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Abstract

Communication-Avoiding Krylov Subspace Methods in Theory and Practice
by
Erin Claire Carson
Doctor of Philosophy in Computer Science
with a Designated Emphasis in Computational and Data Science and Engineering
University of California, Berkeley

Professor James W. Demmel, Chair

Advancements in the field of high-performance scientific computing are necessary to address
the most important challenges we face in the 21st century. From physical modeling to large-
scale data analysis, engineering efficient code at the extreme scale requires a critical focus
on reducing communication — the movement of data between levels of memory hierarchy or
between processors over a network — which is the most expensive operation in terms of both
time and energy at all scales of computing. Achieving scalable performance thus requires
a dramatic shift in the field of algorithm design, with a key area of innovation being the
development of communication-avoiding algorithms.

Solvers for sparse linear algebra problems, ubiquitous throughout scientific and mathe-
matical applications, often limit application performance due to a low computation/comm-
unication ratio. Among iterative methods, Krylov subspace methods are the most general
and widely-used. To alleviate performance bottlenecks, much prior work has focused on the
development of communication-avoiding Krylov subspace methods, which can offer asymp-
totic performance improvements over a set number of iterations.

In finite precision, the convergence and stability properties of classical Krylov methods are
not necessarily maintained by communication-avoiding Krylov methods. Depending on the
parameters used and the numerical properties of the problem, these communication-avoiding
variants can exhibit slower convergence and decreased accuracy compared to their classical
counterparts, making it unclear when communication-avoiding Krylov subspace methods are
suitable for use in practice.

Until now, the literature on communication-avoiding Krylov methods lacked a detailed
numerical stability analysis, as well as both theoretical and practical comparisons with the
stability and convergence properties of standard implementations. In this thesis, we address
this major challenge to the practical use of communication-avoiding Krylov subspace meth-
ods. We extend a number of theoretical results and algorithmic techniques developed for
classical Krylov subspace methods to communication-avoiding Krylov subspace methods and
identify constraints under which these methods are competitive in terms of both achieving
asymptotic speedups and meeting application-specific numerical requirements.
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Chapter 1

Introduction

1.1 The Importance of Computational Science

The field of computational science has revolutionized the way science and engineering are
done in the world today. Alongside theoretical and experimental science, computational
science is now widely regarded as an essential ‘third pillar’ of scientific exploration, which
will become increasingly important in driving scientific and technological progress. Com-
putational science has enabled the construction and validation of new theoretical models of
phenomena that are impossible to study in an experimental setting, for example, studying
dark energy and the origin of the universe. Using computational models and simulations
can also reduce the cost and time required to design and test products and procedures, from
airplanes to medical treatments to renewable energy sources.

The field of computational science is a multidisciplinary area, combining research in
computer science, applied mathematics, and domains in the natural, physical, and social
sciences. Research in this field focuses on how to build models efficiently under constraints
of limited computational power and computer memory as well as how to determine if the
model and simulation are accurate enough to be reliable.

As computational models and simulations are increasingly being used for decision-making
purposes, and have become an indispensable tool in design and manufacturing processes and
for scientific research as well as policy-making, it is increasingly important to obtain reli-
able and accurate results for realistic physical systems at scale. Running the extreme-scale
simulations needed to address the most important challenges we face in the 21st century, in-
cluding climate modeling, combustion /efficient fuel design, computer-aided design of vehicles
and airplanes, design of medical devices and diagnostic procedures, and genomic sequencing,
will require major advances in both computer hardware and software [8, 65].



1.2 The Need for Communication-Avoiding
Algorithms

On modern computers, the time to complete a floating point operation can be orders of
magnitude less than the time to perform communication, i.e., move data between levels of
the memory hierarchy or between parallel processors over a network. This gap is expected
to grow in future systems [8, 65]. Traditionally, algorithm performance has been gauged in
terms of computational complexity; conventional wisdom tells us that the fewer arithmetic
or logical operations an algorithm performs, the faster it will be. On today’s computer
architectures, this notion is far from accurate. Instead, communication complexity is a much
better indication of both runtime and energy cost.

To be effective in enabling scientific discovery and analysis, many scientific computing
applications require simulations at increasingly large scales. This necessitates performing
computations that do not fit in cache and/or require running on large parallel machines
with multiple processors, which in turn necessitates costly communication. As the size of
the problem and the number of processors is increased, these algorithms suffer a rapid degra-
dation of performance. Some computations, including those to study climate change and the
origin of the universe, are so large they must be run on peta- or exascale supercomputers.
In these cases, time spent communicating data is not just a hindrance to performance, but
is prohibitive in terms of both time and energy cost.

Engineering efficient code at the extreme scale thus requires a paradigm shift in the
design of high-performance algorithms: to achieve efficiency, one must focus on strategies
which minimize data movement rather than minimize arithmetic operations to fully exploit
the computational power of large-scale systems. We call this a communication-avoiding
approach to algorithm design.

1.3 Iterative Linear Algebra at Scale

Algorithms for solving linear systems Ax = b and eigenvalue problems Ax = Ax can be
classified as either direct methods, which perform a fixed number of steps to obtain a solution,
or iterative methods, which repeatedly refine a candidate solution until the given stopping
criteria are met. Iterative methods are commonly used when the matrix is too large and
sparse to be solved using direct methods, when only a partial answer is required, or when
accuracy less than machine precision is acceptable. In this thesis, we focus on iterative
methods for solving sparse linear systems and eigenvalue problems, which constitute the core
computational kernels in a wide variety of application areas, including materials science [150],
biology [203], structural engineering [6], and combustion and energy modeling [25], as well
as areas such as computational statistics [75, 76], Markov modeling [20], unconstrained
optimization [169], image recognition [40], and computational finance [15].

The most general and flexible class of iterative methods is Krylov subspace methods
(KSMs) [153, 154, 87, 123, 124, 180, 119, 17]. These methods are based on vector projection



onto expanding subspaces, where, in each iteration k, the solution update is chosen from the
expanding Krylov subspace

Ki(A, v) = span{v, Av, A%v,..., A"}, (1.1)

where v is a starting vector chosen by the algorithm or input by the user. Many variants
of Krylov subspace methods exist, each with different minimization properties and varying
storage requirements (see, e.g., [153]).

Classical implementations of KSMs require one or more sparse matrix-vector multipli-
cations (SpMVs) and one or more inner product operations in each iteration. These com-
putational kernels are both communication-bound on modern computer architectures. To
perform an SpMV, each processor must communicate some entries of the source vector it
owns to other processors in the parallel algorithm, and in the sequential algorithm the matrix
A must be read from slow memory in the common case when A is too large to fit in fast
memory. Inner products involve a global reduction in the parallel algorithm, and a number
of reads and writes to slow memory in the sequential algorithm (depending on the size of
the vectors and the size of the fast memory).

Researchers have thus sought to remove the communication bottleneck in KSMs by re-
organizing the algorithms to minimize data movement. These variants are referred to as
communication-avoiding KSMs (CA-KSMs), or s-step KSMs; we will use these terms inter-
changeably. We summarize the relevant literature in Section 2.4. The motivating insight is
that temporal locality can be improved by unrolling the iteration loop a factor of O(s) times
and breaking the dependencies between the SpMVs and vector operations in each iteration.
For a fixed number of iterations, this theoretically allows for an O(s) reduction in commu-
nication cost. It has been shown that such communication-avoiding formulations can result
in significant speedups per iteration for many problems [127, 190].

Improving the speed per iteration, however, is not sufficient to guarantee speedups in a
practical setting. When we consider the overall performance of iterative methods in practice,
we must consider both

1. the time per iteration, which depends on the required kernels and the particular ma-
chine parameters, as well as the matrix structure and partition, and,

2. the number of iterations required for convergence, i.e., until the stopping criteria are
met.

This second quantity depends on the conditioning and eigenvalue distribution of the system
as well as round-off error in finite precision. In practice, round-off errors resulting from
finite precision computation can heavily influence the rate of convergence; for example, in
the Lanczos method for solving the symmetric eigenproblem, large round-off errors can lead
to the loss of orthogonality between the computed vectors, which causes a delay in the
convergence of some eigenvalue estimates.



With these two quantities in mind, we can describe the total time required for an iterative
method as
Total time = (time per iteration) x (number of iterations). (1.2)

It has long been recognized (see, e.g., [49, 118]) that in finite precision, the convergence and
stability properties of classical Krylov methods are not necessarily maintained by commun-
ication-avoiding Krylov methods. As the parameter s is increased to reduce communication
costs and so time per iteration, the rate of convergence can slow, and the attainable accuracy
can decrease. Lost accuracy can be a significant problem depending on the needs of the
application, and as is clear from (1.2), slow convergence can negate potential benefits from
the communication-avoiding approach.

Thus despite any potential per-iteration performance gain, this decrease in convergence
rate and attainable accuracy can limit the practical applicability of CA-KSMs. To achieve
O(s) speedups using CA-KSMs, we must not only reduce the time per iteration by O(s),
but we must also ensure a convergence rate close to that of the classical method in finite
precision arithmetic. Further, depending on application requirements, we must ensure that
any decrease in attainable accuracy does not result in an unacceptably inaccurate solution.
Another challenge is the extension of techniques for improving numerical properties often
used in conjunction with classical KSMs, including reorthogonalization, residual replacement,
and preconditioning, to CA-KSMs in a way that still admits an O(s) reduction in data
movement. Overcoming these challenges to the practical use of communication-avoiding
Krylov subspace methods is the goal of this thesis.

1.4 Thesis Contributions

Despite nearly 30 years of study, the literature on communication-avoiding Krylov methods
still lacks a detailed numerical stability analysis, as well as both theoretical and practical
comparisons with the stability and convergence properties of classical implementations. In
this thesis, we address the stability, performance, and implementation challenges described
above, with the goal of increasing the practicality and accessibility of CA-KSMs for the
general scientific computing community. We extend a number of theoretical results and
algorithmic techniques developed for classical KSMs to CA-KSMs, and identify constraints
under which CA-KSMs are competitive in solving practical problems.

After reviewing preliminaries and detailing the communication and computation costs of
the kernels used in this thesis, we demonstrate in Chapter 4 that classical Lanczos-based
Krylov methods can be transformed into variants which perform asymptotically less commu-
nication. However, when finite arithmetic is used, the communication-avoiding methods are
no longer mathematically equivalent to their classical counterparts; Chapter 5 is dedicated
to explaining where and how these differences arise from a theoretical perspective. Our re-
sults show that the conditioning of the s-step bases plays an important role in influencing
finite-precision behavior. Working from this observation, in Chapter 6 we develop a num-
ber of techniques that can improve finite-precision stability and convergence in CA-KSMs.



Chapter 7 details interesting performance optimizations for certain specific cases of matrix

structure and in Chapter 8, we show that CA-KSMs can achieve significant speedups (up to

6x) over classical KSMs for large-scale problems in various scientific domains. Some work

presented in this thesis is adapted from published work, as indicated in bullet points below.
The primary contributions of this thesis include:

The development of new communication-avoiding Krylov methods, including a non-
symmetric Lanczos variant, biconjugate gradient (BICG), conjugate gradient squared
(CGS), biconjugate gradient stabilized (BICGSTAB), upper and lower Lanczos bidi-
agonalization for solving singular value problems, and the least-squares QR (LSQR)
method for solving least squares problems (Chapter 4; adapted from [35], [16], [27],
and [34]);

Completion of the first complete rounding error analysis of the CA-Lanczos method,
including derivation of upper bounds on the loss of normality of and orthogonality
between the computed Lanczos vectors as well as a recurrence for the loss of orthogo-
nality, which identifies conditions under which CA-KSMs are as stable as their classical
counterparts (Section 5.1; adapted from [32]);

Proof that the bounds on eigenvalue and eigenvector convergence rates in finite preci-
sion Lanczos given by Paige [141] can be extended to CA-Lanczos assuming a bound on
the maximum condition number of the precomputed s-step Krylov bases, which shows
that if one can maintain modest condition numbers of the precomputed s-step Krylov
bases throughout the iterations, then the finite precision behavior of the CA-Lanczos
method will be similar to that of classical Lanczos (Section 5.1; adapted from [32]);

Numerical experiments confirming the validity of our bounds on convergence of Ritz
values in CA-Lanczos for two different bases and various values of s, which illustrate
the impact of the basis condition number on our error bounds and suggest methods for
improving convergence and accuracy through the inexpensive monitoring of quantities
generated during the iterations (Section 5.1.6);

The derivation of Lanczos-type matrix recurrences governing CA-CG and CA-BICG in
finite precision arithmetic, which demonstrate the algorithm’s relationship to classical
(BI)CG and allows us to give upper bounds on the norm of the updated residual in
finite precision CA-(BI)CG in terms of the residual norm of exact GMRES applied to
a perturbed matrix, multiplied by an amplification factor (Section 5.2; adapted from
the Technical Report [29]);

The derivation of a computable bound on the deviation of the true and updated resid-
uals in the CA-CG and CA-BICG methods in finite precision, which can be iteratively
updated within the method without asymptotically increasing communication or com-
putation (Section 5.3; adapted from [31]);



The development and implementation of an implicit residual replacement strategy,
based on the derived computable maximum attainable accuracy bounds in Section 5.3,
which can maintain agreement between the true and updated residuals to within the
order of machine precision in CA-CG and CA-BICG, yielding improvements of up to
7 orders of magnitude improvement in accuracy for little additional cost (Section 6.1;
adapted from [31]);

The development and analysis of communication-avoiding deflated CG, and the demon-
stration that deflation-based preconditioning can be applied in communication-avoiding
formulations of Lanczos-based Krylov methods such as CA-CG while maintaining an
O(s) reduction in communication cost (Section 6.2; adapted from [36]);

The identification of a number of techniques that can be used to improve stability and
convergence properties in CA-KSMs while still admitting a communication-avoiding
approach, including selective reorthogonalization, look-ahead, extended/variable pre-
cision, dynamic basis parameter updates, and variable basis dimensions (Sections 6.3-
6.7).

The derivation of a parallel ‘blocking covers’ approach for increasing temporal locality
in matrix powers computations, which allows for communication-avoidance with matri-
ces that can be split into the sum of dense and low-rank components, and application
of this approach to hierarchical semiseparable matrices (see [19]) (Section 7.1; adapted
from [112]);

The development of the streaming matrix powers optimization, which, by interleaving
SpMV and orthogonalization operations, can further reduce communication in sequen-
tial methods with implicitly-represented matrices (e.g., stencils with constant coeffi-
cients) and also enables write-avoiding Krylov methods which further reduce writes to
the lowest level of the memory hierarchy, which may be much more expensive than
reads in some technologies (Section 7.2);

The development of a method to improve the partitioning of nonsymmetric matrices
using hypergraphs (see [37]) to avoid communication in matrix powers computations,
which uses a randomized algorithm to estimate the approximate hyperedge size and
selectively drop hyperedges once they become too large, reducing both hypergraph
construction and partitioning time (Section 7.3);

Weak and strong scaling experiments for distributed-memory CA-CG, which show
potential speedups of up to 6x over classical CG for large-scale PDE solves on a model
problem run on a supercomputer with up to 4096 MPI processes, and identification of
the space in which the communication-avoiding approach is most beneficial in terms
of performance (Section 8.2); and

The implementation and optimization of CA-BICGSTAB as a high performance, dist-
ributed-memory bottom solver for geometric multigrid, which enabled speedups of



over 4x on synthetic benchmarks and over 2.5x in real combustion and cosmology
applications on a supercomputer with up to 4096 MPI processes (Section 8.3; adapted
from [190]).



Chapter 2

Preliminaries

2.1 Notation and Definitions

We begin with a discussion of the notation and definitions used throughout this thesis. We
generally use n to denote the dimension of a square matrix, p (without a subscript) to
denote the number of parallel processors, and € to denote the unit round-off of the machine.
All logarithms are taken to be base 2. Unless otherwise specified, all norms can be taken
to be 2-norms. We use a superscript ‘+’ to denote the Moore-Penrose pseudoinverse, i.e.,
Y+ =(YTy)"lvT,

We use standard asymptotic notation in discussing computation and communication
complexity of algorithms. Specifically, f(n) = O(g(n)) means that for sufficiently large n,
there exists a constant ¢ > 0 such that |f(n)| < c|g(n)]; f(n) = Q(g(n)) means that for
sufficiently large n there exists a constant ¢ > 0 such that |f(n)| > c|g(n)|; and f(n) =
©(g(n)) means that both f(n) = O(g(n)) and f(n) = Q(g(n)).

We also use f(n) < g(n) to mean that for every ¢ > 0, |f(n)| < ¢|g(n)]| for sufficiently
large n. This notation will be used somewhat informally to hide constants which are small
relative to g(n); i.e., f(n) < g(n) informally implies that f(n) is insignificant compared
to g(n). We also emphasize that our asymptotic notation does not imply that the results
require n to approach infinity to be correct. While the asymptotic analyses provide better
estimates for larger parameter values, they have proved meaningful and useful in algorithm
design for even modestly sized problems.

In this work, all asymptotic expressions should be interpreted as univariate, despite
appearances. For example, f = O(sn) asserts that for every infinite sequence ((s;,n;) : @ €
{1,2,...}) of parameter pairs satisfying certain constraints, there exist constants ¢ > 0 and
N € {1,2,...} such that f < ecs;n; for all i > N. The given constraints will restrict the set
of sequences of parameter tuples, e.g., s < n, which should be interpreted as the univariate
expression s; < n;.



2.2 Theoretical Performance Model

In this work, we base our algorithms on a theoretical model of performance. We model a
parallel machine as a homogeneous, fully-connected network of p processors, each with a local
main memory of size M and a cache of size M. We assume that processors communicate via
point-to-point (P2P) messages and collective synchronizations.

In addition to the number of processors p, our machine model has four main parameters:
« represents a latency cost incurred by every message, [ represents a bandwidth cost linear
in the message size, v represents the time to perform a floating point operation on local
data, and v represents the time to transfer a word of data between main memory and cache.
Each processor executes asynchronously and can send or receive at most one message at a
time; passing an n-word message takes o + fn seconds on both the sending and receiving
processors. We assume that processors can only operate on local data and can execute each
flop at the peak rate 1/~.

In our model the bandwidth and latency costs of an MPI_Allreduce global collective of
size w are wlog p and log p, respectively. There is no notion of distance on the network, and
we assume the network has unbounded buffer capacity.

While this simple model’s assumptions are not all realistic, similar models are widely used
to analyze communication costs on distributed-memory machines (see, e.g., [42]). One could
refine this model to obtain, e.g., the LogP model [55], which distinguishes between network
latency, software overhead, and network injection bandwidth (blurred between our a and
S terms), allows overlap of communication and computation, and introduces constraints on
message size and network congestion.

We model the cost of an algorithm in terms of four costs: F' represents the number of
floating-point operations performed locally, W represents the number of words moved from
one parallel processor to another, S represents the number of messages sent/received by a
processor, and W represents the number of words moved between slow and fast memory. In
terms of these parameters, the time T for an algorithm to execute is bounded by

max(yF, BW, aS,vW) < T < vF + W + aS + vW.

For some purposes in this work, we will relax this model and consider only parallel costs;
i.e., we assume that each processor has unbounded local memory and ignore the cost of data
movement from main memory to cache. These assumptions may be unrealistic when the
neglected sequential costs are nontrivial. However, when considering large p and small local
problems, when performance is dominated by interprocessor communication, we expect the
sequential costs would not significantly increase our models’ estimated costs. If a processor
performs F' flops, and sends/receives S messages containing a total of W words, we then
model its worst-case runtime as

T =~F+ W + aS. (2.1)

This is a poor cost model for certain programs, like one where the p processors relay
a value from processor 1 to processor 2 to processor 3 ... to processor p: each processor
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sends/receives at most 2 words, but the actual runtime grows linearly in p. To count correctly
in such situations, one can consider the runtime along critical paths; e.g., in a program
activity graph [198]. For our algorithms here, we will only consider certain parallelizations
where one processor is always the slowest, so we can simply count F, S, W for that processor
to bound the total runtime.

Throughout the thesis, we informally use this performance model to reason about algo-
rithm tradeoffs and justify our communication-avoiding approach. This performance model
is applied more concretely in Section 6.2.4, where we use this model to predict runtimes
and show tradeoffs in our communication-avoiding deflated CG method for a model problem
with various parameters, and in Section 7.1.4, where we use this model to predict runtimes
and show tradeoffs in our communication-avoiding matrix powers kernel for hierarchical
semiseparable matrices (see, e.g., [19]).

2.3 Classical Krylov Subspace Methods

Krylov subspace methods (KSMs) are some of the most commonly used algorithms for solving
large, sparse linear systems and for computing a few dominant eigenvalues/vectors of large,
sparse matrices. Because of their success and ubiquity in numerous application domains,
KSMs have been named one of the ‘Top 10 Algorithms’ of the 21st century [53]. There is
no shortage of introductory texts which describe Krylov Subspace Methods, including those
of Saad [153, 154], Greenbaum [87], Meurant [123, 124], van der Vorst [180], Liesen and
Strakos [119], as well as the ‘Templates’ book [17]. The study of Krylov methods began with
the work of Lanczos [115, 116] and Hestenes and Stiefel [100] in the 1950’s and began to
gain traction as a field in the 1970’s. For a history of KSMs and related topics, we direct
the curious reader to the book of Liesen and Strakos [119], which contains an overview in
Chapter 1 and ‘Historical Notes’ throughout.

Krylov subspace methods work by iteratively constructing one or more bases for Krylov
subspaces, which are defined in terms of a matrix A and vector v by

Kiv1(A,v) = span(v, Av, ..., A'v).

We focus our discussion here on Lanczos and Lanczos-based Krylov methods, which are our
main concern in this thesis. Given a symmetric matrix A € R™"™ and a starting vector
vy € R™ with unit 2-norm, ¢ steps of the Lanczos method [115] theoretically produce the
orthonormal matrix V; = [vy,...,v;] and the symmetric tridiagonal matrix T; € R*™* such
that

AV; = ViT; + Bis1vitae; .

When i = n, if T, exists (i.e., no breakdown occurs), then the eigenvalues of T,, are the
eigenvalues of A. In practice, some of the eigenvalues of T; are good approximations to
the eigenvalues of A when ¢ < n, which makes the Lanczos method attractive as an iter-
ative procedure. Many KSMs, including those for solving linear systems and least squares
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problems, are based on the Lanczos method. In this work, we specifically consider sym-
metric and nonsymmetric Lanczos, conjugate gradient (CG), biconjugate gradient (BICG),
conjugate gradient squared (CGS), biconjugate gradient stabilized (BICGSTAB), Lanczos
bidiagonalization, and least-squares QR (LSQR).

For the solution of linear systems, Krylov subspaces are used as expanding search spaces,
from which the approximate solution x; or the approximate eigenvalue and eigenvectors are
computed via projection. A general projection method for solving the linear system Ax = b
extracts an approximate solution z; from an affine subspace z; + K;(A, ) of dimension i,
where r = b — Az denotes the initial residual, by imposing the Petrov-Galerkin condition
b— Az; L L;, where L; is another subspace (the ‘constraint space’) of dimension i. We can
also write this in terms of the correction to the approximate solution in each iteration. Let
0; = x; — x1. Then given subspaces IC; and L;, each projection step can be described by

Find §; € K; such that ry — Ad; L L;.

The choice of £; distinguishes various iterative techniques; most notably, we have an
orthogonal projection method if £; = K;, and an oblique projection method otherwise.
For example, given a basis V; = [vy,...,v;] for K;(A,r;) such that AV; = V;T; + w;el
with VI'V; = I and T; tridiagonal, the approximate solution obtained from an orthogonal
projection method onto K; is given by

z; = x1 + Viy; where y; = T, (||r1]|2€1),

and thus the method proceeds to refine the approximate solution x; by progressively solving
T;y; = ||r1|l2e1. This example describes the conjugate gradient (CG) method, which is based
on the symmetric Lanczos process. In the case of non-Hermitian matrices A, one approach is
to relax the orthogonality constraint and instead generate two sets of mutually biorthogonal
basis vectors, i.e., V; = [v,...,v;] and V; = [0y, ..., 5] where v} §; # 0 if £ = j and v} ¥; = 0
if ¢ # j. This is the approach taken in the non-symmetric Lanczos method, which was
described by Lanczos [115, 116]. The corresponding biconjugate gradient (BICG) solver of
Fletcher [69] implements the projection process

ZT; - X1 + ’Ci(A,’f’l) and T 1 ICZ'<AH,’I:1),

where 7 is an arbitrary nonzero vector. In Section 2.5, we review the stability and conver-
gence properties of classical KSMs and discuss how finite precision affects these properties,
which is of utmost importance when considering use of these methods in practice. We first
turn to a discussion of the cost per iteration in classical KSMs in terms of our communication
model in Section 2.2.

Speaking in terms of projection processes, in each iteration, classical Krylov methods
increase the Krylov subspace K; by one dimension by computing a new basis vector and
subsequently orthogonalize this new basis vector against the subspace £;. In the case of linear
equation solvers, the approximate solution is then updated imposing the Petrov-Galerkin
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condition b— Az; L L;. In terms of linear algebra operations, computing the new basis vector
to expand the Krylov subspace requires one or more sparse matrix-vector multiplications
(SpMVs), and performing the orthogonalization against £; (and for linear solvers, updating
the approximate solution) requires one or more inner products and vector operations.

These computational kernels, SpMVs and inner products, are both communication-bound
computations on modern computer architectures. To perform an SpMV, each processor
must communicate entries of the source vector it owns to other processors in the parallel
algorithm, and in the sequential algorithm, the matrix A must be read from slow memory
(when it is too large to fit in cache, the most interesting case). Inner products involve a
global reduction (see [153, §11.4]) in the parallel algorithm, and a number of reads and writes
to slow memory in the sequential algorithm (depending on the size of the vectors and the
size of the fast memory). We discuss the costs of SpMVs and inner products in more detail
in Chapter 3. We first turn to a discussion of how CA-KSMs can reduce the communication
cost of classical KSMs.

2.4 Avoiding Communication in Krylov Subspace
Methods

The communication cost of classical KSMs can be reduced by computing iterations in blocks
of s at a time, splitting the iteration loop into an outer loop which iterates over blocks and
an inner loop that iterates within each block. Methods that use this block restructuring
of classical KSMs are termed s-step Krylov subspace methods or communication-avoiding
Krylov subspace methods (CA-KSMs). Again speaking in terms of projection processes, in
each outer loop, CA-KSMs increase the dimension of K by a factor of O(s) by computing
©(s) new basis vectors and then, in case of Lanczos-based CA-KSMs, compute a Gram
matrix to encode inner products between these vectors. Within the corresponding inner
loop iterations, vector updates are performed implicitly by updating the coordinates of the
usual length-n vectors in the basis represented by the new O(s) basis vectors, with the scalars
required for orthogonalization against £ computed using the encoded inner products.

In terms of linear algebra operations, the ©(s) basis vectors required to expand the
Krylov subspace by s dimensions can be computed by a communication-avoiding matrix
powers computation, which we discuss below in Section 3.2. Under certain constraints, these
©(s) basis vectors can be computed for the same communication cost as computing a single
basis vector. The Gram matrix can be computed for the same latency cost as a single inner
product, with the caveat that we now increase the number of inner products computed in s
iterations from O(s) to O(s?). Thus CA-KSMs allow for the computation of s iterations for
the same asymptotic communication cost as one classical KSM iteration. Depending on the
input matrix, algorithm, and computing platform, the communication bottleneck could be
the sparse linear algebra, dense linear algebra, or both. When it is just one, say the dense
linear algebra (orthogonalization), this can simplify the implementation (see Chapter 8).
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There is a wealth of literature related to s-step KSMs and the idea of avoiding communica-
tion. Early related work discussed below has been nicely summarized by Hoemmen in Table
1.1 in [102]. The first known related approach in the literature is Forsythe’s s-dimensional
optimum gradient method, which is a steepest descent method. This same technique was
first used in Krylov methods with the conjugate gradient method of Van Rosendale [182].
Van Rosendale gives a variant of the parallel conjugate gradient method which minimizes
inner product data dependencies with the goal of exposing more parallelism.

The term “s-step” Krylov methods was first used by Chronopoulos and Gear, who de-
veloped the s-step CG method [48, 49]. Over the next decade or so, Chronopoulos and
others developed s-step variants of Orthomin and GMRES [50], Arnoldi and Symmetric
Lanczos [108, 109], MINRES, GCR, and Orthomin [47, 52], Nonsymmetric Lanczos [110],
and Orthodir [51]. Walker used s-step bases as a method for improving stability in GMRES
by replacing the modified Gram-Schmidt orthogonalization process with Householder QR
[184]. We emphasize that the use of the overloaded term ‘s-step methods’ here differs from
other works, e.g., [56, 106] and [84, §9.2.7], in which the term ‘s-step methods’ is used to
refer to a type of restarted Lanczos procedure.

Early on, much work in s-step Krylov methods was limited to using monomial bases
(ie., [v, Av, A%v,...]) for the precomputed O(s)-dimensional Krylov subspaces, and it was
found that convergence often could not be guaranteed for s > 5. This motivated research
into the use of other more well-conditioned bases for the Krylov subspaces. Hindmarsh and
Walker used a scaled (normalized) monomial basis to improve convergence [101], but only
saw minimal improvement. Joubert and Carey implemented a scaled and shifted Chebyshev
basis which provided more accurate results [104]. Chebyshev bases have also been used by de
Sturler and van der Vorst [59, 61] in an s-step GMRES variant. Bai et al.[14] and Erhel [68]
have also used the Newton basis with improved convergence in s-step GMRES. In [52],
Chronopoulos and Swanson use Gram Schmidt to orthonormalize the direction vectors in
each s-step block, which allowed for use of up to s = 16 with a monomial basis. Their goal
was to be able to increase s as this exposes more potential parallelism.

Most of these early works did not exploit the potential communication avoidance in
computing the s Krylov basis vectors, which can reduce communication cost by a factor of
O(s) for well-partitioned sparse matrices. (We point out that under certain conditions, the
blocking of vector operations alone can still provide significant speedups.) The methods of
Joubert and Carey [104] and Toledo [175] both include a communication-avoiding matrix
powers optimization for stencil matrices, but Hoemmen et al. (see, e.g., [63, 102, 127]) were
the first to describe and implement the communication-avoiding matrix powers kernel for
general sparse matrices. Our derivations most closely follow their work. The growing cost
of communication in large-scale sparse methods has created a recent resurgence of interest
in the implementation, optimization, and development of CA-KSMs and preconditioners for
CA-KSMs; see, e.g., [197, 89, 122, 194, 195].

There are many alternative approaches to reducing communication in KSMs which dif-
fer from this approach, including reducing synchronizations, allowing asynchronous itera-
tions [18], using block Krylov methods to exploit locality, inexact Krylov methods [24, 178,
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158], and using alternative methods such as Chebyshev Iteration. For a good overview,
see [102, §1.6].

A large number of approaches involve enabling overlap between communication and com-
putation and/or reducing the number of synchronization points per iteration. In [90], Gropp
presents an asynchronous variant of the conjugate gradient method (CG) with two global
synchronization points per iteration that can be overlapped with the matrix-vector multipli-
cation and application of the preconditioner, respectively. Overlapping techniques for solving
least squares problems with Krylov subspace methods on massively parallel distributed mem-
ory machines are presented in [200]. The Arnoldi method with delayed reorthogonalization
(ADR) described in [98] mixes work from the current, previous, and subsequent iterations
to avoid extra synchronization points due to reorthogonalization. This approach is currently
implemented in the SLEPc library[99]. Some approaches to overlapping communication and
computation to reduce synchronization combine or rearrange a fixed number of synchroniza-
tions into a single synchronization; see, e.g., [199, 91]. We stress that this differs from our
approach; most notably, speedups are limited to a constant factor (depending on the number
of synchronizations combined into a single synchronization) whereas speedups for CA-KSMs
are theoretically asymptotic in s.

There has also been recent success in the development of pipelined Krylov methods,
which alleviate the performance bottleneck of KSMs by overlapping communication and
computation. In [77], a pipelined version of GMRES is presented, where the authors overlap
nonblocking reductions (to compute dot products needed in later iterations) with matrix-
vector multiplications. This resulted in speedups and improved scalability on distributed-
memory machines. An analogous pipelined version of CG is presented in [79], and the
pipelining approach is discussed further in [9]. We consider it an open problem to determine
if the pipelined and s-step approaches are compatible.

2.5 Numerical Properties of Krylov Subspace
Methods

As discussed in Section 2.3, in exact arithmetic, the Lanczos method generates a sequence of
orthonormal basis vectors (in the case of nonsymmetric Lanczos, two sequences of biorthonor-
mal basis vectors). This is what, in the case of symmetric Lanczos at least, guarantees
similarity of A and 7T; after at most n steps. In finite precision, (bi)orthogonality no longer
necessarily holds. This can result in multiple approximations in 7; to the original eigenvalues
of A, which delays convergence to other eigenvalues.
The orthogonality properties for CG are equivalent to the optimality property
le—zilla=  min Az -z,

z€x1+K; (A1)
where ||[v]|4 = (vTAv)'/? and A is symmetric positive definite (SPD). In other words, the
CG method selects at each iteration the approximate solution that minimizes the error in
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the A-norm. It is well-known (see, e.g., [84]) that in exact arithmetic, after i iterations of
CG, the error is (loosely) bounded by

-1\
o — 2l < 2z — o | XA LY
k(A)+1

where k(A) = \,/\ where A} < Ay < -+ < ), are the eigenvalues of A. More accurate
bounds based on Gauss quadrature connections can be obtained which show that the con-
vergence rate of CG depends in a complicated way on how well the eigenvalues of A are
approximated by T;. Thus if multiple approximations to some eigenvalues of A appear in T;
due to finite precision error, this can cause convergence to be delayed.

Lanczos and others recognized early on that rounding errors could cause Krylov methods
to deviate from ideal theoretical behavior. Since then, various efforts have been devoted
to analyzing, explaining, and improving finite precision KSMs. A thorough overview of the
literature can be found in Meurant and Strakos [125]. Widely considered to be the most
significant development is the series of papers by Paige [138, 139, 140, 141]. Paige’s analysis
succinctly describes how rounding errors propagate through the algorithm to impede orthog-
onality. These results were developed to give theorems which link the loss of orthogonality
to convergence of the computed eigenvalues [141]. A number of strategies for maintaining
orthogonality among the Lanczos vectors were inspired by the analysis of Paige, including
selective reorthogonalization [147] and partial reorthogonalization [157].

Another important result is due to Greenbaum, who performed a backward-like error
analysis which showed that finite precision Lanczos and CG behave very similarly to the
exact algorithms applied to any of a certain class of larger matrices [85]. Further explanation
and examples are due to Greenbaum and Strakos [88]. Paige has shown a similar type of
augmented stability for the Lanczos process [142], and these results have recently been
extended to the nonsymmetric case [143]. There are many other analyses, including some
more recent results due to Wiilling [192] and Zemke [202]. The concept that the delay
of convergence in finite precision CG is determined by numerical rank-deficiencies of the
constructed Krylov subspaces was born from the work of Greenbaum [85], Greenbaum and
Strakos [88], and Notay [135]. The reader is directed to the work of Golub and Strakos [82],
Strakos and Tichy [171], and Meurant [124] for analysis and discussion of the connections of
CG to Gauss quadrature in finite precision. Results on convergence in the finite precision
classical BICG method are given by Tong and Ye [176].

In addition to convergence delay, another ill effect of finite precision error in KSMs
for solving linear systems is the loss of attainable accuracy. Finite precision roundoff in
updates to the approximate solution z; and the residual r; in each iteration can cause the
‘updated residual’ r; and the ‘true residual’ b — Az; to grow further and further apart. If
this deviation grows large, it can limit the maximum attainable accuracy, i.e., the accuracy
with which we can solve Az = b on a computer with unit round-off €. Analyses of maximum
attainable accuracy in CG and other classical KSMs are given by Greenbaum [86], van der
Vorst and Ye [181], Sleijpen, van der Vorst, and Fokkema [162], Sleijpen, van der Vorst, and
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Modersitzki [163], Bjorck, Elfving, and Strakos [22], and Gutknecht and Strakos [96]. One
important result of these analyses is the insight that loss of accuracy can be caused at a very
early stage of the computation, which can not be corrected in later iterations.

The works mentioned here have served to greatly improve our understanding of the

behavior of KSMs in practice. A primary goal of this thesis is the extension of a subset of
these results to CA-KSMs.

