/Ty(v) = sup THW@HQ < a{ m + (1 + lﬁ;)\/ H’YHOO}

vEE, ve&,

< (11{— F(t/V8) + ot + rt?}

<Oy )+ ot + V2%t }

{ \/_
with probability at least 1 — exp(—k?nt?/20?), valid for all ¢ < /2, Note that since ||&;]]2 <

V2 (by proper alignment), it is enough to only have a bound for t < /2. Recall the
assumption (A1), ¢ < /k and by (A3), = F(t) < Vkt. Assuming k < 1, we obtain

o? sup Ty(v) < 012 (2\/Et + \/§/£t)2 < Cyrt?

veE,

with the same probability. As before, applying technical Lemma 48, this time with t, =
r~1%¢,, ,, we obtain

PT(e) < Co{ QUG+ (272) )
for all j € {1,...,m} with probability at least 1 — ¢z exp(—x*r~>ne’, ,/20%). Thus, we have
0* > Ta(#) < Cor{ IBNs + €.}
=1

with probability the same probability. Note that we have used |||E I3 =25 IE515.

Appendix 5.D Proofs for Theorem 12

In this appendix, we collect the proofs of various auxiliary lemmas involved in the proof of
Theorem 12.

5.D.1 Proof of Lemma 40

By definition, each ﬁj lies in § so that we have ﬁ @*(Z BUK zl) for some B €
R™". Recalling that [K~*ZB]; denotes the j-th column of K~'ZB, we can write h;
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@*[K‘léB]j. Recalling the formula (5.5) for the adjoint, observe that for any a,b € R™, we
have

<CI)*(I, q)*b>L2 = < Zz a;P;, Zj ijOj >L2 = Zi,j aibj <QOZ, g0j>L2 = (IT@ b (577)
where © = ((¢;,p;)r2) € ST, as previously defined in Lemma 30. Since the functions
{/f;j}gzl are orthonormal in L?, we must have (h;, hy)> = [K'ZB]TO[K ' ZB]; = 0, or
in matrix form (K~'ZB)TO(K~'ZB) = I,,. This condition can be re-written as

BT'OB =1,,, =1, where Q:=Z2"K'OK'Z.

Since hj—g; = ®*[K ' Z(B~1,)];, we have [|h;—g;]|2. = [K ' Z(B—1,)]T6|K ' Z(B~1,));,
using the definition of ©. Consequently, we obtain

Z 1hy — G112 = tr {(K'Z(B - 1))"©(K'Z(B - 1))} = tr {I + Q — 2QB},

using the symmetry of @ and the constraint BT@B = I. Subject to this constraint, we are
free to choose B as we please; setting B = Q~1/? yields

SRy = GilEe =t {(1 - QY)Y = 11 — QY.
j=1

In order to upper bound |/ — @1/2 s, we first control the closely related quantity
Il — Q|lzs- We have

I~ Qllus = 127 K™2(K — K=20K—2) K27 5
[ — K20 K 21 | 27K Z] s

<
< 2rp® D,,(®), (5.78)

where we have used inequality (5.92), Lemma 30, the trace-smoothness condition tr(2 TK-1Z) < 2rp?,
and the inequality || M| gs < tr(M), valid for any M > 0.
In order to bound ||[I — Q2| szs, we apply the inequality

JA? — DU < qa" 'J[A-DJl, 0<g<1, (5.79)

valid for any operators A, D such that A > al and D > al for some positive number a,
where || - || is any unitarily invariant norm. (See Bhatia [15], equation (X.46) on p. 305). As
long as 2rp?D,,(®) < 1/2 so that the bound (5.78) implies that @ = 1/2I, we may apply
the inequality (5.79) with A=1,, D =0Q,a=q=1/2and |- || = || - |lus so as to obtain
the inequality |1, — Q2| ys < el L e Q|lizs, which completes the proof.
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5.D.2 Proof of Lemma 41

By definition, we have h} = >7/_| E;ff for some £ € R™". Since both {h;} and {f/}
are assumed orthonormal in L?, the matrix £ must be orthonormal. In addition, we have
S I3 = Y20 113, < rp?, implying that

Sons =gl < 2> (1813, + lg;13,) < 2(rp* + 2rp%) < 6rp?

