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ANALYSIS OF THE FINITE PRECISION S-STEP BICONJUGATE
GRADIENT METHOD

ERIN CARSON AND JAMES DEMMEL

Abstract. We analyze the s-step biconjugate gradient algorithm in finite precision arithmetic
and derive a bound for the residual norm in terms of a minimum polynomial of a perturbed matrix
multiplied by an amplification factor. Our bound enables comparison of s-step and classical biconju-
gate gradient in terms of amplification factors. Our results show that for s-step biconjugate gradient,
the amplification factor depends heavily on the quality of s-step polynomial bases generated in each
outer loop.

1. Introduction. Krylov subspace methods (KSMs) are a class of iterative al-
gorithms commonly used to solve the linear system Ax = b. In classical KSM imple-
mentations, in iteration n, the updates to the solution z, 41 and residual r,,; consist
of one or more sparse matrix-vector multiplications (SpMVs) and vector operations
in each iteration. On modern computer architectures, the performance of these oper-
ations is communication-bound; the movement of data, rather than the computation,
is the limiting factor.

Communication-avoiding KSMs (CA-KSMs), based on s-step formulations ( [4,
6, 8, 12, 27, 23, 24]), reduce the total communication cost by a factor of O(s) by
performing O(s) computation steps per communication step (see, e.g., [3, 7, 13]). This
asymptotic reduction in communication cost yields significant speedups in practice for
many problems [19].

Although CA-KSMs are mathematically equivalent to their classical counterparts,
their finite precision behavior may differ. It has been empirically observed that the
rate of convergence of CA-KSMs deviates further from the convergence of the classical
method as s increases, and that the severity of this deviation is heavily influenced by
the polynomials used for the s-step Krylov bases (see, e.g., [3, 13, 14, 1]).

In this work, we derive Lanczos-type matrix recurrences governing the s-step bi-
conjugate gradient method (BICG) in finite precision arithmetic, which demonstrates
the algorithm’s relationship to classical BICG. Using the recurrence, we extend the
results of Tong and Ye for classical BICG [25] to derive an upper bound on the norm of
the updated residual in finite precision s-step BICG. Our bound provides an analytical
explanation for commonly-observed convergence behavior of s-step BICG.

2. Related work. We briefly outline the available literature on relevant topics,
namely the analysis of KSMs in finite precision and s-step KSMs.

2.1. Analysis of finite precision Krylov methods. There are two primary
effects of roundoff error in finite precision KSMs: the maximum attainable accuracy
of the solution is decreased, and convergence may deteriorate. Much research has
been devoted to better understanding this behavior, and to devise more robust and
stable algorithms.

An upper bound on the maximum attainable accuracy for finite precision KSMs,
limited by the deviation of the Lanczos residual from the true residual, was obtained
by Greenbaum [10]. Greenbaum proved that this bound can be given a priori for
methods like CG, but cannot be predetermined for methods like BICG, which can
have arbitrarily large intermediate iterates. There are also techniques for alleviating
this loss of accuracy, namely, residual replacement strategies, where the computed
residual is replaced by the finite precision evaluation of the true residual at carefully

1



chosen iterations (see, e.g., [22, 26]. In this way, agreement between the true and
computed residual is maintained to within a factor of O(e).

In [11], Greenbaum proved backward stability of the finite precision CG algorithm,
by showing that the computed Ritz values lie in small intervals around the eigenvalues
of A. There are many other analyses of the behavior of various KSMs in finite precision
arithmetic (see, e.g. [17, 16, 25]). The reader is also directed to the bibliography in
[20].

Our analysis is most closely related to the work of Tong and Ye [25]. The authors
derived a bound for the residual norm of classical BICG in finite precision, expressed
as the product of a minimum polynomial of a perturbed matrix and an amplification
factor. Our analysis generalizes the work of Tong and Ye to the s-step BICG case.

2.2. s-step Krylov subspace methods. The first instance of an s-step method
in the literature is Van Rosendale’s s-step CG [27]. Van Rosendale’s implementation
was motivated by exposing more parallelism using the PRAM model. Chronopoulos
and Gear later created the s-step GMRES method with a similar goal [5]. Walker used
s-step bases to improve stability in GMRES by replacing the modified Gram-Schmidt
orthogonalization process with Householder QR [28]. These authors used monomial
bases, and found that convergence often could not be guaranteed for s > 5. It was
later discovered that this behavior was due to the inherent instability of the monomial
basis, which motivated research into the use of other bases for the Krylov subspace.