2.6 Algorithm Notation and Terminology

As avoiding communication is our primary motivation, we generally use the terminology ‘CA-
KSM’ to refer to the methods described here, although the rounding error results presented in
Chapter 5 hold for s-step formulations in general, regardless of whether we implement them in
a communication-avoiding way (i.e., whether we compute the Krylov bases using sequential
SpMVs or a communication-avoiding matrix powers kernel). We use the term ‘classical
Krylov method’ or ‘classical KSM’ to refer to the usual formulation and implementation of
Krylov subspace methods, which consist of a single iteration loop interleaving SpMV and
orthogonalization operations.

We use the parameter s to denote the factor by which the iterations are blocked in the
CA-KSMs; i.e., for each outer loop iteration, we compute a Krylov subspace of dimension
O(s), and then perform s inner loop iterations, updating the coefficients of the iteration
vectors in the computed O(s)-dimensional Krylov basis. In CA-KSMs, we generally index
iterations by sk + j, where k is the outer loop iteration and j is the inner loop iteration.
Corresponding iterations in the classical Krylov methods are indexed by 1.

We also overload the variable k, and use it to denote the number of vectors we compute
in a matrix powers kernel computation to be discussed in Chapter 3: given a matrix A and
a starting vector y, the matrix powers kernel computes, e.g., [y, Ay, A%y, ..., A¥y], which is
a (k + 1)-dimensional basis for a Krylov subspace. (In general, we allow for computation
of any polynomial basis, not just the monomial basis). We do not reuse the variable s
here, since, depending on the method and the specific starting vector, taking s iterations
at a time may not require a basis of dimension exactly s + 1. We may need to execute a
matrix powers computation to compute a basis of dimension, e.g., s, s — 1, 2s+ 1, 2s — 1,
or 2s + 2. Furthermore, the value of k£ that gives the best performance in the matrix powers
computation (which depends on the tradeoff between bandwidth/latency and flops/latency)
might be different than the best choice of s for computing the Gram matrix, which may
also be different than the largest s that still allows for numerical stability. There is nothing
preventing us from running multiple calls to the matrix powers kernel to compute the required
O(s)-dimension basis.

Within the context of a CA-KSM, we refer to the output of the matrix powers com-
putation as an ‘s-step basis’ or ‘s-step bases’. This is to distinguish them from, e.g., the
Lanczos basis, which is composed of the length-n vectors produced in each iteration (which
are recoverable in each outer loop by a change-of-basis operation using the s-step bases). We
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refer to the matrix whose columns consist of the computed s-step bases in each outer loop
as the ‘s-step basis matrix’, although all columns are not necessarily linearly independent.
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Chapter 3

Communication-Avoiding Kernels

Depending on the specific solver, machine architecture, and problem size and nonzero struc-
ture, the communication bottleneck in KSMs may either be computing a basis for the
Krylov subspace, or the subsequent (dense) vector operations, like inner products. In this
chapter, we discuss in depth the communication and computation costs of both naive and
communication-avoiding variants of these kernels in terms of our performance model in Sec-
tion 2.2. Section 3.1 focuses on these costs for orthogonalization operations, which in the
case of Lanczos-based KSMs and CA-KSMs, involves one or more (blocked) inner products.
On large-scale parallel machines, such computations are performed using an MPI_Allreduce,
which is often the dominant cost in Krylov solvers.

In Section 3.2, we present both naive and communication-avoiding algorithms for com-
puting matrix powers and give their complexity in terms of latency, bandwidth, and com-
putation costs, which are determined by the adjacency graph describing the nonzeros in the
input matrix A. We write these costs for general sparse matrices and give an example for
stencil matrices, which are common in the physical sciences, and explain the implication of
these costs for potential performance gains.

Our great level of detail in Section 3.2 serves many purposes throughout this thesis. The
algorithms presented in this section, namely the parallel ‘PA0” and ‘PA1’ and the sequential
‘SAQ’ and ‘SA1’, are referred to throughout Chapter 4 in comparing communication costs of
classical KSMs and CA-KSMs. The presentation of these algorithms also serves to formally
define constraints on sparsity (i.e., that the input matrix A is well-partitioned) and to estab-
lish the notation that we use to describe our data-sparse matrix powers kernel for hierarchical
semiseparable (HSS) matrices in Section 7.1 and our streaming matrix powers algorithms
which are presented in Section 7.2. Our detailed complexity counts for the algorithms ‘PA(’
and ‘PA1’ enable a quantitative comparison of classical and communication avoiding algo-
rithms in subsequent sections. In Section 6.2, We use these results to model performance
tradeoffs in deflated versions of CG and CA-CG in Section 6.2 and in our data-sparse matrix
powers kernel applied to HSS matrices in Section 7.1.

Perhaps most importantly from a numerical standpoint, in Section 3.2.5 we discuss the
numerical challenges in computing bases for Krylov subspaces in finite precision. The choice
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Table 3.1: Upper bounds on costs of Gram matrix construction

Parallel (per processor)

F | w?n/p
W | w?log, p
S | logyp
Sequential

F | w’n

W | wn

S | Jwn/M]

of polynomials used in basis construction greatly affects the conditioning of the computed
bases. As we demonstrate through numerical experiments in Chapter 4 and through theo-
retical results in Chapter 5, the conditioning of the s-step bases has profound implications
for convergence and accuracy in CA-KSMs.

3.1 Block Inner Products

Both classical KSMs and CA-KSMs incur communication costs due to orthogonalization
performed in each iteration, usually involving a series of inner products. In this section, we
describe, for both parallel and sequential implementations, the asymptotic costs of computing
inner products between w dense vectors, i.e., given a matrix Y with n rows and w columns,
we discuss the cost of computing the w-by-w matrix Y7Y. We will refer to Y'Y as a Gram
matrix, although in the case w = 1, this is simply a scalar quantity.

In the parallel case, we assume that ) is distributed rowwise across p processors. Comput-
ing the Gram matrix in this case requires a costly global synchronization (an MPI_Allreduce).
In the sequential case, computation of the Gram matrix involves one or more reads from slow
memory, the number of which depends on the relative size of ) and the fast memory size
M. The asymptotic computation, bandwidth, and latency costs for both the parallel (per
processor) and sequential case are summarized in Table 3.1.

The strategy in CA-KSMs is to block together multiple inner products into one Gram
matrix computation to reduce communication costs. As an example, let us consider the
parallel case. For classical Lanczos-based KSMs, s iterations require O(s) inner products of
size w = O(1). In parallel, this incurs O(slog, p) in both bandwidth and latency costs. For
the communication-avoiding versions, s iterations requires ©(1) block inner product of size
w = O(s), so the bandwidth and latency costs are ©(s*log, p) and O(log, p), respectively.
The CA-KSM strategy of blocking together inner products thus leads to an s-fold decrease
in latency at the cost of increasing the bandwidth and computation costs by a factor of O(s).

In the case of Arnoldi-based KSMs (like GMRES), the communication-avoiding versions
perform block orthogonalization by computing a (thin) QR factorization of a tall, skinny
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matrix. Using the Tall-Skinny QR (TSQR) algorithm in [62], this leads to an s-fold decrease
in latency in the parallel case as well as an s-fold decrease in latency and bandwidth in the
sequential case [102].

3.2 The Matrix Powers Kernel

The computational complexity of classical sparse matrix-vector multiplication (SpMV) is
O(1). Thus any algorithm that uses classical SpMV, such as classical Krylov subspace
methods, will necessarily be communication-bound. This means we need a different kernel
with higher computational intensity to have a hope of reducing communication. We call this
the communication-avoiding matrix powers kernel.

More concretely, our goal is to compute, given a matrix A, vector y, and desired dimension
k + 1, a basis for the Krylov subspace

,CkJrl(Aa y) = Span(y7 Ay7 s 7Aky)>

which we store in columns of the matrix Y = [yo, ..., ux] = [po(A)y, - . ., pr(A)y], where p;(2)
is a polynomial of degree j, satisfying a three-term recurrence

po(2)
pi(2)

We note that this gives the recurrence

, p1(2) = (2 = Go)po(2)/F0, and

(2 = 4j-1)pj-1(2) — Bj-2pj-2(2)) /451 for j > 1. 3

—1
-

a0 Bo 0
Yo G -
A[y()?"';yk—laon,l] = [yO""7yk] ’A}/l Bk—Q 0]
Qg1
I Ye-1 0]

which we will exploit to derive communication-avoiding Krylov methods in Section 4; we
discuss the choice of the polynomials p;(z) in Section 3.2.5.

In a naive approach, the matrix ) could be computed by a sequence of kK SpMV operations
and O(k?) vector operations, depending on the polynomial recurrence. In the sequential
algorithm, this requires reading the matrix A from slow memory to fast memory O(k) times,
assuming A is stored explicitly and exceeds the fast memory size. In parallel, this requires
k rounds of messages in order to distribute vector entries (“ghost zones”).

Hoemmen et al. (see, e.g., [63, 102, 127]) were the first to make use of a communication-
avoiding matrix powers kernel optimization for general sparse matrices, which reduces com-
munication cost by a factor of O(k) for well-partitioned matrices by fusing together a se-
quence of k SpMV operations into one kernel invocation. This kernel is used in the CA-KSM
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to compute an O(k)-dimensional Krylov basis in each outer loop iteration. Depending on the
nonzero structure of A (more precisely, of { A7 ?:1 for some k), this enables communication-
avoidance in both serial and parallel implementations as described in the sections below. In
this section, we review classical and communication-avoiding versions of both parallel and
sequential algorithms for matrix powers computations.

In this section, we review the communication-avoiding matrix powers kernel algorithms
and compare them with the classical approach (repeated SpMVs) for both the sequential
and parallel case. These algorithms for general graphs were first presented in [63] and also
appear in [16, 102, 126]. We note that matrix powers computations constitute a core kernel
not only in Krylov subspaces methods, but in a variety of applications including steepest
descent and PageRank.

We distinguish sparse matrix representations based on whether the nonzero values A;;
and positions of those nonzeros (7, j) of the matrix A are stored explicitly or implicitly. In
the explicit case, storage of the matrix requires a memory footprint of Q(nnz(A)); implicit
storage means that the representation exploits additional assumptions about the matrix
which may eliminate much of all of the memory needed to store it. A common example of
the implicit case are stencil matrices, e.g., the discrete Laplacian on a regular grid.

We briefly mention known lower bounds on data movement and synchronization for
matrix powers computations. If A is a stencil on an N x --- x N d-dimensional mesh, the
results of Hong and Kung [103] can be used to show that Q(kN¢/M'/?) words must be moved
between fast memory (of size M) and slow memory in the sequential algorithm. The results
of Christ et al. [46] extend this lower bound to a class of directed acyclic graphs (DAGs)
that admit a more general type of geometric embedding. Parallel extensions of this result
have been discovered more recently by, e.g., Scquizzato and Silvestri [156] and Solomonik et
al. [164].

We now review the notation that will be used to describe the matrix powers algorithms
presented by Demmel et al. [63].

3.2.1 The Layered Graph

To give algorithms that hold for general sparse matrices, we will describe the problem in
terms of graph notation. Let nnz(A) = {(4,5) : 4;; # 0}. Let G = (V, E) denote the
layered graph of A, which represents the dependencies in computing y¥) = p;(A)y for every

je{l,...,k}. We denote element i of ) by yz-(j). We have
V={:1<i<n0<j<k}

We denote vertices belonging to the same level by V1) = {yfj) : 1 < i < n}. The edges in
G representing dependencies are due to both the non-zero structure of A and the number of
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terms in the polynomial recurrence for generating basis vectors. We have
E={{™ vd):0<j <k (1,12) € ms(4)}
{0y 1< d <u0<j<k—w1<i<n),

where the value of u depends on family of polynomials used in constructing the basis vectors;
assuming a three-term recurrence, u will be at most 2 (for the monomial basis, e.g., u = 0),
although we could in general allow for up to u = k.

3.2.2 Parallel Matrix Powers Algorithms

Parallel variants of matrix powers, for both structured and general sparse matrices, are
described in [126], which summarizes most of [63] and elaborates on the implementation in
[127]. We review two of the parallel matrix powers algorithms from [63, 102, 126], referred
to by the authors as PAO, the naive algorithm for computing £ SpMV operations, and PA1,
a communication-avoiding variant. To simplify the discussion, we ignore cancellation, i.e.,
we assume nnz(p;(A)) C nnz(p;41(A)) and every entry of y\9) is treated as nonzero for all
J=0.

Let R(X) denote the reachability of set X, i.e., the set of vertices reachable from X C V
including X. Let IT = {I},...,I,} be a p-way partition of {1,...,n}. For m € {1,...,p},
let Vo = {y? 1 i € Iy A1l < j <k} Similarly, let V¥ = {4 : i € I,}. We also
denote RV(X) = R(X)NV@, R, (X) = R(X)NV,, and RY(X) = R(X)NV,{. Finally,
we RT(X) denote the reachable set of the transpose graph G7, i.e., G with all the edges
reversed.

For both algorithms, we initially distribute A and y row-wise so that processor m owns
rows indexed by I,,, and we let A; denote the ith row of A. We assume that each processor
has local copies of the coefficients describing the recurrence (3.1).

The classical approach to computing matrix powers is shown in Algorithm 1. In this
method, for each SpMV, processor m synchronizes with other processors and exchanges
neighboring ghost zones before computing the entries of the current vector for which they
are responsible. This results in k& rounds of messages.

A communication-avoiding variant is shown in Algorithm 2. Here, processor m fetches
the non-empty sets Réo)(Vm) for ¢ # m, all remote y(®) vertices reachable from the vector
entries for which they are responsible, in a single round of messages. We note that in PA1,
processors may need to communicate entries of A when k > 1; in PAO matrix entries never
need to be communicated /replicated.

Upper bounds on the costs of PAO and PA1 for processor m are shown in Table 3.2.
These costs are precise but opaque; as an example, in Table 3.3 we show these costs for a
(2b+1)4-point stencil on an N x - - -x N d-dimensional mesh (n = N?) partitioned into p = p?
subcubes, where we assume that w = N/p is an integer so that each of the p processors owns
a subcube and that £ = O(w/b). For examples of these costs for other variations of stencil
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Algorithm 1 PAO: code for processor m
for j =1to k do
for each processor ¢ # m do
Send vector entries Rﬁﬂf”(vﬁ )Y to processor /

1:

2

3

4 Receive vector entries Réj _1)(V7£Lj )) from processor ¢
5: end for ‘

6 Compute vector entries V;{'\ RT (yU=D\V,,,)

7 Wait for receives to finish

8 Compute vector entries V;¥) N RT (y0=D\V,,)

9: end for

Algorithm 2 PA1: code for processor m
: for each processor ¢ # m do
Send vector entries ng)(\/g) to processor ¢
Send matrix rows {4, : yl(j) € Ru(P)\y®} to processor ¢

Receive vector entries Réo)(Vm) from processor ¢

: end for
. Compute vector entries (R(V;,)\y©)\RY (yO\V;,)
: Wait for receives to finish

1
2
3
4
5: Receive matrix rows {4, : y € Ry(P,)\y©@} from processor ¢
6
7
8
9: Compute vector entries (R(V;,)\y@) N RT (y(O\V},)

computations see the tables given in [63]. Note that in both tables, the variable ¢ denotes the
storage cost of a nonzero in words. In the case that the entries of A are not stored explicitly,
which is often the case for stencil matrices, we can model costs by taking ¢ = 0. For any
processor m € {1,...,p}, we bound the number of arithmetic operations F', the number of
words sent and received W, and the number of messages sent and received S. For PA1l, we
split W into two terms, W and W 4. The quantity W4 is a cost that can be amortized over
many successive calls to PA1 with the same matrix A.

The computational cost of each vector element varies depending on the polynomial re-
currence used (we have assumed a three-term recurrence here). The SpMV cost does not
vary with j and depends only on the sparsity of the rows A;, i.e., computing A;y%) requires
2-1nnz(A4;) — 1 flops. We also bound the memory capacity My needed for storing vector en-
tries and M, needed for rows of A (in the case that A is implicit, ¢ = 0 implies M4 = O(1)
for both algorithms).

Comparing PAO and PA1 in Table 3.2, we see that the advantage of PA1 over PAOQ is that
it may send fewer messages between processors: whereas PAQ requires k& rounds of messages,
PA1 requires only one, assuming that |{¢ # m : REO)(VWQ)) # 0} = |{€ # m : Ry(V;,) # 0}
and [{¢ # m : ROV £ 0} = [{€ # m : Rn(Vi) # 0} (ie., the number of other

processors each processor must communicate with is the same in PAO and PA1). Thus if the
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Table 3.2: Upper bounds on costs of PAO and PA1 for each processor m for general matrices

PAO

F 2. Zy§j>evm\y(0> nnz(A;) + min {u, j}

b (S RO VD] + 1R (V)

S| k(10 £ m: ROV 2 04 + e £ m: ROWVD) #0}))
My | |[ROVEONV| + (k + 1)L

My | c- Zielm nnz(A;)

PA1
F 2. Zyij)eR(Vm)\y(O) nnz(A;) + min {u, j}

W | S | R (V)| + RS (Vi) + Wa

Wyl c- Z#m <Zi:y£j)€Rg(Vm)\y(O) nnz(A4;) + Zi:yy)eRm(v@)\y(O) nnz(Ai)>

S | ({E#m: Re(Vin) 7 0} + {0 # m 2 R (Vi) # 0})
My | [R(Vi)|

. b . ;
My | ¢ max)_, zz‘:yf”eR(Vm)\y@) nnz(A;)

number of other processors that processor m must communicate with is the same for both
algorithms, PA1 obtains a k-fold latency savings.

This savings comes at the cost of extra flops (the number of which depends on the relative
sizes of V,,\y(® and R(V,,,)\y(?)) and a potentially greater number of words moved (depending
on the relative sizes of RE,O)( A2 ) and Réo)(Vm) and the extra cost W), as processors may
perform redundant computations to avoid communication.

Comparing the example costs of PAO and PA1 for stencil computations in Table 3.3, we
see that under the assumption k£ = O(w/b) PA1 gives a factor ©(k) decrease in S at the cost
of increasing the other four costs by a factor of O(1) (except possibly W in the explicit case,
which increases by a factor of O(1 + ¢b?) due to Wy, the cost of distributing additional rows
of A when k > 1.

For both algorithms, the data layout optimization problem of minimizing the costs in
Table 3.2 is often treated as a graph or hypergraph partitioning problem. In Section 7.3, we
extend existing hypergraph models for parallel SpMV to PA1.

3.2.3 Sequential Matrix Powers Algorithms

Let G = (V, E) with these terms defined as in the parallel case. We still use p to denote
the number of partitions of GG, although we can now think of these as being cache blocks
rather than subdomains local to a certain processor. Let N(X) denote the neighbors of a
vertex subset X, i.e., the vertices reachable from some x € X by paths of length 1 in G.
We distinguish between the case where A has implicit nonzero values and positions and the
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Table 3.3: Upper bounds on costs of PAO and PA1 for each processor for a (2b + 1)4-point
stencil on a N x --- x N d-dimensional mesh with n = N9, partitioned into p = p? subcubes
with integer edge length w = N/p

PAO

Fo|2w? 3% (2b+ 1) + min{u, j}
W | 2k(min{N,w + 2b}¢ — w?)

S | 2k(min{p, 1+ 2[b/w]}* — 1)

My | kw® + min{ N, w + 2b}4
Ma | c(2b+ 1)%w?

Fo[2-20 (20 + 1)+ minf{u, j}) - min{N,w + 2b(j — 1)}
W | 2(min{ N, w + 20k} — w?) + Wy

Wa | 2¢(2b+ 1) (min{ N, w + 2b(k — 1)}¢ — w?)

S | 2(min{p, 1 + 2[bk/w]}* — 1)

My | 325 min{N,w + 2bj}¢

Ma | (204 1)* - min{ N, w + 2b(k — 1)}¢

three cases where A has explicit values and/or positions. We note that the algorithm SA1
may not yield an asymptotic communication savings in the implicit case, which we discuss
further below. In the algorithms below, ‘read A’ means ‘read the explicit values and/or
positions of A from slow memory to fast memory’. It is assumed that A does not fit in fast
memory (of size M).

The classical approach to sequential matrix powers computation, called ‘SA0’, is shown
in Algorithm 3. As in the parallel case, we assume a row-wise computation of the SpMVs,
although the given algorithm could be adapted to work with any SpMV routine. We can
see in Algorithm 3 that some elements of A must be read multiple times, resulting in an
O(k - nnz) bandwidth cost. Further, poor temporal locality in vector accesses can increase
the cost of reading the vectors from O(kn) to O(k - nnz).

Algorithm 3 SAQ
1: for j =1%o k do
2 for ¢ € {1,...,p} do
3 Load vector entries N (Vg(j ))
4 Load matrix rows {4, : i € I,}
5: Compute vector entries Ve(j )
6
7
8:

Store vector entries Vg(j )
end for

end for
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A communication-avoiding version, ‘SA1’; is shown in Algorithm 4. The variant we show
here is essentially a sequential execution of PA1. This method computes the Krylov basis
vectors in a block row-wise fashion, attempting to reduce the cost of reading A at the price
of redundant computation and additional bandwidth cost. We note that there exist other
variants of a communication-avoiding sequential matrix powers computation which avoid all
redundant computation; see [63, 102, 126].

Algorithm 4 SA1

1: for ¢ e {1,...,p} do
2 Load vector entries R(V;) N y(©
3 Load matrix rows {4; : 4 € R(V;)\y©}
4: Compute vector entries R(V;)\y®
5
6:

Store vector entries V;\y(©
end for

Table 3.4 compares the complexity of SAO and SA1. Again, these costs are precise but
opaque; as an example, in Table 3.5 we show these costs for a (2b + 1)%-point stencil on
an N x --- x N d-dimensional mesh (n = N?) partitioned into p = p? subcubes, where
we assume that w = N/p is an integer so that each of the p cache blocks corresponds to a
subcube and that £ = O(w/b). For examples of these costs for other stencil computations see
the tables given in [63]. As before, F' denotes the number of arithmetic operations performed,
W denotes the number of words read from and written to slow memory, and S denotes the
number of messages in which these words were moved. The quantities My gow and M4 gow
denote the total memory needed to store the vectors Y and the matrix A in slow memory
(main memory), respectively, and My g.s and My g denote the same but for fast memory
(cache). In the implicit case, for both algorithms, we would have M4 = O(1) and neglect
A’s contribution to W and, for SA1, to S.

The potential savings of SA1 over SAQ are similar to the parallel case. Again, we would
like to compare costs componentwise for the same rowwise partition, but this is now compli-
cated by different fast memory requirements. Looking at example costs for stencil compu-
tations, shown in Table 3.5, we see that My . is greater for SA1 than for SAO by a factor
of O(k/u), so when u = ©(1), it is possible to pick the number of blocks p to be smaller for
SAQ by a factor of O(k). In this case, the latency costs of SAQ and SA1 are comparable. In
the explicit case with u = ©(1), SA1 achieves a O(k)-fold decrease in the component of the
bandwidth cost due to reading A, which is the main benefit, but no savings due to reading
and writing vectors. In the implicit case with v = ©(1), the bandwidth costs of the two
approaches are comparable. For longer recurrences, i.e., u = O(k), the number of blocks can
not be reduced in SAO and in this case SA1 exhibits a ©(k)-fold decrease in latency cost in
addition to a ©(k)-fold savings in bandwidth.
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Table 3.4: Upper bounds on costs of SAO and SA1 for general matrices

SAQ

F 2 . 2521 Zygj)e\/g\y@ HHZ(AZ) + Hlln {'U/,j}

W S S IN(WIY L + e S, nnz(Ay)
S k-Z§:12+]r:WHN(W)7&(Z)|

MYslow (k + 1)”

>

My | maxt_, [IN(VE)| + |1,

5

Mpglow | ¢-1nnz(A)

)

My gast | ¢-maxy_; 3., nnz(A;)

)

SA1

F 2 . Zle Zygj)ER(sz)\y(o) nnZ(Al) ‘I— Hlln {U,]}

W | S T IRODWO! + VAYO] + e ey io (A
S r—1 2+ r VN R(Vy) # 0

MYSIOW (k + 1)”

My gast | maxy_, [R(Vp)|

Magow | ¢+ nnz(A)

MA,fast C: maxgzl Zi:y(j)ER(Vg)\y(o) IlIlZ(Ai)

3.2.4 Tradeoffs in Computation, Data Movement, and
Synchronization in Parallel Matrix Powers Computations

In Solomonik et al. [165], tradeoffs are derived between three basic costs of a parallel algo-
rithm: the network latency cost .S, the number of words moved W, and the number of local
floating point operations F'. These tradeoffs give lower bounds on the execution time which
are dependent on the problem size but independent of the number of processors. That is,
lower bounds on the parallel execution time can be determined for any algorithm computed
by a system composed of any number of homogeneous components, each with associated
computational, communication, and synchronization costs. By considering the maximum
work and data moved over any execution path during the parallel computation (rather than
the total communication volume), one can obtain new insights into the characteristics of
parallel schedules for algorithms with non-trivial dependency structures.

In [165], these bounds have been applied to describe the strong scaling limit of a number of
algorithms in terms of these three quantities, including computation of an O(s)-dimensional
Krylov basis for (2b + 1)%-point stencils on a d-dimensional mesh. In particular, it is shown
that for any parallel execution of this computation, for some k € {1,...,s},

F=Q0" ks, W=Q0%k" " 5), andS=Q(s/k),
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Table 3.5: Upper bounds on costs of SAQ and SA1 for a (2b+1)%-point stencilon a N x---x N
d-dimensional mesh with n = N, partitioned into p = p? subcubes with integer edge length
w=N/p

SA0

F 2n - 3% (2b+ 1)? + min{u, j}

W p- Zle (min{ N, w + 2b}* + (1 + max{0, min{u, j} — 1})w? + c(2b + 1)%w?)
S kp(1 + min{p, 1 + 2[b/w]}?)

MY,slow (k + 1)”

My gase | min{ N, w + 26} + (1 + max{0,u — 1})w?
My gow | ¢-nnz(A)

MA,fast C(Zb + 1)dwd

SA1

F 2p - Z?Zl ((20 + 1)* + min{u, j}) min{N,w + 2b(j — 1)}

W | p(min{N,w -+ 26k} + k! +¢(2b+ 1) min{N, w + 26(k — 1)}4)
S | p(1+min{p, 1+ 2[bk/w]})

MY7slow (k’ + 1)7’L

My gast | 35 min{N,w + 2b;j}¢

My gow | ¢-nnz(A)

Matase | ¢(20 4+ 1) min{ N, w + 2b(k — 1)}¢

and furthermore,
F-ST=Q@0% s and WS =@ s%).

An s-dimensional Krylov basis can be computed by s/k invocations of PA1 (Algorithm 2).
Under the assumption of well-partitioning, i.e., k = O((n/p)"/?/b), for PA1 we have

F=00" k% s) W=00%k""-5), and S = 0(s/k),

and thus PA1 attains the lower bounds and lower bound tradeoffs.

Again, there is no obstacle to running multiple calls to the matrix powers kernel to
compute the O(s)-dimension basis required by the CA-KSM. The optimal choice of k to
use in matrix powers computations may differ from the optimal choice of s, depending on
the relative bandwidth/latency and flops/latency costs. In fact, for a number of test cases,
Yamazaki et al. [196] found that best k parameter for the matrix powers kernel was always
less than the optimal s parameter.

3.2.5 Numerical Aspects of Computing Krylov Bases

Achieving numerical stability for CA-KSMs is more challenging than for classical KSMs.
Avoiding communication necessitates that we compute the s-step bases using the matrix
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powers kernel upfront in each outer loop, without performing orthogonalization operations in
between successive SpMVs. This can cause the s-step bases to quickly become ill-conditioned,
which as we will see in Chapter 5, has profound implications for convergence and accuracy.

The most straightforward reorganizations of KSMs to CA-KSMs give identical results
in exact arithmetic, but (depending on the input matrix) may completely fail to con-
verge because of numerical instability. This is not surprising, since the monomial basis
[y, Ay, ..., A*y] converges to the eigenvector of the dominant eigenvalue of A as k grows,
and so form an increasingly ill-conditioned basis of the Krylov subspace. This loss of linear
independence can cause the underlying Krylov methods to break down or stagnate, and
thus fail to converge. This was observed by early researchers in these methods (this related
work is described in Section 2.4), who proposed using different, better conditioned polyno-
mial bases [y, p1(A)y, ..., pr(A)y], whose computation was discussed in Section 3.2. Newton
and Chebyshev polynomials, discussed further below, are two commonly-used choices for
constructing the s-step bases.

As previous authors have demonstrated (e.g., [102, 14, 149]), we have found that chang-
ing the polynomial basis improves stability and convergence properties; see numerical ex-
periments in Section 4. We note that this is not enough to guarantee numerical stability
comparable to the classical algorithm in all cases. In Section 6.1, we develop a generalization
of the residual replacement approach of [181] to improve the correlation between indepen-
dent recurrences for updating the solution vector and its residual. Our results show that
in many cases, the approach of combining well-conditioned polynomial bases and residual
replacement strategies can make CA-KSMs reliable.

We now review strategies for using Newton and the Chebyshev polynomials to improve
conditioning in computing Krylov subspace bases, as well as a matrix equilibration technique.

3.2.5.1 Newton

This approach follows that of [14, 102, 149]. The (scaled) Newton polynomials are defined
by the recurrence coefficients

A

a; =0, B; =0, Y = 0 (3.2)

where the o; are scaling factors and the shifts 0; are chosen to be eigenvalue estimates.
After choosing s shifts, we permute them according to a Leja ordering (see, e.g., [151]).
Informally, the Leja ordering recursively selects each 6; to maximize a certain measure on
the set {6;}i<; C C; this helps avoid repeated or nearly-repeated shifts. Real matrices may
have complex eigenvalues, so the Newton basis may introduce complex arithmetic; to avoid
this, we use the modified Leja ordering [102], which exploits the fact that complex eigenvalues
of real matrices occur in complex conjugate pairs. The modified Leja ordering means that
for every complex shift 6; ¢ R in the sequence, its complex conjugate E is adjacent, and
the complex conjugate pairs (6;,6,41) are permuted so that &(6;) > 0. This leads to the
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recurrence coefficients

a; = R(0;), Bj =

0N 0. =0, A,
{J(ej) 0 =051 N S(60;) > 0. 5 =0, (3.3)

0 otherwise
Both Leja orderings can be computed efficiently. For CA-KSMs, choosing o; is challenging;
we cannot simply scale each basis vector by its Euclidean norm as it is generated since this
eliminates our communication savings. In our experiments, we pick all scaling factors o; = 1

(i.e., no scaling), instead relying entirely on matrix equilibration (described in a paragraph
later in this section), to keep the spectral radius p(A) close to 1.

3.2.5.2 Chebyshev

The Chebyshev basis requires two parameters, complex numbers d and ¢, where d =+ ¢ are the
foci of a bounding ellipse for the spectrum of A. The scaled, shifted, and rotated Chebyshev
polynomials {7;},>0 can then be written as

7i(2) = 7((d = 2)/¢)/7;(d/e) = 7;,((d = 2)/¢c)/o; (3-4)
where the Chebyshev polynomials (of the first kind) {7;};>0 are

T(2) =1, 7(z):=2 and

7(2) = 227;1(2) — Tj_2(2) forj>1 (3:5)
substituting (3.4) into (3.5), we obtain
To(2) =1, 7(z) =o00(d—2)/(coy), and (3.6)
7i(2) = 20j1(d — 2)7;-1(2)/(coj) — 0j-2Tj-2(2)/0; for j>1
Extracting coefficients, we obtain
aj=d,  Bj=—co;/20541), Y= {:ZZZ?@%) j i 8 (3.7)

Note that the transformation z — (d — z)/c maps ellipses with foci fi2 = d & ¢ to ellipses
with foci at F1, especially the line segment (fi, f2) to (—1,1). If A is real, then the ellipse
is centered on the real axis; thus d € R, so c is either real or imaginary. In the former case,
arithmetic will be real. In the latter case (¢ € iR), we avoid complex arithmetic by replacing
¢ = ¢/i. This is equivalent to rotating the ellipses 90°.

For real matrices, [104] also gives a three-term recurrence, where

G=d f=>lg), = {29 = 33
g Jj>0
It is assumed that the spectrum is bounded by the rectangle {z : |R(z) —d| < a, |3(z)| < b}
in the complex plane, where a > 0, b > 0, and d are real. Here we choose ¢ = va? — b2,
g = max{a,b}. Note that for real-valued matrices, recurrence (3.8) is usually sufficient for
capturing the necessary spectral information.
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3.2.5.3 Matrix Equilibration

Successively scaling (i.e., normalizing) the Krylov vectors as they are generated increases the
numerical stability of the basis generation step. As discussed in [102], successively scaling
the basis vectors (e.g., by their Euclidean norms) is not possible in the CA variants, as it
reintroduces the global communication requirement between SpMV operations. For CA-
KSMs for solving linear systems Az = b, an alternative is to perform matrix equilibration.
For nonsymmetric matrices, this involves applying diagonal row and column scalings, D,
and D., such that each row and column of the equilibrated matrix D, AD. has norm one.
This is performed once offline before running the CA-KSM. Results in [102] indicate that
this technique is an effective alternative to the successively scaled versions of the bases.
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Chapter 4

New Communication-Avoiding Krylov
Subspace Methods

In this chapter, we present the derivation of a number of new communication-avoiding Krylov
subspace methods. In Section 4.1, we derive a communication-avoiding variant of a general
nonsymmetric Lanczos method, based on the “BIOC” variant of nonsymmetric Lanczos of
Gutknecht (see [94]), which also appears in [16]. We then derive nonsymmetric Lanczos-
based CA-KSMs for solving linear systems including biconjugate gradient (CA-BICG) in
Section 4.2, conjugate gradient squared (CA-CGS) in Section 4.3, and biconjugate gradient
stabilized (CA-BICGSTAB) in Section 4.4, which have been adapted from the article [35]
and technical report [34]. We also present a number of new communication avoiding variants
of the upper and lower Lanczos bidiagonalization procedures, which can be used for singular
value problems and form the basis for the least-squares QR method (LSQR) for solving
least-squares problems, adapted from the technical report [27].

All communication-avoiding variants are mathematically, but not numerically, equivalent
to the standard implementations, in the sense that after every s steps, they produce a solution
identical to that of the conventional algorithm in exact arithmetic. We focus here on two-
term recurrence versions of each method. As the sections in this chapter are notation-heavy,
we first begin by establishing the notation that will be used throughout the derivations.

Notation The idea behind all communication-avoiding Krylov methods is to generate
upfront bases for the Krylov subspaces containing the vector iterates for the next s steps.
After a block orthogonalization step, which involves either computing a Gram matrix to
store inner products of all generated basis vectors or computing a TSQR factorization of the
generated basis vectors, s iterations are carried out by updating the coordinates of the length-
n iterates in the generated bases, rather than updating the length-n iterates themselves.
All generated bases for the Krylov subspaces are denoted with calligraphic letters and
have a subscript denoting the outer loop iteration, or the block of s steps they are used for.
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We assume that these bases are computed by a three-term recurrence satisfying

po(2) z, p1(z) = (2 = Go)po(2) /%0, and (4.1)

pi(2) = ((z = &j1)pj—1(2) — Bj—apj—a(2))/3j—1 for j > 1.

where p;(2) is a polynomial of degree j. We note that our derivations could be generalized to
use polynomials satisfying longer (up to s-term) recurrences, although three-term recurrences
are most commonly used. Thus the matrix recurrence for generation of the basis vectors can
be written

AY, = VB,
where Bj, is of the form
(a0 fo 0]
Yo Q1 - :
4 . By, 0] €CUTIXED, (4.2)
&;i1 0
L Yie1 0]

As shown above, an underlined calligraphic letter indicates that all entries in the last column
of the matrix are set to 0. When needed, a superscript is added to By to indicate which
basis vectors the entries in Bj were used to generate (e.g., the above would become B,iy)).
The dimension of B}gy) will depend on the number of columns in Yy, i.e., i in (4.2) is one less
than the number of columns in ).

Prime symbols are used to denote the length-O(s) coordinate vectors. For example, if
some length-n vector v € Y, then v’ is the length-O(s) vector such that v = Yo'. In all
derivations, we use the convention that iterations are 1-indexed.

