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Optimal Mixed Spectrum Auction

Alonso Silva, Fernando Beltran and Jean Walrand

Abstract—This work studies the revenue-maximizing auction agenti of that group derives a valuatiovi,. The valuations
of a single block of spectrum that can be awarded either for are independent random variables aridhas a probability
exclusive licensed use by one operator or reserved for unéased density functionf;(v) that is positive onla;,b;] and zero

use. A number of operators bid for exclusive licensed use and .
a group of non-coliuding agents bid to keep the spectrum €'Sewhere. Let;(v) = P(V; < v). We discuss the revenue-

unlicensed. The revenue of this auction is compared to that Maximizing auction among all auctions that areentive
of a Vickrey-Clarke-Groves (VCG) auction and that of anothe compatible and individually rational Incentive compatible

auction recently proposed. means that no bidder has any incentive to lie about his value
estimate (honest responses must form a Nash equilibrium in
the auction game). Individually rational means that biddee

I. INTRODUCTION o . .
. . not forced to participate in the auction (the expected payof
The commercial success of WiFi demonstrates the valmer every user is nonnegative).

of unlicensed spectrum that can be shared by devices fromhgsme that

many vendors. In contrast, cellular spectrum is licensed to 1— Fy(v)

individual providers for their exclusive use. Comparing th ci(v) =v— —"a; <v<b Q)
benefits of these two models, one faces a typical conflict fi(v)

between social welfare and provider profits that may argife Non-decreasing for every agent. Notice that a sufficient

in favor of unlicensed spectrum. condition is for the distribution to have a non-decreasing
In this paper, we do not try to compare the merits of licensé@zard ratef;(v)/(1 — Fi(v)). This property holds for the

versus unlicensed spectrum. Instead, we limit our studynto gniform distribution, the exponential distribution, tha@sian

exploration of auctions for spectrum that can be used eitirer distribution, and many other distributions. (Note: Theiopt

an exclusive licensed provider or for a collective of unfised auction can be derived when(v) is not non-decreasing, but

users. The value of the spectrum for a licensed provideftsesiyve limit ourselves to this case for now.)

from the subscriptions by users. The value for a collectiVeheorem 1. The following auction maximizes the revenue.

of unlicensed users may be more difficult to quantify but ighe item is given to the group with a maximal value of
very real. The collective could consist of content or sevic

providers and equipment vendors for whom the additional Cr(V) =Y ei(Va),
access to unlicensed spectrum corresponds to an increase in €0k
usage. Thus, even though this collective does not get appvided that this maximum value exceeds the auctioneer
exclusivity for spectrum usage, the increase in marketrsizg personal value estimate for the objegf (it could be zero);
justify paying for the spectrum. It may very well be that thigf it is not, the seller keeps the item. Also, if the item gaes t
increase generates enough user welfare and even tax revegiagp &, every agent of that group payse;(V) defined as
to warrant the government giving away the spectrum for fréee minimum non-negative valuatianthat makes his group
for unlicensed use. However, political fairness consitiens win the auction, i.e., such that
may justify an auction to avoid picking the winner in this _ (.
conflict; moreover, the revenue that the auction genera®s c i(v) + , Z , ¢i(Vs) 2 max{vo, Gy (V). g 7 k}.
also be used to improve user welfare in some other ways. I

The general situation is that of a set of spectrum bIocIEerOf:

; ; : ; The proof follows the argument of Myerson [1].
to be auctioned for either licensed or unlicensed use. ALet I1,(V) be the probability that group gets the item

number of bidders are interested in exclusive licensed fise
: : en the bids ar&. Let alsom;(V) = I (V) for i € Gy
spectrum blocks and a collective of bidders want spectru‘?ﬂ]d (V) = Elm(V)|Vi], the probability that agent gets

blocks for unlicensed use. The problem is to design auctioffa” / _ )
for this situation and to study their characteristics, sashhe the item if he bidsV;. Finally, let;(V;) = Efx:(V)|Vi] be

revenue they generate and the net utility for the bidderseHethe expected payment of ageit L L .
. : . Myerson showed that any mechanism is bayesian incentive
we explore simple versions of the problem where a smg(I:e