Hindmarsh and Walker tried a scaled monomial basis to improve convergence [12],
but saw only minimal improvement. Joubert and Carey implemented a scaled and
shifted Chebyshev basis which led to more accurate results [14]. Bai et al. improved
convergence using a Newton basis [1]. Although successively scaling the basis vectors
can lower the condition number of the basis, this computation reintroduces commu-
nication dependencies. Hoemmen solved this using a novel matrix equilibration and
balancing approach as a preprocessing step, which often alleviated the need for scaled
basis vectors [13].

Hoemmen et al. [7, 13, 19] derived communication-avoiding variants of Lanczos,
Arnoldi, CG and GMRES. We use communication-avoiding to specifically refer to
s-step variants implemented using the communication-avoiding matrix powers ker-
nel, which applies to well-partitioned sparse matrices (see, e.g., [18]). Derivations
of communication-avoiding variants of nonsymmetric Lanczos-based KSMs, such as
BICG, CGS, and BICGSTAB can be found in [3].

2.3. s-step BICG. We briefly review s-step BICG for solving Ax = b, where
A € RNXN (see Alg.1). Note that this overview is meant for the familiar reader; in
the interest of space, we defer to numerous other works on the topic, such as [3, 4, 5,
7,13, 15, 27, 24]. For simplicity, we assume A is full rank.

Throughout the remainder of the paper, 0; , denotes a zero matrix of size i x ¢
and 0; is a column vector of ¢ zeros. We use I to denote the square identity matrix;
dimensions are either given as a single subscript, or are implicit from context. We use
e; to denote the i*® column of appropriately sized I.

In each outer loop k of s-step BICG, we generate Krylov bases with the current
search direction and residual vectors, psr and rsx, which we denote as KZ, having
basis length s + 1, and V,, having basis length s. The basis vectors, or columns of

Vi =1vy,---,vh |, are generated by the three-term polynomial recurrence

Vi1 = Vi (A= 0D v+ oy, (2.1)



Algorithm 1 s-step BICG

1: xg, 1o = To = b — Axg, po =Po =710, k=0

2: while not converged do_

3: Calculate V7, Vi, V7, 72, B,
~ 5o o= T
4: V= [V}, Vil Vk = [V}, Vi), Gk = Zk%k
50 Pho=[1012]", 7o = 0161, 1, 01 1]", @ = [02e41]
N T
6:  Pro=IL, 01,26 ", oo = (01,5415 1, 01,51
7 for j=0:s—1do
— T ~/ T /

8: sy = ((7, ]) Grrl, J)/((Pk,j) G By ;)

! /
9: Thoja1 = Thj + QskiiPh

! _ /
10: Thjt1 = Thy — Bi (askJrjpk‘,j)

=~/ = ~/
1 i+t = Thg — Ba (askﬂpk,j)

~/ / =~/ T /

12: 5sk+J+1 (7% ]+1) Gy, ]+1)/((rk,j) Grry, j)
13: pk g+ = Tk g1t Bskrjr1py
14: pk g+l rk J+1 + 6Sk+]+1pk J
15: end for
16: Tsk4+s = kak s + Tk, Tsk+s = Vkrk 57 PDsk4+s = Vkpk s
17: Tskts = V;J”k s> Dsk+s = Vkpk s

18: k=k+1
19: end while
20: return

with starting vector UZ,O = psi. We assume we use the same recurrence in constructing
vy, ;- The choice of parameters v;, 6;, and o; play a large role in determining the quality
of the resulting basis, which in turn affects both stability and convergence in s-step
BICG. We denote V,, = [V}, V}]. We also denote Vi, = [V}¥,0n,V},0n] where V}?

and V" are V7 and V7, resp., with their last columns omitted.

Within the inner loop, in step j of outer loop k, we update the length-(2s +
1) coefficients for the BICG vectors as linear combinations of the columns in V
(rather than explicitly update the length-N BICG vectors, as in classical BICG). The
coeflicient vectors are denoted with prime symbols (i.e., 7544, = Kkrk o and similarly

for psk+; and s,+;). The inner iteration updates then become

Thj+1 = Ty
p§w+1
where
B, = [ Qk,S—&-l Os41,1 ]
with
[ 6 —o1/m
1/70 01
Cj = /m

/
- Oésk+j§kpk,j and

! /
=Tkj+1t ﬁsk+j+1pk,j,

[ Qk75 05,1 ]