4.1 Nonsymmetric Lanczos

Given an n X n matrix A and starting vectors y; and g; such that ||yi]]a = ||71]]2 = 1 and
(71,y1) # 0, i steps of the Lanczos process produce the decompositions

AY; = YT+ yiyirne]  and A", = VT, + Fifinre] (4.3)

where Y; = [y1,...,y;] and T} is an i x i tridiagonal matrix (similarly for Y; and TZ) The
biorthogonal matrices Y;,; and ffiﬂ are bases for the Krylov subspaces K;11(A,y;) and
Kii1(A® 41), resp. The eigenvalues of T} are called Petrov values (or Ritz values for SPD
A), and are useful as approximations for the eigenvalues of A.

In this section, we present a communication-avoiding version of the Lanczos biorthogonal-

ization method which uses a pair of coupled two-term recurrences, referred to by Gutknecht
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as the “BIOC” variant of nonsymmetric Lanczos (see, e.g., [94]). Keeping with this nam-
ing convention, we call our method CA-BIOC. This first appeared in Section 8.2.2 of the
Acta Numerica paper [16]. We note that in the case that A is SPD, elimination of cer-
tain computations from BIOC and CA-BIOC gives algorithms for symmetric Lanczos and
communication-avoiding symmetric Lanczos, resp. The BIOC algorithm, shown in Algo-
rithm 5, is governed by two coupled two-term recurrences (rather than the single three-term
recurrence (4.3)) which can be written

Y=VU; Y=Vl
AV; = YiLi + vigjine; A"V = YiLi + Fifiae] (4.4)
where V; and V; are biconjugate with respect to A, i.e., (0, Av;) # 0if £ = j and (0, Av;) = 0
if ¢ # j, and as before, Y; and Y; are biorthogonal. The matrices

¢1 (O
L=|" _q% ) nd U= | ' _¢_2 ) (4.5)
Vi1 O L 4y

are the LU factors of 7; in (4.3). Although BIOC breakdown can occur if the (pivot-free)
LU factorization of T; does not exist, the four bidiagonal matrices in (4.4) are preferable
to the two tridiagonal matrices in (4.3) for a number of reasons [146]. Derivations for a
communication-avoiding three-term recurrence variant of symmetric Lanczos can be found
in [102].

Algorithm 5 Classical BIOC
Input: n x n matrix A and length-n starting vectors y,%; such that |y1]l, = ||tnll, = 1,
and 01 = (§1,41) # 0. B
Output: Matrices Y;, Y;, T;, T;, and vectors y;. 1, 9;+1 satisfying (4.3)
1: v = 171 =1
2: for e =1,2,..., until convergence do
3: (31 = (171, AUZ)

'~ ~

4: ¢Z = 51'/(51'7 ¢z = 51

5: Choose v;,7; # 0

6: Z{i+1 = (AUiN_ ¢¢yz2/%~

7: Yis1 = (zleUz — 0iUi) /i

8: 5i+1 = (yi+1, yz‘—l—l)

9: Y = ’?i5i+1/(5i, Y = ’Yi5i+1/5i
10: Vi+1 = Yi+1 — ’@"Ui

11: Vit1 = Yip1 — Vil

12: end for
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Now, suppose we want to perform blocks of s > 1 iterations at once. That is, we wish to

CalCUIate [Usk+27 ce 7Usk+s+1]7 [{}sk—i-Za CI aﬁsk+s+1]7 [ysk+27 s 7ysk‘+s+1]> and [gsk—i—Qa cee 7gsk+s+1]a
given {Usk+1, ﬁsk+17ysk+l>gsk+1}a for £ > 0.
By induction on lines {6, 7, 10, 11} of classical BIOC (Algorithm 5), it can be shown

that, for iterations sk + j, j € {1,...,s+ 1}, the vector iterates satisfy

Usk+j7 ysk+j S ICS+1 (A, Usk—l—l) + ICS(A7 ysk—‘rl)v

R i N i (4.6)
Dtt g Tshtj € K1 (AT Dgpin) + Ko (AY, Ganrn),

where we exploit the nesting of the Krylov bases, i.e., IC;(A4, vskt1) € KCjr1(A, vgt1) (and
similarly for other starting vectors). Then to compute iterates sk + 2 through sk + s+ 1, we
will use the Krylov basis matrices

= [po(A)Vss1, P1(A)Vsts1, - - -, Ps(A)Vshp1], span(Vi) = Ky1(A, vert1)

= [po(A")bsks1, pr (AT gt o, ps(AT)igsa],  span(Vi) = K1 (A", 5ge11), (4.7)
= [p0(A)Ysr+15 p1(A)Yskr15 - - -5 Ps—1(A)Ysr1], span(Ve) = Ks(A, Ysk+1),

= [po(AN) Gkt 1, o1 (AT )Gt - -+ ps1 (AN Ggrra], span(Vx) = Ko(A" Jort1),

where p;(z) is a polynomial of degree j satisfying (4.1). Assuming A is well partitioned,
these matrices can be computed in a communication-avoiding way using the ‘PA1” or ‘SA1’
algorithms described in Section 3.2.

Using the defined Krylov matrices (4.7) and the relations (4.6), we can represent compo-
nents of the BIOC iterates in C" by their coordinates in the Krylov bases, that is, subspaces of
C" of dimension at most 2s+ 1. We introduce coefficient vectors {vj ;, 0 ;, . ;, 71}, each of
length 2541, to represent the length n vectors {vsk+;, Usktj, Ysktj» Uskrs } for j € {1,...,s+1}.
That is,

U3k+] [Vk7 yk]vk .7’ y8k+] [Vk7 yk]ykJ?

(4.8)
Usk+] [Vku yk]vk NE ysk+] [Vk7 yk]yk N
where the base cases for these recurrences are given by
Ugy = Oy = [1,002]", and gy = Gry = (01,641, 1,016-1]". (4.9)

Then, the iterate updates (lines {6, 7, 10, 11}) in the Krylov basis become

Vi, VelUr i1 = (AVi, Vilvr ;s — Gsirsi[Vie Vil )/ Ystts

Trier = (AT V0, Yoy — ki Ve Vil i)/ sk
ka1 = [Vlmy Wi g1 + Csiosi Vi, Velvgj, - and
Vi1 = Wh ]y;c,j—&—l + Yt Vi, )7;6]172]

Vka

k

¢ &

[ ]
Vi, Vil
[ ]
Vi, Vil

kIVk,j+1 =

for j € {1,...,s}.
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Next, we represent the multiplications by A and A (lines 6 and 7) in the new coordinates,
in order to manipulate (4.10) and (4.11). We first note that the recurrence (4.1) for generating

the matrices Vi, Vi, Vi, and )V, can be written in matrix form as
AV, =WBY, Ay, =B,

Y 5 (V) Y 5 () (4.14)

AHZk = VkBk ) AHZk = yk’Bk )

where V,, ﬁk, Y, and ik are the same as Vg, Vi, Vi, and Y, respectively, but with the last
column set to 0, and the By’s are of the form (4.2) with i = s for B,iv) and B,(CV) and 1 =s—1

for B,‘j’) and B,(g)). 3 o . o
To simplify notation, we let 2 = [Vi, Vi), 2k = Vi, Yk}, 21 = Vi, Vo)s 25 = Vi Vs

BM 0 5 [BY o
B = Pk , and B®) = |7k : 4.15
k 0o BY b 0o BY (4.15)
This allows us to write
AZ, = 28D and AZ, = 8% (4.16)

We need to perform multiplication of A with each vgy; (likewise for A7 and 04, ;) for
j€e{l,...,s}. By (4.6) and (4.8),

Avsk+j = AZkUL,j = Azkv;c,j = ZkBl(cZ)U;f,j’

H~ H5 ~1 H5 ~1 > 13(2)~ (4.17)

A Vg gy = A7 240y, = AT 240, = ZiBT 0y -
We now substitute (4.8) and (4.17) into classical BIOC. The vector updates in each of lines
6, 7, 10, and 11 are now expressed as a linear combination of the columns of the Krylov
basis matrices. We can match coefficients on the right- and left-hand sides to obtain the
governing recurrences

Ykl = (B,(f)v;j — skt iYp i)/ Vsktis (4.18)
Grjor = B0, = Gurrilieg)onss (4.19)
U1 = Yhgar T YskrjVi s (4.20)
gt = Thger + @Z)skﬂ%,ja (4.21)

for j € {1,...,s}.

We also need scalar quantities Sskﬂ- and dg,4; which are computed from dot products
involving the vector iterates. We represent these dot products (lines 3 and 8) in the new
basis, using the Gram(-like) matrix

Gr= 2l 2, (4.22)
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of size (2s + 1) x (2s 4+ 1), which can be computed with one Allreduce operation (see Sec-
tion 3.1). We can then write the required inner products as

(Uskrjr1, Yskrjr1) = Uk jo1> Grlkj1) (4.23)

(Vskrj» AVsirj) = (T 5, GkB](gZ)U;c,j) (4.24)

In our BIOC formulation, we have allowed freedom in choosing the values 7. It is

common to choose starting vectors |[y1ll, = [|1]|, and choose ysp4; and Fsp1; such that
[Yskrgiilly = [1Tskrjarll, =1, ie.,

Vsktj = \/ (AVgtj = Dot jYskri» AVsij — DskrjYsk+s)

Vsktj = \/ (AHD g — Dt jTshssr Al Vs — Dy jTshss)
In this case, CA-BIOC also requires computing the matrices
GO = zlz, and GP =2zlz, (4.25)

in each outer loop. Note these matrices could be computed simultaneously with Gj. Then
we can compute Ysp4; and Ysp4; by

Z Z Zz
| Avass — bursitsnrilly = \/ (B0, — bursito s OO BOV,, — baiyl,)) (4:26)

= VB = bt GO BT — dwsihy) (427)

H~ v ~
HA Usktj — PskyjUsktj

in each inner loop iteration with no communication.

We now assemble the CA-BIOC method in Algorithm 6.

In parallel, the only communication in CA-BIOC occurs in the outer loop, in lines 3 and
4; the inner loop lines operate on operands of size O(ns/p + s?), which we assume fit locally
on each of the p processors. Therefore, communication does not occur in the inner loop, and
CA-BIOC can take s steps per O(1) rounds of messages. In contrast, classical BIOC can
only take 1 step per O(1) rounds of messages; this is an O(s)-fold decrease in latency for
well-partitioned A.

In order to compute s > 1 vectors at one time, we can use the ‘PA1" algorithm described
in Section 3.2.2. Using PA1, each processor requires additional source vector entries (the
ghost zones) and must perform redundant computation. If A is well partitioned, then the
ghost zones grow slowly with respect to s; thus the additional bandwidth and computation
are both lower order terms. We also note that in CA-BIOC, each processor must send
O(s?log, p) words to perform the matrix multiplication in line 5, while the equivalent dot
products in s steps of classical BIOC only require ©(slog,p) words moved per processor
(see Section 3.1). Construction of Gy, brings the computational cost of the dense operations
to O(s?n/p), a factor of O(s) larger than the classical algorithm. Under the reasonable
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Algorithm 6 Communication-Avoiding BIOC
Input: n x n matrix A and length-n starting vectors y;,9; such that |y, = ||t1]], = 1,
and 51 = (ghyl) 7é 0. N B
OUtPUt: Matrices Y;IH-& }/Sk-‘rsa Tsk;—‘rSa Tsk+s and vectors Ysk+s+15 gsk-ﬁ-s—i—l satisfying (43)
vy =01 =y
2: for k=0,1,..., until convergence do
3: Compute Z; = [Vi, Vi] and Z; = [Vi, Vi] according to (4.7)

4: Compute Gy, according to (4.22)
5: Assemble B,(CZ) and B,(f) such that (4.16) holds
6: Initialize {v}, 1, Uy 1, Vg1, Up1 ) according to (4.9)
7: for j =1tosdo

% - z
8 dukss = (T GrB v )
9: ¢sk+j = 5sk+j/5sk+j7 ¢sk+j = ¢sk+j
10: Choose Vs, Vsk+j 7 0

z

1 Uhgor = (B — Gorr ¥y sk
12: -

~ Z) ~ ot ~ ~
13 Tjor = BEEUs = Gasih ;) Ashs
14:
15: Oshtjrl = @;c,jﬂa ka;c,j—&-l)
16: ¢skz+j = /?sk+j55k+j+1/5sk+j 1/’sk+j = 75k+j5sk+j+1/5sk+j
17 U1 = Yhjar T VskriVh
18: ~
19: Uit = Ukge1 + VskriUh
20:
21: end for
22: Recover {vsktji1, Usktjr1s Yskrj+1s Uskrj+1 )y for j € {1,..., s} according to (4.8)
23: end for

assumption that the number of nonzeros of A per processor is greater than O(sn/p), the
SpMV computations dominate dense operations in the classical algorithm, so the additional
cost of computing Gy, is not a limiting factor.

In serial, CA-BIOC moves data on lines 3, 4, and 22. We are most concerned with the
data movement in reading A (line 3), since it is common that A requires far more storage
than the vectors on which it operates. If A is well partitioned, then using the algorithm SA1
described in Section 3.2.3, line 3 reads A 2 + o(1) times, whereas s iterations of classical
BIOC read A 2s times. This is an s-fold savings in latency and bandwidth for reading A.
All three lines (3, 4, and 22) involve reading the vector iterates of length n, asymptotically
the same communication cost as the classical algorithm. Similar to the parallel case, we
perform a factor of O(s) more computation in the dense operations, which is a lower-order
term if the number of nonzeros in A is greater than O(sn).
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4.2 Biconjugate Gradient

We now derive a communication-avoiding version of the biconjugate gradient method (BICG)
for solving nonsymmetric linear systems Ax = b, which we will call CA-BICG. We first review
BICG (Algorithm 7) and demonstrate its relation to BIOC. Here and in other sections in
this Chapter we assume here that no breakdown occurs in the two-sided nonsymmetric
Lanczos process; we discuss the extension of the look-ahead technique for avoiding breakdown
situations to CA-KSMs in Section 6.4. The BICG method starts with an initial solution guess
x1 and corresponding residuals vy = 7, = b — Ax;. In each iteration ¢, the solution z;; is
updated by a vector selected from IC;(A,7;) such that (b — Axy) x K;(A",7), the so-called
Petrov-Galerkin condition.

The solution can then be written as ;11 = =1 + Y;¢;, where Y; and ffz are the matrices
of biorthogonal basis vectors of K;(A,r;) and K;(A®,7), respectively, produced by BIOC
with starting guess y; = 4, = 1.

Enforcing the Petrov-Galerkin condition gives ¢; = T; 'e;. Then, using 4.4 and 4.5,

Tiy1 =1 + YT ey
=2+ YU 'L te
=z + ViL;lel

b 1

i Vi
The updates to r;,1 then become
i 1
Tig1 =T1 — A%L;lel = —ﬂn + —A’Ui
i Vi

and similarly for 7.

To meet the BICG consistency condition that x(0) = 1 for the BICG residual vectors, we
must set the scalars v; = —¢; = —(0;, Av;)/(7;, ;). Similar relations hold for the left residual
vectors, i.e., 5 = —¢;. One can therefore obtain BICG by running BIOC with y; = 7,
Vi = —¢i, Vi = —qgi, and with the additional computation of z;;; as in (4.28).

Then, given our CA-BIOC algorithm, it is possible to derive a CA-BICG algorithm in
a way analogous to the classical method outlined above. A derivation that goes directly
from CA-BIOC to CA-BICG can be found in Section 8.3.2 of the Acta Numerica paper [16].
In this section, we will derive the CA-BICG method from scratch using the classical BICG
method as a starting point. This derivation has been adapted from our work in [35].

By induction on lines {5, 6, 7, 10, 11} of classical BICG, it can be shown that, given
k> 0,s > 0, the five vector iterates of classical BICG satisfy

Psk+j, Vsk+j € ICS+1 (A7 psk—H) + ICS (A; /rsk:—‘rl)v
ﬁsk—i—j: fsk-&-j € ,Cs-i-l (AH7]35.1€+1) + ’C8<AH7 fsk:-‘rl)) and (429)
xskJrj — Tsk+1 S ’Cs(AypslH»l) + K:sfl(Ay 7,sk:+1>7
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Algorithm 7 Classical Biconjugate Gradient (BICG)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution z;,1 to Ax = b with updated residual r; 4
1: P1 :T’lzb—AIl
2: Choose 7y arbitrarily such that §; = (71,71) # 0, and let p; = 7,
3: for i = 1,2, ..., until convergence do
4: a; = 0;/(Pi, Api)
Tiv1l = Ty + O4P;
Tiy1 = 15 — G AD;
Fiy1 =73 — G AP p;

Oit1 = (Tig1,Tit1)
Bi = 61/

10: Pit1 = Tiy1 + Sipi
11: Piv1 = Tit1 + Bibi
12: end for

for je{l,...,s+1}.
Then to perform iterations sk + 1 to sk + s + 1, we define the matrices whose columns
span these Krylov subspaces,

= [po(A)Pskr1; P1(A)Dskr1, - - -5 Ps(A)Psky1], span(Py) = Kor1(A, poit1)
= [po(AN)Pas1, pr (AT )Pt - ps (AN Barn],  span(Pr) = Koy (A7, Parg),
= [po(A)Tsk+1, pr(A)Tski1s - - -5 Ps—1(A)Tshgr], span(Ry) = Ko(A, repq1),
= [po(A™")Fgr1, pr(AT ) Fgsn, oo s (AT)Fgera], span(Ry) = Ko(A™ Fgpr),

(4.30)
where p;(z) is a polynomial of degree j satisfying the three-term recurrence (4.1). These
matrices can be computed in a communication-avoiding way using the ‘PA1’ or ‘SA1’ algo-
rithms described in Section 3.2. Note that the s-step bases in (4.30) span the same subspaces
as the s-step bases for CA-BIOC in (4.7) given the appropriate choice of starting vector and
scalars described at the beginning of this section.

We can then write the recurrence for generation of columns of the basis matrices in matrix
form as

B” o
BP0 ]
APy, Ry] = [Pr, Ri] K B,(f)_ ;

where P,., R;., Ek and Ek are the same as P, Ry, 75k and 7~2k, respectively, but with the
last columns set to 0, and the By’s are of the form given in (4.2) with ¢ = s for B,(f) and

B,(f) and i = s — 1 for B ) and B,gé)
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To simplify notation, we let Vi, = [Py, Ri], Ve = [P, Ral, Y, =[P, Ry, Ik = [P, R.],

P P
BY) = 5" 01, and BY _[B” o
0 5" 0o B®
This allows us to write
Ay, = VBY)  and AY, = VB, (4.31)

Using the Krylov matrices (4.30) and equations in (4.29), we represent components of
the BICG iterates in C" by their coordinates in the Krylov bases, that is, subspaces of C"
of dimension at most 2s + 1. We introduce vectors {pkj,pk’], rkj,rkj,a:kj} each of length
25+ 1 to represent the coordinates of {Psi+j, Psktjs Tsktjs Tsktjs Tsktj - Lskt1}, Tespectively, in
the generated bases, i.e.,

[Pt js Tshorgs Tsirs — Toiar) = VelPhjs Thjs Thi) a0 [Baerss Fobrj] = VilPrjr gl (4.32)

for j € {1,...,s+ 1}, where the base cases for these recurrences are given by
Dt = Dra = [1,0504]7, Tpn = 71 = (01,641, 1, 015-1]", and Th1 = 0111 (4.33)

Next, we represent the multiplications by A and A¥ (lines 6 and 7) in the new basis.
Note that since we will update for j € {1,..., s}, we only perform multiplication of A with
Psk+; for these values of j (likewise for AP and Psk+;). Therefore we can write

Apsk+j = Aykp;g] Aykpk:j = yk ky)p;{:j and (434>

AHﬁsk—s—j = AHjjkpk,j = A" kakj = yk: kja
for j € {1,...,s}. We substitute (4.32) and (4.34) into classical BICG. Each of lines 5, 6, 7,
10, and 11 is now expressed as a linear combination of the columns of the Krylov matrices,

and we can match coordinates on the right- and left-hand sides to obtain the recurrences,
for j € {1,...,s},

Thjir = Thy T CekiiPh (4.35)
Thjt1 = Thy OéskﬂBz(gy)P;w (4.36)
Fhin = Thj — Ty B, (4.37)
Phjs1 = Thjar T BskasPh (4.38)
hojar = Thgat + BoktiPh - (4.39)

We also need scalar quantities osptj, Bsk+j, and Osp4j+1, which are computed from dot
products involving the BICG iterates. We define the Gram-like matrix

Gy = YV, (4.40)
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Algorithm 8 Communication-Avoiding BICG (CA-BICG)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution zg. i1 to Ax = b with updated residual rg 411
1: P1 :T’lzb—AIl
2: Choose 7 arbitrarily such that §; = (71,71) # 0, and let p; = 7,
3: for k =0,1,..., until convergence do
4: Compute Vi = [Py, Ri| and Vi = [75k,7~2k] according to (4.30)

5: Compute G}, according to (4.40)

6: Assemble B,(Cy) and B,(Cy) such that (4.31) holds

7 Initialize {p}, 1, Dy 1s Th1» 71, Th1 ) according to (4.33)
8: for j =1to s do

9: Qshtj = Oshrg/ (P s GkB;(cy)PZ,j)

10: Thjar = Thj T QshasDh

1 Phg = Thy — QskasBY Pl

12: Fio1 = oy — GarrgBY Pl

13: Oskaj1 = (T jp1 Gl 1)

14: Boktj = Oskrj+1/Oskts

15: Phja1 = Thjs1 + BsktiPh

16: Prj1 = Thjyr + BskriP

17: end for

18: Recover iterates {Pskisi1, Dskrst1, Msktstls Tskisils Tskrst1) according to (4.32)
19: end for

which can be computed with one Allreduce operation as described in Section 3.1. The above
equation, along with (4.34), allows us to write inner products in lines 4 and 8 as

(Pshtit1s Tskajr1) = (j)k?:;c,j-i-la yﬂ’;c,jﬂ) = (f;c,jﬂa Gkr?c,j—i—l) and (4.41)
(Dot s APskrj) = (ykﬁ;g,j,yklg;(gy)p;,j) = (P Gkgéy)p;c,j)» (4.42)

for j € {1,...,s}.

Now we assemble the CA-BICG method from (4.35)-(4.39) and (4.40)-(4.42), shown in
Algorithm 8.

The communication costs of CA-BICG versus classical BICG are the same as discussed
for the CA-BIOC versus classical BIOC algorithms in the previous section. In parallel, the
only communication in CA-BICG occurs in the outer loop, in lines 4 and 5; the inner loop
lines operate on operands of size O(ns/p + s%), which we assume fit locally on each of the
p processors. Therefore, CA-BICG can take s steps per O(1) rounds of messages whereas
classical BICG can only take 1 step per O(1) rounds of messages; this is an O(s)-fold decrease
in latency for well-partitioned A.

We can use the ‘PA1’ algorithm described in Section 3.2.2 to compute the bases in line 4.
Using PA1, each processor requires additional source vector entries (the ghost zones) and
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must perform redundant computation. If A is well partitioned, the additional bandwidth and
computation are both lower order terms. We also note that in CA-BICG, each processor must
send O(s?log, p) words to perform the matrix multiplication in line 5, while the equivalent
dot products in s steps of classical BICG only require ©(slog, p) words moved per processor
(see Section 3.1). Construction of Gy brings the computational cost of the dense operations
to O(s’n/p), a factor of O(s) larger than the classical algorithm. Under the reasonable
assumption that the number of nonzeros of A per processor is greater than O(sn/p), the
SpMV computations dominate dense operations in the classical algorithm, so the additional
cost of computing Gy, is not a limiting factor.

In serial, CA-BICG moves data on lines 4, 5, and 18. As in CA-BIOC, we are most
concerned with the data movement in reading A (line 4), since it is common that A requires
far more storage than the vectors on which it operates. If A is well partitioned, then using the
algorithm SA1 described in Section 3.2.3, line 4 reads A 2+ o(1) times, whereas s iterations
of classical BICG read A 2s times. This is an s-fold savings in latency and bandwidth
for reading A. All three lines (4, 5, and 18) involve reading the vector iterates of length
n, asymptotically the same communication cost as the classical algorithm. Similar to the
parallel case, we perform a factor of O(s) more computation in the dense operations, which
is a lower-order term if the number of nonzeros in A is greater than O(sn).

4.2.1 Numerical Experiments

We present convergence results for two matrices which exemplify the dependence of typical
numerical behavior on the chosen basis and s value. In all tests, the right-hand side b was
constructed such that the true solution z is the n-vector with components x; = 1//n.

cdde Our first test problem comes from the constant-coefficient convection diffusion equa-
tion

—Au + 2p1uy + 2pouy, — pauy, =f in [0, 1]2
u =g on 00, 1)?

This problem is widely used for testing and analyzing numerical solvers [13]. We discretized
the PDE using centered finite difference operators on a 512 x 512 grid with (py, p2,p3) =
(25,600, 250), resulting in a nonsymmetric matrix with n = 262K, nnz(A) = 1.3M, and
condition number ~ 5.5. To select the Leja points, we used the convex hull of the known
spectrum, given in [13]. Fig. 4.1 shows the selected Leja points and resulting basis condition
number cond(Vx) = ||V |l2 - | Vkll2 for the monomial, Newton, and Chebyshev bases, for
basis lengths up to s = 32. Fig. 4.2 shows convergence results for CA-BICG for the different
bases, for s € {4,8,16}.

xenonl The xenonl matrix is an nonsymmetric matrix from the University of Florida
Sparse Matrix Collection [57]. This matrix is used in analyzing elastic properties of crystalline
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Figure 4.1: Basis properties for cdde. Left: computed Leja points (x) of cdde, plotted in
the complex plane. Right: basis condition number growth rate. The x-axis denotes basis
length s and the y-axis denotes the basis condition number for monomial (A), Newton (o),
and Chebyshev (+) bases. Leja points on the left were used to generate the bases shown in
the right plot.
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Figure 4.2: Convergence for cdde matrix for (CA-)BICG with various s values: s = 4 (top
left), s = 8 (top right), s = 16 (bottom). The x-axis denotes iteration number, and the
y-axis denotes the 2-norm of the (normalized) true residual (i.e., ||[b — Azy,||, / [|b]l,). Each

plot shows convergence for the classical algorithm (—), as well as for CA-BICG using the
monomial (A), Newton (o), and Chebyshev (+) bases.
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Figure 4.3: Basis properties for xenonl. Left: computed Leja points (x) of xenonl, plotted
in the complex plane. Right: basis condition number growth rate. The x-axis denotes basis
length s and the y-axis denotes the basis condition number for monomial (A), Newton (o),
and Chebyshev (4) bases. Leja points on left were used to generate the bases shown in the
right plot.

compounds [57]. Here, n = 48.6 K and nnz(A) = 1.2M. This test case is less well-conditioned
than the first, with condition number ~ 1.1 - 10° after performing matrix equilibration as a
preprocessing step as described in Section 3.2.5.3 and [102]. The xenonl matrix has all real
eigenvalues. Therefore, Leja points (and thus basis parameters) were selected based only on
estimates of the maximum and minimum eigenvalues obtained from ARPACK (MATLAB
eigs). Fig. 4.3 shows the generated Leja points and resulting basis condition numbers for
the monomial, Newton, and Chebyshev bases, for basis lengths up to s = 32. Fig. 4.4 shows
convergence results for CA-BICG for the different bases, for s € {4,8,16}.

For CA-BICG with the monomial basis, we generally see the convergence rate decrease
(relative to the classical method) as s grows larger. This is due to roundoff error in compu-
tation of the basis vectors in the matrix powers kernel, which results in a larger perturbation
to the finite precision Lanczos recurrence that determines the rate of convergence (see, e.g.,
[176]). At some point, when s becomes large, CA-BICG with the monomial basis will fail
to converge due to (near) numerical rank deficiencies in the generated Krylov bases. For
both of our test matrices, CA-BICG with the monomial basis fails to converge to the desired
tolerance when s = 16.

CA-BICG with the Newton and Chebyshev bases, however, are able to maintain conver-
gence closer to that of the classical method, even for s as large as 16. This is especially evident
if we have a well-conditioned matrix, as in Figure 4.2 (cdde). For this matrix, CA-BICG
with both the Newton and Chebyshev bases converges in the same number of iterations as
the classical method, for all tested s values.



46

0 500 1000 1500 2000 0 500 1000 1500 2000

10°

0 500 1000 1500 2000

Figure 4.4: Convergence for xenonl matrix for (CA-)BICG with various s values: s = 4
(top left), s = 8 (top right), s = 16 (bottom). The x-axis denotes iteration number, and the
y-axis denotes the 2-norm of the (normalized) true residual (i.e., ||b — Az, / ||b]],). Each
plot shows convergence for the classical algorithm (—), as well as for CA-BICG using the
monomial (A), Newton (o), and Chebyshev (+) bases.

4.3 Conjugate Gradient Squared

The multiplication by A# and corresponding left Krylov vectors (residuals ) only contribute
to the BICG solution of Az = b through the scalar coefficients «; and ;. BICG does not
exploit the reduction in magnitude of the left residuals unless we solve a dual system. In
an effort to get faster convergence, or when A might not be available, for instance when
the linear system A is the Jacobian in a (matrix-free) Newton-Krylov method, one might
demand a transpose-free method such as conjugate gradient squared (CGS) [166], a quasi-
orthogonal residual (QOR) method derived from BICG (another QOR method), that avoids
the multiplication by A,

CGS respects the mutual biorthogonality of the two Krylov spaces (and so the Lanczos
coefficients are the same as BICG, in exact arithmetic), however, the polynomials represent-
ing the CGS residuals are the squares of those in BICG. In BICG, the residual computed in
iteration ¢ can be expressed as

riv1 = Xi(A)r,
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where y; is a polynomial of degree ¢ with x;(0) = 1. Similarly, the direction vector p;y; can
be written

Pi+1 = Wi(A)Tb

where 7; is a polynomial of degree i. Since 7;,1 and p;;; are computed by the same recur-
rences,
Fir1 = xi(AD)F and P = m(A")F,

and then the scalars can be computed, e.g.,

o = OG(ADF X)) (F i (A)r)
i (mi (AT, Am(A)ry) (7, W?(A)rl)'

These squared polynomials can then be used to avoid keeping track of the left Lanczos
vectors. However, CGS actually interprets the squared BICG residuals as the true resid-
uals, and updates the solution accordingly. This heuristic decision was motivated by the
observation that the BICG polynomials typically reduce the norm of the residual, and so
one would hope that applying the BICG polynomial again (to an already-reduced residual)
might reduce it further. But, because it squares the polynomials, CGS might have more
irregular convergence than BICG. As a side effect, larger intermediate quantities in CGS
could worsen local roundoff, leading to a (faster) deviation between the updated residual
and the true residual.

We will use the variant of classical CGS given in the textbook [153], which we reproduce
in Algorithm 9. Like classical BICG, classical CGS has two communication-bound kernels:
SpMV and inner products. Again, we replace SpMV with the matrix powers kernel, and
inner products with a Gram-like matrix and vector. In the case of CGS we need 6s total
Krylov basis vectors to complete s iterations. First, we convert classical CGS (Algorithm 9)
to an s-step method. Similarly to CGS, we can determine the dependencies for steps sk + 1
through sk + s+ 1 by considering dependencies in Algorithm 9. By induction, we can show
that, given k£ > 0,s > 0, the vector iterates of classical CGS satisfy

DPsk+js Usk+j, Vsk+j, Lsk+j — Tsk+1 € IC2s+1(A7psk+1) + ]C23(A7 usk+1> + 7C2s—1(14, Tsk+1)> (4-43)

for je{1,...,s+1}.
Then to find iterates sk + 2 to sk + s + 1, we use the Krylov matrices Py, Uy, and Ry,
where

Pr. = [po(A)psk+1, pr(A)Dsks1, - - - 5 pos(A)Dskr], span(Pr) = Kaoo1 (A, Psrt1),

U = [po(A)tsirr, pr(A)tss, - - -, pas—1(A)ugrrr],  span(Uy) = Kos(A, tgpy1), (4.44)
Ry = [PO(A)TskH, Pl(A)T'skH, e ,02372(14)7“sk+1], span(”Rk) = ’Czsq(A, rsk+1)7

where p;(z) is a polynomial of degree j satisfying the three-term recurrence (4.1). Assuming

A is well partitioned, these matrices can be computed in a communication-avoiding way
using the ‘PA1’ or ‘SA1’ algorithms described in Section 3.2.
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Algorithm 9 Classical Conjugate Gradient Squared (CGS)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution z;,1 to Ax = b with updated residual r; 4

1: plzullezb—Al’l

2: Choose 7 arbitrarily such that 6, = (7,r1) # 0

3: for i = 1,2, ..., until convergence do
4: a; = 0;/(T, Ap;)

5: ¢ = u; — o Ap;

6: Tip1 = o+ (i + q;)

7: ric1 =1 — AU + ;)

8 Oiy1 = (T 7iy1)

9: Bi = 6iv1/0;

10: Uip1 = Tip1 + Bigs
11 Pit1 = Uir1 + Bi(qi + Bipi)
12: end for

We can then write the recurrence for generation of columns of the basis matrices in matrix
form as

B](CP) 025—1—1,25 025—}—1,25—1
A[Ekazlk?Ek]ZWDk:ukaRk] 05,2541 B;(gu) O2s25-1 | >
0 0 BR
2s—1,25+1 2s—1,2s k

where P,, U,, and R, are the same as Py, U, and Ry, respectively, but with the last
columns set to 0, and the By’s are of the form given in (4.2) with ¢ = 2s for B,(JD), 1 =2s—1
for B,‘f‘), and ¢ = 2s — 2 for B,gR).

To simplify notation, we let Yy = [Pr, Uy, Ri], YV, = [Py, Uy, Ry], and

B}SP) 023+1,2s 028+1,28—1
Bk - 0257254—1 B](gu) 028,28—1
02371,28+1 02871,28 B](:z)
This allows us to write
Azk = V. B;.. (4.45)

Using the Krylov matrices (4.44) and equations in (4.43), we can then represent the
n components of the CGS iterates by their 6s coordinates in the Krylov bases stored in
V. We introduce coordinate vectors {pj, ;,uy ;, 7}, T} ;} to represent the length-n vectors

{psk+ja Usk+js Vsk+js Lsk+j - x5k+1}a such that

[Dskt g Wkt js skt s Tskrj — Tskr1] = VelPhj» Weis Thj> Thsls (4.46)
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for j € {1,...,s+ 1}, where the base cases for these recurrences are given by
p;ﬂ = [17 01,63—1]T,
up, ;= (01,2641, 1,01 45-2]",
1 = (014541, 1,05250]", and
.’13‘;%1 = 06571. (447)

Next, we represent the multiplications of pgpyj, Usky;, and auxiliary vector gsp4; by
A in the new basis. Note that since we will update for j € {1,...,s}, we only perform
multiplication of A with pg.; and wug,; for these values of j. Note also that gs4; € Yy for
Jj€{1,...,s}. We can therefore write

Apsyj = AVipl.; = AV, i = ViBipy (4.48)
Augryy = Ay, ; = AV, uy, 5 = VieBruy;  and,
Adgpyj = AVidy, ; = AV, d) ; = ViBrd), 5,
for j e {1,...,s}.
We substitute (4.46) and (4.48) into classical CGS. Each vector update is now expressed

as a linear combination of the columns of the Krylov matrices, and we can match coordinates
on the right and left hand sides to obtain the recurrences, for j € {1,...,s},

Ghj = Uy — QohriBipl (4.50)
Thji1 = Thj + Corj (U + G ) (4.51)
Thoge1 = Thy — Qs Bi (s + @1, ;) (4.52)
U gr1 = Thjer T Bskti (4.53)
p;c,j+1 = u;c,j—i—l + ﬁskﬂ(q;f,j + Bsk—&-jp;g,j) (4.54)

We also need scalar quantities avpyj, Osptj+1, and Sgry;, which are computed from dot
products involving the CGS iterates. We represent these dot products in the new basis,
using the Gram matrix G}, and vector g as

[Gr,g] = Vi Ve, 7, (4.55)

which can be computed with one Allreduce as described in Section 3.1. The formulas for the
required inner products are then easily derived by using (4.45)and (4.48). We have

(7, Apsirs) = (7, ViBrpy;) = (9, Brpy ;) and
(F7 Tsk+j+1 = (faykr;c,]!}l) = (g7r;€,j+1>'

We now assemble the CA-CGS method shown in Algorithm 10.
Analogous to CA-BICG, the only communication in parallel CA-CGS occurs in lines 4
and 5. Using PA1 and block computation of inner products (see Chapter 3), CA-CGS can
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Algorithm 10 Communication-Avoiding CGS (CA-CGS)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution zg. i1 to Ax = b with updated residual rg 411
1: plzulzrlzb—Axl
2: Choose 7 arbitrarily such that 6, = (7,7r1) # 0
3: for k =0,1,..., until convergence do
4: Compute Py, Uy, and Ry, according to (4.44)

5: Compute G}, and g according to (4.55)

6: Assemble By such that (4.45) holds

7 Initialize {p}, ;,uy 1,741, Th 1} according to (4.47)
8: for ) =1to s do

9: Asptj = 5sk+j/(ga ka;g,j)

10: Q; = Upj — sy Brpy

11: Tho i1 = Ty T Qapj (U5 + a1 ;)

12: il = Thj — QskriBr(uy; + ¢, ;)

13: Oskrjtt = (95 Th 1)

14: 6sk’+j = 5sk+j+1/5sk+j

15: Ugji1 = Thyrr + Bskrih

16: Phjar = Wi jar + Bk (@hj + BshriPh ;)

17: end for

18: Recover iterates {Psktsi1, Uskisils Fskrstl, Tskrst1) according to (4.46)
19: end for

reduce parallel latency by a factor of ©(s), albeit at the cost of increasing bandwidth by a
small factor. We refer to the above discussion for CA-BICG, except noting that CA-CGS
does not require multiplication by A”, and instead requires 2s multiplications by A for each
of three vectors per s iterations; this could be accomplished by calling PA1 (see Section 3.2.2)
with three right-hand sides.