Jj=1 J=1

where we have used the fact that 377, [|g5[13, = >_5_y 125 1% < 2rp”.
Recall the argument leading to the bound (5.55); applying this same reasoning to the
pair (hj, g;) with the choices A% = 37" [|hs — g5||3 and B* = 6rp* leads to

S on = gilie < e >[I = g; 115 + 6rp>Sm ().
j=1 Jj=1

It remains to bound the term »7°_, [|h; — gj[|3. Recalling that & f; :Nz;‘, we note
that ®h; = ZLszz* = [Z*E];. Tt follows that Y ", [|h} — g7ll3 = ||g*E — Z*||3,. Since
Ra(Z*) = Ra(Z*), there exists a matrix R € R™" such that Z* = Z*R. Letting V; TV,
denote the SVD of R, we have

|12°E = Z*|lus = |RE = Lllus = | R = E"|us = VAV = B |lus,

where we have used the unitary invariance of the Hilbert-Schmidt norm. Take ET = V;V,I
which is orthogonal, hence a valid choice. By unitary invariance, we have | Z*E — Z Nus =
|IT — I.||zs. We now apply inequality (5.79) with a = ¢ = 1/2, A = Y2, D = I, || -
I = |l - llus- The condition rC,,(f*) < 1 implies Y? = 1I,. (See Appendix 5.B.3, in
particular the argument following (5.68).) Consequently, we have | T — I,||gs < \%HTQ —

Lllus < 501272 — I||lus, where we have used V,Y?V;" = RTR = Z*"Z*. Recalling

that ||Z*7Z* — I|lzs < rCn(f*) and putting together the pieces, we obtain the stated
inequality (5.58).

Appendix 5.E Proofs for Theorems 13 and 14

In this appendix, we prove various lemmas that are involved in the proofs of the lower bounds
given in Theorems 13 and 14.

5.E.1 Proof of Lemma 42

Let us introduce the shorthand notation v = ®(f) and v = ®(g). Under the model Py,
for each ¢ = 1,2,...,n, the vector y; € R™ has a zero-mean Gaussian distribution with
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covariance matrix Xy := uu’ + 02 I. Similarly, under the model P, it is zero-mean Gaussian
with covariance 3, := vvl + 02 1. Since the data is i.i.d. and using standard formula
for the Kullback-Leibler divergence between multivariate Gaussian distributions, we have
2D(Py || Py) = log ggg" +tr(X,'Xy) — m. Since |lull = |lv[l2 by construction, the matrices
Yy and X, have the same eigenvalues, and so the first term vanishes. Using the matrix

inversion formula, we have

T
2 _4 VU

ZD(P P _ 2] T\—1 2[ T: —2[_ s 2] T.
D@ [[Pg) +m = (o] +v07)7, op D +uut)) = (o, n T ofRo2 7 +uu )

Using the fact that ||u||s = ||v]|2 =: @ implies

2 -2 2 0*2a2 07714 2 0%4 2 Ju—vll3
ED(PfHPg) =0y, a — 1+ a2 - 1+a207;2<u’v> = HTQO;ZQ(G + <U7U>) o

Since |{u,v)| < a? by Cauchy-Schwarz, we have a? + (u,v) < 2a?, and hence

a?o,’ u—vly _ |lu—ol}

= —2 2 = 2
1+ a?o;; oz, oz,

~D(Py || Py) <

as claimed.

5.E.2 Proof of Lemma 43

As previously observed, any function f € Ra(®*) N By/(1) can be represented by a vector in
the ellipse £ := {6 € R™ | Do 03/ < 1} such that || f||e = [|0]]2. The proofs of both
parts (a) and (b) exploit this representation.

(a) Note that the ellipse £ contains the ¢5*-ball of radius /fi,. It is known [68] that there
exists a 1/2 packing of the ¢3*-ball which has at least M = 4™ elements, all of which have

unit norm. By rescaling this packing by 2%, we obtain a collection of M vectors {0%,...,0M}
such that
, od L e OF o,
16073 = -2 and ||6" —&7|3 > i for all i # j € [M].
n

I\D‘H 3

The condition m < (cyn)2« implies that ||6]|2 < (coo2)m™2* < [i,,, where the second in-
equality follows since by assumption (A1) we can take o2 sufficiently small. Thus, these
vectors are also contained within the ellipse £, even after we rescale them further by 1/4,

which establishes the claim.