- . ompatible if and only if ther;(V;) are non decreasing i¥f;
spectrum block is auctioned. and further the payments are determined from theg#’;)
uniquely up to an additive constarft;(a;). This leads to

the following expression for the revenue of the buyer in any
The mixed spectrum auction described in the abstractiifcentive compatible mechanism:

a particular case of the following auction. There is a single
item to be offered and& groupsgy, . .., Gk of non-colluding So=F
agents. The item is given to one of the groups and every

Il. REVENUE MAXIMIZING AUCTION

+ Z Si(ai). 2)



Individual rationality further requires that;(a;) < 0. The C. Normal distribution

allocation rule for the proposed auction indeed posses$ees t ) . _ _
 Consider a normally distributed random variabte with

property thatm;(V;) is nondecreasing and it is such tha : 5 . ) L
S;(a;) = 0. Moreover, meany and variancer®. We know that its cumulative distri-
bution function is equal toF(z; u1, 0%) = (=) wherey
(V) =1k (V), Vi € G, is the cumulative distribution function of the standardmaf
because all the agents of the same group get the spectHJﬁ’i“b“t_'O”-_We know tha)(z) := 1 — (), known as the
together. Thus, we can rewrite (2) as follows: Q-function, is equal to (for details, see [2])

So =Y E[(V)Cr(V)]. /2 2
0= E[l(V)Cr(V)] Vs 0 Q(x)zi/ exp(_ g)d@, 3)
k T Jo 2sin® 0
Since the auction selects the group with the maximum paesitiv V<0 Qz)=1-Q(—x). (4)
value of C(V), it maximizessSy.
u Then Myerson’s virtual value of the normal distribution is
[1l. EXAMPLES z—
1 — Fy(z) Q(FH)
A. Uniform Distribution clz) =z — Ao T )
Consider a valuationl” uniformly distributed over the (z — p)? T —p
interval [a, b]. Then =T - (V 2mo? exp (T)) Q (T) -
1-F(v) 1 -4
c(v)=v——F—="=v— =2v—b.
( ) f(’U) ﬁ Then
This function is a monotone strictly increasing functiordany,, >
its inverse is b 557 (/2 ( )2
1 Yy N i —\T—n 2
¢ (y) = — c(z) =2 —1/ - /0 exp <7202 cot 9) de,
Assume now that agent has a valuationV; uniformly vz < 4,
distributed in[a;, b;] and that the agents are in grougg as T — )2 o
02~ (e (525 (1-0(£5)
Cr(V) = Z ci(Vi) =2 Z Vi— Z bi. This function is a monotone strictly increasing function

i€0k €0k i€0 since d(z) > 0 Vz. However, it is not easy to obtain a

The item then goes to the grodpwith the maximal value clgsed-form expression for its inverse.
of Cx(V), if this value exceeds, and the price of agent  agsume that agent has valuatiorl; normally distributed

is then the smallest value ef such that with meany,; and variancerf and that the agents are in groups
w42 Y Vi— Y b as before. Then
jeGr\{i} i€Gy

Ce(V) = (Vi
exceedsy, andC, (V) for g # k. V) =D V)

i€Gy
o s (Vi — p)? Vi—u
B. Exponential distribution = Z Vi— Z ( 2102 exp (T)) Q ( p ) .
Consider a valuatiori/ that is exponentially distributed €9 €9k

random variable with raté > 0. Then, _ . .

The item then goes to the groudpwith the maximal value

c(v) =v— exp{—Av} — 1 of C(V), if this value exceeds,, and the price of agent
Aexp{—Av} is then the smallest value ofsuch that
This function is a monotone strictly increasing functiordan
its inverse is )+ Y ¢(V;) =max{vy, Cy(V), g # k}.
Hy)=y+ A JET\{i}

Assume that agent has valuationV; exponentially dis-
tributed with rateX; > 0 and that the agents are in groups IV. PROPOSEDMECHANISMS
G, as before. Then,

In this section, we explain other mechanisms for the licdnse
Cr(V) = Z Vi— Z /\fl- vs unlicensed auction. First, we consider a mechanism which
€0k €0k have been recently proposed and then the VCG mechanism.
These expressions enable to determine the winning groife then proceed to compare these mechanisms with the
and the payments, as before. optimal mechanism.