In serial, CA-CGS moves data on lines 4, 5, and 18. Again, this is analogous to CA-
BICG; this formulation enables use of SA1 (see Section 3.2.3), which reduces serial latency
and bandwidth by a factor of ©(s).

Although there are instances where CGS outperforms other nonsymmetric solvers (see
the experiments in [131]), it is often the case that its convergence behavior is much more
erratic than methods like BICGSTAB, and is thus less commonly used in practice.

4.4 Biconjugate Gradient Stabilized

As mentioned, the CGS method uses the squares of the BICG residual polynomials. This
can lead to irregular convergence, which causes accumulation of roundoff error. Lanczos-type
product methods (LTPMs) (see [94]) attempt to improve on the convergence behavior of CGS
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by using a different polynomial recurrence for the left basis; that is, instead of computing
residuals of the form r;;; = x?(A)ry, we allow for residuals of the form

riv1 = Yi(A)xi(A)r,
where 1); is a polynomial of degree i. Many LTPMs, including the biconjugate gradient sta-
bilized method (BICGSTAB) of van der Vorst [179] and its variants, choose the polynomials
1; recursively at each step with the goal of smoothing or stabilizing convergence. recurrence
is preferable for performance reasons.

In the case of BICGSTAB, the polynomials ¢; are constructed via a two-term recurrence,
which amounts to extending the Krylov space by one dimension (a new basis vector), and
taking a steepest descent step in that direction. This is a local one-dimensional minimization,
which should result in a smoother convergence curve and avoid possible overflow conditions
in CGS. However, an issue with BICGSTARB is that if the input data is all real, the stabilizing
polynomial will have only real zeros. Such a polynomial will not reduce error components in
the direction of eigenvectors corresponding to eigenvalues with large imaginary components
(relative to their real components). Matrices with such a spectrum are also more susceptible
to a minimization breakdown in BICGSTAB, a new breakdown condition.

These two drawbacks to BICGSTAB are addressed in the literature by many newer
LTPMs like BICGSTAB2 [93], which uses two-dimensional residual smoothing, and the
BICGSTAB(L) [160] method, which extends the ideas of BICGSTAB2 to use L-dimensional
smoothing. We note that BICGSTAB(L) is a promising direction for future work, especially
once combined with the communication-avoiding tall-skinny QR kernel (TSQR), as described
in [102]. We conjecture that our communication-avoiding approach generalizes, and that the
flexibility to choose a polynomial basis in computing the s-step bases could accelerate the
computation of the 1; polynomials, when the recurrence coefficients are known in advance.

We present the version of BICGSTAB from [153] in Algorithm 11, from which we will
derive CA-BICGSTAB. The derivation presented here has been adapted from the work
in [35]. Like classical BICG, classical BICGSTAB has two communication-bound kernels:
SpMV and inner products. Again, we replace SpMV with the matrix powers kernel, and
inner products with a Gram-like matrix and vector; see Chapter 3. Because BICGSTAB
expands the underlying Krylov space by two dimensions each iteration, we need twice as
many Krylov basis vectors to complete s iterations. First, we convert classical BICGSTAB
(Algorithm 11) to an s-step method. Similarly to BICG, we can determine the dependencies
for steps sk + 1 through sk + s+ 1 by inspection of Algorithm 11. By induction on lines {8,
9, and 12} of classical BICGSTAB, we can show that, given k > 0, s > 0, the vector iterates
of classical BICGSTAB satisfy

DPsk+js Tsk+js Tsk+j — Lsk+1 € K28+1(A7psk+1) + ’C25(Aa rsk+1)> (456)
for j e {1,...,s+1}.
Then to find iterates sk + 2 to sk 4+ s+ 1, we use the Krylov matrices P, and Ry, where

P = [PO(A)PskH, p1<A>psk+17 . 7p25(A)psk+1]a Span(Pk) = ’C2s+1(A7psk:+1),

4.57
Ri = [pO(A)rsk+17 P1 (A)rsk+17 . ,/92371(14)7’sk+1}7 span(Rk) = ’C25<A7 Tsk+1)7 ( )
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Algorithm 11 Classical Biconjugate Gradient Stabilized (BICGSTAB)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution z;,1 to Ax = b with updated residual r; 4

1: P1 :T’lzb—AIl

2: Choose 7 arbitrarily such that 6, = (7,r1) # 0

3: for i = 1,2, ..., until convergence do
4: o; = (51/(f, Apl)

Tip1 = Tj + Q;p;

di =1; — a; Ap;
(d;,Ad;)

W —

t 7 (Ad;,Ad;)
Tip1 = Tig1 +wid;
Ty = d; — w;Ad,
10: iy1 = (7, 7i41)
LI Bi = (6i+1/6i) - (o /wy)
12 pigr = rig1 + Bips — Biwi Ap;
13: end for

where p;(z) is a polynomial of degree j satisfying the three-term recurrence (4.1). Assuming
A is well partitioned, these matrices can be computed in a communication-avoiding way
using the ‘PA1’ or ‘SA1’ algorithms described in Section 3.2 with two right-hand sides.

We can then write the recurrence for generation of columns of the basis matrices in matrix
form as

BP0
APy, Ry.] = [Pr, Ri 0o B®|’
k

where P, and R, are the same as Py, and Ry, respectively, but with the last columns set to
0, and the By’s are of the form given in (4.2) with ¢ = 2s for B,(f) and ¢ = 25 — 1 for B,(CR).
To simplify notation, we let Vi = [Py, Ri), YV, = [Py, Ry, and

5 — BP0
*“lo B®
This allows us to write
Azk = V. B;.. (4.58)

Using the Krylov matrices (4.57) and equations in (4.56), we can then represent the
n components of the BICGSTAB iterates by their 4s 4+ 1 coordinates in the Krylov bases
defined by P, and Ry. We introduce coordinate vectors {pj, ;, 7} ;, 7} ;} to represent vectors

{Psktj Tsk+js Tokrj - Tsky1}, such that

[psk-l—ja Tsk+jy Tsk+j — xsk] = yk [p;g,ju r;c,ja x%,j]? (459)
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for j € {1,...,s+ 1}, where the base cases for these recurrences are given by

Per = [1,004s)", 71 =[012611,1,01261]", and @} ; = Ogesr1. (4.60)
Next, we represent the multiplications of pgy; and auxiliary vector dg.; by A in the
new basis. Note that since we will update for j € {1,..., s}, we only perform multiplication

of A with pg4; and dg; for these values of j. Note also that dgy; € Yy for j € {1,...,s}.
We can therefore write

Apsrj = AW ; = AVypr; = VeBep),; and (4.61)
Adgy; = AVdy,, = AV d, = VByd, .
for j € {1,...,s}.
We substitute (4.59) and (4.61) into classical BICGSTAB. Each of lines 5, 6, 8, 9, and

12 is now expressed as a linear combination of the columns of the Krylov matrices, and
we can match coordinates on the right and left hand sides to obtain the recurrences, for

jed{l,... s},

x;g,j+1 = x;c,j + ask+jp;g’j7 (4-62)
dy; = Thj — Qski i Biph 5, (4.63)
172,j+1 = x;w'Jrl + wsk+jd2,ja (4.64)
T;C,jJrl = d;c,j - wskJerkd;c,j? (4.65)
Phji1 = Thjor T BsktiPhj — BsktjWsk+i BiDy ;- (4.66)
(4.67)

We also need scalar quantities avgpj, Wsktj, Bsktj, and dsp+j41, which are computed from
dot products involving the BICGSTAB iterates. We represent these dot products in the new
basis, using the Gram matrix G and vector g as

(G, 9] = Vi [V, 7, (4.68)

which can be computed with one Allreduce operation; see Section 3.1. The formulas for
the scalar quantities can be easily derived by using (4.58) and (4.61), similar to the deriva-
tions for CA-BICG and CA-CGS. Now we assemble the CA-BICGSTAB method shown in
Algorithm 12.

Analogous to the other methods in this chapter, the only communication in parallel
CA-BICGSTAB occurs in lines 4 and 5. Using PA1 in Section 3.2.2, CA-BICGSTAB can
thus reduce parallel latency by a factor of ©(s), albeit at the cost of increasing bandwidth
by a small factor. We refer to the above discussion for CA-BICG, except noting that CA-
BICGSTAB does not require multiplication by A7, and instead requires 2s multiplications
by A for each of the two vectors per s iterations; this could be accomplished by calling PA1
(see Section 3.2.2) with two right-hand sides.

In serial, CA-BICGSTAB moves data on lines 4, 5, and 19. Again, this is analogous to
CA-BICG:; use of SA1 in Section 3.1 reduces the serial latency and bandwidth by a factor of
O(s).



54

Algorithm 12 Communication-Avoiding BICGSTAB (CA-BICGSTAB)
Input: n x n matrix A, length-n vector b, and initial approximation x; to Az = b
Output: Approximate solution zg. i1 to Ax = b with updated residual rg 411
1: P1 :T’lzb—AIl
2: Choose 7 arbitrarily such that 6, = (7,7r1) # 0
3: for k =0,1,..., until convergence do
4: Compute Py and Ry, according to (4.57)

5: Compute G}, and g according to (4.68)
6: Assemble By such that (4.58) holds
7 Initialize {p};, 71,7}, } according to (4.60)
8: for ) =1to s do
9: Qsirj = Okt / (9, kal;,j)
10: Thjo1 = Thy + Qs Dl
11: dj, i = Th; — QskrBpy
dj, GBid, .
12: Wektj = %
13: Thjar = L1 + Wektidy,
14: 7";7]-_1_1 = d;c,j — w8k+j8kd;€’j
15: Oskrs+1 = (95 Thjt1)
16: Bskrj = (Oskrjs1/Oskrs) - (Qskrj/Wektj)
17: Dhji1 = Thjer T BskriDh; — Bkt iWsk+iBrDy
18: end for
19: Recover iterates {Pskisi1, Tsktsi1s Tskrst1} according to (4.59)
20: end for

4.4.1 Numerical Experiments

We present convergence results for two matrices, the same used to test CA-BICG in Sec-
tion 4.2.1, which exemplify the dependence of typical numerical behavior on the chosen basis
and s value. Note that the Krylov bases computed in each outer loop are of length 2s. In
all tests, the right-hand side b was constructed such that the true solution x is the n-vector
with components x; = 1/4/n.

cdde Figure 4.5 shows convergence results for CA-BICGTAB for the different bases, for
s € {4,8,16}.

xenonl Figure 4.6 shows convergence results for CA-BICGTAB for the different bases, for
s € {4,8,16}.

As in the CABICG tests in Section 4.2.1, using the monomial basis we generally see the
convergence rate decrease (relative to the classical method) as s grows larger due to roundoff
error in computation of the basis vectors in the matrix powers kernel. For example, in Fig. 6.1
for CA-BICGSTAB, we see a decrease in convergence rate of the monomial basis from s = 4
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Figure 4.5: Convergence for cdde matrix for (CA-)BICGTAB with various s values: s = 4
(top left), s = 8 (top right), s = 16 (bottom). The x-axis denotes iteration number, and the
y-axis denotes the 2-norm of the (normalized) true residual (i.e., ||[b — Azy,||, / [|b]l,). Each

plot shows convergence for the classical algorithm (—), as well as for CA-BICGTAB using
the monomial (A), Newton (o), and Chebyshev (+) bases.

to s = 8. Again, for both of our test matrices, CA-BICGSTAB with the monomial basis
fails to converge to the desired tolerance when s = 16.

As with CA-BICG, CA-BICGSTAB with the Newton and Chebyshev bases maintains
convergence closer to that of the classical method, even for s as large as 16 (again, note
that for CA-BICGSTAB, s = 16 requires basis lengths of 32). As observed in Fig. 6.4
(xenonl), for CA-BICGSTAB, the dependence of convergence rate on s is less predictable
for the Newton and Chebyshev bases, although we still observe eventual convergence of the
true residual to the desired tolerance. This is likely due to the large condition number of
xenonl.

We tested for convergence of the true residual to a level of 107 (i.e., [|b — Az, / ||b]], <
10719%). For both test matrices, for CA-BICGSTAB with the monomial basis and s = 8, we
observe that the norm of the true residual stagnates and never reaches the desired level
despite convergence of the computed residual. This effect is due to floating point roundoff
error, which causes discrepancy between the true and computed residuals. As the computed
residual converges to zero, the updates to the true residual rapidly become negligible—thus
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Figure 4.6: Convergence for xenonl matrix for (CA-)BICGSTAB with various s values: s = 4
(top left), s = 8 (top right), s = 16 (bottom). The x-axis denotes iteration number, and the
y-axis denotes the 2-norm of the (normalized) true residual (i.e., ||b — Az, / ||b]],). Each
plot shows convergence for the classical algorithm (—), as well as for CA-BICGSTAB using
the monomial (A), Newton (o), and Chebyshev (+) bases.

the method may fail to converge to the desired tolerance. The level where stagnation occurs
is the maximum attainable accuracy.

This phenomenon has been observed before for the classical implementations, and is
known to especially plague two-sided KSMs, which can have arbitrarily large iterates [96].
We have observed that this problem is also present in the CA-KSM variants, and is in
fact exacerbated the larger the s value. Residual replacement methods have been used
effectively to combat this problem in the BICG method [181]. Later in Section 5.3, we
perform an equivalent analysis of floating point roundoff error in CA-KSMs and derive an
analogous residual replacement strategy which can significantly improve accuracy without
asymptotically affecting the communication or computation cost of CA-KSMs.

4.5 Lanczos Bidiagonalization

In this section, we present three approaches to developing communication-avoiding variants of
the Lanczos bidiagonalization procedure. Each of the three approaches are used to give both
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communication-avoiding upper and lower bidiagonalization routines. The least squares QR
solver (LSQR) of Paige and Saunders [144] is based on the Lanczos lower bidiagonalization
method, and we use this to derive two potential CA-LSQR methods based on two of our
approaches to communication-avoiding lower bidiagonalization.

4.5.1 The Bidiagonalization Algorithm

We first review classical algorithms for reduction of a matrix to both upper bidiagonal and
lower bidiagonal form. The original procedure given by Golub and Kahan gives the procedure
as a reduction to upper bidiagonal form [81]. With some slight modifications, Paige and
Saunders [144] showed that a similar procedure could be used to produce a reduction to
lower bidiagonal form, and that this formulation was more amenable to solving the full-
rank least squares problem min ||Az — bl|5. This observation forms the basis for the LSQR
algorithm. Both methods are connected in that they both produce the same sequence of
vectors V; that would be produced by the symmetric Lanczos method applied to AT A.

Let A be an m-by-n matrix and b be a length-m vector. After i iterations, the Lanczos
upper bidiagonalization procedure produces the m-by-i matrix P; = [p1,ps, ..., p;] and the
n-by-i matrix V; = [v1, vq, ..., ;] such that

‘/;'(9161) = ATb

AV; = P.R;
ATPZ' = ‘/ZRZT + 91'_:,_11]2'4_16?, (469)
where _ .
p1 0>
pa O3

R; = ; (4.70)

pi-1 0;

Pi

and in exact arithmetic, PTP; = I and V,TV; = I. The algorithm of Golub and Kahan for
reduction to upper bidiagonal form is shown in Algorithm 13. Note that here and in the
remainder of this paper bars over variables denote intermediate quantities which are yet to
be normalized. We note that one can formulate the upper bidiagonalization algorithm as
the Lanczos reduction to tridiagonal form. Letting

10 pr 0 po ... 0 p
Z = z21,29,..., 2] = vy ()1 Uy 02 .o 0

Y
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0 -
pr 0 0o
02 0 po
AE|:/?T 0}, and T = p2 0 ,
b
0 0 pi
i pi 0 ]

the procedure in Algorithm 13 is mathematically equivalent to
AZ = ZT + 92'_:,_1221'4_16%;,

with ZHZ = I,; and ZHz,;,; = 0. This means that, in exact arithmetic, i steps of the
upper bidiagonalization procedure applied to A with starting vector v; produces the same
information as 2¢ steps of symmetric Lanczos applied to cyclic matrix A with starting vector
z1 as defined above.

Algorithm 13 Lanczos Reduction to Upper Bidiagonal Form

Input: m-by-n matrix A and length-n starting vector b

Output: Matrices V;, P; and vector v satisfying (4.69) and matrix R; satisfying (4.70)
1: 01 = [|[ATD|[2, vi = ATD/0y, pr = Avi, pr = ||Pil2, 1 = i/
2: for i = 1,2, ... until convergence do
3: Vi1 = ATpi — piv;

4 Oip1 = [|Viga]]2

5: Vip1 = Uip1/0ig1

6: D1 = Avipr — Oipapi
7 Pit1 = |[Div1ll2

8: Pit1 = Dit1/Pit1

9: end for

We will also consider reduction to lower bidiagonal form for the purpose of easy connec-
tion to the LSQR method of Paige and Saunders [144]. Again, A is an m-by-n matrix and b is
a length-m vector. After ¢ iterations, the Lanczos lower bidiagonalization procedure produces
the m-by-(i + 1) matrix U;y1 = [ug, ua, ..., u;11] and the n-by-i matrix V; = [vy,ve, ..., 0]
such that

Uz‘+1(51€1) =0b
AV = Ui B;
ATU@'+1 = ‘/iBiT + Oéz‘+1Ui+1€¢T+1, (4.71)
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where
o

B2
o
L Bit1 |
and in exact arithmetic, UEHUI'H =TI and V;TVi =1.
Again in this case, we can formulate the lower bidiagonalization algorithm as the Lanczos
reduction to tridiagonal form. Here we define

B T 0 v 0 v o 0wy
Z—[Zl,z27-.-7z22]_ |:/U/1 0 u2 0 PN UZ 0 ’
0 o |
ar 0 B
0 AT B0
AE[A 0]7 and T = a 0 - )
- B
Bi 0 o
i a; 0]

and then Algorithm 14 is mathematically equivalent to
AZ = ZT + B zaisies;,

with ZH 7 = I; and ZH 251 = 0. Then in exact arithmetic, i steps of the lower bidiago-
nalization procedure applied to A with starting vector u; produces the same information as
2i steps of symmetric Lanczos applied to cyclic matrix A with starting vector z; as defined
above.

4.5.2 Communication-Avoiding Lanczos Bidiagonalization

There are at least three ways to derive communication-avoiding variants of Algorithms 13
and 14, each with associated pros and cons. The correct method to choose will depend on
the structure and conditioning of the matrix, the requirements of the particular application,
and machine-specific parameters such as cache size and relative latency /bandwidth cost. We
describe the three potential communication-avoiding variants in subsections below.

4.5.2.1 Equivalent Form of CA-Lanczos

As discussed in Section 4.5, ¢ steps of either bidiagonalization procedure in Algorithm 13
or 14 will produce the same information as 2i steps of symmetric Lanczos applied to the
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Algorithm 14 Lanczos Reduction to Lower Bidiagonal Form
Input: m-by-n matrix A and length-n starting vector b
Output: Matrices V;, U; 41 and vector v;,; satisfying (4.71) and matrix B; satisfying (4.72)
1: By = ||bll2, w1 = b/Br, 11 = ATuy, g = ||O1|2, v1 = U1/
2: for i = 1,2, ... until convergence do
Uiy = Av; — oyu;

3
4 Biv1 = [tiga]f2

5 Uir1 = U1/ By

6: U1 = ATuip1 — Bigav;
7 Qit1 = [|Uig1]|2

8 Vit1 = Uigp1/ Qi1

9: end for

appropriately defined cyclic matrix A and appropriately chosen starting vector z;. Therefore
one can simply use an existing version of CA-Lanczos (available in, e.g., [102, 16, 28]) run on
input A and z;, and recover the bidiagonalization matrices, either P;, V;, and R; for upper
bidiagonalization, or U1, V;, and B; for lower bidiagonalization, from Z and T.

This method is simple and allows us to use an existing communication-avoiding method.
The drawback is that the system is now twice the size, and extra work and storage will be
required unless the Lanczos method is modified to optimize for the block non-zero structure
of the matrix/vectors. We would also need a communication-avoiding matrix powers kernel
(see Section 3.2) capable of alternating factors of A and A”.

4.5.2.2 Forming Krylov Bases

By introducing auxiliary quantities, another variant can be derived that works by building
s-step Krylov bases with AAT and AT A. The benefit here is that other polynomial bases
can be used in order to improve numerical properties (e.g., Newton or Chebyshev). The
drawbacks are that this requires computing bases with powers of AAT and AT A, which
squares the condition number of A. Also, in order to satisfy the recurrences, we need 4s + 1
basis vectors in each iteration, which doubles the number of SpMVs per s iterations versus
the classical method (this is assuming we form and store AT A and AAT offline; otherwise the
number of SpMVs required is 8s 4+ 2 and we again need a communication-avoiding matrix
powers kernel which alternates factors of A and AT). We note that this is equivalent (in
exact arithmetic) to the method described in the previous subsection, but takes nonzero
blocks into account and uses auxiliary quantities.

We derive this method below for both upper and lower bidiagonalization procedures. As
before, in the communication-avoiding algorithms, we will switch from indexing iterations
by ¢ to indexing iterations by sk + j, where s is the iteration blocking parameter, k is the
outer iteration index, and j in the inner iteration index.
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Reduction to Upper Bidiagonal Form Assume we are beginning iteration sk + 1 of
Algorithm 13, where k € N and 0 < s € N so that vy, 1 and pg.1 have just been computed.
Recall that

Psk+j € ,Cerl(AATa pskJrl) + ICs (AATa Avsk+l) and
Vsk+j € ’Cs (ATA7 /Usk—i—l) + ICS (ATAa ATpsk:—i-l)a

forje{l,...,s+1}.

We define basis matrices whose columns span these subspaces as follows. Let V}, be a basis
for Ko(AT A, vges1), Vi a basis for K (AAT, Avgy1), Pr a basis for Kypi(AAT, pgi1) and Py
a basis for K (ATA, ATpg,1). These could be computed by the PA1 or SA1 algorithms
described in Section 3.2. Assuming these polynomial bases are generated using a three-term
recurrence, we can write the recurrence relations

T = -~ _B,E;P) 0
(AA )[Bkakk] = [Pky Vk:] ) and
| 0 B
~ - _B(V) 0 i
(ATA) [Zkazk] = [Vkapk] , P | >
0 By

where P, Ek, V., and ék are the same as Py, Vi, Vi, and Py, resp., but with the last column
set to 0, and the By matrices are tridiagonal matrices of the form (4.2) with ¢ = s for B,ip)
and i = s — 1 for B,iv), B,(CV), and B,(:)). Note that the entries ¢;, 4;, and Bj of the By’s can
be set differently depending on whether we are constructing polynomials in AA” or AT A.
Also note that these recurrence coefficients could be refined with each new outer loop, as we
discuss further in Section 6.6. See Section 3.2.5 for guidelines on setting these entries such

that the basis condition number is improved. 3 . )
To simplify notation, we will define Vi = [Pr, Vi|, Y, = [Pr. Vi), 2 = Vb, Pi], 21 =

[Zkaék]? and
B _ [Bz(cv) 0 ] |

P
g _ (B0
k 0o BP

0o BY

This lets us rewrite the recurrences as

(AATYY, = VBY) and (ATA)Z, = 2,8

The recurrences do not give us a way to represent multiplication by A and AT in these new
bases, which are necessary to perform updates to the coordinate vectors vy ;,, and pj ;..
The recurrences do however give ways to multiply by AAT and ATA, and we introduce



auxiliary quantities to make use of this. Let

~ _ T T
Pskrj1 = A Dokrjr1 = A" (AVsigjr1 — Osktjt1Dsktj)/ Psktitt

= (A" A)vgerjr1 — Oskrjr1Dsiri) / Pshri1,  and
VUshtj+1 = Avsk+j+1 = A(ATpsk+j - Psk+jvsk+j)/95k+j+1
= ((AA")Dstsj — PottjOsiti) /Oshrisr-
Then vector updates can then be written
Uskyjr1 = ﬁsk-s-j — Psk+;Usk+j,
Uskyjr1 = ((AAT)psk+j - Psk+j7~fsk+j)/esk+j+la and
Dsktjr1 = Vskjr1 — Oskrjr1Dsksj
for j € {1,...,s}, and
Pokrjrr = (AT A)vgrjir — Osirjr1Psirs)/ Psitjsn
for j € {1,...,5 — 1} (Psk+s+1 is not needed). As before, vspijr1 = Usitjt1/skrjr1 and

DPsk+j+1 = psk+j+1/psk+j+1- Note that @sk+j+1 € yk for j € {1, ce ,S} and ﬁsk+j+l € Zk for
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j€{l,...,s—1}, so no additional basis vectors are required to represent updates to these
auxiliary quantities. The classical version of this modified upper bidiagonalization algorithm

is given in Alg. 15.

Algorithm 15 Lanczos Upper Bidiagonalization with Auxiliary Quantities

Input: m-by-n matrix A and length-n starting vector b

Output: Matrices V;, P; and vector v, satisfying (4.69) and matrix R; satisfying (4.70)

1: 0y = ||ATb||2, vy = ATb/01, Py = Avy, p1 = ||P1ll2, p1 = P1/p1
2: 0y = Avy, pr = Al'py

3: for i = 1,2,... until convergence do
4: Vig1 = Di — Pivi

5. Oipr = [|Viga]f2

6: Vig1 = Vig1/0i

T Vi1 = (AATp; — pi0;) [0ia

8: Pir1 = Vg1 — Uiyap

9 piy1 = [[Dita]2

10: Pit1 = Pit1/Pit1
11: Piv1 = (AT Avi — 045:) / pisa
12: end for
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We can then represent Ui ji1, Usktjt1, Psktjt+1, and Dspyjp1 by their coordinates v}c’jﬂ,
Uk ji1s Prjrrs and Py, vesp., in Yy and 2, ie.,
VUshrjr1 = ZrV i1
ﬁsk—&-j—i—l = yk6;<;7j+1; and
Psktjt1 = ykp;,jﬂ, for j€{1,...,s}, and
Pkt = Zibryqn for je{l,... s —1} (4.73)
Note that using (4.73), in each new outer loop we initialize the coordinate vectors to pj, ; = ey,
Vg1 = €1, Py = €st1, and U | = €449, and update them in each iteration by the formulas
T};f,j—i-l = ﬁc,j - Psk+jvilg,j7
Ullq,jJrl = ,U;C,j+1/68k‘+j+1’
1712,j+1 = (Bl(cy)p;f,j - p5k+j6;€,j)/98k+j+l>
ﬁc,jﬂ = ﬁ;s,jﬂ - 93k+j+1p;c,ja and

/ o
Prjr1 = pk,j+1/psk+j+1a

for j € {1,...,s}, and

~/ _ (2) ~/
Prjr1 = (Bk Uk j+1 — esk+j+1pk,j)/psk+j+l7

forje{l,...,s—1}.
Now, it remains to determine how to compute the inner products Oy 1 and pgpjt1-
We can write

(AT _ 1/2
Oskrjrr = (Vg1 Uskrjet)

= ((Zk@;s,j-i-l)T(Zk@;c,j-&-l))lﬂ
= (17;3,;'+1Zgzk17;c,j+1)1/2 (4-74)
and

Psk+j+1 = (ﬁsTk+j+1ﬁsk+j+1)l/2
= ((ykp;c,jJrl)T(ykp;g,jJrl))lm
= (1 Ve jn)'% (4.75)
Defining the Gram matrices
GY =YIY,  and GO =2lz,

which can be computed with one Allreduce operation (see Section 3.1), we can compute (4.74)
and (4.75) by the formulas

_ V)=
and  pspije1 = (p;eT,jHGl(c )p;erl)

The resulting communication-avoiding version of Algorithm 15 is shown in Algorithm 16.

Z) 1 )1/2

_ (5T ( 1/2
Oskrjrr = (Urjs1Gr Uy
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Algorithm 16 Communication-Avoiding Lanczos Upper Bidiagonalization with Auxiliary
Quantities
Input: m-by-n matrix A and length-n starting vector b
Output: Matrices Vs, Pskts and vector vgysy1 satisfying (4.69) and matrix R s satis-
fying (4.70)
01 = ||ATb]|2, vi = ATb/01, pr = Avi, p1 = ||p1ll2, p1 = P1/p1
01 = Avy, pr = ATpy
for £ =0,1,... until convergence do

Compute Vy, a basis for Ky (ATA, vgi1), Vi, a basis for K (AAT, Avgei1), P, a
basis for IC~5+1(AAT,pSk+1), and Py, a basis for K (ATA, ATpgy1). Let Vi = [Pr, Vil

y Z
s G =YV &P =21z
6: U],CJ = eq, p;ml = €y, 77];71 = €542, ﬁ;g7]_ = €s+1-
7: for j=1,...,sdo
—/ o~ /
8: Ukj+1 = Pk,j = Psk+jVk,;
1/2
T (2) -
9: Osiqjr1 = <v;~c,j+1Gk’ ”;c,j+1)
10: Vg jr1 = 7_];67j+1/95k+j+1
- _ (g ]
11: Uy jor = (B P = PV )/ Oskrjnn
— ~/ /
12: Prjr1 = Vkj+1 — 98k+j+1pk,j
1/2
_ (=T V) =
13: Psk+j+1 = (p;c,jﬂGk p;c,j+1)
14: p;g,j.u = ﬁk,j+1/psk+j+1
15: if j < s then
- _(R® D
6 D= B fassnih) o
17: end if
18: end for

19: Recover {vsgtjt1, Psktj+1} for j € {1,...,s} according to (4.73)
20: end for

Reduction to Lower Bidiagonal Form Now assume we are beginning iteration sk+1 of
Algorithm 14, where k£ € N and 0 < s € N, so that ug,,1 and v, have just been computed.
Recall that

Ushtj € K(AAT, Avgeyr) + Ko(AAT ugy) and
Usk+5 € ’Cs+1(ATA, Usk:+1) + KS(ATA, ATusk—‘rl)a

for je{1,...,s+1}.

We then define basis matrices whose columns span the desired subspaces as follows.
Let Uy be a basis for K,(AAT  ug1), Vi a basis for K (AAT, Avgyq), Vi a basis for
Kos1(ATA, vgiq) and U, a basis for K (AT A, ATug,1). As for the upper bidiagonaliza-
tion case, these could be computed by the PA1 or SA1 algorithms described in Section 3.2.
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Assuming these polynomial bases are generated using a three-term recurrence, we can write
the recurrence relations

PN - [BY 0]

| 0 B,

~ - -B(V) O 1

AT AW = et B 0L
0 B

where U, Ek, V., and Qk are the same as U}, f}k, Vs, and Z;{k, resp., but with the last column
set to 0, and the By matrices are tridiagonal matrices of the form given in (4.2) with i = s
for BI(CV) and i = s — 1 for B,gu), B,(CV), and B,iu). As before the entries &;, 95, and Bj can be
different depending on whether we are constructing polynomials in AAT or AT A and could

be refined with each new outer loop. . ) .
To simplify notation, we will define Yy = [U, Vi], YV, = U, Vi), 2k = Vi, Uz], 2, =

[Zkagk]a and
BY) — B0 (2) _ BY 0
g o BY|’ g 0o BY

This lets us rewrite the recurrences as

(AAT)Zk = ka,(cy) and
(ATA)Z, = ZB7

Note that these are the same recurrences used in the communication-avoiding upper bidiag-
onalization method of the previous subsection, but with different definitions of Vi, Z, Vi,
and Z;. Again, we introduce auxiliary quantities. Let

Gy jir = AT Ugyjir = AT (AVgyj — Qshop jUskrs)/ Bsj
= ((A"A) Vs — Qs jlishss) [ Bskajrr, and
Vgt ji1 = Avgijrr = A(A Ustijr1 — Bstrje1Vshas)/ Qshrit1

= ((AAT ) ugpr i1 — Bokrjr10skts ) / Qs j-

Then the vector updates become

Ughotjp1 = (Vshgj — Qoo jUshrs )
Ushrjrr = (AT A)vgers — Oty jlisirj) /Bskrjr1, and

2_Jsk:—l-j—‘,-l - (ask+j - Bsk-l-j—i-lvsk—l-j)?

for j € {1,...,s}, and

6sk+j+1 = ((AAT)usk-‘rj-l-l - ﬁsk-&—j—l—lﬁsk-l-j)/ask—i-j—&—l?
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Algorithm 17 Lanczos Lower Bidiagonalization with Auxiliary Quantities

Input: m-by-n matrix A and length-n starting vector b
Output: Matrices V;, U; ;1 and vector v; 41 satisfying (4.71) and matrix B; satisfying (4.72)

1: By = ||bll2, w1 = b/Br, 11 = ATuy, g = ||O1|2, v1 = U1/

2: U = ATul, U1 = Auy

3: for + = 1,2,... until convergence do

4. ai+1 = T)z — Q,;U;

5: Biv1 = ||Wit1]2

6: Uip1 = Uig1/Biv1

T Ui = (AT Av; — o4;) / Bia

8: Vi1 = Uiy1 — Biy1v;

9: Qit1 = [|0iz1]|2

10: Vit1 = Vip1/ Qi1

11: U1 = (AA w1 — Bi10i) i

12: end for
for j € {1,...,5s —1}. As before, tgptji1 = Uskrjr1/Bskrjr1 ad Vgpyjr1r = Ushgjr1/ Qshpjst-
The classical version of this modified lower bidiagonalization algorithm is given in Algo-
rithm 17.

Note that in Algorithm 17, Gg4j11 € 2 for 5 € {0,...,s}, and Ogpyj41 € Yy for

j €{0,...,s —1}. Then we can represent Ug+;+1, Usk+jt1, Uskt+j+1, and Tgpyjr1 by their
: / ~/ / ~/ : :
coordinates wy ;. y, Uy i1, Vg ;1. and U 5.4, Tesp., in Vg and 2, ie.,

Usk+j+1 = yku;c,jJrlv

ﬂsk+j+1 = Zkﬂ;w»_’_l, and

Uskij1 = ZkUy 41 for j€{1,...,s}, and

Vshtrjr1 = ykﬁ;€7j+1 for je{l,...,s—1}. (4.76)

Note that using (4.76), in each new outer loop we initialize the coordinate vectors to uj, ; = ey,
V1 = €1, Uy = €419, and T ; = €4y, and update them in each iteration by the formulas

! o~ !
Ug,j41 = Ukj — QskjUp 55

/ —/
Uk j+1 Uk,j+1/5sk+j+1>

~ Z ~
U;c,j+1 - <Bx(c )U;c,j - O‘skﬂu;c,j)/ﬁskﬂﬂa

—/ ~/ /
U jt1 = Ugjy1 — Beoktjr1Vy,, and

/ —/
Up a1 = U g1/ Xshtjitt,

for j € {1,...,s}, and

o Yy -



67

for je{1,...,s—1}.
Now, it only remains to determine how to compute the inner products Bsi4;+1 and
Ositj+1- We can write

Bokrjr1 = (ﬂsTk+j+1ﬂsk+j+1)1/2
= ((ykﬂ;c,j+1)T(yka;;,jﬂ))lﬂ

= (ﬂ;cT,j+1yl?yka;g,j+1)l/2 (4-77)

and

Qsktj+1 = (@5g+j+1@sk+j+1)l/2
= ((Zk@;c,jﬂ)T(Zk@;c,jﬂ))l/?