—0j-1/7j-1
Qj,l
1/vj-1 |




We can rearrange (2.2) and (2.3) as

Bypy,; =

—(r = and 2.4
skt ( k.j k7]+1) ( )
/

Thg = Phj — BsktiPhj—1- (2.5)
Premultiplying (2.5) by V., we obtain
Vk?"k,j = Vkpﬁg,j - Bsk+jvkp;g,j71~ (2.6)
This equation is valid for 1 < j < s, since p;c,fl is undefined. When j = 0, we have
Vkrfc,o = Kk—lr;c—l,s

= Zk—l (p;c_Ls - /Bskp;g—l,s—l)
= Vkpk,o - /Bskkalp;qfl,sf]J

which gives a valid expression for the j = 0 case.
Now, let

/A ’ ’ r_ T / ’
Ry = [Thos Tk Thy) and Py = [PhosPhs- -+ Dhj) -

We can write (2.6) in block form as

VkR;CJ = Vkplg,jUk?;j - Bskvk—lp;c—17s—le{7 (27)
where
1 —Bskt1
1
Uk,j =
—Bsk+j
1

Premultiplying (2.7) by A, we obtain

AViRy, ; = AVi P Uk j — Bk AVeo1D 1 o €1 - (2.8)
We can also write (2.4) in block form as
_ 1
Ekplg,j = RZ,ij,jAk,; - 7.7';6,]416;;17 (2.9)
Ask+j
where Ay ; = diag (s, . - ., Qskt;) and
1
-1 1
Ly; = .
-1 1

If we premultiply (2.9) by V, and postmultiply by Uy j, we obtain

/ _ / —1 / T
Vi By Py jUk,; = Vi Ry, j Lk i Ay Uk — mzﬂmﬂejﬂv
S J



which can be written

_ 1
AV Py Uk j = Vi Ry, jLi jA, Uk j — P V3 Tk 16541 (2.10)
sk+j
since AV, =V, B) and V, R} ; = Vi R} ; for j < s —1. We can then combine (2.8)
and (2.10) to obtain

Bsk / T 1 / T
Vi—1r e; — ——V,r. €5 (2.11)
—1Tk—1,5—1€1 YTk j+1€j415 .
Qsk—1 Qshotj I

AViR}, ; = ViR}, Tk —

where T j = Lk,jA;;;Uk,j + ey 2= eT. Note when k = 0, L5 is defined to be 0.

Qsk—1 Qsk—1
We can now combine outer loop iterations in block form to write the s-step BICG

recurrence for iterations 0 through sk + j. Let Vi, = [V, V4, ..., Vk]. Let

/
0,s—1
/
’ 1,s—1
Ry =
/
k,j
and
1 _ B
(e 7)) (e 7))
1 1 B
— (e7) a1 (e7s)
Thj =
: Bsk+j
Qsktj—1
N 1 1 Bsk+ij
Qshij—1  Oskitj | Oshifj—1
Then by (2.11), we can write
AViR, ;= VRpy Tog — —— Vot el
kg = VeI 5 k5 — YV kTk,j4+1Csk+j+1-
Osk+j
Since we can write the residual vectors as R,, = [ro,...,m] = &R}, ;» Where

n = sk + j, we can write the above as
1 T
ARn =RpTn — —Tnt1€n41s
an,

which gives us the same governing equation for iterations 0 through sk + j as the
classical BICG algorithm in exact arithmetic [25]. Note that a similar relation holds
for the dual Krylov vectors #gi4; and Pgpj-

3. s-step BICG in finite precision. The goal of this section is to derive a
Lanczos-type recurrence for finite precision s-step BICG of the form

1
AViRy j = VeRy ;Thj — mzk%ﬁlez;@ﬂﬂ + €Ay,
and upper bound the size of the error term €Ay ;. We assume a standard model of
floating point arithmetic, where
fl(ax +y) =axr+y+d, where |0;] < €2|ax| + |y| + O(¢?), and
fl (Az) = Ax + 4o, where |do] < eN |A||z| + O(e?),
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where 7,y € RV, a € R. In the remaining analysis we drop higher powers of € for
simplicity. Let ¢ be the machine precision unit. For simplicity of notation, we now
let r}cjj, pﬁw-, x?ww Qsktjy Tk,ss Pk,ss Bsk+js Vi, and By, be the computed quantities in
finite precision s-step BICG.