A. Bykowsky Mechanism V. PROGRAM DESCRIPTION ANDRESULTS

The authors of [3] propose a mechanism, which in the In this section, we compute the revenues that an auctioneer

case of a single-item is equivalent from an auction theolyPuld get under different mechanisms in two simple cases.
perspective to a second price auction between groups witd" case 1, there are two competing grougs, and .

a proportional share of the price between the agents withi#€ 9roupdi is composed of only one bidder which can be
the group with respect to their bids. In other terms, the iteffiterPreted as one entity who wants the spectrum to be for
is given to the group: with a maximal value ofC (V). If its exclusive use or licensed (this bidder is denoted L-type

the item goes to group, every ageni of that group pays bidder). The grougj; is composed of two bidders which can
be interpreted as two entities who want the spectrum to be

b; max C; (V) unlicensed (these bidders are denoted U-type bidders)LThe
Zjegk bj i#k type bidder has valuatiohand bidsb, and in the group of
U-type bidders:U; has valuation:; and bidsb; and U, has
whereb; denotes the bid of agerjt valuationus and bidsb,.

In case 2, there are four groups. The first three groups have a

single bidder and the fourth group has five bidders. As before

B. The VCG mechanism the single bidders can be thought of as bidders for licensed
use of the spectrum, i.e., L-bidders whereas the five bidders

The Vickrey-Clarke-Groves [4], [5], [6] mechanism, OF " the last group are U-bidders.

VCG auction, is an incentive compatible auction where eachIn the following we give the program description for Case 1
bidder pays the harm he causes to other bidders. In our emse.rhe program description for Case 2 is similar '

us recall that there is a single item ahdgroupsé, ..., Gk

of non-colluding agents. The item is given to one of the geoup
and every agent of that group derives a valuatiori when A. Program Description for Case 1

his group gets the item. The agents of each grbupave a  In this subsection, we explain the implementation of the

joint valuation of V*(V) = > icg, Vie mechanisms described in Section IV for Case 1.
Without agent:’ € G, the maximized social welfare We consider three possible scenarios:
corresponds to i) Each U-type bidder valuation follows a continuous uni-

form distribution over the suppofo, 1], and the L-type
bidder valuation follows a continuous uniform distributio
max{ Y Vismax{VI(V),g £k} o () over the supporio, 2].
i€ge\{i'} i) Each U-type bidder valuation follows an exponential-dis
tribution with meanl /2, and the L-type bidder valuation
follows an exponential distribution with meadn
iii) Each U-type bidder valuation follows a normal distri-

With agenti’ € Gi, the welfare of other agents is given by

Z Vi Lk (v)>max(Ve(V),gk}} T bution with mean1/2 and variance(.1, and the L-
€7’} ) type bidder valuation follows a normal distribution with
+ Y VEV) Ly (vysmax(ve(v)gzryy- (6) mean1 and variance).2.

k'#k 1) The VCG Mechanismsto compute the revenue of the

auctioneer under VCG Mechanism for the first scenario (the
ther two scenarios are similar), we consider a Monte Carlo
ethod of5000 iterations as follows:

The social cost of agemtwinning the object would be equal
to the difference between eq. (5) and eq. (6), or equivalent

+ i) Initialize the revenue of the auctioneer at zero.
max{V9(V), g # k} — Z i i) For each |terat|0r1 _ _
€GN (i} a) Draw a realizationu; of the random variable
Ui ~U([0,1]), a realizationu, of the random vari-
X Lvk (V) >max{Ve(V),g£k}} > (7)

ableU; ~ U([0,1]) and a realizatior{ of the random
variableL ~ 1(]0, 2]).