= (UL 1 2L 20 00) . (4.78)
Defining the Gram matrices
GY=yIy,  and G =2zlz,

which can be computed with one Allreduce operation (see Section 3.1), equations (4.77)
and (4.78) become

_ (=IT ) =1 1/2 _ (=T (Z) 1/2
3sk+j+1—(uk,j+1Gk “k,j+1) and ask’-i—j-i-l_(vk,j—i-le Uk:,j-i—l) .

The resulting communication-avoiding version of Algorithm 17 is shown in Algorithm 18.

4.5.2.3 Alternating Matrix Powers

Another communication-avoiding variant can be derived which builds two coupled Krylov
bases, where basis vectors are computed by alternating between multiplication by A and by
AT, We still need to obtain 4s + 1 basis vectors in order to take s steps of the algorithm,
but in this case we do not need to construct or multiply by A7 A and AA”T. We do, however,
need a communication-avoiding matrix powers kernel capable of alternating factors of A and
AT, Tt is less clear how to choose polynomial basis parameters (entries of By) for computing
matrix powers in this case. Numerical and performance comparisons between these versions
and the communication-avoiding versions discussed in Section 4.5.2.2 remains future work.
Note, as before, in both algorithms derived below we show recovery of all iteration vectors
after each inner loop, although only the last vectors are needed to begin the next outer loop.

Reduction to Upper Bidiagonal Form We use coupled recurrences to generate bases
for vgrtj+1 and psgyjr1. Recall that for j € {1,..., s+ 1},

psk+j S /Cs+1(AAT,psk+1) + ICS(AAT, AvskH) and
Usk+j5 S ’CS(ATA7 Usk—l—l) + ICS(ATAJ ATpsk—l—l)-
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Algorithm 18 Communication-Avoiding Lanczos Lower Bidiagonalization with Auxiliary

Quantities

Input: m-by-n matrix A and length-n starting vector b

Output: Matrices Vg, Ugkisi1 and vector vggsq1 satisfying (4.71) and matrix By, s sat-
isfying (4.72)

1: By = ||bll2, w1 = b/Br, 11 = ATuy, aq = ||o1|2, v1 = 01/

2: ’L~L1 = ATul, 1~)1 = A’Ul

3: for k =0,1,... until convergence do

4: Compute Uy, a basis for ICS(AAT,uSkH), Vi, a basis for K (AAT, Avgiq), Vi, a

basis for Kep1(ATA, vgry1), and Uy, a basis for K (AT A, ATugy1). Let Vi = [Ur, Vi],

y T z T

5 GY=yry, GP =zlz,
6: Uy = €1, Vg = €1, Uy = €519, Uy g = €oy1.
7 for j=1,...,sdo

—/ o~ /
8: Uk jr1 = Ug,j — skt U j

1/2
) _ (=T ) =1
9 Bskritr = (uk,j-i-le: Uk,j+1)
/ - |

10: Up, g1 = Uy i1/ Bokrjet

~ _ (2, ~y
L Uy, 1 = By 0 — Qs )/ Bk jn

— o~y /
12: Uk je1 = Uk j1 — Dokt

1/2
) _ (5T (2) =1

13: Qsktj+1 = (“k,j+1Gk Uk:,jﬂ)

/ =
14: Ukj+1 = Uk,j+1/ask+j+1
15: if j < s then

~/ _ ), ~/

16: Uk,j+1 = (Bk Ukjy1 — ﬁsk+j+1ﬂk,j)/@sk+j+1
17: end if
18: end for
19: Recover {usgtji1, Usprjr1} for j € {1,..., s} according to (4.76)
20: end for

Then assume that we have dimension n x (2s + 1) matrix Z; whose first 2s columns are
a basis for K (AT A, vgy1) + Ko(ATA, ATpg.y 1) and whose last column is 0 and dimension
m X (2s+ 1) matrix )}, whose columns form a basis for K, 1 (AAT, poi1) + Ks(AAT Avgiy).
Then there exist vectors vy ; and pj, ; such that

/ /
Uskrj = Zi;;  and  pepij = Vebl

for je{l,...,s+1}.
Assume that Z, and ) satisfy the recurrences

AZk = kak and ATzk = ZkBk,
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where Zk is the same as ), but with the last two columns set to 0, and the matrices B and

By, are dimension (2s + 1) x (2s + 1) and are of the forms

a1 B 0] “oo -
NGy : e .
Bim | 5 o 0| and Bom| B Bas 000 )
dos 0 o G 000
,3/2 0 V2s—1 00
. s O 0 0 o0 0 0

Given z; = vy 1 and y; = pgpi1, by the above recurrences the columns of Z; and ), are
generated by computing

Y2 = (Az1 — aayn) /hn,
2 = (ATy, — é&121) /%, and
Yer1 = (Azg — Ggye — Bro1yer) /A0 for L€ {2,... 25},
2o = (ATy — Guze — Bor2e-1) /3 for €€ {2,...,25 — 1},

where z, and v, denote the (th columns of Zj and Y, respectively. Note that above, the
coefficients &y, B¢, and 4, could be different for computation of y,,1 and 2.
We can then write

— —/ T
Uskrjr1 = ZpUjy1 = A Dsktj = PskrjUshotj
T / /
=A zkpk,j = Psk+j 2k j
- ,
= ZpBrpy j — Psktj 2kl ;

and

_ o _/ _
Psktjr = Vil i1 = AVskrjir = OskrjiaDsk
/ /
= AZkvk7j+1 - 93k+j+1ykpk,j

= kakU;/wH - Hsk+j+1ykp;g,j-
Therefore in the inner loop we can update

—/ > /

U js1 = BPrj = PskriV and
—/ - / ) /
DPij+1 = Bkvk,j—i—l - 98k+]+1pk,j7

and recover the iteration vectors by

/ /
Uskhtjtt = ZkVjy1 a0d Poprjtr = Vil i (4.80)
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for j € {1,...,s}.
The scalars required for normalization can be computed by

- T T —/ 1/2 7T (2) 1/2
Oskrjrr = [Vskjprll2 = (Uk,j+1(zk Zk)vk,j—l—l) = ,y—l—lG ky—l—l and
_ 1/2 _ Yy 1/2
Psk+j+1 = ||psk+j+1||2 (pk,j+1(yk yk)pk,y—i-l) = < /T,’;+1G§<; pk,]—i—l) )
with G,(CZ) = ZI'Z; and G}gy) = VI'Y). We can then update

/ _
U1 = Vg jar/Oskejrr  and

/ =
Prj+1 = pk,j+1/ﬁsk+y‘+1-

The resulting communication-avoiding upper bidiagonalization algorithm is shown in
Algorithm 19.

Algorithm 19 Communication-Avoiding Upper Bidiagonalization with Alternating Matrix

Powers
Input: m-by-n matrix A and length-n starting vector b

Output: Matrices Vi, Pats and vector vgysy1 satisfying (4.69) and matrix R s satis-
fying (4.70)
1: 0 = ||ATb||, v1 = ATb/01, p1 = Avy, p1 = ||p1ll2s p1 = D1/p1
2: for k =0,1,... until convergence do
3: Compute Z; and ), such that AZ, = V.B;, and Ale = Zklg’k.

Z T Yy T
4: G,(c):Zka;G/(ﬁ):yk
5: U;M = e, p;al =€
6: for j=1,...,sdo
T Upj1 = BiPlj = PsktiUs,
1/2
1T (2)
8: Oskrje1 = (Ul/f,jJrle: Ullf,jJrl)
ng+1 175”+1/9sk+j+1
/
10: pj+1 = BkU]_H 93k+j+1pj
Y G(y) —y 1/2
11: Psk+j+1 = pk,j+1 k Prj+1
12: pﬁwﬂ = ﬁ;;,j+1/psk+J+1
13: end for

14: Recover {vggtjt1, Psktj+1} for j € {1,...,s} according to (4.80)
15: end for

Reduction to Lower Bidiagonal Form Now we derive a version of lower bidiagonal-
ization using coupled recurrences to generate bases for gy 1 and vgzqj11. Recall that for
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je{l,...,s+ 1},

Usktj € ICo(AAT Avgeyy) + Ko(AAT  ugyy) and

Usk+j € ]C8+1<ATA7 Usk:+1> + ICS(ATA7 ATuskJrl)-
Then assume that we have dimension m x (2s+1) matrix )y whose first 2s columns are a basis
for ICs(AAT, Avggy1) +Ko(AAT ugey 1) and whose last column is 0 and dimension n x (2s+1)
matrix Z; whose columns form a basis for Ky (AT A, vep 1)+ (AT A ATug, ). Then there
exist vectors uj, ; and v ; such that

Uskry = Vit and Vgey; = 230} 5,
for je{1,...,s+1}.
Assume that ), and Z satisfy the recurrences

Aék = kak and ATyk = Zkgka

where Z . 18 the same as Zj, but with the last two columns set to 0, and the matrices B

and By, are dimension (2s + 1) x (2s + 1) and are of the forms

6 B 0 b f 00
NnoGg : R _ .
By = Yy . fPasy 0 and Br= Yoo Pre 000 (4.81)
Gos 0 o G20 000
,?25 0 Y2s—1 0 0
- : 0 0 0 0 0

Given ug,11 and vg.y1, by the recurrence, the columns of ), and Z; are generated by
computing

Yo = (Azy — uyn) /M,
Z9 = (ATyl — @121)/’3/1, and
Yer1 = (Azg — Qoo — Broaye—1) /A for L€ {2,..., 25 — 1},

Zo41 = (ATyg — OAégZ[ — Bg_lzg_l)/’% for ¢ € {2, o ,28},

where 2, and v, denote the £th columns of Z and ), respectively. Note that above, as in the
upper bidiagonalization case, the coefficients &y, Gy, and 4, can be different for computation
of Yp1 and zpy1.

Then

— .y
Uskyjr1 = Vil i1 = AVskj — QsktjUsk;
/ !
= AZ, vy — Qskr Vit

= ViBrvy j — skt Dy,



and

— —/ T

Uskrjrl = Zk0; jy1 = A Uskrjr1 — Bsktjr1Vskrs
__ AT ! !
= A" Vit j 1 — Bokrjr1 20y 5

= Zkgk%,jﬂ - ﬁsk+j+lzkv;€7j-
Therefore in the inner loop we can update
—/ / /
Uy ji1 = Brvg j — Qs jUy, and
@;c,jJrl = Bku;ﬂ,]ﬂrl - 58k+j+1vllc,j7
and recover the iteration vectors by
Ughyjir = Vil 1 and Vgppjin = Zp0% 540,

for j e {1,...,s}.
The scalars required for normalization can be computed by

1/2 _ V) -
Bskrjr1 = |[Uskj1lle = (uk,JJrl(yk yk)uk]Jrl) = (UZT,J'HGIE )u;c,j+1
B 1/2 - z) 1/2
st ji1 = [Usajill2 = (Uk ]+1(ZTZk)Uk ]+1) - ( l/chJrlG( ,J+1) ’

where G,(Cy) = Y'Y, and G;Z) = ZI'Z;. We then update

/ =
Uk i1 = Up g1/ Pskejrr and

/ _ = )
U1 = Uit/ s js1-

1/2
> and
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(4.82)

The resulting communication-avoiding lower bidiagonalization algorithm is shown in Al-

gorithm 20.

4.6 Least-Squares QR

Paige and Saunders [144] showed that the quantities generated by the lower bidiagonalization
procedure in Algorithm 14 can be used to solve the least-squares problem min ||b— Az||o. We
briefly review the rationale behind the least squares QR (LSQR) algorithm given by Paige

and Saunders. For some vector y;, define the quantities
z; = Viyi,
,=b— Ax;, and

tiy1 = = [re; — B;y;.
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Algorithm 20 Communication-Avoiding Lower Bidiagonalization with Alternating Matrix

Powers
Input: m-by-n matrix A and length-n starting vector b

Output: Matrices Vs, Ugkisi1 and vector vggy sy satisfying (4.71) and matrix By, s sat-
isfying (4.72)

1 By = [|bll2, wx = /By, 01 = ATuy, ay = |01z, v1 = 1 /evs
2: for k =0,1,... until convergence do
3: Compute Z; and ), such that Aék = VB and ATY, = Z.B;.
z y
1 GP) =2z, GV =Yl
5: Vpy = €1, Uy = €
6: for )=1,...,sdo
£ U ji1 = B — Qekrjuiy,
1/2
_ (5T V)=
8: Bsk+j1 = (u;c,jJrle u;c,j+1>
Uk jp1 = ff;c,jﬂ/ﬁskﬂﬂ
10: Up 1 = Brg jp1 — Bsktja10k
=T G(Z) = 1/2
11 Asktj+1 = \ Vg j+19%  Vkjt1
12: Uk i1 = Uk i1/ Qsktjet
13: end for
14: Recover {usktj41, Vsktj+1} for j € {1,..., s} according to (4.82)
15: end for

Since for the lower bidiagonalization procedure we have U, 1(51e1) = b and AV, = U; 1 B;,
it follows that r; = U; 11,11, and since U;;; is orthonormal, this suggests choosing y; such
that ||t;11||2 is minimized, which gives the least-squares problem min ||51e; — B;y;|2.

This problem is solved by updating the QR factorization of B; in each iteration, given by

R fi }
Giv1]’
where R; is the upper bidiagonal matrix produced by Algorithm 13. (Coincidentally, this

factorization provides a link between the two bidiagonalization procedures; see [144]). Above,
Q; is the product of a series of plane rotations, i.e., Q; = Q41 Q23G1,2. We then have

Qi[Bi  Pre] = {

z; = ViR ' fi = D;f;,

where the columns of D; can be found successively by forward substitution on the system
RI'D] = VI'. This gives

di = (1/pl)<1)1 — eidi—1> and
T, =T+ ¢id;,
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where dy = z¢y = 0.

The QR factorization is determined by constructing the ith plane rotation @1 to
operate on rows i and i+ 1 of the transformed [B; /€] and eliminate ;1. This recurrence
relation can be written

¢ S Pi 0 & _|pi i 9

si —¢i| [Bix1 iz 0 0 piy1 Giq1]’
where p; = ay, &1 = P1, and ¢; and s; are the elements of Qii+1- Note that s without a
subscript still denotes the iteration blocking factor. In the algorithm, vectors w; = p;d; are
computed instead of d;. As in the previous section, quantities with bars denote intermediate

variables.
Thus, the LSQR algorithm proceeds as follows. One begins by setting

o1 =0, pr=o1, w=v, and xz;=0,1,

and proceeds with the Lanczos lower bidiagonalization process (Algorithm 14). In each
iteration, after 3,11, a; 11, and v;1; have been computed via the bidiagonalization process,
one updates

pi = (p7 + B2,

c¢i = pi/ pi
S; = 5#1//%
9z+1 = S;Q41,
Piv1 = —CiQiy1,
i = ¢,
Git1 = Sidi,
o8
Tiy1 = x; + —w;, and
i
Oisa
Wiy1 = Vi41 — w .-

)

The resulting algorithm is shown in Algorithm 21. Any of the communication-avoiding
variants of the lower bidiagonalization algorithm given in Section 4.5.2 can be adapted to give
a communication-avoiding version of LSQR. In Algorithm 23 we show a CA-LSQR method
based on the implementation in Algorithm 18. For reference, we give the intermediate step
in obtaining this new method, a classical LSQR algorithm which uses auxiliary quantities,
in Algorithm 22. In Algorithm 24, we give a CA-LSQR method using the alternating matrix
powers approach of the bidiagonalization in Algorithm 20. Note that the LSQR method,
and thus our CA-LSQR methods, do not involve a vector representing the residual. The
norm of the residual, however, is available for free: ||r;]| = ¢iy1 = Bi8iSi_1- - - 51.
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Algorithm 21 Least-Squares QR (LSQR)
Input: m-by-n matrix A and length-n starting vector b
Output: Approximate solution x;,; to min ||b — Azx||s

1: By = ||bll2, w1 = b/Br, 11 = ATuy, aq = ||o1|2, v1 = 01/
2: Uy = ATul, V] = A?Jl
32 ¢ =1, pr = a1, wy = v, T1 = Oy
4: for i = 1,2, ... until convergence do
5: Ui = Av; — oy,
o \1/2
6: Biv1 = (Gl Uis1)
7 Uip1 = Uiy1/Bit1
8: @i—&-l = ATUZ'_H — /6i+1vi
9: Qg1 = (@TJF117¢+1)1/2
10: Vi1 = Vip1/ Qg1
1 p= (57 + B
12: ci = pi/ pi, i = Biv1/pi
13: Oit1 = siiy1,  Pit1 = —CiQiy
14: oi = ¢, Giy1 = Si¢i
15: Tiy1 = x; + (¢5/pi) wi
16: Wit1 = Vig1 — (Oiy1/pi) W
17: end for

4.7 Conclusions and Future Work

In this Chapter, we derived a number of new CA-KSMs, including a general nonsymmet-
ric Lanczos method, based on the ‘BIOC’ variant of nonsymmetric Lanczos of Gutknecht
(see [94]), nonsymmetric Lanczos-based CA-KSMs for solving linear systems including CA-
BICG, CA-CGS, and CA-BICGSTAB, and a number of new communication avoiding vari-
ants of the upper and lower Lanczos bidiagonalization procedures, which form the basis for
the CA-LSQR method. The communication-avoiding versions enable ©(s)-fold savings in
serial and parallel latency and serial bandwidth.

The CA-KSMs that we derived in this Chapter are based on coupled two-term recur-
rences. For these methods, communication can be further reduced by using a variant of the
communication-avoiding matrix powers kernel (Section 3.2) that does k sparse matrix-matrix
multiplications (SpMMs) instead of k¥ SpMVs in order to simultaneously compute more than
one Krylov subspace as required in each outer loop. Such an optimized kernel could also be
used to create CA-Block KSM versions of our methods, to allow for solving multiple systems
simultaneously.

There are a number of Krylov methods for non-Hermitian systems for which a commun-
ication-avoiding variant does not yet exist. The BICGSTAB(L) method [160] is a promising
direction for future work, especially once combined with the communication-avoiding tall-
skinny QR kernel, as described in [102]. Also of interest are the ‘Multiple Lanczos’ (ML)
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Algorithm 22 LSQR with Auxiliary Quantities
Input: m-by-n matrix A and length-n starting vector b
Output: Approximate solution x;;; to min ||b — Az||,

1: By = ||bll2, w1 = b/Br, 11 = ATuy, g = ||O1|2, v1 = U1/
2: 1y = ATuy, 91 = Avy
3391 =01, pr=oa1, wy=v, ;=0
4: for 1 =1,2,... until convergence do
5: Uip1 = U — Oy,
6: Bit1 = (ﬂaﬂiﬂ)lﬂ
T Uip1 = Uit1/Biv1
8: Ujr1 = (ATAUi — 05;) / Pia
9: Vip1 = Uit1 — Bit10i
o N\1/2
10: Qi1 = (U,L-+11)i+1)
11: Vig1 = Vig1/ Qg1
12: Ui = (AAT w1 — Bi10:) /i
13 p= (P + 87
14: ci = pi/ pi, $; = Biy1/pi
15: Oit1 = Siiy1,  Pit1 = —CiQiy1
16: Oi = ci®i, Git1 = 8iP;
17: Tiy1 = x; + (¢5/pi) wi
18: Wit1 = Vip1 — (Oig1/pi) ws
19: end for

variants of BICG and BICGSTAB, which use multiple left shadow residuals [201], induced di-
mension reduction (IDR) methods and IDR(s) variants [167, 187], and quasi-minimal residual
(QMR) methods [71, 72]. Of course, it is also of interest to develop efficient preconditioners
for these methods; we discuss progress and ongoing efforts in Section 6.8.

While we have focused on algorithms rather than implementation details in this Chapter,
many non-trivial implementation decisions are required for the kernels used in CA-KSMs.
The savings in practice depend on the size and nonzero structure of the linear system A,
the machine parameters for each level of the memory/network hierarchy, and the value of s.
Optimizations required for performance are thus both are machine and matrix dependent,
which makes auto-tuning and code generation an attractive approach. There are many
ongoing efforts with this goal; see, e.g., [26, 114]. By analytical and empirical study of
the convergence and performance properties of CA-KSMs, we can identify problems and
machines for which CA-KSMs are competitive in solving practical problems, allowing the
design of effective auto-tuners and integration of CA-KSM codes into existing frameworks.

The numerical experiments for CA-BICG and CA-BICGSTAB presented in this chapter
demonstrate how the convergence rate and attainable accuracy of CA-KSMs can differ from
their classical counterparts. It is further evident that the extent to which they differ depends
heavily on the choice of polynomials used in constructing the s-step bases and the blocking
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Algorithm 23 Communication-Avoiding LSQR (CA-LSQR)

Input: m-by-n matrix A and length-n starting vector b
Output: Approximate solution xs 411 to min ||b — Azl|,

10:

11:
12:

13:
14:

15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

B = ||bll2, ur = b/B1, 11 = Ay, ap = 101]|2, v1 = U1/
@1 = ATUb 0 = Av
o1 =P, pr =01, wy =v1, 21 = 0p 1
for £ =0,1,... until convergence do )
Compute Uy, a basis for K,(AA", ugi1), Uy, a basis for K (ATA, ATugy1), Vi, a
basis for l§8+1(ATA, Vepy1), and Vi, a basis for K,(AAT, Avgy1). Let Ve = [Up, Vil
z
GY =yIv, GO =2zlz
u;gl = €1, U;gl = €1, 11271 = €542, f};g,l = €541-
wk 1 = 01,2541, 1]T7 1’%,1 = 025121
fOI‘j =1,...,sdo

—/ R I
Up jr1 = Uiy — OsktjUyp j

1/2
3 R 74 G(y)ﬂ, /
sk+j+1 — kj+1YE Yk j+1
/ =/
Uk g1 = Uiy /Bekrjrn
~ (2), ~
Uk,;+1 (Bk Uk] C‘skﬂ“k;)/ﬂskﬂﬂ

Uk G+l T uk g+l ﬁsk+]+1vk]

1/2
_ (s (2) =
Qsktj+1 = (Uk,j+1Gk Uk,j+1>

kg1 = Ukj1/ Qskorjt
_ (37 ~
Uk j+1 = (By, U j+1 — ﬁsk+j+1vfc,j)/ask+j+1
1/2
Psk+j = (Psk+] + ﬁsk+j+1) /

Csk+j = )Osk+]/psk+]7 Ssk4j — ﬁsk—&—j—l—l/psk—s—j
Osktjr1 = SshtjOQsktj+1,  Psktjrl = —CoktjOlsktjtl
¢sk+g = Csk+j¢sk+ja Oshitj+1 = SshtjDsk+j
xk; g+l = (¢sk+] /Psk+j) w;c,j
wy, g+l T [ ]+17O] (98k+j+1/psk+j)w;c,j
end for
Recover {uskt 41, Vsktj+1} for j € {1,..., s} according to (4.76)

Lsk+s+1 = [Zlm wsk+1]$;.g7s+1 + Lsk+1

Wsk+4s+1 = [Zk7w3k+1:|w;g’5+1

[usk+27 . 7usk+s+1] = Vi [U;,g, e 7u,2;75+1]
end for
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Algorithm 24 CA-LSQR with Alternating Matrix Powers

Input: m-by-n matrix A and length-n starting vector b
Output: Approximate solution zgys11 to min||b — Axl|s

— T — —
1 = [bl]2, ur = b/B1, 11 = A%ur, g = [|01]l2, v1 = U1 /an
20 ¢ =P, pr = aq, wy = v1, 1 = Oy
3: for £k =0,1,... until convergence do
4: Compute Z; and ) such that Aék = YV.B, and ATY, = Z.B;.
z
5 G =2Tz, GY =YW
6: Um =eq, u,a1 = (;,}
7 w;ﬁ,l - [01,28+17 1] ) x;gJ - 025+2,1
8: for j=1,...,sdo
—/ _ / /
9: Uy jr1 = Brvp; — Qokajtiy
1/2
_ (5T ) =1
10: Bskrjtr = <“k3+1Gk Uk,j+1)
L1 Uk a1 = Up g1/ Bskrjr
~ 2 . /
12: U j1 = Br jr1 = BokajraVk,
1/2
_ (5T (2) =
14: Uh g1 = Uk jar/ skttt
. _ (72 2 1/2
15: Psk+j = (pskJrj + Bsk+j+1) /
16: Csk+j = psk+j/psk+ja Ssk4+j — Bsk—&-j—i—l/psk—ﬁ—j
17: Osktjr1 = SshrjQskjtls  Psktjl = —CohjQlshijri
18: ¢sk+j = Csk+]¢sk+]; ¢sk+g+1 = Ssk+j¢sk+j
. /
19: J;k = Ty (¢sk+J/Psk+y) wy, ;
20: wy [v 0]7 — (6 / ) wy
) k,j+1 — Mk,j+1» sk+j+1/ Psk+j k,j
21: end for
22: Recover {usgiji1, sprjr1} for j € {1,..., s} according to (4.82)
23: Lsk+s+1 = [Zk7 w3k+1]‘r;g75+1 + Tsk+1
24: Wsk4s4+1 = [Zkvak-Fl]w;c,s—i-l

25: end for
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parameter s. In the next chapter, we extend a number of bounds on the stability and
convergence properties of finite precision KSMs to finite precision CA-KSMs. Our theoretical
results explain the role of basis conditioning on the finite precision behavior of CA-KSMs.
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Chapter 5

Communication-Avoiding Krylov
Subspace Methods in Finite Precision

Recall from the discussion in Section 2.3 that roundoff error has two discernible effects in
KSMs - loss of accuracy and delay of convergence. Although CA-KSMs are mathematically
equivalent to their classical counterparts in exact arithmetic, their finite precision behavior
may differ significantly. It has been observed that the behavior of CA-KSMs deviates further
from that of the classical method as s increases and the severity of this deviation is heavily
influenced by the polynomials used for the s-step Krylov bases (see, e.g., [14, 35, 102, 104]).

As this can hinder usability of these methods in practice, a better understanding of the
numerical properties of CA-KSMs is necessary. In this Chapter, we extend many results
on convergence and accuracy for finite precision KSMs to finite precision CA-KSMs. We
give bounds on the accuracy and convergence of eigenvalues in the finite precision CA-
Lanczos method, a bound for the residual norm computed by the finite precision CA-(BI)CG
algorithm, and a computable bound for the maximum attainable accuracy in finite precision
CA-(BI)CG.

By sacrificing some tightness, we show that these bounds can all be written in the same
form as the corresponding bounds for the classical method multiplied by an amplification
factor that depends on the condition number of the s-step bases generated at the beginning
of each outer loop. The bounds in this form are valuable for giving insight into the behavior
of finite precision CA-KSMs. These bounds theoretically confirm the importance of basis
conditioning on CA-KSM behavior and explain why the use of Newton and Chebyshev bases
enable CA-KSMs to behave numerically very closely to the corresponding classical KSMs. In
fact, if one can maintain a modest upper bound on the condition number of the s-step bases
throughout the iteration, then one can with certainty expect close to the same convergence
rate and attainable accuracy as the classical method.

The remainder of this chapter is outlined as follows. In Section 5.1, which has been
adapted from [32], we present the first complete rounding error analysis of the CA-Lanczos
method. We provide upper bounds on the normality of and orthogonality between the com-
puted Lanczos vectors as well as a recurrence for the loss of orthogonality. We use this



81

analysis to extend the results of Paige for classical Lanczos to the CA-Lanczos method. Our
analysis here of CA-Lanczos very closely follows Paige’s rounding error analysis for classi-
cal Lanczos [140], and the theorems on accuracy and convergence of eigenvalues presented
here follow from [141]. In Section 5.1.6 we show numerical experiments for a diagonal test
problem which confirm the validity of our bounds and demonstrate the impact of the basis
condition number on our error bounds. Our results suggest potential methods for improving
convergence and accuracy through the inexpensive monitoring of quantities generated during
the iterations.

In Section 5.2, we extend the analysis of Tong and Ye [176], to the CA-(BI)CG algorithm
(see Section 4.2), which gives a bound for the residual norm computed by the finite precision
CA-(BI)CG algorithm in terms of the residual norm of exact GMRES applied to a perturbed
matrix, multiplied by an amplification factor. In the process, we construct the equivalent
matrix form of the finite precision CA-(BI)CG recurrence, obtained by translating results
from the s-step blocks to columns in the recurrence. This works also appears in the technical
report [29)].

Finally, in Section 5.3, we prove a computable bound for the maximum attainable accu-
racy (i.e., the deviation of the true and updated residual) in finite precision CA-(BI)CG, and
show that this bound can be iteratively updated without asymptotically increasing compu-
tation or communication costs. In the subsequent chapter, we use this maximum attainable
accuracy bound in a communication-avoiding residual replacement strategy for improving
agreement between residuals. This work has been adapted from [31].

5.1 Analysis of the CA-Lanczos Method

Given a symmetric matrix A € R™*" and a starting vector v; € R” with unit 2-norm, ¢ steps
of the Lanczos method [115] theoretically produce the orthonormal matrix V; = [vy,. .., v]
and the symmetric tridiagonal matrix T; € R™? such that

AV; = ViT; + Bip1vipae; - (5.1)

When i = n, if T, exists (i.e., no breakdown occurs), then the eigenvalues of 7T,, are the
eigenvalues of A. In practice, some of the eigenvalues of T; are good approximations to the
eigenvalues of A when ¢ < n, which makes the Lanczos method attractive as an iterative
procedure. Many Krylov subspace methods (KSMs), including those for solving linear sys-
tems and least squares problems, are based on the Lanczos method. Such Lanczos-based
methods are the core components in many applications.

Although theoretically the Lanczos process described by (5.1) produces an orthogonal
basis and a tridiagonal matrix similar to A after n steps, these properties need not hold in
finite precision. The most important work in the finite precision analysis of classical Lanczos
is a series of papers published by Paige [138, 139, 140, 141]. Paige’s analysis succinctly de-
scribes how rounding errors propagate through the algorithm to impede orthogonality. These
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results were developed to give theorems which link the loss of orthogonality to convergence
of the computed eigenvalues [141].

In this Section, we present the first complete rounding error analysis of the CA-Lanczos
method. We provide upper bounds on the normality of and orthogonality between the
computed Lanczos vectors as well as a recurrence for the loss of orthogonality. We use this
analysis to extend the results of Paige for classical Lanczos to the CA-Lanczos method. Our
analysis here of CA-Lanczos very closely follows Paige’s rounding error analysis for classical
Lanczos [140], and the theorems on accuracy and convergence of eigenvalues presented here
follow from [141]. The derived bounds are very similar to those of Paige for classical Lanczos,
but with the addition of an amplification term which depends on the maximum condition
number of the Krylov bases computed at the start of each block of s steps. We show here
that, based on restrictions on the size of this condition number, the same theorems of Paige
apply to the s-step case.

Our results confirm that the conditioning of the Krylov bases plays a large role in de-
termining finite precision behavior. Our analysis shows that if one can maintain modest
condition numbers of the computed s-step Krylov bases throughout the iterations, the ac-
curacy and convergence of eigenvalues in the CA-Lanczos method will be similar to those
produced by classical Lanczos. This indicates that under certain restrictions, the CA-Lanczos
method may be suitable for many practical problems.

The remainder of this section is outlined as follows. In Section 5.1.1, we present related
work in the analysis of finite precision Lanczos. In Section 5.1.2, we review a variant of the
Lanczos method and derive the corresponding CA-Lanczos method. In Section 5.1.3, we
first state our main result in Theorem 1 and comment on its interpretation; the rest of the
section is devoted to its proof. Sections 5.1.4 and 5.1.5 use the results of Paige [141] to give
results on the accuracy and rate of convergence of the computed eigenvalues, respectively.
We demonstrate these bounds through a number of numerical experiments in Section 5.1.6.
Section 5.1.7 concludes with a discussion of future work. We note that this section has been
adapted from work published in [32].

5.1.1 Related Work

Lanczos and others recognized early on that rounding errors could cause the Lanczos method
to deviate from its ideal theoretical behavior. Since then, various efforts have been devoted
to analyzing, explaining, and improving the finite precision Lanczos method.

Widely considered to be the most significant development is the series of papers by
Paige discussed above. Another important result is due to Greenbaum, who performed a
backward-like error analysis which showed that finite precision Lanczos and CG behave very
similarly to the exact algorithms applied to any of a certain class of larger matrices [85].
Further explanation and examples are due to Greenbaum and Strakos [88]. Paige has shown
a similar type of augmented stability for the Lanczos process [142], and these results have
recently been extended to the nonsymmetric case [143]. There are many other analyses of
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Algorithm 25 Classical Lanczos
Input: n-by-n real symmetric matrix A and length-n starting vector v; such that [[vq]|s = 1
Output: Matrices V; and 7; and vector v;;; satisfying (5.1)
1w = AUl
2: for i = 1,2, ... until convergence do
3: a; = vl u;
W; = U; — O4U;
Biv1 = [Jwill2
Vit1 = wi/Biy1
Uiy = Avipr — Bitav;
end for

the behavior of various KSMs in finite precision, including some more recent results due to
Wiilling [192] and Zemke [202]; for a thorough overview of the literature see [124, 125].

A number of strategies for maintaining orthogonality among the Lanczos vectors were
inspired by the analysis of Paige, including selective reorthogonalization [147] and partial re-
orthogonalization [157]. Recently, Gustafsson et al. have extended such reorthogonalization
strategies for classical Lanczos to the s-step case [92].

Section 5.1.2 of the present work includes the derivation of a new version of the CA-
Lanczos method, equivalent in exact arithmetic to the variant used by Paige [140]. It uses
a two-term recurrence like BIOC (see Section 4.1), but is restricted to the symmetric case
and uses a different starting vector.

5.1.2 The CA-Lanczos Method

In our analysis we use the same variant of Lanczos used by Paige in [140] to allow easy
comparison of results. Note that for simplicity, we assume no breakdown occurs, i.e., 5,11 # 0
for i < n, and thus breakdown conditions are not discussed here. We now give a derivation
of CA-Lanczos, obtained from classical Lanczos in Algorithm 25. We note that, while in
previous chapters, we indexed the length-O(s) coordinate vectors by their inner loop iteration
(e.g., 11;-), we now index these same vectors by both their outer and inner loop iterations (e.g.,
i), as we need to distinguish them in the analysis.

After k blocks of s steps, consider iteration i = sk+1 where k € N and 0 < s € N. Using

Vsky1 € Ki(A, vspq1) and  ugeyr € Ki(A, Ugri1),
it follows by induction on lines 6 and 7 of Algorithm 25 that for j € {1,...,s+ 1},

Usk+j € K:s(Aa Usk—i—l) + ’CS(A7 usk—l—l) and
Usk+j € ICerl(Aa UskJrl) + }Cerl (A7 usk+1)7 (52)
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where K;(A,z) = span{z, Az, ..., A" 'z} denotes the Krylov subspace of dimension ¢ of
matrix A with respect to vector . Since KC;(A,x) C Ky(A, x) for j < ¢,

Usk4j, Usk+j € Ksi1(A vepi1) + K1 (A, ugeqq) for je{l, ... s+ 1}
Note that since u; = Avq, if k = 0 we have
vj,uj € Kgpo(A,vp) for je{l,...,s+1}.