At the (sk + j)th iteration, to compute T;c,j+1 we first compute ﬁkp§€7j and have
fl (ka;c,j) = Ekp;c,j +g, where |g] <e(2s+1)[B,] ’P;c,j| .
Then
Thgrr = £ (M = asrss - L (Bypi ;)
:T;c,j *ask+jﬁkp;§,j 7ask+jg+g/, (31)

where |g'| < €(|r}, ;| + 2|kt ;|| Brph ;])- Let 6,y = (asnrjg+9')/ (€lshs;]). Then
using (3.1) we obtain

1
skt (r;@j+1 - ch,j) = —Bypj,; + 657’;7].7
where
rh .
| < 2 DBl + 1 2]t | 52
¥ ’askJrg‘
Similarly,

/ / /
Prjt1 = (T i1 + Bskje1k ;)

= T i1 T Bsktjt1Pk + [
where |f| < e (’T;mjﬂ‘ + 2| Bsktj+1l ’p;”D Letting 6y = f /e, we have

Phjtt = Thyj1 T Bskrjr1Phj + €0y
where
‘51’2,#1‘ < We,jﬂ’ + 2|ﬁsk+j+1Hp;c,j’~ (3.3)

Rearranging (3.2) and (3.3), we can write

1
o / /
By ; = (Tk,j — rk7j+1) + 6(57";6 , and
Oésk;+j ’

/

Phg = Phyj — BsktiPhj—1 + €0, (3.4)
and premultiplying (3.4) by V, gives
Vkr;@j = Vkp;c,j - ﬂsk+ijp§€7j_1 + erép/k’j.

This equation is valid for 1 < j < s, since p;c,q is undefined. When j = 0, we have
VkT;c,o = fl(kaﬂ”;chs)

= Kk—lr;c—l,s +edp_y and
Vkp;c,O = fl(Kk—lp;c—l,s)

=V 1Dh_1s +€B_1,



7

where |¢f_;| < (2s+1)|V,_||ri_y.] and ¢} _ | < (2s+1)|V_||p)_1.s|- Then for
7 =0, we can write
Virho = Vi 1715 + €054
=V (P;cﬂ,s — BskPh—1,5-1 + 6(51,;%175) + edh_q
= ViPho — €1 — Bsk V1P 161 + Vi 10y, P

= ViDho — BskVi-1P) 1.1 + € (kaﬁp;ﬁl’s + 1 — ¢2_1> :

Now, let AR;«J = [6%10,...,5,«;J and Apé,j = {023+1’5P%,1""’6P2€,J' We can

then write
VkR;C,j :VkP];’jUk,j — ﬂskkalp;gfLsfle{ + EVkAp,;,j

e (Visdy  +0h1—dh ) el and (3.5)

k—1,s

/! A1 / T
By Py j =R jLi N ; — —— Tk jy1€j41 T €QRy . (3.6)

Qsk+tj
Premultiplying (3.5) by A gives
AVkR§€7j ZAVkP;;jUkJ - ,BskAVk_lp;C_l,s_le? + eAVkAPé,j

A (Viady, , + 60— fy) el (3.7)
and premuliplying (3.6) by V. gives
_ 1
ViBy Py =ViRj Li AL — mzkrgvj 116541 T Vil gy (3.8)
sk+j
for j <s-—1.

Now, to write the error in s-step BICG in the context of classical BICG, we must
account for error in computation of the s-step bases. Rearranging the finite precision
evaluation of (2.1), we obtain

1 o;
P __ D P e e /]
Avy ;= 7”k,i+1 + Oivy, 7}%,1—1 + €dyr
K3 T

where we can write ‘51,5 | as

[0ug | = (N + 2) Ao o] + 3007 | + W
Since we generate v} ; by the same recurrence, we also have
[dup .| = (W +2)[Al[of] + 3[00k] + W
Letting Ay, = [65,6,0, O R A .,5;;&572,0}, we can then write the finite

precision basis computation as

AVk = Kkﬁk + GAV,C . (39)



Using (3.9), we can write (3.8) as

(AVi — €Ay ) Prj = ViRj, jLijAy s — ——Vyr j€i 1 + Vil

Ask+j

which can be rearranged to obtain

_ 1
AV P, ; = Vi Ry Lk jAL S — mzkrgdﬂefﬂ + Vil +eAy P . (3.10)
sk+j

Postmultiplying (3.10) by Uy ; gives

/ _ / A1 . / T
AV Py jUs; =ViRy, jLi i Ay ;Ukj — Virk 416541

s+
+€(VkAR§C’jUk,j +AVkP]27jUk,j)7 (3.11)

and combining (3.11) and (3.7), we obtain

_ 1
AVkR;@,j :VkR;c,ijJAk,}Uk;j - 7Kk7";c7j+1ef+1 - BskAVk—lp%q,sqe{ (3.12)

ask+j
+ e (AViAp, + Vil Uk + Av P Uk ) (3.13)
+ €A (kalépkfl,s + Ppo1 — ¢Z71) e (3.14)