b) If £ > u; + us, add to the revenue of the auctioneer
u1 +ug; otherwise, add to the revenue of the auctioneer

which is the payment of agerit

If we consider a simple scenario where there are two
competing groups, one group with only one biddemwith (€= us)* + (£ — wn)*
valuation ¢ and bidb, and another group of bidders:t;, . ‘2 vy _
with valuationu; and bidb, and U, with valuationus, and iii) D|v_|de the total revenue of the auctionner by the number
bid b,. From eq. (7), the VCG mechanism would beLifvins, of iterations.
he paysh; + b, otherwise he pays; if the group ofU; and 2) Myerson MechanismTo compute the revenue of the
U, win, U, pays(b;—by)" andU, pays(b,—b1)", otherwise auctioneer under Myerson Mechanism for the first scenario
the U-type bidders pag. As we will see in the next section, (the other two scenarios are similar), we consider a Monte
this simple scenario allows us to evaluate the importance @frlo method 06000 iterations as follows:
choosing the right mechanism. i) Initialize the revenue of the auctioneer at zero.



i)y Construct functions:(+), er.(+), e (-), ¢, 1 (0). In Tables Il and V we show the frequency of winning
iii) For each iteration times in cases 1 and 2 under the different mechanisms. VCG
a) Draw a realizationu;,; of the random variable mechanism seems to be more fair in the sense that the

Uy ~ U(]0,1]), a realizationu, of the random variable allocation of the item seems to be closer to the equal rejoarti
Uy ~U([0,1]), and a realization/ of the random between the groups. We notice that Bykowsky mechanism

variable L ~ U([0, 2]). strongly penalizes the unlicensed bidders with respech¢o t
b) If cr(¢) < 0 andcy (u1) +cp(ug) < 0, add zero to the licensed bidders. In Table Il, Myerson mechanism appears
revenue of the auctioneer to be penalizing the unlicensed bidders with respect to the
c) Else, ifc£(¢) > 0 and cy(u1) + cy(uz) < 0, add licensed bidders, however, considering only the cases evher
¢;*(0) to the revenue of the auctioneer the auctioneer did not keep the object the unlicensed bédder
d) Else, ifcz(¢) < 0 and cy(uy) + cy(ug) > 0, add receive the object ad4.5% of the times compared with the
et (—cu(u2)) + et (—er(u)) 55.5% of the times for the licensed bidder. In Table V,

e) Otherwise, if c.(f) > cuy(u1) + cy(ug), add Bykowsky mechanism penalizes the unlicensed bidders more

¢ (cu(ur) + cu(ug)) to the revenue of the auction-than Myerson mechanism.
eer; otherwise, add to the revenue of the auctioneer/n Tables Ill, VI and VII, we show the payments of the
C{]l(cL (0) — ey (u2)) + C{]l(cL (0) = cu(ur)). different bidders for cases 1 and 2. We notice that in Bykgwsk

iv) Divide the revenue of the auctionner by the number drechanism the unlicensed bidders pay much lower than in the
other mechanism but this is consequence of the fact that the

iterations.
. unlicensed bidders lose in most of the cases.
3) Bykowsky MechanismTo compute the revenue of the
auctioneer under Bykowsky Mechanism, we construct a vec- | [ Bykowsky [ VCG | Myerson |
tor b, of 100 realizations of the random variable~ ¢/([0, 2]). Uniform(0,1) 0.55 058 | 0.71
i ; ; ; ; _ | Improvement wrt. Bykowsky 5.45% | 29.09%
We discretize the domain of possible valuations for U Improvement Wit VCG AT

type bidders inM + 1 = 9 values {vy}reqo,...,. 11}, Where

ve = k/M. We discretize the set of possible bids i + 1 Table I: 1 L-type bidder vs 2 U-type bidders: Auctioneer

values{zy } reqo.....my, Wherexy = k/M. revenue under different mechanisms
We compute all the possible combinations of increasing bids

for the set of valuations (each of these combinations mimics

the function bids vs valuations, and we call them discretize | [ Auctioneer | U-type bidders| [T ]