For k > 0, we then define the ‘basis matrix’ )V = [V, U], where Vi and U, are size
n-by-(s + 1) matrices whose first j columns form bases for C;(A, vspr1) and K;(A, tsks1)
respectively, for j € {1,...,s+ 1}. For k = 0, we define )} to be a size n-by-(s + 2) matrix
whose (ordered) columns form a basis for Csy2(A, vy). Then by (5.2), we can represent v ;
and g, for j € {1,...,s+ 1}, by their coordinates (denoted with primes) in Y, i.e.,

Vskrj = My and  ugery = Yy, ;. (5.3)

Note that for k = 0 the coordinate vectors v; ; and wj, ; have length s + 2 with zero elements
beyond the j-th and j + 1-st, respectively, and for k£ > 0, the coordinate vectors have length
(2s+2) with appropriate zero elements. We can write a similar equation for auxiliary vector
Wektj, 1.€., Weptj = ykw;’j for j € {1,...,s}. We also define the Gram matrix Gy, = VIV,
which is size (s+2)-by-(s+2) for k = 0 and (2s+2)-by-(2s+2) for k > 0. Using this matrix
the inner products in lines 3 and 5 can be written

_ T _ 1T T /T /
Qsktj = Vgpy jUsktj = Vg j Vi Vil ; = Vg ;Gruy ;  and (5.4)

V2 = (wff-y;?ykw;,j)”? = (ngka,j)l/Q'

T
ﬁsk-i-j—i—l = (wsk-l—ijk'i‘j) j 7

We assume that the bases are generated via polynomial recurrences represented by matrix
By, which is in general upper Hessenberg but often tridiagonal in practice. The recurrence
can thus be written in matrix form as

Alk - kak‘ (5.6)

For k = 0, By is size (s 4 2)-by-(s 4 2) and ), is obtained by replacing the last column of
Vo by a zero column, ie., Y, = [yo[IsH,Osﬂ,l]T,On,l}. For k > 0, By is size (2s + 2)-by-
(25 +2) and Y, is obtained by replacing columns s 4 1 and 2s + 2 of Y, by zero columns,
e, Y, = [Vk[fs, 0s1]7, 01, Up [ T4, 051]7, Oml]. Note that B, has zeros in column s + 2 when
k = 0 and zeros in columns s + 1 and 2s + 2 for k£ > 0. Therefore, using (5.3) and (5.6),

Avgpyjsr = kakv;,jH for je{l,...,s}. (5.7)

Thus, to compute iterations sk + 2 through sk + s + 1 in CA-Lanczos, we first generate
a basis matrix Y such that (5.6) holds and compute Gy from ). These operations can be
performed for the communication cost of one iteration of the classical method (see Chapter 3).
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Algorithm 26 CA-Lanczos
Input: n-by-n real symmetric matrix A and length-n starting vector v; such that [[vq]|s = 1
Output: Matrices Vs and Tyxrs and vector vg g1 satisfying (5.1)

1w = AUl

2: for £k =0,1,... until convergence do

3: Compute Y, with change of basis matrix By according to (5.7)

4: Compute G, = J}kTJJk

5: Ve = €1

6: if Kk =0 then

7 UIOJ = B()el

8: else

9: U%J = €419

10: end if

11: for j=1,2,...,sdo

12: Qgltj = U%Gkuﬁm

13: Wy = U, i — Qg V),

14: Bekrj1 = (WiLGrwy, ;)H?
15: U jtt = Whj/ Bskjr

16: Usk+j+1 = ykv;g’j_l'_l

17: u%,j+1 = Bkv;c,j-&-l - ﬁsk+j+1v;c,j
18: Usk+j+1 = yku;<37j+1

19: end for

20: end for

Then updates to the length-n vectors can be performed by updating instead the length-
(2s + 2) coordinates for those vectors in ). Inner products and multiplications with A
become smaller operations which can be performed locally, as in (5.4), (5.5), and (5.7). The
complete CA-Lanczos algorithm is presented in Algorithm 26. Note that in Algorithm 26
we show the computation of the length-n vectors by the change of basis operation (5.3) in
each inner iteration (lines 16 and 18) for clarity, although these vectors play no part in the
inner loop iteration updates. In practice, the basis change operation (5.3) can be performed
on a block of coordinate vectors at the end of each outer loop to recover vy ; and wugpq; if
needed, for j € {2,...,s+1}.

5.1.3 The CA-Lanczos Method in Finite Precision

Throughout our analysis, we use a standard model of floating point arithmetic where we
assume the computations are carried out on a machine with relative precision € (see [83]).
The analysis is first-order in e, ignoring higher-order terms, which have negligible effect
on our results. We also ignore underflow and overflow. Following Paige [140], we use the €
symbol to represent the relative precision as well as terms whose absolute values are bounded
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by the relative precision.
We will model floating point computation using the following standard conventions (see,
e.g., [83, §2.4]): for vectors u,v € R", matrices A € R"*™ and G € R"*", and scalar «,

fl(u — av) =u — av — dw, |dw| < (Ju] + 2]aw))e,
fl(wv"u) =(v + dv) Ty, |0v| < nelv|,
fl(Au) =(A+ dA)u, |0A| < me|A|,
fI(ATA) =ATA +OF, 6E| < ne|AT||A|, and
flu” (Gv)) =(u + du)" (G + 6G)v, |0u| < nelul, |0G] < ne|GY,

where fI() represents the evaluation of the given expression in floating point arithmetic
and terms with 0 denote error terms. We decorate quantities computed in finite precision
arithmetic with hats, e.g., if we are to compute the expression o = v?u in finite precision
we get & = fl(vTu).

We first prove the following lemma which will be useful in our analysis.

Lemma 1. Assume we have a full rank matriz Y € R"*", where n > r. Let Y denote the
pseudoinverse of Y, i.e., Y+ = (YTY)7YYT. Then for any vector x € R",

Y[zl < [[IY[[l2llzll2 < T[[Y2(2,
where T' = [[V*||[[[Y[]], < v/ Y, [Vl
Proof. We have

IV 1lllz < Y [ll2llzllz < IVl Y2l < V1Y 1Y 2]z = Ty 2|2

We note that the term I' can be thought of as a type of condition number for the matrix
Y. In the analysis, we will apply the above lemma to the computed ‘basis matrix’ Vi. We
assume throughout that the generated bases Uy, and V), are numerically full rank. That is,
all singular values of Uy, and Vy, are greater than en - 21°8291) where 6, is the largest singular
value of A. The results of this section are summarized in the following theorem:

Theorem 1. Assume that Algorithm 26 is implemented in floating point with relative pre-
cision € and applied for m steps to the n-by-n real symmetric matriz A with at most N
nonzeros per row, starting with vector vy with ||vi|ls = 1. Let o = ||All2, 00 = |||Al]l|2 and
70 = ||| Bi|ll2, where By, is defined in (5.6). Let Ty = || V|- H|yk\|12, where the superscript
‘+7 denotes the Moore-Penrose pseudoinverse, i.e. yk = (y,{yk) 1yk , and let

T, = I¢>1 and 7 = ‘ >
f= e T 1 end 7= wmox 7 "
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Then for all i € {1,...,m}, &, Biﬂ, and 0; 11 will be computed such that

AV, = VT + B Omirel — 6V, (5.9)
where
Vi = [01, D2, - - ., O] (5.10)
6V = [001, 00, . . ., O] (5.11)
& B
moo | (5.12)
e B
B om
with
[00i]l2 < €10, (5.13)
Bi+1|17;[17i+1| < €0, (5.14)
107 1041 — 1] < eo/2, and (5.15)
20+ 62+ B2 — | A0 3] <2i(3e0 + 201)0, (5.16)
where

€0 =2e(n+11s+15)7 and e =e((N+2s+5)0 + (4s+9)7x + (10s+16))Ty.  (5.17)

Furthermore, if R, is the strictly upper triangular matriz such that

VIV, = R + diag(VIV,,) + R, (5.18)
then ) R R A
TR — RonTyn = Brnia V. Oryrel + 6 Ry, (5.19)

where 0 R, is upper triangular with elements 1 such that

|ma| <epo, and for £ € {2,...,m},
M0,0] <2€00, (5.20)
|ne-1.0] <(€o + 2€1)0, and :

|77t,Z| §2€10', fOT t e {1, Ce ,6—2}
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Comments This generalizes Paige [140] as follows. The bounds in Theorem 1 give insight
into how orthogonality is lost in the finite precision CA-Lanczos algorithm. Equation (5.13)
bounds the error in the columns of the resulting perturbed Lanczos recurrence. How far the
Lanczos vectors can deviate from unit 2-norm is given in (5.15), and (5.14) bounds how far
adjacent vectors are from being orthogonal. The bound in (5.16) describes how close the
columns of AV,, and T, are in size. Finally, (5.19) can be thought of as a recurrence for the
loss of orthogonality between Lanczos vectors, and shows how errors propagate through the
iterations.

One thing to notice about the bounds in Theorem 1 is that they depend heavily on
the term I';;, which is a measure of the conditioning of the computed s-step Krylov bases.
This indicates that if 'y is controlled in some way to be near constant, i.e., I';, = O(1), the
bounds in Theorem 1 will be on the same order as Paige’s analogous bounds for classical
Lanczos [140], and thus we can expect orthogonality to be lost at a similar rate. The
bounds also suggest that for the s-step variant to have any use, we must have 'y = o(e~1/2).
Otherwise there can be no expectation of orthogonality.

We have sacrificed some tightness in the bounds in Theorem 1 in favor of simplified
notation. Particularly, the use of ['y as defined in (5.8) in our bounds is likely to result in a
large overestimate of the error (see Section 5.1.3.2 for numerical experiments). This causes
our bounds for the s = 1 case to be larger than those of Paige for classical Lanczos. To
obtain tighter bounds, one could instead use an alternative definition for T';; we discuss this
and show numerical experiments in Section 5.1.3.2.

5.1.3.1 Proof of Theorem 1

The remainder of this section is dedicated to the proof of Theorem 1. To simplify the
exposition, we have omitted some intermediate steps in the algebra; for the curious reader,
a much longer analysis including the intermediate steps can be found in [29]. Also, in the
interest of reducing overbearing subscripts, we use the indexing i = sk + j for quantities
produced by both classical and CA-Lanczos (namely, the elements of the tridiagonal T, and
the length-n iteration vectors). We first proceed toward proving (5.15).

In finite precision, the Gram matrix construction in line 4 of Algorithm 26 becomes

Gy = fUVIVL) = VIV + 6Gy,,  where  [6G| < en| V||Vl (5.21)
and line 14 of Algorithm 26 becomes [, = Il fl(@bﬁ}ékij)lm). Let

d = fUwLGriy, ;) = (@ + SwL) (G + 6w, )i, .

where R )
|0y, ;| < €25 +2) |y ;| and 0G| < €(2542)|Gyl. (5.22)
Remember that in the above equation we have ignored all terms of second order in €. Now,

_ T A1 AT S A a1 AT A~
we let ¢ = wy 0GRy, ; + Wy ;0G w; Wy 5 + 0wy ;Grawy, ;, where

le| < e(n+4s+4)rz||3>kw;,j||§. (5.23)
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We can then write d = ||J>kﬁ),’”H;(1 + C/HJA)’CUAJ%']”;) and

Biw1 = fI(Vd) =Vd + 68141 = | Vi, ;2 (1 + %) + 6841, (5.24)
2||ykwk,j||2

where )
16Bi41] < eVd = €| Vi 2. (5.25)
The coordinate vector @y, ;,, is computed as
Vg = UG/ Bir) = (@) + 800 5) /Doy, (5.26)
where
8, < el (5.27)

The corresponding Lanczos vector v;,1 (as well as ;,1) are recovered by a change of
basis: in finite precision, we have

b = A0 = (D + D )i [Tkl S 242Dl (5:28)
and
it = SIDutly2) = (Pt Ve )i [Vhnsn| Sc@s+DITl (5:20)

We can now prove (5.15) in Theorem 1. Using (5.24)-(5.26) and (5.28), as well as the
bounds in (5.21)-(5.23), (5.28), (5.29), and Lemma 1, we obtain

01041 — 1 <e(n+8s+12)T} < €/2, (5.30)

where € is defined in (5.17). This thus satisfies the bound (5.15).
We now proceed toward proving (5.14). Line 12 in Algorithm 26 is computed as

&; = fUOILGRt ;) = (O + 0015 (G + 0G5,

where [07;, ;| < €(2s +2)[7;, ;| and |5C;’k7uj] < €(2s + 2)|Gx|. Expanding the above equation
using (5.21), we obtain

A AT NONT Ny ~IT ~ ~IT A ~1 ~IT A w1t
& = U ;1 Vi Villy, j + Uy, j0G Uy, j + Uy ;0G5 + 00 ;G 5,

and since by (5.28) and (5.29), 0!1; = @;fj)}gj/kﬁ% + )A/ch)A/k,ujﬂ;J + 5:9;3?1,].3}1@%4, we can
write

&y = 0] U; + 0y, (5.31)
where 6¢; = 0077, Gty ;+ 07 (0G4 0Gu, — VI 6 Vi, — 0V, Vi)l ;. Using Lemma 1 along
with the bounds in (5.21)-(5.22) and (5.28)-(5.30),

66| < e(n+8s+8)I;

i), (5.32)
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and then using (5.31) and the bounds in (5.30) and (5.32), we obtain
] < (1 +e((3/2)n+125+ 14)F§) ]l (5.33)
In finite precision, line 13 of Algorithm 26 is computed as
~t ~1

Wy, ;= Uy, ; — Qily, ; — Owy, 5, where  |dwy, ;| < (|t ;| + 2]d@;0;, ). (5.34)

Multiplying both sides of (5.34) by Ve gives :)A)kuﬂw = )Aikﬂ;w — di)}k@;’j — j)kéw;g’j, and
multiplying each side by its own transpose and using (5.28) and (5.29),

1Pt ;115 = Nlausll3 — 2da ©; + 71|13
= 200V, W s — G0Nk, s + ViOwi )T (5 — Q)

where we have used )Aikﬁ;w — &ij)k%,j = u; — &;0; + O(€). Now, using (5.31) and rearranging
the above we obtain

Ve 115 + 67 = [lasll3 = a7 (I8:l13 — 1) + 2a:664
— 20V, U j — 3OV ke, s + ViOwy ;)" (1 — Giy).

Using Lemma 1 and the bounds in (5.28), (5.29), (5.30), (5.32), (5.33), and (5.34), we can
then write the bound

|ty ;3 + 62 — [|ai]l3 < e(3n + 40s + 56)T | 3. (5.35)
Given the above, we can also write
Vet 113 < 1y 115 + &7 < (1+ e(3n + 405 + 56)T%) || l3, (5.36)

and using this with (5.23), (5.24), and (5.25),

Bia] <(1+ e(2n+22s+30)TF) ||a]],- (5.37)
Now, rearranging (5.26) and using (5.28), we can write
Bi+1ﬁi+1 = JA)]C’UT]%J + (5’UJ¢, (538)

where dw; = j)k(h?;;w + 5)A}k,vj+lzb,’w, and using Lemma 1 and the bounds in (5.27), (5.28),
and (5.36),
|0w;]|2 < €(2s 4 3)Tk ]|t ]2 (5.39)

We premultiply (5.38) by 97 and use (5.28), (5.29), (5.31), and (5.34) to obtain

Bipa 0 i1 = =06 — &i([|03l]3 — 1) — 0F (6 Vo, Uy j — 10V 0,05 5 + VWl ; — dwy),
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and using Lemma 1 and the bounds in (5.30), (5.26), (5.28), (5.29), (5.32), (5.33), (5.34),
and (5.39), we can write the bound

BM@Z@M‘ < 2¢(n + 11s + 15)T2 2. (5.40)

This is a start toward proving (5.14). We will return to the above bound once we
later prove a bound on ||i;||o. Our next step is to analyze the error in each column of the
finite precision CA-Lanczos recurrence. First, we note that we can write the finite precision
recurrence for computing the s-step bases (line 3 in Algorithm 26) as

AY, = VB, + 0By (5.41)
If the basis is computed by repeated matrix-vector products,
[6Ex] < (34 N)[A[D| + 4| VelIBr]) (5.42)

where N is the maximum number of nonzeros per row over all rows of A (see, e.g., [31]).
In finite precision, line 17 in Algorithm 26 is computed as

%,j = Bk@;c,j - Bi@;c,j—l + 5“2,]'7 |5u;€,j| < 5((25 + 3)|Bk||@;gg| + 2|Bz‘@k,j—1|)~ (5.43)
Then with Lemma 1, (5.28), (5.29), (5.41), and (5.43), we can write
Gy = Ad; — Bibi_y + dus, (5.44)
where
du; = :)A}k:(su;g,j — (A6Vy0; — OVku, B + 0 Ey) 0y ; + Bi(6 W,y — 5:)>k7u]-)@;g7j—17
and with the bounds in (5.28), (5.29), (5.37), (5.42), and (5.43),
[0usllz < (N +2s+5) [ |A[||2Tx + €(4s +9) || [Be| 2Tk + €(4s+6) [ [|2T%-

We will now introduce and make use of the quantities o = ||A|]2, 8 = |||4]||]2/0, and
Tk = || |Bk| ||2/0. Note that the quantity || |Bg| ||2 depends on the choice of polynomials used
in constructing the Krylov bases. For the monomial basis, |||Bg|||2 = 1. For bases based on
the spectrum of A, including Newton and Chebyshev bases, we expect that || |Bg| |2 < || |A] |2
as long as the bases are constructed using sufficiently accurate spectral estimates. Using this
notation the bound above can be written

[6us]|, < 6(((N+28+5)«9 + (45 +9)7 )0 + (4s—|—6)||ai_1|]2)1“k. (5.45)
Now, manipulating (5.38) with (5.28), (5.29), and (5.34), we have

A A~ N A A < A/ ~ - A~/ - /
Bir10ip1 = Ui — Q0; — 0 Vg Uy j + Q30 Vg0, O j — ViOwy, ; + dw,
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and substituting in the expression for u; in (5.44),

Bi+1f1¢+1 = Av; — q0; — Bﬂ?iﬂ + 00, (5.46)
where 00; = du; — (557;6,“].%’]» + éziél))kwjﬁ;f’j — ;)A)kéw;m + dw;. Using Lemma 1, along with
(5.27), (5.28), (5.29), (5.33), (5.34), and (5.39),

100il2 < [|0ws]|2 + €(65 +10)T% [[ ]2,

and using (5.45), this bound becomes
1605 |2 < e(((N+25+5)9 + (45 +9)7k) o + (654 10)||ti; |2 + (4s+6)|\ﬁi,1H2>Fk. (5.47)

We now have everything we need to write the finite-precision CA-Lanczos recurrence in
its familiar matrix form. Let V;, 6V;, and T; be defined as in (5.10), (5.11), and (5.12),
respectively. Then (5.46) in matrix form gives

AV; = ViT; + Bipatigre] — Vi (5.48)

Thus (5.47) gives a bound on the error in the columns of the finite precision CA-Lanczos
recurrence. We will return to (5.47) to prove (5.13) once we bound ||;]|2.

Now, we examine the possible loss of orthogonality in the vectors vy, ...,0;.1. We define
the strictly upper triangular matrix R; of dimension i-by-i ((sk+j)-by-(sk +])) with elements
peg, for £t € {1,...,i}, such that V'V; = RT + diag(V;"V;) + R;. For notational purposes,
we also define p; ;11 = 0] 0;41. Multiplying (5.48) on the left by VI and equating the right
hand side by its own transpose, we obtain

Ty(RT + R;) — (RT + R)T; = Bipa (VI 0pel — evhy Vi) + VLoV, — sV,
+ diag(V;" V) T, — T; - diag(V"V}).

Now, let M; = T;R; — R;T;, which is upper triangular and has dimension i-by-i. By

definition,
mi1 = — szm, mi; = Biﬂiq,ia and
My :Bme—u - Be+1pe,e+1, for ¢e{2,...,i—1}.

Therefore M; = BHlViTﬁiHeiT + 0R;, where d R; has elements satisfying

771’1 = — nglg, and fOI E c {2, Ce 72.},
Nee =BepPe—1,0 — Bes1Pee+1,
AT oo AT A A (aT o AT A
Ne—1,0 =0yp_160p — 60y_10p + Be(Dy_10¢—1 — ¥y 0¢), and

Moo =07 60y — 607 Dy,  where t € {1,...,¢—2}.

(5.49)
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To simplify notation, we introduce the quantities

u; = max ||tylls, T'x= max Iy, and 7, = max 7.
e{l,...i} 2e{0,....k} 1e{0,...,k}

Using this notation and (5.30), (5.37), (5.40), and (5.47), the quantities in (5.49) can be
bounded by

M) <2€e(n+11s+15)T
10| <4e(n+11s+15)T

u;, and for ¢ € {2,...,i},

ai)

TN TN

o] < 26((((N+28+5)Q+ (4s+9)7) o+ (10s+16)ai>fk+ <n+85+12>Fiui),
M| < 26(((N+23+5)9+ (4s+9)7)o + (10s + 16)%)1%, where t € {1,...,0—2}.
(5.50)

The above is a start toward proving (5.20). We return to this bound later, and now shift
our focus towards proving a bound on ||%;]|2. To proceed, we must first find a bound for
|pi—2.i]. We know the (1,2) element of M; is

Tho = P12 — Q2P12 — 53,01,3;

and for £ > 2, the (¢ —1,¢) element is
No-10= Be1pe—20+ (Go1 — &0)pe_re — Brsrpe-r.os1-
Then, defining & = (&p_1 — d@)@gpg_lj — Bgng_m for ¢ € {2,...,i}, we have

BeBri1pe-re1 = Br1Bepe—se + & =&+ &1+ ... + &
This, along with (5.33), (5.37), (5.40), and (5.50) gives

BiBisalpicrivt] < D&l < (l6uei| + éel) | Bepe-vel + [ BelIme-1.e]
=2 (=2

< 2¢(i — 1) (((N+2s+5)9 + (45 +9)7)0 + (105 + 16)@) Ty
+2¢(i — 1) - 3(n+10s+ 14) s (5.51)

Rearranging (5.44) gives @; — 0u; = Ad; — Bi0;_1, and multiplying each side by its own
transpose (and ignoring all terms of second order in €), we obtain

ala; — 267 du; = || Ad;||2 + 52|01 |2 — 28,07 Ad;_,. (5.52)

Rearranging (5.46) gives Ad;_y = B;0; + &i_10i_1 + Bi_10;_2 — 69;_1, and premultiplying this
expression by 3,07, we get A A )
Biv] Aty = BZ + 03, (5.53)
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where, using the bounds in (5.30), (5.33), (5.37), (5.40), (5.47), and (5.51),
166:] < e(2i — 1) (((N+ 25+5)0 + (45+9)7) o + (105 + 16)@1-)?,@
+€(2i — 1) - 3(n+10s+14)T7a; . (5.54)
Adding 24} 6u; to both sides of (5.52) and using (5.53), we obtain
] = A3 + B2 (s 12— 2) + 66, (5.55)
where 63; = —280; + 247 6u;, and, using the bounds in (5.45) and (5.54),
0Bi] < 4ie((N +25+5)0 + (4s+9)7,)oTpi; (5.56)
+ 26((% — 1) (3(n+10s+14)T2 + (10s+16)T;) + (4s+6)fk) .
Now, using (5.55), and since 32 > 0, we can write
Il < 13 + 32 < 2Nl + B2 (leica |3 — 1) + 166 (5.57)

Let 4 = max {ﬂi, a}. We can now put the bounds in terms of ¢y and ¢;, which are defined
in (5.17). Then, using (5.57), along with the bounds in (5.30), (5.37), and (5.56),

1612 < 02 + 2i(3eg + 2€1) 1. (5.58)
We consider the two possible cases for p. First, if © = o, then
12 < 02 (1 + 2i(3e0 + 261)) .

Otherwise, we have the case p = @;. Since the bound in (5.58) holds for all |43, it also
holds for u? = p?, and thus, ignoring terms of second order in e,

p? < 0?4 2i(3ep + 261 ) pu? < 0% + 2i(3€g + 261)0? < 0% (1 + 2i(3ep + 2€1)) ,
and, plugging this in to (5.58), we get
|3 < o (14 2i(3€p + 2¢€1)) - (5.59)

In either case we obtain the same bound on ||4;||3, so (5.59) holds.
Taking the square root of (5.59), we have

]l < o (14 i(3€0 + 2€1)) (5.60)

and substituting (5.60) into (5.40), (5.47), and (5.50), we prove the bounds (5.14), (5.13),
and (5.20) in Theorem 1, respectively, assuming that i(3¢y + 2¢;) < 1.
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The only remaining inequality to prove is (5.16). We first multiply both sides of (5.38)
by their own transposes and then add a2 — ||%;]|3 to both sides to obtain

BRallOia I3 + 67 — l1aill3 = Vet ;15 + 67 — llaall3 + 20w] Vi ;.

We then substitute in (5.55) on the left hand side, subtract AiZH from both sides, and
rearrange to obtain

20+ G2+ B2 — || Ab|J3 = | Ve ;|12 + 67 — ||as]|3 + 20w] Vil ; + B2(|[6-1]13 — 1)
- 5i2+1(||77z‘+1||§ — 1)+ 8.

Finally, using (5.30), (5.35), (5.37), (5.39), and (5.56), we arrive at the bound
P+ a2+ B2 — || AG|2| < 2i(3e0 + 261)0,
which proves (5.16) and thus completes the proof of Theorem 1.

5.1.3.2 Numerical Experiments

We give a brief example to illustrate the bounds in (5.13), (5.14), (5.15), and (5.16). We run
CA-Lanczos (Algorithm 26) in double precision with s = 4,8, and 12 on a 2D Poisson matrix
with n = 256, || A||> = 7.93, using a random starting vector (the same random starting vector
was used for all tests).

For comparison, Figure 5.1 shows the results for classical Lanczos using the bounds
derived by Paige [140]. In Figure 5.1, in the top left plot, the blue curve gives the measured
value of orthogonality, | 3,107 0;.1|, and the black curve plots the upper bound, 2(n+4)||A| ze.
In the top right plot, the blue curve gives the measured value of normality, |1§,L»T+11§i+1 —1], and
the black curve plots the upper bound, (n+ 4)e. In the bottom left plot (labeled ‘Colbound’
in the plot title), the blue curve gives the measured value of the bound analogous to (5.13)
for ||00;]|2, and the black curve plots the upper bound, €(7 + 5|||A|]|2). In the bottom right
plot (labeled ‘Diffbound’ in the plot title), the blue curve gives the measured value of the
bound analogous to (5.16), and the black curve plots the upper bound, 4ie(3(n + 4)||All2 +
(74 5] |Al|2) || Al|2. All ‘measured’ values were computed in quad precision.

The results for CA-Lanczos are shown in Figures 5.2—5.10. The same tests were run for
three different s values for three different basis choices (see Section 3.2.5): monomial (Fig-
ures 5.2, 5.5, and 5.8), Newton (Figures 5.3, 5.6, and 5.9), and Chebyshev (Figures 5.4, 5.7,
and 5.10). For each of the four plots in each Figure, the blue curves give the measured (in
quad precision) values of the quantities on the left hand sides of (5.14) (top left), (5.15) (top
right), (5.13) (bottom left), and (5.16) (bottom right). The cyan curves give the maximum
of the measured values so far. The red curves give the value of ['2 as defined in Theorem 1,
and the blacks curves give the upper bounds on the right hand sides of (5.14), (5.15), (5.13),
and (5.16), respectively.
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We see from Figures 5.2—5.10 that the upper bounds given in Theorem 1 are valid. In
particular, we can also see that the shape of the red curve plotting I'? gives a good indication
of the shape of the cyan curves which show the maximum measured values up to the current
iteration. However, from, e.g., Figure 5.5 for the monomial basis, we see that if the basis has
a high condition number, as does the monomial basis here, the upper bound can be a very
large overestimate quantitatively, leading to bounds that are not particularly indicative of
the magnitude of the measured values. We will now show how we can use a better definition
of I';, to obtain tighter, more descriptive bounds.

Tighter Bounds There is an easy way to improve the bounds by using a different definition
of T', to upper bound quantities in the proof of Theorem 1. Note that all quantities which we
have bounded by Ty in Section 5.1.3 are of the form ||| Ve||z|||2/||Vez||2. While the use of T}
as defined in Theorem 1 shows how the bounds depend on the conditioning of the computed
Krylov bases, we can obtain tighter and more descriptive bounds for (5.15) and (5.14) by
instead using the definition

[, = max M (5.61)
! we{uy iy 50k 0% 1t || V|2
For the bound in (5.13), we can use the definition
oy (LBl WOy
J T Sy A Y N N < . ) . 9 .
! || |Bk| HQHka;c,jHQ we{dy, ;0 ;5% ;5% ;1) ||ykl‘||2
and for the bound in (5.16), we can use the definition
Ty = max{fk —1 1] 1B max [1eflzllz H2} (5.63)
J T J— 41 DA 9 . X 4 R 9 ~ . .
’ ’ 11B] ||2||ykvllg,j||2 e (i 5 0 O} | V|2

The value in (5.63) is monotonically increasing since the bound in (5.51) is a sum of bounds
from previous iterations.

In Figures 5.11—5.19 we plot bounds for the same problem, bases, and s values as Fig-
ures 5.2—5.10, but using the new definitions of Ty ;. Comparing Figures 5.11—5.19 to Fig-
ures 5.2—5.10, we see that these bounds are better both quantitatively, in that they are
tighter, and qualitatively, in that they better replicate the shape of the curves for the mea-
sured normality and orthogonality values. The exception is for the plots of bounds in (5.16)
(bottom right plots), for which there is not much difference qualitatively. It is also clear that
the new definitions of I'; correlate well with the size of the measured values (i.e., the shape
of the blue curve closely follows the shape of the red curve). Note that, unlike the definition
of T', in Theorem 1, using the definitions in (5.61)—(5.63) do not require the assumption of
linear independence of the basis vectors.

Although these new bounds can not be computed a priori, the right hand sides of (5.61),
(5.62), and (5.63) can be computed within each inner loop iteration for the cost of at most one
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Orthogonality, Classic Lanczos Normality, Classic Lanczos
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Figure 5.1: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for classical Lanczos on a 2D Poisson problem with
n = 256 with a random starting vector. Blue lines show the actual values (computed in quad precision) and
black lines show the upper bounds, taken from [140].
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Orthogonality, s=4,monomial basis Normality, s=4,monomial basis
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Figure 5.2: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 4
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Orthogonality, s=4,Newton basis Normality, s=4,Newton basis
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Figure 5.3: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 4 on
a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined

in Theorem 1.
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Orthogonality, s=4,Chebyshev basis Normality, s=4,Chebyshev basis
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Figure 5.4: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 4
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Orthogonality, s=8,monomial basis Normality, s=8,monomial basis
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Figure 5.5: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 8
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Orthogonality, s=8,Newton basis
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Figure 5.6: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 8 on

a 2D

Poisson problem with n = 256 with a random starting vector.

Blue lines show the actual values

(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T' as defined
in Theorem 1.
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Orthogonality, s=8,Chebyshev basis Normality, s=8,Chebyshev basis
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Figure 5.7: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 8
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Figure 5.8: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and

Orthogonality, s=12,monomial basis
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Normality, s=12,monomial basis

104

difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 12
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Orthogonality, s=12,Newton basis Normality, s=12,Newton basis
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Figure 5.9: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 12
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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Orthogonality, s=12,Chebyshev basis Normality, s=12,Chebyshev basis
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Figure 5.10: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 12
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), cyan lines show the maximum of the actual values obtained over all previous
iterations, black lines show the upper bounds from Theorem 1, and red lines show the value of T'? as defined
in Theorem 1.
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extra reduction per outer loop. This extra cost comes from the need to compute |J>k|T|:)>k|,
although this could potentially be performed simultaneously with the computation of G
(line 4 in Algorithm 26). This means that meaningful bounds could be cheaply estimated
during the iterations. Implementing a scheme to improve numerical properties using this
information remains future work; some potential ideas are discussed further in Sections 6.7
and 6.5.

5.1.4 Accuracy of Eigenvalues

Theorem 1 is in the same form as Paige’s equivalent theorem for classical Lanczos [141],
except our definitions of €y and €, are about a factor I'? larger (assuming s < n). This
amplification term, which can be bounded in terms of the maximum condition number of
the computed s-step Krylov bases, has significant consequences for the algorithm as we will
see in the next two sections. The equivalent forms of our theorem and Paige’s theorem allow
us to immediately apply his results from [141] to the s-step case; the only thing that changes
in the s-step case are the values of €5 and €.

In this and the subsequent section, we reproduce the theorems of Paige and discuss their
application to the CA-Lanczos method. Note that we claim no contribution to the analysis
techniques used here. In fact, much of the text in the following sections is taken verbatim
from Paige [141], with only the notation changed to match the algorithms in Section 5.1.2.

Our contribution is showing that the theorems of Paige also apply to the CA-Lanczos
method under the assumption that (5.64) (and thus also (5.65)) holds. Also note that the
text in the paragraphs labeled ‘Comments’, which discusses the meaning of the results for
the s-step case, is our own.

We note that many of the bounds stated slightly differ from those given by Paige in [141].
We suspect that the bounds in [141] were obtained using ¢y < 1/100 rather than the specified
€0 < 1/12, the former being the value used by Paige in his earlier work [138]. Such changes are
indicated by footnotes and carried through the remainder of the analysis, resulting in different
constants than those in [141]; the fundamental results and conclusions remain unchanged.

Assumptions In order to make use of Paige’s analysis [141], we must make the similar
assumptions that

. 1

ﬁi+1 7£ 0 for i € {1, Ce ,TTL}, m<3€0 -+ 261) S 1, and € < E (564)
These assumptions are used throughout the analysis. Note that (5.64) means that in order
to guarantee the applicability of Paige’s results for classical Lanczos to the CA-Lanczos case,
we must have

7 < (24e(n+ 115+15)>_1 = 0(1/(ne)). (5.65)

Since the bounds that will be presented, as well as the bounds in Theorem 1, are not tight,
this condition on I' may be overly restrictive in practice. In paragraphs labeled ‘Comments’,
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Figure 5.11: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 4
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of ' as defined

in (5.61)-(5.63).
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Figure 5.12: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 4 on a 2D
Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values (computed
in quad precision), black lines show the upper bounds from Theorem 1 computed using the appropriate
definition of Ty, in (5.61)-(5.63), and red lines show the appropriate value of I'? as defined in (5.61)-(5.63).
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Figure 5.13: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 4
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of '} as defined
in (5.61)-(5.63).
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Figure 5.14: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 8
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of ' as defined

n (5.61)-(5.63).
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Figure 5.15: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 8 on a 2D
Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values (computed
in quad precision), black lines show the upper bounds from Theorem 1 computed using the appropriate
definition of Ty, in (5.61)-(5.63), and red lines show the appropriate value of I'? as defined in (5.61)-(5.63).
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Figure 5.16: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 8
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of '} as defined
n (5.61)-(5.63).
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Figure 5.17: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the monomial basis and s = 12
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of ' as defined
in (5.61)-(5.63).
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Figure 5.18: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Newton basis and s = 12

on a 2D Poisson problem with n = 256 with a random starting vector.

Blue lines show the actual values

(computed in quad precis'lon), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of I'? as defined

n (5.61)-(5.63).
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Figure 5.19: Orthogonality (top left), Normality (top right), recurrence column error (bottom left), and
difference in recurrence column size (bottom right) for CA-Lanczos using the Chebyshev basis and s = 12
on a 2D Poisson problem with n = 256 with a random starting vector. Blue lines show the actual values
(computed in quad precision), black lines show the upper bounds from Theorem 1 computed using the
appropriate definition of I'y in (5.61)-(5.63), and red lines show the appropriate value of ' as defined

n (5.
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we comment on what happens to the bounds and analysis in the case that T'7 exceeds this
value, i.e., at least one computed s-step basis is ill-conditioned. As stated previously, we also
assume that no underflow or overflow occurs, and that all s-step Krylov bases are numerically
full rank.

Using (5.20), it can be shown that

16R |12 < 02((5m — 4)& + 4(m—1)ege; + 2m(m — 1)63) (5.66)

where subscript F' denotes the Frobenius norm. If we define

€2 = V2 max (6eg, €1), (5.67)
then (5.66) gives
|0R,||F < moe,. (5.68)
Let the eigendecomposition of T, be
7,Q™ = Q™ diag(u{™), (5.69)
fori € {1,...,m}, where the orthonormal matrix Q™ has i*" column qi(m) and (¢,17) element
77(5?), and the eigenvalues are ordered
T .

Note that it is assumed that the decomposition (5.69) is computed exactly. If ,ugm) is an
anroximation to an eigenvalue )\; of A, then the corresponding approximate eigenvector is
2™ the ith column of

Zm =y, Qm. (5.70)
We now review some properties of T,.. Let I/i(m), fori e {1,... ,m—Al}, be the eigenvalues

of the matrix obtained by removing the (¢ + 1)st row and column of 7}, ordered so that

i 2 A" 2 g 2 2 > .