Since
Bk AVi 1Py 15- 161 =Bk (Vi 1By 1+ Avi_ )P 15161
1 T
=BskV i1 (a(rfc—l,sq - T;f—l,s) + 657-;1151> €1

sk—1

/ T
+ BskAvy 1 Pr—1,5-1€1

o ﬂsk / T Bsk / r T
= kalrk71,sf1e1 - (Vkrk,o —€pp_1)eq
Qsk—1 Qsk—1
+ ﬁ V 6 T + B A / T
€0sk V-1 Th_1 5—161 skAViy_1Prk—1,5—-1€1 >
we can write (3.14) as
/ /o /8816 / T 1 ! T
AVe Ry, ; = Vi Ry, Ty 5 — Vi—irg_1,s-1€1 — ——Vyri ja€ + AV
Qgl—1 ask+j
where
T T
AkJ ZAVkAPéJ + AVk_15p;€717561 + VkAng. Uk,j — ﬂskvk_15%71y371€1 (3.15)

r Bsk r
+ AVkP/::,jUk?)j - 63kAVk—1p;cfl7sfleT + (A(¢k1 - 271) - f k—1 e?

Writing Ay j = [0sk, - - -, Osk+5], Wwe have that the (sk +j + 1)*® column of Ay ; is

Osktj = AVk5p;w + Vkéﬂw — 5sk+jvk5ﬂw71 + Avk’l“;€7j_1, (3.17)



for j > 0, and
Osk =AVi—16p |+ Vidr = BauVi—10p_, |+ 0y, 0 = Bskri Avi_1Pho1,6-1
r Bsk r
# (At - - (318)
sk—1
for j = 0.

Using the inequalities ‘ﬁsk—&-jp%)j_l’ < |p§c’j‘ + Mw" +0O(e) and ‘rfm-_ly < |r§€)j‘ +
| skt j1||Bypk ;1| + O(e), we can bound the norm of the columns as

sl Y

|Gsters | S((N+6)|A{|Vk| + (25 + 8)|V, | |By| + <

aaris|  Joskasoa|
(s sl o) 519
if j > 0. For the j = 0 case, we have
|6k < <(N + 25+ 1) A||Vi_q | + (25 + 8)| V4| |Bk,_1|> 7] (3.20)
+ (|Oik| + (2S|012|1ﬂ|5k’) Ve |[rhm1.s]

+ <(2N +4s +16)|A[ [V 4| + (65 + 22)’Vk—1HBk—1|> Pho1s|  (3:21)

We can thus write the finite precision s-step BICG recurrence for iterations 0
through sk + j as

1

sk+j
where Ak,j = [AO,S—].? A1,5—17 ce Ak,j]'

3.1. Comments. Note that we can write n iterations of finite precision classical
BICG as n iterations of finite precision s-step BICG with s > n, performed in the
standard basis. That is, we have a single outer loop iteration £ = 0 and j = n inner
loop iterations, with Vo = I,,, By = A, Ry, = Ron, and P, = Po,. Now, since
Vo = I, Ay, = 0, and since k = 0, ¢},_,,¢,_,, and Op,_,.. are defined to be zero.
Plugging in to (3.15), we get

Ao = AAp, ,, + ARy, Uo s

which reproduces the error term (modulo a factor of 2) obtained by Tong and Ye for
finite precision classical BICG [25].

Also note that from (3.15), we can see that the first four terms on the right-hand
side correspond to the two terms in Tong and Ye’s analysis for classical BICG, and
the remaining terms correspond to the error in computing the s-step Krylov bases
and the change of basis operation. We can also see that a bound on the size of the
error in each column of the finite precision recurrence depends on both the magnitude
of the error in computing the s-step Krylov bases, i.e., [|Ay, ||, as well as the size of
the bases, i.e., ||[Vi]-
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3.2. Diagonal scaling. As in [25], it will be more convenient to work with a

scaled version of (3.22) in subsequent sections. Let Zy ; = [200,. ., 2k,j] = VkR;C’jD;}
where
Dk’j = diag (HVOT(/J,O| goansy V0T6’8_1| y ||‘/v17’/170| gy |Vk’l“;€7j||) .
We can then write the scaled version of (3.22) as
= 1 Zk’f"/ ; —
AZy ;= Zi T — fﬂefkﬂﬂ + €Ay j, (3.23)
Asktj  roll
where '7_7“]‘ = Dk’j'ﬁg’jD];;,
Gakj = | Virk || csnas/ llroll = [[Vari s || evsres/ |[Vorh ol| = €5k ja T exs

and
A= Ak,jD,;}.