bid vs valuations). Bykowsky - 34,494 | 65,506

For each discretized bid vs valuatio: VCG - 50,061 | 49,939
We d tor 0100 realizati fth q . Myerson 25,020 33,372 | 41,608
« We draw a vector of00 realizations of the random vari- | | = 50.000] 50,000

able of the U-type bidder (uniform, exponential, normal)

and associate the closest and through the discretized rapj6 1. 1 | type bidder vs 2 U-type bidders: Frequency of
bids vs valuations function we get a vector of discretized winning times for the uniform distribution

bids b;.
« We construct a best response function which takes values
of vectorsb, andb; and gives the average best response | [ UL | Uz [ 1 |
for eachuy,. Bykowsky | 0.07199 | 0.07246 || 0.40431
« We compute the distance between the bid vs valudtion VCG 0.08273 | 0.08302 || 0.41639
and the best respon&R (b, ) Myerson | 0.12548 | 0.12516 | 0.45763

We determine when the best response of the bid coincides withr_ ., 1 1 L-type bidder vs 2 U-type bidders: Average
the bid. ' '

With this equilibrium, as in the VCG Mechanism, we
compute the revenue of the auctioneer.

payment of each bidder for the uniform distribution

| | Bykowsky | VCG | Myerson |

Uniform(0,1) 2.51 2.40 | 2.54
B. Results for Cases 1 and 2 Improvement wrt. Bykowsky - 1.19%
In Tables | and IV we show the expected revenue that [ Improvement wrt. VCG >.83%

an auctioneer would get if he run the auction in cases 1 ) _ )

and 2 under the mechanisms previously described (Bykowskiable 1V: 3 L-type bidders vs 5 U-type bidders: Auctioneer
VCG and Myerson mechanisms). Between Bykowsky mech- revenue under different mechanisms

anism and VCG mechanism, we notice a gain in favor of

VCG mechanismi.45% improvement). Between Bykowsky In the following, we only consider VCG mechanism and
mechanism and Myerson mechanism the improvement is ewdgerson mechanism. There are both technical reasons and
higher £9.09% improvement). Between VCG mechanism angractical reasons for not considering Bykowsky mechanism i
Myerson mechanism we also obtain a substantial @2rl{% this part of the analysis. In the technical reasons, we have
improvement) in favor of Myerson mechanism. that the mechanism is not incentive compatible. Moreover,



| [ Auctioneer | U-fype bidders] L1 | L2 | L3 ] (that we denote 2U) (ii) a group with three bidders (that we

K 410 | 33,126 | 33,232 33,232 ’ .
\E%kgws Y - 538511 25570 254671 o5 11z] denote 3U) (i) a group with four bidders (that we denote
Myerson 368 5,811 | 31,185 | 31,284 | 31,352 | 4U). In each of these three scenarios the agents distribigio

| [ - 25,000 | 25,000 25,000] 25,000] uniform in an interval such that the mean of each group and
the coefficient of variation between competing groups is the
Table V: 3 L-type bidders vs 5 U-type bidders: Frequency afame, similarly as we did in the scenario of Figure 1.

winning times From Figure 2(a) we notice that the auction described in
scenario (i) gives higher revenue than the auction destribe
| [ Ul ] U2 ] U3 ] U4 ] U5 | in scenario (ii), and that the auction described in (ii) give
Bykowsky | 0.00169 | 0.00156 | 0.00165 | 0.00167 | 0.00161 higher revenue than the auction in scenario (iii). This bdta
VCG 0.06536 | 0.06497 | 0.06503 | 0.06480 | 0.06476

both Myerson mechanism and VCG mechanism, with Myerson
mechanism giving higher revenues than VCG mechanism.
A reason for that could be that the auctioneer losses some
revenue for the agents to be truthful, and thus with moretsgen

the revenue of the auctioneer decreases. From Figure 2¢b), w

Myerson 0.02220 | 0.02213| 0.02219| 0.02268 | 0.02227

Table VI: 3 L-type bidders vs 5 U-type bidders: Average
payment of each U-type bidder

| | 1] 7] 3] notice_an slightly improvemgnt o_f the auctioneer revenye, b
Bykowsky | 0.83056 | 0.83400 | 0.83452 choosing Myerson mechanism instead of VCG mechanism,
VCG 0.69632 | 0.69359 | 0.68397 with increasing number of U-type bidders.