— m

It was shown in [174] that

2 m
(ml) = TI o+ 1ism) (5.71)
0=1,0#i
(m)_(m) ‘
B 0=1,2,...i—1
. Ky " —Hy
de(t+1,i,m) = o)
Bt =i+l
) irh...,m

0< St +1,i,m) <L, 0=1,....i—1,i+1,...,m. (5.72)
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If we apply T,, to the rth eigenvector of Tt, where 1 <r <t <m,

o ®
Tm{ ar } = | o (5.73)
Om—t,1 Bri1my, €1
and from [188],
Ot = Braalmi| = min ™ — ). (5.74)

Definition 1. [141, Definition 1] We say that an eigenvalue ;Lq(f) of T, has stabilized to
within &, if, for every m > t, we know there is an eigenvalue of T, within der of ngt). We
will say ,u7(,t) has stabilized when we know it has stabilized to within v(m + 1)“oey where

and w are small positive constants.

(t

From (5.74), we can see that after ¢ steps, p ) has necessarily stabilized to within d;,.

Multiplying (5.73) by ¢/™7, i € {1,...,m}, gives

(t) R
(Mgm) — ugf))qi(m)T [qu } = 5t+177§+1),ﬂ7t(2- (5.75)

m—t,1

Another result is obtained by applying eigenvectors of T}, to each side of (5.19). Multi-
plying (5.19) on the left by qém)T
using (5.69) and (5.70), we obtain

and on the right by qu) for some i,¢ € {1,...,m}, and

(g™ = ™) g™ Rng™ = B2t tmimn) + €, (5.76)

where eé?) = qém)TdquZ(m), and
et < moes, (5.77)
which follows from (5.68). Taking i = ¢, the left hand side of (5.76) is zero, and we get

. elm
Zl(m) @m—i—l = Tz o (m)’ (578)

6m+177m,i

and thus by (5.74), zfm) is almost orthogonal to v,,,; if we have not yet obtained a small
eigenvalue interval about p, ', the eigenvector approximation z;

norm, and [y, and thus ¢, and €, are small.

) does not have a small

Definition 2. [1/1, Definition 2] We will say that an eigenpair (i, z) represents an eigenpair
of A to within ¢ if we know that ||[Az — pz||/||z]| < 9.
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Thus if (i, z) represents an eigenpair of A to within d, then (u, z) is an exact eigenpair
of A perturbed by a matrix whose 2-norm is no greater than 9, and if p is the Rayleigh
quotient of A with z, then the perturbation will be taken symmetric.

Multiplying (5.9) on the right by ¢™, we get

Avqu(m) = VmeqZ + BerlUerlequ + 5vm
Using (5.69) and (5.70), this can be written

Now, using the above and (5.13), (5.15), and (5.74), if A, are the eigenvalues of A, then

]

12 N 12

(m) (m) ) 1/2
142" = 1™ _ a1+ o) +m g€ (5.80)

min A, — "™ <

and if
™| ~ 1, (5.81)

then (uﬁm), zz-(m)) represents an eigenpair of A to within about ¢,,;. Unfortunately, one can

not expect (5.81) to hold in finite precision.
From (5.70) and (5.18), we see that

125012 = 1 = 26" Rong™ + ¢™" diag(VIV, — Lu)g™, (5.82)

1

where by (5.15), the last term on the right has magnitude bounded by € /2.
Using (5.70), we can write V7 = Q®Z®T and multiplying on the right by @1,

Vo1 = QWh,,  where by = ZW 0,4, (5.83)
Using (5.78), we have elb;, = ,)n/(ﬁtﬂntr) and by (5.71) and (5.75), this gives
g Rng = — nt-Tl,i i [ ' ] (5.84)
t=1 r=1 5t+177§,tr Om—t,l
m—1 ) t c t
- = (nt(—Tl),z) (m) ’ 0) (585)
t=1 r=1 Hi ~ — Hr
m—1 t E(t
— s H So(t+1,4,m) | . (5.86)
t=1 r=1 | Hi =~ — :uc(r) 27&1

L#c(r)
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From (5.82), under the assumptions in (5.64), ||z will be significantly different from
unity only if the right hand sides of these last three numbered equatlons are large. In this
case (5.84) shows there must be a small 8, = 3,11 |77t r| and some 21" has therefore stabilized.

Equation (5.85) shows that some 1 must be close to ,ug , and combining this with (5.84)

we will show that at least one such ug) has stabilized. Finally from (5.86), we see that there
(m) (m) (m)

is at least one He(r) close to p; 7, so that p,

cannot be a well-separated eigenvalue of T},,.
Conversely, if ,ugm) is a well-separated eigenvalue of T},, then (5.81) holds, and if ,ugm) has
stabilized, then it and zz-(m) are a satisfactory approximation to an eigenpair of A.

Note that if the assumptions in (5.64) do not hold, || 2™ || can be significantly differ from
unity if |qz-(m)T qu | is large and/or if €/2 is large (e.g., due to a large ['?; see (5.17)).
If ||zz(m)|| is significantly different from unity and €,/2 is large, we can not necessarily draw
meaningful conclusions about the eigenvalues of 7}, via (5.84), (5.85), and (5.86) based on
the size of [|2{™]]. .

We will now quantify these claims. We first seek an upper bound on ngm)Tqui

From (5.68) and (5.77),

Z ()’ <ZZ () = IR 13 < t20%¢, (5.87)

r=1 r=1 c=1

and using the Cauchy-Schwarz inequality,

t t t
(1) < ()’ Y1 <o, (5.88)
r=1 r=1 r=1

Similarly, using (5.86) and the bound in (5.72),

" " m>2ge
4™ Rig(™ < : (m)2 ), (5-89)
(5/2) min |1 — piy |
This bound is weak, but it shows that if
e ™ = (™| = m* e, (5.90)
then from (5.89), |¢\™" R,g™| < 2/5, and substltutlng this into (5.82),
(WL 2 m)T 4 60
-1 <2|¢,;”"" Ry, 0.91

Thus with the condition that ¢y = 2¢(n + 11s + 15)'2 < 1/12 (see (5.64)), we can then
guarantee that

0.39 < ||z™| < 1.4, (5.92)

Note that these bounds differ from those given by Paige in [141], which are 0.42 < ||zz(m)H < 1.4; we

suspect that the bounds in [141] were obtained using €y < 1/100 rather than the specified e < 1/12, the
former being the value used by Paige in his earlier work [138].
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which has implications for (5.80).

Comments Note that we could slightly loosen the bound (5.64) on ey and still carry
through much of the preceding analysis, although in (5.91) we have assumed that ¢,/2 < 1/5.
If we instead have €,/2 > 1/5, we get the trivial bound 0 < ||z£m)||2. This bound is not
useful because in the worst case, zi(m) is the O-vector, which indicates either breakdown of

the method or rank-deficiency of some Y.
Note that from (5.70) and (5.15),

TTLEO
"l —m| < =2
It was also proven in [138] that if ,uz(m), e ,uﬁ? are ¢ + 1 eigenvalues of T}, which are close
to each other but separate from the rest, then
i+c
STl™MIP e+ 1. (5.93)
=i

This means that it is possible to have several close eigenvalues of T corresponding to one
simple eigenvalue of A. In this case, the columns of Z, = [2{™, ..., zfﬁ) ] will all correspond
to one eigenvector z of A having 272 = 1. We now state another result.

Lemma 2. Let T), and V,, be the result of m steps of the CA-Lanczos method with (5.17)

and (5.67), and let R, be the strictly upper triangular matriz defined in (5.18). Then for

each eigenpair (ug ),ql ) of Tm, there exists a pair of integers (r,t) with 0 <r <t <m

such that
A t m
(St,r = Bt+l|77t(,72| S ¢i,m and ’ME ) - Mv(f)‘ S w@m’

where
D = m2oe,
" VB R ™
Proof. For r <t < m we define, using (5.75),
— (A (-1 _(m)T qq(«t) - Wt(ffz
Yot = (Br1mr)” = (5.94)
0 (m) (t)
m—t,1 M, — Wy

Using this notation and (5.84), we can write

Qz(m) mq1 Z 77t+1 i Z 7r tE = TC(]?
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where above, e is the vector with every element unity, C' is an (m — 1)-by-(m — 1) upper
triangular matrix with (r,¢) element 7T7te$f,)n, and ¢ contains the last m — 1 elements of qu)

Letting F be the (m—1)-square matrix with (r,t) element e!") and combining this with (5.87)
gives

4" Rug™) < €7 Callglz < [Clallells < m2[Cllr < m!2 mmax ol - 1Bl (5.95)

Using (5.87), we can write

t m—1 2.2 3

O €5

Bl =03 (€)7ot S0 < P40
t=1 r=1 t=1

and thus we can take the square root above and substitute into (5.95) to get

m2oea| Y]
\/g )

where we take the r and ¢ giving the maximum value of |v,,|. For this  and ¢, substituting

™" Ring{™| <

in the expression for v,; from (5.94) into the bound above, rearranging, and using nt( +) <1
then gives the desired results

m? 0‘62

= Bralni)] < WG oy and (5.96)
qu
m m 0'62
™ = ] < : (5.97)
V3™ Rug™|
O

Comments For classical Lanczos, these bounds show that if sz(m}’b is significantly dif-
ferent from unity, then for some ¢ < m there is an eigenvalue of T, which has stabilized
and is close to ugm) [141]. For the CA-Lanczos case, the same holds with the assumptions

in (5.64). These assumptions are necessary because otherwise, for CA-Lanczos, ||z; m)|| can
significantly differ from unity if ]qu) qu ] is large and/or if €y/2 is large (due to a large

2 see (5.17)). If Hzi(m) | is much different from unity and €y/2 is large, we can not necessarily
say that there 1s an eigenvalue of T; which has stabilized to within a meaningful bound even
if |qim) mql )| is small.

Theorem 2. If, with the conditions of Lemma 2, an eigenvalue ,ul of . produced by
CA-Lanczos is stabilized so that

Om,i = ﬁm+1|77mz| < \/_m g€, (5.98)
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and €y < 1/12, then for some eigenvalue \. of A,

|Ae — uf.’”)| < (m+1)%0e. (5.99)

Proof. Suppose (5.98) holds.

(i) If
(MTp o™ <2 _ % 5.100
IQz qu ’ — 8 27 ( * )
then by (5.15) and (5.82) we have
12 > /1= <2|q-m) ] ) Tiayl (5.101)
’ - ! 4 2 2 '
Substituting (5.17) and (5.67) into (5.80), we obtain
m Om 13v/3
min [A; — ™| < 1 +||€0) T| vmoe < o6 (T\/_ -m® + \/2m) :
Since m > 1, m3 > m? and m > /m, and it follows that
3 3 2 2 13v3 /o,
(m+1)* = m’+3m*+3m+1 > 4m°+3y/m > —m +
From this it follows that (5.99) holds.
In the other case that (5.100) is false, take ¢ = 1 and write
tl =m, r = 1. (5102)

(ii) In this case we know from (5.96) and (5.97) that there exist positive integers 7,1 and
tg+1 with

Tepr < b <ty (5.103)
such that
t20¢€y t2oey
max <(5t“1,m+17 |t — M%il ’) \/§(£§ Sy < \/%(l) < V3tloe,. (5.104)
8 2 3

If the equivalent of (5.100), and thus (5.101), holds for (rp41,ts41), i-e.,

‘qrtHl R e+1qu-+11 | < 3/8 - 60/2

41

then using (5.80), for some eigenvalue A, of A,

13v/37
6

‘)\ IMWZJrl)’ < 2(\/—15(0'62( -+ 60) + t@+10’61> < ( -+ 2t@+1) O€g,
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which gives

e — ™) < A — plte)| + Z |ulf?) — pltee |

< (13\g§t5+\/%+\/§;t2> ey
1)(2m—|—1))

O€y

1 2
< <—3\/6§m N LG +6

< (m+1)30e,,

as required by (5.99), where the penultimate inequality follows from (5.102) and (5.103). If
the equivalent of (5.100) does not hold, then replace ¢ by ¢ + 1 and return to (ii).

We see that T} = a4, qg) =1, so that zgl) = vy satisfies (5.101), proving that we must
encounter an (rpy1,tey1) pair satisfying (5.101), which completes the proof. O

Comments As in [141], the bound (5.99) is not tight, and thus should in no way be
considered an indication of the maximum attainable accuracy. In practice we can still observe
convergence of the eigenvalues of Ty, to eigenvalues of A with larger I'? than allowed by
€9 < 1/12. The constraint ¢, < 1/12 comes from the proof of the theorem above, which
requires that 3/8 — €;/2 > 1/3. We believe that the restriction on the size of €, could be
loosened by a constant factor by changing the form of the right hand side of [141, Equation
3.37] such that meaningful bounds are still obtained. This remains future work.

The following shows that if (5.98) holds we have an eigenvalue with a superior error
bound to (5.99) and that we also have a good eigenvector approximation.

Corollary 1. If (5.98) holds, then for the final (r,t) pair in Theorem 2, (,u,(f),f/tqﬁt)) is an
exact eigenpair for a matriz within 6t>cey of A.

Proof. From Theorem 2, if there is an 7, 1 <14 < m such that (5.98) holds, then there exist
rand ¢, 1 <r <t <msuch that

St < V3206, and 2] >

l\')l»—l
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and both ,u&t) and /Lgm) are close to the same eigenvalue of A. It follows from (5.79) that

(A+6AD) 0 = 020 with (5.105)

LT

||Z7(,t) HQ’ and

SAD = —(Bran Vo1 + 0Vig?)

A 5 1
5401 < (1erl - Necall + 1Vl - 191 TG
Zr
<2 (\/3152062(1 +e) + \/EJQ) (5.106)
< 6t%0€y, 2 (5.107)

where we have used (5.13), (5.15), and (5.67). So, 2" which lies in the range of V,, is an
exact eigenvector of a matrix close to A, and ;u(«t) is the corresponding exact eigenvalue. [J

As in the classical Lanczos case, the above is also the result we obtain for an eigenvalue
of T, produced by CA-Lanczos that is stabilized and well-separated.
Paige showed that one can also consider the accuracy of the pgm) as Rayleigh quo-

tients [141]. With no rounding errors, \™ is the Rayleigh quotient of A with z™ and this
gives the best bound from (5.79) and (5.80) with € = 0, i.e., in exact arithmetic. Here (5.78)
and (5.79) can be combined to give

2T g lm) _fm) (T (m) —EE?) +2MTsv g™, (5.108)

so if ||zl(m)|| ~ 1, then ul(-m) is close to the Rayleigh quotient

If (5.90) holds, then ||zl(m)|| > (.39, and thus using (5.108) and the bounds in (5.13), (5.67),

and (5.77),

o™ = ™| < 9moes.

(m)

7

If sz(m)H is small, then it is unlikely that p §m’
zgm) will probably be inaccurate due to rounding errors. The equation (5.93) suggests that

will be very close to o; ", since a small
at least one of a group of close eigenvalues will have corresponding ||Zz(m)|| 2 1. In fact,
using (5.85), (5.88), and an argument similar to that used in Theorem 2, it can be shown
that every u\™ lies within m®2ce, of a Rayleigh quotient of A, and so with (5.17) and (5.67),
all the u(m) lie in the interval

i

) < A + m* %06y (5.109)

Amin — m*20ey < p

This differs from the bound on the distance of ugm) from an eigenvalue of A in (5.99), which
requires that u{™ has stabilized.
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(m

We emphasize that whatever the size of d,,;, the eigenvalue p ) of T., with eigenvector

(

qim) has necessarily stabilized to within d,, ; = Bm+1|eTan§m) | If ,ugm) is a separated eigenvalue
of T, so that (5.90) holds, then it follows from (5.79), (5.80), and (5.92) that the eigenpair
(,ul(m), qui(m)> represents an eigenpair of A to within

3(6m,i + v/moey). (5.110)

On the other hand, if ugm) is one of a close group of eigenvalues of Tm, so that (5.90) does
not hold, then we have found a good approximation to an eigenvalue of A. In this case
either (ugm),qui(m)) represents an eigenpair of A to within (5.110) (see [141]), or there

exists 1 < r <t < m such that

max (d, 1" = ) < Vamioe, (5.111)

as from Lemma 2. Then, it follows from Theorem 2 that x\™ is within ((m+1)°+v/3m?)oe,

of an eigenvalue of A. The §,,; and uz(-m) can be computed from T, efficiently, and these
results show how we can obtain intervals from them which are known to contain eigenvalues
of A, whether d,,; is large or small.

5.1.5 Convergence of Eigenvalues

Theorem 2 showed that, assuming (5.64) holds, if an eigenvalue of T, has stabilized to within
V3m?ce,, then it is within (m + 1)30¢, of an eigenvalue of A, regardless of how many other
eigenvalues of T., are close, and Corollary 1 showed we had an eigenpair of a matrix within
6m2oey of A. Tt is now shown that, assuming (5.64), eigenvalues do stabilize to this accuracy
using the CA-Lanczos method, and we can specify how quickly this occurs.

In [138], it was shown that at least one eigenvalue of T}, must have stabilized by iteration
m = n. This is based on (5.78), which indicates that significant loss of orthogonality implies
stabilization of at least one eigenvalue. Using (5.77) and (5.83), if at step m <n

0o = B£+1‘77é?| > \/3m2oey, where 1 <i</{<m, (5.112)
then we have
1 = 1
Rl < — ) < —.

Let oy > --- > 0,, be the singular values of Vio. A result of Rump [152, Lemma 2.2]
states that given a matrix X € R™™ if || — XTX|s < a < 1, then /1 —a < 04(X) <
V14 a, fori e {1,...,m}. Using the above bound with (5.15), (5.18), and (5.64), we have
I —VZIV,|l; < 1, and then with a = 2/v/12 + 1/24, we apply Lemma 2.2 from [152] to
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obtain the bounds
0.61 < 0;(V,,) < 1.3, for ie{l,...,m}. (5.113)
Note that if (5.112) does not hold, then we already have an eigenpair of a matrix close
to A. If we now consider the qu) that minimizes 8,,; for T}, we see from (5.77), (5.78),
and (5.83) that
1Bl Vi maa || < m*oes. (5.114)

Theorem 3. For the CA-Lanczos method, if n(3eo + €1) < 1 and g < 1/12, then at least
one eigenvalue of T,, must be within (n+ 1)30¢ey of an eigenvalue of the n x n matriz A, and
there exist r <t < n such that (,ufat), zﬁt)) is an exact eigenpair of a matriz within 6t2cey of

A.

Proof. 1f (5.112) does not hold for m = n, then an eigenvalue has stabilized to that accuracy
before m = n. Otherwise, (5.112) holds for m = n, so from (5.113), V, is nonsingular, and
then (5.114) shows that for the smallest §,,; of T},,

0.262 < V3n%oe,

since ||V 6pi1|| = Ol|Omg|| > 0.6 from (5.113) and (5.15). So at least one eigenvalue must
have stabilized to within v/3m?2ce, by iteration m = n, and from Theorem 2 this eigenvalue
must be within (n+1)3c¢€y of an eigenvalue of A. Furthermore, Corollary 1 shows that there

is an exact eigenpair (,u7(~t), zﬁt)), r <t <mn, of a matrix within 6t20e, of A. O

n3/2

6n,i S

This shows that the CA-Lanczos algorithm gives at least one eigenvalue of A to high
accuracy by iteration m = n, assuming restrictions on the sizes of ¢, and ;.

We now extend Paige’s results to specify how quickly we can expect to find eigenvalues
and eigenvectors of A using the CA-Lanczos method in practice. We first consider the
Krylov sequence on which the Lanczos algorithm and several other methods are based. For
symmetric A, one way of using m steps of the Krylov sequence is to form an n x m matrix
V' whose columns span the range of

[v1, Avy, ..., A7 ] (5.115)
and use the eigenvalues of
VIAVq= vV (5.116)

as approximations to some of the eigenvalues of A. The Lanczos algorithm with full re-
orthogonalization forms Krylov subspaces for a matrix very close to A with the eigenvalues
of T being very close to those of (5.116) [141]. We now show how CA-Lanczos without full
reorthogonalization parallels these results.

3 Again, these bounds differ from those given in [141], which are 0.41 < 04(V,,) < 1.6; we suspect that
the bounds in [141] were obtained by squaring both sides of the bound and using ey < 1/100 rather than
€0 < 1/12, the former being the value used in [138].
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Theorem 4. For m iterations of the CA-Lanczos method, with (5.17), (5.67), and m such

that (5.112) holds, the m Lanczos vectors (columns of Vy, ) span a Krylov subspace of a matriz
within (3m)Y20e, of A.

Proof. From (5.9),
A‘A/m = Vme + Bm-l—lﬁm-‘rleg + 5Vm - Vm—&-le—&—l,m + (ﬂA/mv

where Tpy1,m is the matrix of the first m columns of T,4;. Then with (5.13), (5.67),
and (5.113),

(A+ 5Am)‘7m = Vm+1Tm+1,m, with
0 Ay = _6Vm(VWTLVm)_1V$, and
16 A, |7 = trace(§A,,6 AT )1/

m 1/2
_ (z 6T Asvmwwﬂw)
=1

< (3m)1/2062.

Comments This is analogous to the result of Paige for classical Lanczos: until an eigen-
value of T),_; has stabilized, i.e., while (5.112) holds, the vectors 1, ..., 0y,e1 computed
correspond to an exact Krylov sequence for the matrix A + dA,,. As a result of this, and
since it follows from (5.79) that (A + 5A$«t))z7(«t) = 2" if we assume that the s-step bases
generated in each outer loop are conditioned such that (5.64) holds, then the CA-Lanczos
algorithm can be thought of as a numerically stable way of computing a Krylov sequence,
at least until the corresponding Krylov subspace contains an exact eigenvector of a matrix
within 6m2ces of A.

When T}, and V,, are used to solve the eigenproblem of A, if we follow (5.115) and (5.116),
we want the eigenvalues and eigenvectors of T.. to be close to those of

VWTLAqu = /LVn:fqu, where ¢7¢ = 1, (5.117)

as would be the case with classical Lanczos with full reorthogonalization. If (5.112) holds,
then the range of V,, is close to what we expect from the Lanczos method with full reorthog-
onalization, and thus the eigenvalues of (5.117) would be close (how close depends on the
value of €) to those obtained using full reorthogonalization.

Theorem 5. IfV,, comes from the s-step Lanczos method with (5.17) and (5.67), and (5.112)
holds, then for any p and q which satisfy (5.117), (i, Vinq) is an exact eigenpair for a matriz
within (25 + 2m1/2062) of A, where

n= egqa 0= Bm+l’77"



129

Proof. Define R A
r=AVyq — pVng. (5.118)

Then o R X
r= Vm(Tm - MI)(] + ﬁerln@erl + 5VmQ7
where we have used (5.9). Since from (5.117), V.2 =0,
(T — pi)g = —(VIV) " VI (B 10t + 6Ving), and (5.119)
r = Pp(Bns1M0ms1 + 0Vinq), (5.120)

where P, = I—V,,(VIV,,)" V1 is the projector orthogonal to the range of V,,. Using (5.112)
and (5.114), we can bound

< (3m)~ Y2, (5.121)

We can also write

A

Hpm'&m-',-l”2 = ﬁr:z-i-lpmﬁm-l-l = @777;—5-1@7714-1 - @TCCL-i-le(Vng)_lngm-i-la

and then using (5.15), (5.113), and (5.121),

€0 1 € 1 1 1 ~ 2 €o
LS . < Pnipr|? <1+ 2. 5.122
. ( LS _Sm)_n bl <14 5 (5.122)

Using (5.13), (5.67), (5.120), and (5.122), we can write the bound

R ~ ~ ™TMaoe
7l < 1Pl - Voat] + 1 Pl l[67mall < (14 0) 6+ Y2
V2
Then by (5.118),
Y/ T
(A—0A)V,qg = uVing, where 0A= w,
| Vina||?

with

r 1 1/2

I6A|F = H‘Uf |c|1H <o ((1 +e)d+ méQ) < 26 + 2m20e, (5.123)

where we have used (5.113). O
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Since from (5.117), V.I'r = 0,

(T — g = —(VIV,) "V E (B 1n0msr + 6Ving). (5.124)
Then ordering the eigenvalues of Tm such that d,,1 > 0o > -+ > dpm, and assuming

(5.112) holds for ¢ = m, then for any eigenpair of (5.117), (5.124) gives, using (5.13), (5.67),
(5.113), and (5.114),

- 3md
1T — pal| < <2 + #) m'2oe,. (5.125)
m,m
From this we can write
3md A ) "
<2 + 5—> m!'2oey > ||Tng — pgll2 > min ™ = .

Then, from (5.112), 8, > V3m?oe,, and thus

V30

(m) _ ) = min |\™ — < 2m'Poey + ——. 5.126
p™ = pl = min™ — p

Jm

Then, for any t > m,

~

-l
Ot—ml Bm+1me1

and together with (5.125),

3 1/2
miin ,M(t) —u| < 2mVoey + 6 (1 + E) : (5.127)

Equations (5.126) and (5.127) can then be combined to give

min |u§t) — ul™| < 4moe, + 46.

Thus, assuming e, is small enough, an eigenvalue of T, close to 1 has stabilized to about
49, where 1 is within 2§ of an eigenvalue of A (see [141, Theorem 4.3]).
It can also be shown that for each ugm) of Ty,

min _ |u — p; )|§2m1/2062—|—\/_ ’

pin (5.117) vm

This means that when (,ugm), qui(m)) represents an eigenpair of A to within about d,, ;, there
is a p of (5.117) within about 6,,; of ,uz(-m), assuming m > 3.

Thus, assuming no breakdown occurs and the size of 'y, satisfies (5.64), these results say
the same thing for the CA-Lanczos case as in the classical Lanczos case: until an eigen-
value has stabilized, the CA-Lanczos algorithm behaves very much like the error-free Lanczos

process, or the Lanczos algorithm with reorthogonalization.



131

5.1.6 Numerical Experiments

In this section, we perform a variety of numerical experiments to demonstrate the proven
bounds for CA-Lanczos. We first illustrate our two definitions for I'; and the implications
these values have for the convergence of Ritz values. The test problem we will use for all
tests is a diagonal matrix with n = 100 with eigenvalues evenly spaced between A.;, = 0.1
and Apax = 100 (note that this is the ‘Strakos’ matrix test problem originally from [170]
with parameters n = 100, A\; = 0.1, A, = 100, and p = 1.0). We use a random starting
vector with entries uniformly distributed between [0, 1]; the same starting vector is used in
all tests.

In each test, the method was run for 100 iterations. At iteration m = 100, we compute
the Ritz values (eigenvalues of Tm) and plot these along with the true eigenvalues of A.
We also plot the bounds on the interval containing the Ritz values given by (5.109), i.e.,
Amin — M 20ey < ME’") < Amax + m??0€,. For reference, in Figure 5.20, we show the results
for the classical Lanczos method. The Ritz values are plotted as blue dots, the eigenvalues of
A are plotted as red tick marks, and the dashed vertical lines mark the bounds A, —m5 e,
and Apax + m®20ey. We see here that Paige’s analysis leads to tight bounds on the possible
range of Ritz values for this test problem. It is also worth noting that from the scatter plot,
we can see that many of the extremal eigenvalues are well approximated by the Ritz values
produced by classical Lanczos, although some eigenvalues in the interior of the spectrum are
not well approximated by any Ritz value.

In Figures 5.21, 5.22, and 5.23, we show the same data for CA-Lanczos tests for both the
monomial and Chebyshev bases, with s = 2, s = 4, and s = 12, respectively. In the top row
of each plot, we show data illustrating the impact of the basis condition number on our error
bounds in this section; for CA-Lanczos with the monomial basis (left) and the Chebyshev
basis (right), the blue lines show the value of T'? as defined in Theorem 1 and the red lines
show the value of I'; ; as defined in (5.61) which allow for tighter bounds (note that the
results of Sections 5.1.4 and 5.1.5 only depend on assumptions about value of ¢, in (5.15),
so we need not consider the other definitions of 'y, in (5.62) and (5.63)). The black dotted
lines in these plots show the maximum allowable value of T'2 such that Paige’s results hold
for the CA-Lanczos case, as defined in (5.65), i.e., [2 < (24e(n + 11s + 15))~%. Of the two
scatter plots shown in each figure, the topmost corresponds to the monomial basis and the
other corresponds to the Chebyshev basis. Again, the dashed vertical lines mark the bounds
Amin — M°20€y and A\pax + m/20€y, where €, is computed using the corresponding value of
[} (the red lines) in iteration m = 100.

In Figure 5.21 for CA-Lanczos with s = 2, we see that 1;,2% ; remains well below the black
dotted line for both the monomial and Chebyshev bases, and the bounds on the range of
Ritz values are tight. As s is increased to s = 4 we see from Figure 5.22 that the value of
fi,j becomes larger for the monomial basis, and this results in looser, but still valid bounds
as indicated by the dashed vertical lines in the corresponding scatter plot. For s = 12 with
the monomial basis (Figure 5.23) however, we see from the top left plot that fi,j exceeds
the black dotted line, and thus the assumptions in (5.65) no longer hold, which indicates
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that the bounds on the range of Ritz values are no longer reliable. Indeed we can see from
the corresponding scatter plot that Ritz values appear outside of these bounds. The fid
values for the Chebyshev basis for s = 4 and s = 12 remain relatively smaller, indicating
that the Chebyshev basis remains well-conditioned in these cases, and thus the bounds on
the possible range of Ritz values shown in the scatter plots remain relatively tight.

0 10 20 30 40 50 60 70 80 90 100

Figure 5.20: Ritz values and bounds for classical Lanczos after 100 iterations for the ‘Strako§’ problem.
Blue dots shows Ritz value computed after 100 iterations of classical Lanczos, red tick marks denote the true

eigenvalues of A, and dashed vertical lines show the bounds on the range of computed Ritz values given by
Paige [141].

For the same test problem, we show the convergence of Ritz values to eigenvalues of A
in Figures 5.24-5.27. For each test, we show three plots. On the left, for each iteration
m we plot values | Bm+1777($ i)| for each ¢ € {1,...,m}, which are the error bounds in exact

arithmetic, i.e., min, |\, — ugm)| < |Bm+m$)| (this can be seen by taking ¢ = 0 in (5.80)).

The middle plots show the error bounds on min,. |A. — ugm)| in finite precision: from (5.110)
and (5.111), we have that

min [\, — 1] < max (3(|Bm+m£;’72| +/moe), (m+1)° + ﬁmZ)aez) L (5.128)

where for classical Lanczos plots the values of €; and €3 used are those given by Paige [141]
and for the CA-Lanczos plots the values of €; and €, are computed using the tighter definition
of T% ; given in (5.61). On the right, we show the actual values of min, |, — 1™ for each
Ritz value in each iteration. Values reported as zeroes by Matlab were flushed to the value
107 in the plots in order to be visible on the log scale.

Figure 5.24 shows these plots for the classical Lanczos method, using the bounds of
Paige [141]. In Figures 5.25, 5.26, and 5.27, we show the same plots for the CA-Lanczos
method with s = 2, s = 4, and s = 12, respectively. In each figure for CA-Lanzos, we show
results for both the monomial basis (top row) and the Chebyshev basis (bottom row).

The first thing to notice in Figure 5.24 is that, as mentioned by Paige, even for the classical
Lanczos method the finite precision bounds should not be interpreted as an indication of
attainable accuracy. In fact the convergence of the Ritz values to eigenvalues of A more
closely follows the exact arithmetic error bounds. Looking at Figures 5.25- 5.27, we can
see that this is also the case for CA-Lanczos, and in fact, as Fi,j becomes larger, the finite
precision bounds are even worse indicators of actual accuracy. As long as fi ; remains below
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Gamma values, s=2,monomial basis Gamma values, s=2,Chebyshev basis
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Figure 5.21: Ritz values and bounds for CA-Lanczos with s = 2 after 100 iterations for the ‘Strakos’
problem. Plots in the top row show the values of I'? as defined in Theorem 1 (blue line) and the values of
f‘i) ; as defined in (5.61) (red line) throughout the iterations for the monomial basis (left) and the Chebyshev
basis (right). The black dotted lines plot the bound in (5.65). Scatter plots below these plots show the cor-
responding Ritz values computed at iteration m = 100 for the monomial basis (topmost) and the Chebyshev
basis (bottommost). Blue dots shows Ritz value computed after 100 iterations, red tick marks denote the
true eigenvalues of A, and dashed vertical lines show the bounds on the range of computed Ritz values given
by (5.109).
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Gamma values, s=4,monomial basis Gamma values, s=4,Chebyshev basis
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Figure 5.22: Ritz values and bounds for CA-Lanczos with s = 4 after 100 iterations for the ‘Strakos’
problem. Plots in the top row show the values of I'? as defined in Theorem 1 (blue line) and the values of
fi) ; as defined in (5.61) (red line) throughout the iterations for the monomial basis (left) and the Chebyshev
basis (right). The black dotted lines plot the bound in (5.65). Scatter plots below these plots show the cor-
responding Ritz values computed at iteration m = 100 for the monomial basis (topmost) and the Chebyshev
basis (bottommost). Blue dots shows Ritz value computed after 100 iterations, red tick marks denote the
true eigenvalues of A, and dashed vertical lines show the bounds on the range of computed Ritz values given
by (5.109).
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Gamma values, s=12,Chebyshev basis
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Figure 5.23: Ritz values and bounds for CA-Lanczos with s = 12 after 100 iterations for the ‘Strakos’
problem. Plots in the top row show the values of I'? as defined in Theorem 1 (blue line) and the values of
f‘i, ; as defined in (5.61) (red line) throughout the iterations for the monomial basis (left) and the Chebyshev
basis (right). The black dotted lines plot the bound in (5.65). Scatter plots below these plots show the cor-
responding Ritz values computed at iteration m = 100 for the monomial basis (topmost) and the Chebyshev
basis (bottommost). Blue dots shows Ritz value computed after 100 iterations, red tick marks denote the
true eigenvalues of A, and dashed vertical lines show the bounds on the range of computed Ritz values given
by (5.109).
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the level indicated by (5.65), which is the case for all CA-Lanczos tests except the monomial
basis with s = 12 in Figure 5.27, the exact arithmetic error bounds generally give a better
estimate of accuracy of the computed Ritz values.

Exact arithmetic error bounds, Classical Lanczos Finite precision error bounds, Classical Lanczos Computed Ritz values, Classical Lanczos

=
S}
g

=
o

=
O‘

Distance to nearest eigenvalue
Distance to nearest eigenvalue

0 60 40 60 80 100 40 60
Iteration Iteration Iteration

Figure 5.24: Ritz value convergence and convergence bounds for classical Lanczos for the ‘Strakos’ problem.

The left plot shows the exact error bounds | Bm“nfn"fi) | for each ¢ € {1,...,m}, the middle plot shows the
finite precision error bounds as given by Paige [141], and the right plot shows the the actual values of

min, [A, — u§m)| for each Ritz value in each iteration, where values measured as 0 have been flushed to 10~19.

This same data is visualized in another way in Figure 5.28. In this figure, plots on
the left show lower bounds on the number of Ritz values that have converged to within a
given tolerance according to the exact arithmetic error bounds. That is, for each iteration,
we plot |{|Bm+1nfn”?i)| < tol : 1 < i < m}|. Plots on the right show the actual number of
Ritz values that have converged to within a given tolerance, i.e., for each iteration we plot
[{min. [A. — ,ul(m)| < tol: 1 <i < m}|. Note that this may count multiple copies of a single
eigenvalue.

We plot results for two different tolerance values, tol = 107'% (solid lines) and tol = 1078
(dashed lines), for the classical Lanczos method (‘CL’, black) and the CA-Lanczos method
with the monomial basis (‘CA-M’, blue) and the Chebyshev basis (‘CA-C’, red). We have
generated these same plots for s = 2 (top row), s = 4 (middle row), and s = 12 (bottom row)
(note that the plotted black lines for classical Lanczos are the same in each row). For s = 2,
we can see from plots on the right that CA-Lanczos with both the monomial and Chebyshev
bases finds about the same number of eigenvalues to high accuracy after 100 iterations. For
s = 4, the CA-Lanczos method with both the monomial and Chebyshev basis find about
the same number of eigenvalues to the accuracy of 10=% as the classical method. However,
use of the monomial basis prohibits the computation of any eigenvalues to high accuracy
in this case, whereas the CA-Lanczos method with the Chebyshev basis still finds about as
many eigenvalues to high accuracy as the classical method. For the higher value s = 12, the
Chebyshev basis finds almost as many eigenvalues to the accuracy of 1078 as the classical
Lanczos method, and finds about a third of those found by the classical Lanczos method to
high accuracy. Use of the monomial basis with s = 12 results in no eigenvalues found to
either tolerance level.