4. Bounds on ||rs;4 41| for finite precision s-step BICG. In this subsec-
tion, we upper bound the norm of the updated residual computed in iteration sk + j
of s-step BICG. First, we will review a series of Lemmas proved by Tong and Ye [25].
The proofs shown below are nearly identical to those given by Tong and Ye [25], al-
though we have changed the notation and indexing for consistency with our s-step
formulation!.

LEMMA 4.1. Assume

/
1 Virhjn o

AZyj = 2k, Ty — Csk4j+1

Asktj lroll
with ro = ||ro|| 2z0. Then for any polynomial p(x) = Zfﬁ;jﬂ Pt of degree < sk +
J+1L

p(A)z0 = Zijp(Thj)er + csiriVarh s,

where oy j = (=1 g0 /(a0 - sk [[7ol])-
Proof. First, we will prove by induction that for 1 <1i < sk + j
A'Zy jer = Zy ;T e (4.1)
For ¢ = 1, we have
1 Yy

g+l T -
esk+j+1) e1 = Zy,j Tk, je1-

AZkJel = (ZkJﬂC,]' - Qb ||TO||
SKRTJ

Now, assume (4.1) holds for some ¢ < sk + j. Then
Ai+1Zk,j€1 = A(AiZ;w»el)
= A(Zy.;Tr.j€1)

— 1 KkT;C i+1 _ .
=2y Thi — ———BI02T )T e
J Tk — k+j+1 k,jc1
< Osej ol !

_ T 10 _ Ti+1
= Zi,iTe,i Te je1 = Zi ; Ti ex,

1One lemma presented is slightly different than what appears in [25] due to a minor mathematical
error that we correct.
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where we have used the fact that el , ., Ty je; = 0 when ¢ < sk + j. Therefore the
inductive hypothesis holds. Now consider the case i = sk + j. We then have

1 k
AR 7, e = A(Zy ;T er)

- 1 Vi +1 ~ sk+j

= Zkln,_iiT (T.e)

J kg - k+j+1 =k, 1)-
( Asrg ol !

Since it can be shown that 35Tk+j+17'8k+J = (—1)%k+J HV’”;W‘H (00 st Imoll) ™"

and Qgpq; = HVkrfc’j 0sit5/ |70, we have

k4+j7+1 - Tsk+j
A? Tt ZkJel = Zk;,j’]—](g,jn’j Jel
k+j+1
sk+j+1 (_l)s it
T 1+ 7Kk7“k,]+1.
oo -+ sk ol

The lemma follows. O

We now use this result in proving the following identity.
LEMMA 4.2. Assume

1 Kk,’ak,j+1 T

AZyj = Zi,jTr,j — Cshtj1

Qskti ol

with ro = ||rol| 20 and aspy; = €Zk+j+177;j1€1- Assume that WT € REkHI+XN 46 ¢
matriz such that WTZkJ =1 and WTZkr;wH = Osk4j4+1- Then for any polynomial
p(x) of degree not exceeding sk + j with p(0) = 1, we have

Kkr;7j+1 = (I — AZ]CJ"?;:;WT) p(A)TO

Proof. First, we multiply by 7_7;;61 to get

1 V’crk J+1 T

=1 _ . = 1
AZk,ﬂ;,j 1= (Zk7j77w' - = sk+J+1> 77c,j €1,

Qs lroll
which allows us to write
Vi3t s

R ,J+1 T7—1
T()Tl = Z0 — AZk»jE,j €1.

Now, let p(z) = 1+ z¢(z), with ¢(x) = 2557 ;1127 a polynomial of degree not
exceeding sk + j. Then
V.r. . _
S = AT et (p(A)z0 = p(A)z0)
= —A(b(A)Z() — AZk’jﬁleel + p(A)zo
= 7AZk7j¢)(777€7j)61 — AZkyjﬁjjlel + p(A)zo
= —AZkj(¢(Trg) + Ty er + p(A)zo
= —AZy ;T p(Trj)er + p(A)2. (4.2)
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By Lemma 4.1, recall that
p(A)z0 = Zk jp(Trj)er + Cskr i Virk i1
and, multiplying by W7, we have

WTp(A)zog = W (Zy, jp(Trj)er + cSkJijkT;c,jJrl)
= p(’ﬁﬁj)elv

since WTZ;W =171 and WTZkT;C’j+1 = Osk+j+1. Now, we can write

Vyrt _
W = —AZy ;T ;W p(A)zo + p(A)zo
= (I - AZk’jﬁT;WT) p(A)Zo,
and substituting zo = ro/ ||ro||, we obtain

Kk’r;c,j_t,-l = (I - AZ]CJ'ﬁleWT) ,()(/1)7"07

which gives the desired result. O

The following lemma describes the construction of the basis W.