Myerson | 0.80770| 0.80753| 0.81137 In Figure 3, we consider one group with only one bidder

competing against another group with an increasing number
Table VII: 3 L-type bidders vs 5 U-type bidders: Average of pidders. In each of these scenarios the agents distibuti
payment of each L-type bidder is uniform in an interval such that the mean of each group
(1 = 25,50, or 100) and the coefficient of variationz(= 0.2)
between competing groups are the same. We notice a slightly
as it was shown in the previous analysis its performancedecrease on the auctioneer revenue in both Myerson mecha-
dominated by VCG and Myerson mechanisms. In the practigibm and VCG mechanism, with Myerson mechanism giving
side, we notice that it is difficult to consider Bykowskyhigher revenues than VCG mechanism as before. From Fig-
mechanism since agents do not reveal their true valuatigre 3(a), we confirm our previous observation that incregsin
and finding this true valuation (like we did for the threghe number of users gives a higher improvement by choosing
cases presented in Table 1) is a combinatorial problem. Waerson.
consider the improvement in percentage of the auctioneer byin Figure 4, Figure 5 and Figure 6, we consider that the
choosing Myerson mechanism instead of VCG mechanism\aguation follows a normal distribution (v, zv) for different
100*(Revenue under Myerson mechanism - Revenue ungggansy, wherez is the coefficient of variation. We consider
VCG mechanism)/Revenue under VCG mechanism. the coefficient of variation to be betwe&n< x < 0.25 so
In Figure 1, the only bidder ofj; has a valuation uniformly that the probability of having positive valuation 39.99%.
distributed~ U (u — v/3px, p + v/3ux) so that its mean ig, As in the case of the uniform distribution of the valuation,
its standard deviation igxz and thus its coefficient of variation we notice that the revenue of the auctioneer decreases with
is x. Each of the two unlicensed bidders _have valuatione coefficient of variation in both the VCG mechanism and
uniformly distributed~ (% — ¥8,z, % 4 ¥6,.7), so that in Myerson mechanism (see Figure 4(a)). The rate at which
each one of them has me4p standard deviatior—wl—gux, and the auctioneer revenue decreases in the VCG mechanism is
thus their joint mean ig, their joint standard deviation igz  higher than in Myerson mechanism, which translates in an
and thus their joint coefficient of variation i& We consider improvement of the auctioneer revenue by choosing Myerson
0 <z < == so that each bidder has always a non-negativeechanism which can be as high as 10% (see Figure 4(b)). The
valuation for the item. improvement of the auctioneer depends on the coefficient of
We notice that the revenue of the auctioneer decreasesiation but not on the mean (keeping constant the coafficie
with the coefficient of variation in both the VCG mechanisnof variation). From Figure 5(a), we notice that the auctien d
and in Myerson mechanism (see Figure 1(a)). However tberibed in scenario (i) gives a higher revenue than the @ucti
rate at which the auctioneer revenue decreases in the V@&scribed in scenario (ii), and the auction described in (ii
mechanism is much higher than in Myerson mechanismives a higher revenue than the auction in scenario (iii)s Th
This translates in an improvement of the auctioneer revenhields for both Myerson mechanism and VCG mechanism, with
by choosing Myerson mechanism which can be as high Elyerson mechanism giving higher revenues than VCG mech-
16% (see Figure 1(b)). Another interesting observatiomfroanism. From Figure 5(b), we notice an improvement of the
Figure 1(b) is that the improvement of the auctioneer deperalctioneer revenue by choosing Myerson mechanism ingease
on the coefficient of variation but not on the mean (keepingith the number of users. We notice a slightly decrease on
constant the coefficient of variation). the auctioneer revenue in both Myerson mechanism and VCG
In Figure 2, we consider three different scenarios. In eaahmechanism, with Myerson mechanism giving higher revenues
of these scenarios there is one group with one bidder (that the@n VCG mechanism as before. From Figure 6(a), we confirm
denote 1L) which competes with: (i) a group with two biddersur previous observation that increasing the number ofsuser



gives a higher improvement by choosing Myerson with higher
improvement than in the uniform case.