(b) This part makes use of the elementary inequality

0 & ()
klogk—k < ) logj < (k+1)log(k+1) — (k+1). (5.80)

Jj=1
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We use known results on the entropy numbers of diagonal operators, in particular for the
operator mapping the fo-ball to the ellipse £. By assumption, we have [i,52* € [cs, ¢,] for
all j =1,2,...,m. By Proposition 1.3.2 of [28] with p = 2, we have

k

1 ~

log No(¢;E) < p X {5 E 1 log fi; + klog(1/€)} + log6
]:

k

< _ .

< max g - leogj + klog(1/e)} + log(6cy)
=

< max f(k)+ log(6c,),

T 1<k<m

where f(k) = a(k — klogk) + klog(1/e€). Since f'(k) = —alogk + log(1/e€), the optimum is
achieved for k* = (1/€)'/*, and has value f(k*) = a(1/€)"/®, which establishes the claim.
In the other direction, for all k € {1,2,...,m}, we have

k k
1 - .
log Mg (e;E) > 5 E log fi; + klog(l/e) > —a E log j + klog(1/€) + log .

j=1 j=1
Using the lower bound (5.80)(u), we obtain
log Mo (e;E) > a((k+ 1) — (k+1)log(k + 1)) + klog(1/e) + log c;.

The choice k+1 = (1/€)"/®, which is valid under the given condition (1/€)"/® < m —1, yields
the claim.

5.E.3 Proof of Lemma 44

Any function f in the set 07" has the form f = Z;"Zl a;v; for a vector of coefficients
a € R™ such that >0 aifp; < 10 If g = > i1 by is a second function, then we
have ||f — g|lzz = |la — b||2 by construction. Thus, the problem is equivalent to bound-
ing the covering/packing numbers of the m-dimensional ellipse specified by the eigenvalues

{1, ..., pim}. The claim thus follows from the proof of Lemma 43(b).

Appendix 5.F Suprema involving Gaussian products

Given a diagonal matrix @ := diag(y1,...,7m) € R™™ this appendix provides bounds on
|1QY/2¢]|, where € € R™ is some random vector (product of Gaussians in particular). The
following bound, which follows from Jensen’s inequality, is useful:

E [|Q%¢|l> < \/E QY23 = \/t2(Q%¢), where B¢ :=EE". (5.81)
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We prove a bound for the random vector  :=n~*Y " | Biw; € R™, where 3; ~ N(0,1),
independent of w; ~ N (0, I,,,), and the pairs (3;, w;) i.i.d. for i =1,... n.

Lemma 45. For allt > 0, we have

p 1QV2 Y70 Bywil|
15]]2

> /1(Q) +tVIIQI| < exp(—t2/2), (5.82)

where B = (B1,...,0n).

Proof. Define 0 := 3/||8||2, and observe that 6 is uniformly distributed on the sphere S,
independent of (w;); we use 0"~ to denote this uniform distribution. The claim is a deviation
bound for [|QY2Y"  Ow;llo. With 6 held fixed, we have w = Y. fw; ~ N(0,Iy).
The map @ + ||QY?w||, is Lipschitz, from ¢5' to R, with Lipschitz constant bounded by
1QY2] = +/]|Q||. Hence, by concentration of the canonical Gaussian measure in R™, with ¢
held fixed, we have

PlllQ"?@l; — E[|Q"*@l|2 > tv/[QNl] < exp(—t*/2).

Since this bound holds for all realizations of 6, the tower property implies that the same
bound holds unconditionally. Finally, from the bound (5.81), we have E ||Q"?w ||, < \/tr(Q),
from which the claim follows. m

We now turn to bounding ||QY2(n=t 3", nyw; — u)||2, where u € R™ is some fixed vector.
Let us patch u with ug, ..., u, so that {u,us, ..., u,} is an orthonormal basis for ¢3'. Let
us define the function ¢ : R"\{0} — R as ((z) := % With this notation, we have
the following:

Lemma 46. Let v € S™ ' and assume that U = (u Us) = (u uy -+ uy) € R™™ s
orthogonal. Let (wy,n;) € R™ be i.4.d. Gaussian random vectors for i = 1,... ,n with
distribution