LEMMA 4.3. Assume that zo,..., Zsktj+1 € RY are linearly independent and
write Zi,j = (20, -, Zsktjls Zij = [Z1j Zshrjer]- Then W = Lok, Osr 1) 2
has the property Wi Zy ; = I and W{ zgk1j11 = Oskqj+1. Furthermore, its spectral
norm is minimal among all matrices having this property.

Proof. By the definition of Wy, Z 2‘ ;= [Wo,w]T for some w. Since we assume
205 -+ -y Zsk+j+1 are linearly independent,

(Wo, w|" [Z.j, zsk+j+1] = Zy 2y =1

Then WOTZk’j = dsk4j+1 and W(;TZS]CJerrl = Osk+j+1~

Now, assume W is some other matrix such that WTZk,j =TI and WTsz+j+1 =
Osktj+1 hold. Then WT[Zy ;, zsktj41] = [Lsk+j+1,Osktjr1]. Thus, WTZk’jZ;j =
opsgn Ok 11275 = W Hence [Woll < IWI|-||2,, 2, < 1w, 0

We can now present the main result.

THEOREM 4.4. Assume (3.23) holds and let W = [[sk+j+1aosk+j+1]zzj €
ROGEFIADIN CTf 20 0 Zeprjr1 are linearly independent, then

Vool < (U4 Ky i A+ 68450, 4.3
IVartgoal < (4 Kig) | min oA+ 04 )rol (43)

where Ky, ; = H(AZk’j - eAk,j)ﬁCleWOTH and 0 Ay ; = —eA;w'Z,:j.

Proof. Since 2y, . .., Zsk+j+1 are linearly independent, Z,ijk’j = 1. Then §A; ; =
feE;w—Z,j'j € RVXN gatisfies 0AL;j 2y = feA;w-. Thus (3.23) can be written as

1 Virk i
_ el i (4.4)

(A+§Ak,')Zk7' = Zk7'77€,‘ Es—
T P Ay ol
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Then, by Lemma 4.2, for any p € Pggyj41 with p(0) = 1, we obtain
Virg o = (L= (A4 044 ) Zi y T, Wo ) - p(A+ Ak )0
= (I = (AZy; = eBr )T W) - p(A+0Ax)ro.
Thus, we can bound the norm of the left hand side by
[V |l < (L4 [[(AZk; — eBr )Ty W [|) - [lp(A + Ak )ro |-

Since this holds for any p(x) with p(0) = 1, the inequality is true for the minimizing
polynomial, which leads to the bound. O

Note that 75, ; = minyep,, ., ,00)=1 [|P(A + dAg )10l is the (sk + j)th residual
norm of exact GMRES applied to the perturbed matrix A 4+ § Ay ;, which decreases
monotonically with increasing (sk + j).

Since we have Ky, ; = ||(AZk,; — e&k,j)ﬁjjlwgn, we can bound K, ; as

K < (Vsk+ 5 + U A| + el| A )75 - 1ol

Then, assuming H7_7€_]1H and ||Wy|| are bounded, Kkrfﬂ’j_HH is on the order O(7y ;).
We therefore expect convergence of the s-step BICG residual when K}, ; increases at
a slower rate than 7 ; decreases, for all values of k.

Unfortunately, as in the BICG case, we can not determine Ky, ; a priori, although
we can make some meaningful observations based on the bound in (4.3). Clearly, the
terms e&k,j in Ky ; and

Note that in the case of CG (SPD A), we have HZkT;c,jHHz = ’|7'sk+j+1||2 =

* * : * _ * .
||eS,€ijJrl HA, Wher.e Coh+j denotes the SOlU:tIOIl CITOT €y = T — Tskiy for .t¥ue
solution x*. Thus in this case Theorem 4.4 gives a bound on the error of finite precision
s-step CG. It remains future work to determine under what conditions He:k—&-jﬂ HA <

|

5. The linearly dependent case. In the analysis above, we assumed linear
independence among the residual vectors (which are scalar multiples of the Lanczos
vectors). For many linear systems, however, convergence of classical BICG in finite
precision is still observed despite numerical rank deficiency of the basis. In [25] it
is shown how the residual norm can be bounded absent the assumption of linear
independence, which gives insight into why convergence still occurs in such cases.
We will now prove similar bounds, relaxing the constraint that zo, ..., zsttj4+1 € RN
be linearly independent. Again, our analysis extends that of Tong and Ye [25] for
classical BICG.