In Figure 7, Figure 8 and Figure 9, we consider that the
valuation follows an exponential distributioexp(A~!) for
different means). Notice that the exponential distribution
has coefficient of variation always equal to Thus, thex-
coordinate of the plots corresponds to the mean.

We notice that the revenue of the auctioneer increases
linearly with the mean in both the VCG mechanism and
in Myerson mechanism (see Figure 7(a)). The improvement
of the auctioneer does not depend on the mean and by
choosing Myerson mechanism it is approximately 25% (see
Figure 7(b)). As in the previous cases, from Figure 8(a) we
notice that the auction described in scenario (i) gives éiigh
revenue than the auction described in scenario (ii), and the
auction described in (ii) gives higher revenue than theianct
in scenario (iii). This holds for both Myerson mechanism
and VCG mechanism, with Myerson mechanism giving higher
revenues than VCG mechanism. From Figure 8(b), we notice
that the improvement of the auctioneer revenue by choosing
Myerson mechanism decreases with the number of users, in
contrast to the previous cases. We notice a slightly deereas
the auctioneer revenue in both Myerson mechanism and VCG
mechanism, with Myerson mechanism giving higher revenues
than VCG mechanism as before. From Figure 9(a), we confirm
our previous observation that increasing the number ofsuser
gives a smaller improvement by choosing Myerson.

VI. CONCLUSIONS

We have studied the auction of a single block of spectrum
that can be awarded either for exclusive licensed use by one
operator or reserved for unlicensed use. A number of operato
bid for exclusive licensed use and a group of non-colluding
agents bid to keep the spectrum unlicensed. The revenue of
this auction is compared to that of a Vickrey-Clarke-Groves
(VCG) auction and that of another auction recently proposed
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Figure 1: Auctioneer revenue with different means for théarm distribution: Two U-type bidders with
valuations~ U (%5 — @;wc, £+ @;m) vs one L-type bidder with valuation U/( — /3pux, 11 + +/3px) where the meam

takes valueg5s, 50 and100 andz is the coefficient of variation) < z < \/ig
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variation z by choosing Myerson instead of VCG mechanism.

Figure 2: Auctioneer revenue with different number of Uaygdders for the uniform distribution: The U-type biddeid b
against a single L-type bidder and the mean of the differeotigs is the sameu(= 100).
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Figure 3: Auctioneer revenue with increasing number of petpidders for the uniform distribution: The mean of the
different groups is the same. & 25,50 or 100) and the groups bid against a single L-type bidder.
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Figure 4: Auctioneer revenue with different means for themma distribution: Two U-type bidders with
valuations~ N (4, 5x) vs one L-type bidder with valuation N (1, uxz) where the meap takes value®5,50 and 100 and
z is the coefficient of variation) < = < 1.
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Figure 5: Auctioneer revenue with different number of Uaygdders for the normal distribution: The U-type bidderd bi
against a single L-type bidder and the mean of the differeotigs is the sameu(= 100).
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Figure 6: Auctioneer revenue with increasing number of petpidders for the normal distribution: The mean of the
different groups is the same. & 25,50 or 100) and the groups bid against a single L-type bidder.
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Figure 7: Auctioneer revenue for the exponential distitout Two U-type bidders with valuations exp((\/2)~!) vs one
L-type bidder with valuationv exp(A~1).
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Figure 8: Auctioneer revenue with different number of Uaypdders for the exponential distribution: The U-type leigd
bid against a single L-type bidder and the mean of the diffegeoups is the same.
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Figure 9: Auctioneer revenue with increasing number of petpidders for the exponential distribution: The U-typedeics
bid against a single L-type bidder and the mean of the diffegeoups is the same.