Then for all t > 0,

PIQ (Y =, = (14 18) (/2 4 o QD) | < 2exp-nt 05

where = (N1, .., Mn)-
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Proof. Since the pair (w;,n) is jointly Gaussian, vectors {w;} conditioned on n = (n;) are
i.i.d. Gaussian with E [w; |n;] = niu and cov(w; | ;) = I, — uvu”. Consequently, conditioned
on ), the variable @, :=n~' >, nw; —u is Gaussian with mean u(n~!||n||3—1) and covariance
n=2||nl|3(1m — vu™). Consequently, for w, := @,/(n"*||n|l2), we have

U@, ~ N( H <), [8 In?—l} )

where we have used UTu = ((1)) Note that UTw, is actually a degenerate Gaussian vector,
so that we can write UTw, = ({(n), w’'), for some w' ~ N (0, Ln_1).
Defining @ := UTQU, we have

. vt ||5ue [0
1Q2, 12 = U7 Q2 UU s = QY2 U il = | Q2 [* ]

K
The map w' ||é1/ 2 [CfU?)] ||2 is Lipschitz, from ¢3! to R, with Lipschitz constant bounded

by |QY2]] = Q2| = \/[[Q[l. By concentration of canonical Gaussian measure in R™*, we
have

PIQY @2 = ENQ"*@yll2 > tv/IQN | n] < exp(~2/2).
Define the function k(1) := (Q, I, + (¢*(n) — Duu®)). Applying the inequality (5.81) with
&= [ w’? } and Q instead of (), we obtain

~ ~ [¢2 1/2
/2~ 11 _ 12 [€(n) < ¢m) 0 _

s 1@ eml = @[], < {u (@57 7 )} = v
Since ) = 0, we have

k() =trQ+[C*(n) — u"Qu < rQ+ C(n)u' Qu < tr(Q) + Q.
Applying the inequality va + b < v/a + Vb yields v/k(n) < /tr(Q) + |¢(n)|/[Q]]. Conse-
quently, we have shown the conditional bound,

Y2 (p LS gy —

p{ IOt T e 20l @y o+ (it + VAT | 0] < expl-nt?/2)
(5.83)

2 4o 113
By x*-tail bounds, we have IPH -

ment of this event, we have |{(n)] <

> ] < exp(—n%). Conditioned on the comple-

and hence conditioning also on the complement

_t
n=Hnll2?

of the event in bound (5.83), we are guaranteed that

1Q"2 ( *mez Wl <0l { VE(Q) + (vt + e 1|| -

< (1 178 (/252 1 v

with probability at least 1 — 2exp(—n%%). O

— VIRl
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Appendix 5.G Bounding an operator norm of a Gaus-
sian matrix

Given a sequence positive numbers {v;}™,, consider the &, := {v € R™: 37"~ 'v? < 1}.
In this appendix, we derive an upper bound on the operator norm of a standard Gaussian
random matrix W € R™ ™, viewed as an operator from R™ equipped with the norm induced
by &,, to R" equipped with the standard Euclidean norm || - ||

Lemma 47. Let W € R™™ be a standard Gaussian matriz. Then for all t > 0,

2

PLsup [Wolo > VT + (Vi + v/l < exp (= 5). (5.84)
v ¥

Proof. Let S"! := {u € R" | |lul]]; = 1} denote the Euclidean unit sphere in R". Defin-
ing § = {s = (u,v) | u € S v e &} consider the Gaussian process {Z;}scs where
Zs = (W, w™)). By construction, we have sup,ce [[Wuvlla = sup,es Zs. Our approach
is to use Slepian’s comparison for Gaussian processes [66] in order to bound E[sup,cs Zs]
by E[sup,.s Xs], where X; is a second Gaussian process. Concretely, we define X, :=
VIV leo(, g) + (v, h), where g and h are independent canonical Gaussian vectors in R™ and
R™, respectively. Let s = (u,v) and s’ = (u/,v’) belong to S; by an elementary calculation,
we have

E((Zs — Zo)] = " —u'v" s < [lleollu =[5+ [lv = V[l = B[(X, — X)),

Consequently, we may apply Slepian’s lemma to conclude

E[sup Z,] < E[Sug X = VIVl E[ sup (u,g)] + E sup (v, h)
se

seS uesSn—1 veE,
= VIlls (Ellgll2) +E 1Q"?A]l

< VIVl v+ Vil

where the final inequality follows by Jensen’s inequality, and the relation tr(Q) = [|7||.
Finally, we note that ||[Wlle, 5, = sup,c¢, [[Wolls is a Lipschitz function of the Gaus-

sian matrix W, viewed as a vector in 5" with Lipschitz constant \/||7|/«. Indeed, it is
straighforward to verify that sup,ce [[Woll2a —sup,ce [[W'V' |l <[[W =W lus /[[7]lo sO
that the claim follows by concentration of the canonical Gaussian measure in £5" (e.g., see
Ledoux [65]). O