We note that in the s-step case, there are two potential causes of a rank-deficient
basis. Since we have Ry ; = Vi ;R} ;, linear dependence can occur as a result of the
finite precision Lanczos process, as in the classical method, as well as from numerical
rank deficiencies in the generated s-step polynomial bases V.

Given A € RN*N and B € RN N AE — EB = Z corresponds to the linear sys-
tem with coefficient matrix A® In — Iy ® B. This system has a unique solution if and
only if A(A)NA(B) = 0, or, equivalently, if sep(A, B) == [|[(A® Iy — Iy ® B)™* ||71 >
0, which depends on the spectral gap of A and B (see [9]).

e:k-l-jHA for s-step CG.

THEOREM 5.1. Assume (3.23) holds, and let ju be a complex number such that
sep(A — pl,Tg ;) > 0. Then

/ . 1 T . f—
[Virk sl <Ky, min (o) + o4 =Dl liroll
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where

Vsk+ 7+ 1(sep(A — pl, T ;) + |pl) + €||Ak,jHF
sep(A — pd, Tk5)

Ky,; =

Proof. By (3.23),

!
1 Vayry i ¢

(A=pl)Zy; = ZyTrj — —— €lprjr1 + €Dk — ;. (5.1)

Qsktj ol

Then since sep(A — ul, Ty ;) > 0, the equation
(A — /J,I)Ek’j = Ek,jﬁ’j — EAk}j + /LZ]CJ‘ (52)

has a unique solution Ej ; with

I=eBri+1Zuillp _ el Brillp+ 1l VeE+5+1
<

Erjllp < : T
|| k:,]HF— Sep(A—MI,E,j) - Sep(A—,UI,’ﬁc,j)

Combining (5.1) and (5.2), we can write

= 1 Var i
(A= pD)(Zj+ Erj) = (Zrj + Erj)Thj — —— =€l

Qsk+j ol

Thus, for any p € Pgryji1, p(0) =1, we have, by (4.2),

Zkr;c,jJrl -
Tl P(A = pI)(Zrj + Erj)er — (A= pd)(Zij + Er )Ty j p(Tk.j)er,
and thus
:
HV|”H < (124 + 151 lo(A = D)
+ 114 = )| 0121+ 1B ) || 7 || 10T -
Since

Akl + el Vsk+5+1

€
Zijll + 1Bl < V/sk+j+1+ - :
1201l + 1Bl i

we obtain the desired result. O -
Note that in this case, if p is such that sep(A — pl, Ty ;) is large, the quantity

K}, ; depends heavily on Hﬁ}l H The minimizing polynomial part of the bound now

depends on both p(7 ;) and p(A — ul).

6. Extensions: perturbation theory. We can think of (4.4) as an exact sub-
space relation for a perturbed A, i.e., the quantities Vg, R;w" and T ; produced by
the finite precision s-step BICG algorithm satisfy an exact subspace recurrence (4.4)
for the perturbed system A + §Aj ;. This means that the eigenvalues of the com-
puted matrix 7 ; generated by the s-step algorithm are among the eigenvalues of the

.max (1, lo(A = u)] - HP(ﬂH)H) :
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perturbed matrix A — EAk,jRZ_) jV,j . In the next theorem, we bound the distance of
these eigenvalues to eigenvalues of unperturbed matrix A.

THEOREM 6.1. Let A be a normal n X n matriz of full rank. For each eigenvalue
w of the matriz Ty ; computed by the finite precision s-step (BI)CG method, there
exists an eigenvalue A of A such that

v = ul < el Aws LR LIV (6.1)

I

Proof. Note that ’777w- = Dk,ﬂ},jDk_; has the same eigenvalues as Ty ;. By
application of the Bauer-Fike theorem [2] to (4.4), there exists an eigenvalue of v of
A such that

=l < el Aes 2zt 62)
We can then write

18552, =l Ak D Dr s RiGVE N, (6.3)

<[ Akl IRV, (6.4)

0

The right hand side above can be shown to depend on x(Vj) and k() ;). The
above theorem means that the Lanczos vectors computed by the s-step (BI)CG algo-
rithm, V4 R}, ;, span Krylov spaces of a matrix within €HAk,jRZ jV,j || of A. Similar
observations have been made for classical finite precision Krylov methods [21, 29].

In [21], Paige shows that for classical Lanczos without reorthogonalization, the
perturbed matrix is very close to A until a Ritz value has stabilized. It is an open
question whether a similar result (perhaps with additional restrictions on V) applies
to the s-step case.
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