Appendix 5.H A uniform law

In this appendix, we state and prove a technical lemma used in parts of our analysis. Consider
some subset D of R™. Let v be an index taking values in some index set Z. We assume that



CHAPTER 5. SAMPLED FUNCTIONAL PCA IN RKHS 154

v is indexing a collection of random (noise) matrices A,. Suppose that there is a collection
of nonnegative nondecreasing (possibly random) functions ¢, : [0,00) — [0, 00) such that for
allt>0andve”l

IP’{ sup  G(v;A)) > ty(t)} < ¢ exp[—cy 0, (t A 12)], (5.85)

veD, [vlla <t
where 0, v € T are some positive numbers and G is some function.
Lemma 48. Under (5.85) and for any collection {t,},cz such that VirelfIQV(tl, At2) >0, we
have for any v € T,
sup [G(v;Ay) — v, (2]|vl2)] < v(2t,). (5.86)

veD
with probability at least 1 — ¢, exp[—c2 0, (t, A t2)].

Proof. The proof is based on a peeling argument (e.g., [93]). Define ¢ := inf, ¢z 6,2, and
fix some v € Z. First, note that as v varies over D, the function v — ||v||2 V ¢, varies over
[t,,00). Define, for s € {1,2,...},

D, = {v eD: 2%, < (Joavt) < 2StV}.
We have D = |J.2, D;. If there exists v € D such that
G(v,A) >, (2||v]]2 v 2t,), (5.87)
then there exist s € {1,2,...} and Dy 3 v such that (5.87) holds for v. Using union bound,

IP’(EIU €D : Gv,A) >tl,(2||v||2\/2tl,)> < ZIP(EIU €D, : Gu,A,) >tl,(2||v||2\/2tl,)>.
s=1

For v € Ds, (5.87) implies
G(v,A,) >, (2/vlla V2t,) >, (22°7',) = v, (2°,)

where we have used t, being increasing. Since D, C {v : [|v||2 < 2°¢,}, we conclude that

IP(EIU €D : Gv,A) >t (2fv]a v 2tl,)> < 21@( sup  G(v,A,) > ty(25tu)>

veD,
[[v]l2 < 2%t
[o.¢]
< Z exp[—0, 2°(t, A t2)]
s=1

from assumption (5.85). The last summation is bounded above by
> =0, (tuAt2) =0, (tuAt2)
oy € g € _ 0, (tuAL2)
;GXP[—QV k (tV A tu)] - 1 — e~ Ov(tunt?) = 1 —ec¢ =Ce :
We get the assertion by noting that for a,b > 0, t,(a Vb)) = t,(a) V t,(b) < v,(a) + v,(b)
because t, is assumed to be nondecreasing and nonnegative. O




CHAPTER 5. SAMPLED FUNCTIONAL PCA IN RKHS 155

Appendix 5.1 Some useful matrix-theoretic inequalities

Fan’s inequality states that for symmetric matrices A and B and eigenvalues ordered as
M(A) > ... > Ap(A) (and similarly for B), we have tr(AB) < > N(A)N(B). As a

consequence, for a symmetric matrix B and symmetric matrix A > 0, we have
Amin(B) tr(A) < tr(AB) < Apax(B) tr(A). (5.88)
It follows that for a symmetric matrix D > 0 and R € R™", we have
Amin(RTR) tr(D) < tr(DRRT) = tr(RTDR) < Amax(RTR)tr(D), (5.89)

where we have used the fact that RT R and RR” have the same eigenvalues.
For B > 0, we have

Amin(B) MH(RTR) < MN{(RTBR) < Anax(B) X{(R'R), (5.90)

which can be established using the classical min-max formulation of the j* eigenvalue—
namely

)\j(C’) =  max min ~ 2'Cz (5.91)
M: dim(M)=j z € MnS-1

where the maximum is taken over all j-dimensional subspaces of R¥. Finally, the inequal-
ity (5.90) implies that

IR"BRIns < Bl IR Rllas. (5.92)
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