137

.@ﬁIOH 0} poysny u9o( 92ARY () SB PolllSeoll SOll[BA 9IoUM ﬁQOEVd.Hwﬁ [oro Ul omJRA ZITY Yoro
10] _A.Esi — 04_ UQME JO somnfea Tenjoe o3} 9yl SMoys HOMQ @QME o3} pue ﬁAwN._”mv ut Qw\ﬁm Sse spunoq Jo.aIo QOMWMO@MQ 9lIuyg oy} Mmoys wPOMQ o[pprua

)
2w

oy fwt T} 3 2 qoed 10§ |y
[etaouowr 973 .I0J BEO?—OMQ wO&ﬁ.E,mu o} IO} ¢ = § UM wONoﬁd‘Hn<O I0J spunoq 90U IOATIOD pue QOUOZIDATOD IneA ziry mmm @hswﬁm

(%

LT+%g| spunoq Io11o 10ex0 971 Moys sjo[d 430[ oY, (MOl U10330q) SIseq AIYSAQOY)) o1 pue (mol doy) siseq

uonessy uoneisy uonessy

00T 08 09 (4 0c 0 00T 08 09 or 0c 0 00T 08 09 o 0C 0

: , , : 1207 , : , : 5207

anjeAusbie 1saresu 0} 8auEISIq
B
I
anfeauabls 1saleau 0} aouersiq
anfeauabis 1saleau 0} duelsIq

siseq AsysAgayD'z=s ‘sanfen ziy paindwo siseq AsYsAgayD‘z=s ‘spunog Joud uoisioaid apul4 siseq ABYsAgayD‘Z=s ‘Spunog Jo1d disWyLIe 10X

uone.ay uonesd) uone.ay

00T 08 09 ov 0c 0 00T 08 09 oy 0c 0
T T T T 0T T T T T 0T

01—

G-

anfeauablad 1saleau 0) duelsIq
anpeauabls 1saleau 0} ouelsIq
anfeauabla 1saleau 0) duelsIq

SISE( [RILIOUOWZ=S ‘San|eA Ziy pandwod SISE( [RILIOUOW‘Z=S ‘SPUNOq Joua uoisioaid anui4 SISeq [eILIOUOW'Z=S ‘SPUNOQ I01I3 dNBWYILEe 10BX]



o
: s
—
(2]
R ‘D
8 8
o
2 7o > [
© 3
£ ]
S =
c o
5] @
E =
ST 4 8 O L
1l c ¥
o s b
3 S @
3 e g
S | lo S |
< >
5 2
o x
=]
2 g
a | 1o al
£ «
S £
S 5]
O
m‘ o o * * c‘ m‘ o ©
E < o S E <
o T ) S o f T ) )

o o o o = o o o o
=1 = 1 =1 = = 1 = =1
9n|€/\u65!9 1saleau 0} aduelsig anmAuaBga 1saleau 0} aduelsig

o o
: : : S : : =1
- -
(2]
0 ‘a
[ ©
s o
= 3
8 lo L lo
£ ® 3 ®
5] =
c o
S @
E e
< o
y o o
i 1@ W[ 1@
c
8 S 4
5 8 <
] s 3
2 o =2 <
£ 19 87 1<
o 5]
S c
‘S o
° D
o 1R 3+ 1R
2 s
e 5
kS i
w ing
- O‘ hﬂ‘ o o O‘ m‘ o o
o S [ S S 3 S
. o 1 1 I 1 0 1 I 1
= =} o = = = = = o =
— - — — - — — — - —
8 8
=1 ” INYS% =
0 — KT &
2 2 f/}’/ )55
@ s f 74
o |
3 3 9 2
[ ) ) /
-2 lo ¢ | / lo
£ @ [ W<y @
5] >
c )
<] @
E ey
< )
b g b 8
- 1© w r 1©
%) c -
=] S 3
5 g S
8 g ©
2 2 3
1o =L lo
2 ¥ g i
£
o 5]
2 8
5 =
@
E £
= lo £ lo
= Q8 E «
© 5]
g i3]
X g
w a
. . _ _ Jo . . - - Jo
o S E < o S E <
o o f T T ) S o f T ) )
= =) o o o o = = o o o o
=1 = 1 = = 1 1 = = 1 = 1

anfeauabla 1saleau 0) duelsIq

anfeauabis 1saleau 0} duelsIq

Iteration

Iteration

Iteration
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middle plots show the finite precision error bounds as given in (5.128), and the right plot shows the the actual values of min, |\, — ugm)| for

each Ritz value in each iteration, where values measured as 0 have been flushed to 10719,

7| for each i € {1,..

(m)

Figure 5.26: Ritz value convergence and convergence bounds for CA-Lanczos with s = 4 for the ‘Strakos’ problem, for the monomial
basis (top row) and the Chebyshev basis (bottom row). The left plots show the exact error bounds |5,,+17
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Figure 5.28: Number of converged Ritz values and lower bounds for the ‘Strakos’ problem. Plots on the left
show lower bounds on the number of Ritz values that have converged to within a given tolerance according to

the exact arithmetic error bounds, i.e., |{|Bm117

(m
m,i

| <tol:1<i<m}|. Plots on the right show the actual

number of Ritz values that have converged to within a given tolerance, i.e., |{min. |\, — ugm)| <tol:1<7<
m}|. Results are shown for two different tolerance values, tol = 107! (solid lines) and tol = 10~® (dashed
lines), for the classical Lanczos method (‘CL’, black) and the CA-Lanczos method with the monomial basis
(‘CA-M’, blue) and the Chebyshev basis (‘CA-C’, red). For CA-Lanczos we show tests for s = 2 (top row),
s =4 (middle row), and s = 12 (bottom row).
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We show one more experiment, again using the same matrix and starting vector, in
order to demonstrate the connection between the loss of orthogonality among the Lanc-
zos vectors and the convergence of Ritz values in the CA-Lanczos method. Recall that
by (5.78), the loss of orthogonality of the (m + 1)-st Lanczos vector can be expressed as
2T = —GET) / Bm+177£nm,), where e(m) < moey. Figure 5.29 shows results for the classical
Lanczos method For each iteration m, the red line shows the maximum loss of orthog-
onality, max; |z Tvm+1| and the blue line shows min; | Bm+1n(m)|. The black solid line
shows max; | ﬁmﬂnfnml) ,fm)Tvm+1] = max; ]e” |, and the dashed black line plots moe,, which
by (5.78) and (5. 77) is a bound for the solid black line. For classical Lanczos we use the
value of €5 given by Paige [141]. Paige’s fundamental result [141] that loss of orthogonality
corresponds to convergence of a Ritz value is clearly seen in Figure 5.29.

We plot the same data for CA-Lanczos with s = 2, s = 4, s = 8, and s = 12 using
both the monomial basis (Figure 5.30) and the Chebyshev basis (Figure 5.31). For the CA-
Lanczos plots we use the value of e; computed using the tighter definition of T'7  given in
(5.61). For reference, plots on the left show the corresponding values of the two definitions
of T2 throughout the iterations; these are the same plots that appeared in Figures 5.21-5.23
(except for the case s = 8). As a reminder, in plots on the left, the blue lines show the value
of T2 as defined in Theorem 1 and the red lines show the value of F2 as defined in (5. 61)
and the black dotted lines show the maximum allowable value of I'? as defined in (5.65), i
7 < (24e(n + 11s 4+ 15)) 7!

In Figure 5.30, we can see that the larger the value of fi,j grows, the sooner orthogo-
nality is lost, and that this corresponds to convergence of a Ritz value to a larger tolerance
level. From the plots for s = 12, it is clear that as soon as fi,j grows above the level in-
dicated in (5.65), the result that loss of orthogonality implies convergence of a Ritz value
no longer holds; around the same iteration where ' ;.; exceeds the bound indicated by the
black dotted line, orthogonality is immediately lost although no Ritz values have converged.
In Figure 5.31, we see that FZJ remains small indicating that the Chebyshev basis remains
well conditioned, and thus despite the larger value of the bound maoes,, loss of orthogonality
corresponds to convergence of a Ritz value to around the same accuracy as in the classical
case and this occurs around the same iteration as for classical Lanczos.

These results give us hope towards the development of methods for ensuring good nu-
merical properties in CA-Lanczos and other CA-KSMs by maintaining a small Ty, ; value,
which as these tests show, is usually a good indication of whether or not the results of Paige
apply. As mentioned, the definition leading to tighter bounds in (5.61) can be computed
within each inner loop iteration for the cost of (at most) one extra reduction per outer
loop by computing |J>k|T|)>k|, which can potentially be performed simultaneously with the
computation of G, (line 4 in Algorithm 26). Thus the value of T 7, (the red lines) could
be cheaply monitored during the iterations. Some potential ideas on how to enforce the
restriction (5.65) are discussed further in Sections 6.7 and 6.5.
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Orth. vs. Ritz conv., classical Lanczos

0 20 0 60 80 100

Iteration
Figure 5.29: Loss of orthogonality and convergence of Ritz values for classical Lanczos for the ‘Strakos’
problem. The red line shows the maximum loss of orthogonality, max; |zi(m)T@m+1\, the blue line shows
min; |B,,L+1n7(n”?|, the black solid line shows max; |Bm+1n(m)z(m)T@m+1|, and the dashed black line plots

m,t “1
maoes.

5.1.7 Conclusions

In this section, we have presented a complete rounding error analysis of the CA-Lanczos
method. The derived bounds are analogous to those of Paige for classical Lanczos [140], but
also depend on a amplification factor I'2, which depends on the condition number of the
computed s-step Krylov bases.

We have further shown that the results of Paige for classical Lanczos [141] also apply
to the CA-Lanczos method as long as the computed s-step bases remain well-conditioned.
As in the classical Lanczos case, the upper bounds in this paper and in [30] are likely large
overestimates. We stress, as did Paige, that the value of these bounds is in the insight they
give rather than their tightness. In practice, we have observed that accurate eigenvalue
estimates of A can be found with much looser restrictions than indicated by (5.64), and in
some cases even in spite of a numerically rank-deficient basis.

Our analysis and extension of Paige’s results confirms the observation that the condi-
tioning of the Krylov bases plays a large role in determining finite precision behavior, and
also indicates that the s-step method can be made suitable for practical use in many cases,
offering both speed and accuracy. The next step is to extend the subsequent analyses of
Paige, in which a type of augmented backward stability for the classical Lanczos method is
proved [142]. In [12], Bai proves a result for nonsymmetric Lanczos analogous to the results
of Paige, namely, that if a Ritz value is well-conditioned, convergence implies loss of orthog-
onality. We conjecture that our results for CA-Lanczos could be extended in the same way
to the nonsymmetric CA-Lanczos method.

This analysis also inspires the development of practical techniques for improving CA-
Lanczos based on our results. In Chapter 6, we discuss potential ways of controlling the
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o Gamma values, s=2,monomial basis Orth. vs. Ritz conv., s=2,monomial basis
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Figure 5.30: Loss of orthogonality and convergence of Ritz values for CA-Lanczos with the monomial basis
for the ‘Strako§’ problem, for s = 2 (top row), s = 4 (second row from the top), s = 8 (second row from
the bottom), and s = 12 (bottom row). For plots on the left, blue lines show the values of I'? as defined
in Theorem 1, red lines show the values of 1:‘%7 ; as defined in (5.61), and black dotted lines plot the bound

in (5.65). For plots on the right, the red line shows the maximum loss of orthogonality, max; |z§m)T@m+1|,

the blue line shows min; |Bm+177,(:?2|, the black solid line shows max; |Bm+1nggz§m)Tﬁm+1|, and the dashed
black line plots moes.
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Gamma values, s=2,Chebyshev basis Orth. vs. Ritz conv., s=2,Chebyshev basis
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Figure 5.31: Loss of orthogonality and convergence of Ritz values for CA-Lanczos with the Chebyshev
basis for the ‘Strakos’ problem, for s = 2 (top row), s = 4 (second row from the top), s = 8 (second row from
the bottom), and s = 12 (bottom row). For plots on the left, blue lines show the values of I'? as defined
in Theorem 1, red lines show the values of 1"%7 ; as defined in (5.61), and black dotted lines plot the bound

in (5.65). For plots on the right, the red line shows the maximum loss of orthogonality, max; |z§m)T@m+1|,
the blue line shows min, |Bm+177,(:?2|, the black solid line shows max; |Bm+1n$2z§m)Tﬁm+1|, and the dashed
black line plots moes.
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basis conditioning such that (5.64) holds. We also discuss how our bounds could guide the
use of extended or mixed precision in s-step Krylov methods; that is, rather than control
the conditioning of the computed s-step base (5.64) could be satisfied by decreasing the unit
roundoff € using techniques either in hardware or software.

5.2 Convergence of CA-KSMs for Solving Linear
Systems

In this section, we derive Lanczos-type matrix recurrences governing the CA-BICG and
CA-CG methods in finite precision arithmetic, which demonstrate the relationship of these
algorithms to their classical counterparts. We will use the term ‘CA-(BI)CG’ to indicate
application to both CA-BICG and CA-CG. A derivation of the CA-BICG method appears
in Algorithm 8 in Section 4.2; a derivation of the CA-CG method is deferred to Section 5.3,
although CA-CG could also be obtained by taking A = AT and simplifying CA-BICG in
Algorithm 8.

Using the recurrence, we extend the results of Tong and Ye for classical BICG [176] to
derive an upper bound on the norm of the updated residual in finite precision CA-(BI)CG
in terms of the residual norm of exact GMRES applied to a perturbed matrix, multiplied by
an amplification factor. Our bound enables comparison of the finite precision CA-(BI)CG
and classical BICG in terms of amplification factors. For CA-(BI)CG, the amplification
factor depends heavily on the quality of s-step polynomial bases generated in each outer
loop. As a side effect, by ignoring perturbation terms, we obtain an equivalent bound for
the exact arithmetic case. Our bound also provides an analytical explanation for commonly-
observed convergence behavior of CA-(BI)CG, namely, that convergence may occur despite
(near) linear dependence among the Krylov vectors, which can occur as a result of the
finite precision Lanczos process, as in the classical method, as well as from numerical rank
deficiencies in the generated s-step polynomial bases. We note that this Section is adapted
from the technical report [29].

5.2.1 The CA-(BI)CG Recurrence

We refer the reader to the derivation of CA-(BI)CG in Section 4.2 and to the CA-(BI)CG
algorithm given in Algorithm 8. Recall that, within the inner loop of Algorithm 8, in step
j of outer loop k, we update the length-(2s + 1) coefficients for the (BI)CG vectors as
linear combinations of the columns in Y, and Y, rather than explicitly update the length-n
(BI)CG vectors, as in classical (BI)CG. As before, the coefficient vectors are denoted with
prime symbols (e.g., 71 = Vi1, ; for j € {1,...,s+1}). The inner iteration updates then
become

r;e,jﬂ = r;w' - Oésk+jBJE:y)P2,j and (5.129)

P;c,j+1 = T;C,j—&-l + BSk-f—jp;c,ja (5.130)
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for j € {1,...,s}.
We can rearrange (5.129) and (5.130) as

1 .
B,(cy)p;,j = (rh; — Thy41) forje{l,.... s} and (5.131)
sk+j
Thi = Phj — Bskaj1Ph; 1 forje{2,...,s+1}. (5.132)

Premultiplying (5.132) by Vi, and using Vi[r}, ;, 0} ;] = Y, [rk > Ph ] for j € {1,..., s}, we
obtain
ViTrej = VP = Bskrj—1Yy P j1 (5.133)

for j €{2,...,s}. When j = 1, we have
X;J";c@ = yk?—lr;f—l,s—i-l
= Vee1Ph 1041 — Bskdp_ 1Ph1.s
= kakg - ﬁSkzk—lp;C*LS’

which gives a valid expression for the j = 1 case.
Now, we define (2s + 1)-by-j matrices

VA / / VA W / /
ki = [ThtsThas s Thy) and Py = [Pl Phas- - Phj)

We can then write (5.133) in block form as

Zk ;c,j = kalé,jUkJ - Bsklk_lp;efl,se?v (5134>
where
1 _Bsk+1
1
Uk,j -
_/Bsk—l—j—l
1

Premultiplying (5.134) by A, we obtain
Alk ;c,j = AZkPé,jUk,j - 551«’42];_1});671,36{‘ (5-135)

We can also write (5.131) in block form as

1
Ask4j
where Ay ; = diag (aspt1, - - -, Qpsj) and
1
-1 1
LkJ ==
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If we premultiply (5.136) by V) and postmultiply by Uy ;, we obtain

_ 1
ka]E;y)P];7jUk,j = ykR;gJLk,jAk;Uk,j - —ykrfc,jH@T

70

sk 45
which can be written
B 1
AV, By Uky = Yy Ry i L g A 5Uk j — o H,yﬂﬁc,jﬂef (5.137)
sk+j

since AY, = kal(Cy) and ykR;w- =V ;c,j for j < s+ 1. We can then combine (5.135)
and (5.137) to obtain

/ / sk / T 1 / T
Azk kj — Yy k,j77w‘ - 'Xk717"k—1,s€1 - —yk‘rk,j_i_lej , (5.138)
sl Asl 5

for j € {1,...,s}, where Ty ; = Lk’jA];}UkJ‘ + e gz el. Note when k = 0, g—z is defined to
be 0.

We can now combine outer loop iterations in block form to write the CA-(BI)CG recur-
rence for iterations 1 through sk +j. Let 9, = Vs> V). Let

/
RO,S
/
1,s
/ . )
%k,j -
/
k,j
and
1 _h
ay ay
-1 14 B
T, = ar az oo
sk+j Bsk+i—1
Asl+5—1
1 1 Bsk4j—1
Asktj—1 Ask+j Ask+j—1

Then by (5.138), we can write

1
r ! / T
AY, R =D Tovrs = ——— Vil j1€onss-

sk+j
Since we can write the (BI)CG residual vectors as Ry,tj = [r1, ..., Fsprj] = @kﬂfﬁw, and
Tsktjt1 = Vel ;11> We can write the above as
1 T
ARgvj = Ry jToprj — Tsk+j+1Cskt
skt

which gives us the same governing equation for iterations 1 through sk + j as the classical
(BI)CG algorithm in exact arithmetic [176]. Note that a similar relation holds for the dual
Krylov vectors 7y and pPspq ;-
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5.2.2 CA-(BI)CG in Finite Precision

The goal of this section is to derive a Lanczos-type recurrence for finite precision CA-(BI)CG
of the form

1
/- / o ! T )
A@kmk,j = @kmk,stkﬂ P YTk j41€sk+s + kg

sk+j
and upper bound the size of the error term €0 ;. Recall that we assume a standard model
of floating point arithmetic, where
fl(ax +y) =ax +y+ 01, where |6,] < €2|az| + |y| + O(¢?), and
fl(Ax) = Az + 0o, where |6y < eN |Al x| + O(€%),
where € is the machine precision unit, x,y € R", a € R, and N is the maximum number of

nonzeros per row in A. In the remaining analysis we drop higher powers of € for simplicity.
For simplicity of notation, in this section we let 7y ,, Py, T ;5 Qsktj, Tskrst1, Dskrst1, Bkt

Vi, and B,(j’) be the computed quantities in finite precision CA-(BI)CG.

At the (sk + j)-th iteration, to compute 7} ;,, we first compute B,iy)p;,j and have

0(B0,) ~ 6+ 0, whee ol 5 e+ |8 -
Then

T;c,j+1 =1l <7”;g,j — Qgpyy - 1l <Bl(cy)p;c,j)>

= T;c,j — Oésk+j81(gy)p;c,j — Qgprig + 4, (5.139)

where ‘g/| < e(|r;€’j| + 2‘a5k+]~HBliy)p§€’jD. Let 57’2,1 = (ask+j9 + ')/ (€|agks;]). Then us-
ing (5.139) we obtain

1
skt (T;f,j-i-l - r;c,j) = _Bl(cy)p;c,] + 657«;,;"
where | / |
ro.
16, | < 25+ 1)[BY||ph ;| + 72 + 2|8 ph - (5.140)
‘ask—&—j‘
Similarly,

/ / /
Prje1 =11 (Tlc,j+1 + 5sk+jpk,j)
= i1+ Bkl + 1,

where |f| <€ (|7"§€7j+1| + 2| Bkt |p;w‘) Letting o . = f/e, we have

/ o B
Prj1 = Thyp1r T DskriPij + €0p 1
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where
‘5p§c,j+1‘ = ‘r;ajﬂ‘ + 2‘68k+j|‘p;c,j|' (5.141)
Rearranging (5.140) and (5.141), we can write

), _ _1
S i

Thj = Dhj — Bskri—1Prj1 + coy, , forjed{2,...,s+1}, (5.143)

(7 = Thyir) + edy,  forje {1,...,s}, and (5.142)

and premultiplying (5.143) by ), gives
zkr;w' = ka;c,j - Bsk-&-j—lzkp;c,j—l + elképﬁc,ﬁ
for j € {2,...,s}. When j =1, we have

Zkr;c,l = fl(ykflr;c—l,s—i-l)
= Vh-1Tk1,611 + €Pp_1 and (5.144)
ka;c,l = fl(ykflp;c—l,s-i-l)
= yk—lp;c—l,s—I—l + EQSZA»
where [¢7_1| < (2541) | Vo1 ||rh_1o41| and |@]_ | < (25+1)| V1| ph_1 s41|- Then for j =1,
we can write
Zkr;c,l = ykflr;c—l,sﬂ +€dp_4
= Vi 1Pe-t,51 — BskVe-1Dh—r,s + €10y, | . + €Dy
= ka;c,l - 6¢Z—1 - Bskzk_ﬂ);cfl,s + €yk,1(5p/ + €¢271

k—1,s+1

= ka;c,l - ﬁskzkflp;c—l,s te (yk—lép;,l,sﬂ + ¢Z—1 - §71> :

Now, let ARZJ = [5%‘1, e ,5r;€!j] and APA]‘ = [025+1, 5172,2’ . 67’?@,]]' We can then write
Zk ;ﬁ,j :kalg,jUk’j - ﬁsklk_lp;gfl,se{ + EXkAP;;j
+e (yk—l‘spk_l,sﬂ +dp 1 — §_1> el and (5.145)
1
y _
BYP,; =R}, ;LiAL} — @rgwe{ +eAp, . (5.146)

Premultiplying (5.145) by A gives
AV Ry, ; =AY, Pl Urj — BaAY,_ Dy ef + €AV, Apr
+ed (ykflép;c_lw + Py — £_1> er, (5.147)
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and premultiplying (5.146) by Yy gives

_ 1
ViBY P ; =ViR), ;L jA;L — — Virhojp1€) + elpy (5.148)
sk+j ’
for j € {1,...,s}.
Now, to write the error in CA-(BI)CG in the context of classical (BI)CG, we must
account for error in computation of the s-step bases. We will write the finite precision basis
computation as

AY, = VB + €Ay, (5.149)
where [Ag, | < (3+ N)|AI[X,] + 4% 1B] (see (5.42)).
Using (5.149), we can write (5.148) as

1
(AY, — eAy,) P kg — yk LAy i~ .ykr;ﬂijrle?—i_GykAR;c,j’

skt j

which can be rearranged to obtain

_ 1
AV, B =V, Ry ;LN — o Virhj1€] + eVilpy + €Ay, P, (5.150)
sk+j ’
Postmultiplying (5.150) by Uy ; gives
_ 1
AZkPé,jUk,j =), ;f,ijJAk,}Uk,j - Oé—ykr;c,j—ﬁ—lef

sk+j

+ E(ykAR;C’jUk,j + A)JkP];jUk,j), (5.151)

and combining (5.151) and (5.147), we obtain

. 1
AY, ;w‘ =V ;c,jL/ﬁjAk,;’Uk,j Coirg ykrkj+1€ — B AV, Dy 1861T (5.152)
+e (AzkAp,;j + Vel Unj + AykPkﬁjUk7j> (5.153)
A (Vb ., + Gy — ) . (5.154)

Since, using (5.149), (5.142), and (5.144), we have

T T ﬁsk
BskAZk,lp;c—l,sel :_a klk,ﬂ”;c—l,sel (ykrk | — €Pp_ 1)61
S

/ T
+ Eﬁskykfl(sr;c_l,sel + ﬁskAyk71pk71,sel )

we can write (5.154) as

r / Bsk T 1 / T
Aszk,j =k k,j77€,j —V 1 T 1,561 — —ykrk,j+1ej + €A j,

Qs Ask+j
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where
Akﬂ‘ = (AlkAPé] + Ayk_l(sp;cherle{) + <y]§AR;cijk7j — Bskyk_15%717se{> (5155)
(d /Bsk r
+ (Aykpé,jUk,j - 5skAyk_1p;c—1,s€ir) + (A( b1~ Phy) — ok e

(5.156)

Writing Ay j = [0sk+1, - - -, Osk+;], we have that the i™ column of Ay, forie {1,... sk+
i}, is
5sk+i - Azképk’l + yk(;r;m - ﬁsk—l-i—lykar;wil + Ay;ﬂ";g,ia (5157)

when ¢ > 1, and

581@—}—1 :Aylc—l(sp’

k—1,s+1

+ yk(sr;%l - 65]?3)]@—157“;9,1,5 + Aykpfm - ﬁskAyk_J?;c—Ls
r ﬁsk r
+ A(Bry — Ph1) — — (5.158)
Agk
for ¢ =1.
Using the inequalities ‘6sk+]~_1p;€’j71| < |p§€,j‘ + ‘r}c’j‘ + O(e) and }rfw;l} < ‘r}c’j‘ +

}ask+j—1HB;(€y)p§€7j,1} + O(€), we can bound the norm of the columns as

1 sk+i—
|6i]| < ((N+6)\A\|yk\+(2s+8)\yk|\8,(€y)|+( + Bt 1|)|yk|>|r;g,j|

‘ask+i| }Oéskﬂ'q ‘

(s + s ) 130
if 7 > 1. For the ¢ = 1 case, we have
|Ogiern | < ((N + 25+ 7)|A||Veoa| + (25 + 8)\yk1\|6,9?1|> |7h1.011] (5.160)
1 2s + 2)| s
+( +( s )|ﬁk}>|yk1”7’21,s+1|
’ask+1‘ ‘Oésk‘
—~ ((QN + 45+ 16)|A|| V1| + (65 + 22)|yk1\|8,9?1\> Dl 1.011] (5.161)

We can thus write the finite precision CA-(BI)CG recurrence for iterations 1 through
sk +j as
1
AV, = ViR Ty — Jykr;,j 1€y T Ok, (5.162)
sk+j
where DkJ’ = [AO,S—L ALS—17 c ey Ak,j]‘
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5.2.2.1 Relation to Classical (BI)CG

Note that from (5.155), we can see that the two terms on the right-hand side correspond
to the two terms in Tong and Ye’s analysis for classical BICG, and the remaining two
terms correspond to the error in computing the s-step Krylov bases and the change of basis
operation. We can also see that a bound on the size of the error in each column of the finite
precision recurrence depends on both the magnitude of the error in computing the s-step
Krylov bases, i.e., ||Ay, ||, as well as the size and conditioning of the bases V. We elaborate
on this below; we will see in Section 6.1 that this has implications for performing residual
replacement.

It is also possible to follow the technique of Section 5.1 and write the bounds in (5.159)
and (5.161) in the form of the equivalent bounds for classical (BI)CG, multiplied by an
amplification term that depends on the conditioning of the s-step bases. As in Theorem 1,
we let 0 = ||All2, 60 = [||A]|l2 and 1ho = ||[B|]l2, and define Ty = ||V [|2)||Ve]ll2, where
the superscript ‘+” denotes the Moore-Penrose pseudoinverse, i.e., Y = (VIVe) 'YL

Using re4j = Viry,; + O(€) and similarly for pgy;, and again ignoring higher than first
order terms in €, we can use the defined quantities to bound the norm of (5.159) and (5.161)
as

1 ki
I8l < T (O + 0 + (25 4 8ym) 4] + 1 + P g

|ask+i| |Oésk+¢f1|

+ T ( (26 + (45 + D7) A1) I1pses (5.163)
ifi € {2,...,s} and

1 s
|10sks1|| < Thy (((N + 254 T7)0 + (25 + 8) 71 | A + —— + (2s + Q)M) 7 s ||
|O-/sk+1| |ask|

T (((2N + 45+ 16)0 + (65 + 22)74_1) ||A||> [ (5.164)

when i = 1. For the classical (BI)CG method, the equivalent bound of Tong and Ye [176] is

1 N |Bi—1]
|04i| \Oéz‘—l\

19| < ((N+6)9HAH + ) lrsll + 2N + 7O Al ] (5.165)
foralli e {1,...,sk+j}.

Comparing (5.163) and (5.164) to (5.165), we can see that if all ['y’s are not too large,
then the sizes of columns of the error term in the finite precision CA-(BI)CG recurrence
will be close to those of the classical (BI)CG recurrence (recall from Section 5.1.3.1 that we
expect |||B,iy)|||2 S HA2)- If however, at least one I'y is large, this will result in a large
perturbation to the Lanczos recurrence and we can expect the convergence behavior of CA-
(BI)CG and (BI)CG to deviate. Later in this section, we will elaborate on the importance
of the basis conditioning and see the roll it plays in convergence behavior.
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5.2.2.2 Diagonal Scaling

As in [176], it will be more convenient to work with a scaled version of (5.162) in subsequent
sections. Let Zgtj = [21,. .., Zohtj] = Q‘jkﬂf{;ﬁ’jD;klej where

Dy j = diag (Hyoré),l

Yoro || [l [Parisl) -

We can then write the scaled version of (5.162) as

/
L Vi g

AZgrj = ZogrjTansj — e T €O, (5.166)
Oy Il
where Ty = Dsk+stk+jD;k1Jrj7
/ /
Oy = Oéskﬂ'% = SkHHf}s—:/ZH = eZk+st;ij€1’
and
Oy = 0Dy

5.2.3 Bounds on ||ry 11| for Finite Precision CA-(BI)CG

In this subsection, we upper bound the norm of the updated residual computed in iteration
sk + j of CA-(BI)CG. First, we will review a series of Lemmas proved by Tong and Ye [176].
The proofs shown below are nearly identical to those given by Tong and Ye [176], although
we have changed the notation and indexing for consistency with our s-step formulation®*.

Lemma 3. Assume
!
1 YTy 1

A o= T — —— A
sk+j sk+j+ sk+j Qighos g Hﬁ“ sk+j

with r1 = ||r1|| z1. Then for any polynomial p(x) = Zfig] Pt of degree < sk + 7,

p(A)z1 = Zagerjp(Tanyj)er + Corpj Vil ivns

where Cgpqj = (—1)Sk+j¢sk+j/(041 s Qe |7 ])-

4One lemma presented is slightly different than what appears in [176] due to a minor mathematical error
that we correct.
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Proof. First, we will prove by induction that for 1 < < sk+ 7 —1
AiZsk+j€1 = Zsk-+jTSik+jel- (5167)
For : = 1, we have

_ 1 Yery, _
J+1T
AZgyje1 = (Zsk+stk+j — ——— o Csktj | €1 = ZskrjLsitjer.
sty ]l

Now, assume (5.167) holds for some i < sk + j — 2. Then
AH_IZS]H_]'el = A(AiZsk+j€1)
= A(ZsprjTsrv5e1)
- 1 3)l~<:'r;f i1 — .
= Zs 'Ts ] L ez j Tsl i€
( TR gy inll )

_ T T _ Ti+1
- sk+stk+stk+jel — Zsk—i—jTS]H_jel’

where we have used the fact that el +jfjk 161 = 0 when i < sk+ j —2. Therefore the

inductive hypothesis holds. Now consider the case : = sk + j — 1. We then have

sk+j _ rsk+j5—1
AT Zgerjer = A(Za T3 er)

- 1 Virkjm S skj—1
=\ Zgpgrilspr; — —— R (Ts -1, > .
< sk+j4 sk+j Qghs g ||7"1H sk+j sk+j 1

Since it can be shown that el T 1e, = (—1)sk+i-1 Hykr;,jH (o1 gyt Ira]) ™ and

sk+j = sk+j
Qshtj = Hykr,’w asktj/ ||Im1|l, we have

sk+j _ T risk+j—1
AT Z gy jer = ZgpyjTopiT, e1

sk+j
sk+j
o Fsk—+j (_1) /
= sk+stk+j €1+ y’frk’,jﬂ'
ap - g ||
The lemma follows. O
We now use this result in proving the following identity.
Lemma 4. Assume
/
AT g L Wk
sk+j — Lsk+jLsk+j — sk+j
Askys Il
; _ ~ R —1 T sk+j)xn ; ;
with ry = ||r1l| 21 and Qgyy = ey Topy 61. Assume that W* € REE+DX" s g matriz such

that WT Zgy; = I and WTykr;7j+1 = Osptj1- Then for any polynomial p(x) of degree not
exceeding sk + j with p(0) = 1, we have

yk/r;g,j—i-l = (I - AZsk+jT57£H'WT) p(A)Tl.



155
Proof. First, we multiply by Ts_kijel to get

1 Vyrkinm —
7]+ T T 61,

AZskﬂ S,H_] <Zsk+stk+j - @ 7] sktj | £ sk+j

which allows us to write )
y’frk,jJrl _

7

AZS’H‘J sk+]

Now, let p(z) = 1+z¢(x), with ¢(z) = Zfigj_l ;12" a polynomial of degree not exceeding
sk + 7 —1. Then

/
yk?rk,j+1

||T1|| =21 — AZSk+jTS7€}|»j61 + (p(A)Zl _ p(A)Zl)

= —Ap(A)z — AZskHTs;frjel + p(A)z

= ~AZgy;0(Torj)er — AZgey Tyl sen + p(A) 2

= —AZ g j(9(Tarrs) + Tl y)er + p(A)z

= —AZsk+jTS;ijp(Tsk+j)€1 + p(A) 2. (5.168)

By Lemma 3, recall that
p(A)21 = Zosip(Taprs)er + Cours VTt iy
and, multiplying by W7, we have
WPp(A)zy = W (Zosjp(Topss)er + Csk+jykr;€7j+1)
= P(Tskz-l—j)ela
since WTZSk+j =1 and WTyk,r;wH = 01 sk+;. Now, we can write

/
ykrk,jJrl o

HT‘1||

AZsk—i—J Sk+]W p(A)Zl +p(A)z1

(I AZsk+]T W ) (A)Zl,

sk+j

and substituting z; = 1/ ||r1||, we obtain
Virhy o1 = (I = Ay T W) p(A)ra,

sk+j

which gives the desired result. O

The following lemma describes the construction of the basis W.
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Lemma 5. Assume that zi,...,2g+j41 € R" are linearly independent and write Zg.; =
21,y Zekrj].  Then Wi = [Isk+ja01,sk+j}zzrk+j+1 has the property W¢' Zy.; = I and
WoTZsk:Jer = 01 sk4;. Furthermore, its spectral norm is minimal among all matrices having
this property.

Proof. By the definition of Wy, Z5 .., = [Wo,w]" for some w. Since we assume that
21, .., Zsk+j+1 are linearly independent,

(Wo, W [Zakijs Zetrjir] = Z i oy = 1.

Then Wi Zgesj = Lpyj and Wiz i1 = 01 gpry-
Now, assume W is some other matrix such that W*Zg; = I and W' zg1 541 = 01 gk
hold. Then WT[ZSk+j,ZSk+j+1] = [Isk—&—jaol,sk—&-j]' ThUS,

+ _ T
W Zsk+J+1Zsk-+J+1 [Iskﬂ‘a Ol,skﬂ‘]zk,j - WO

 and hence [Woll < W - || Zajs1Zih, ]| < W] =

We can now present the main result.

Theorem 6. Assume (5.166) holds and let Wi = [Lusj, 01 skt ] 25y € REFHDIf
21, Zsktj+1 are linearly independent, then

| Very ja|] < (1 + Kiy) ) min  ||p(A+ 64, )], (5.169)

€Psk14,0(0)=1

where Ky, ; = H(AZSkH —€0y,,)T.

LW and 6Ay; = —edp ;2

sk+j°

Proof. Since z1, ..., Zsp4j41 are linearly independent, Z

sk+]ZSk+j = 1. Then

5Ak,j = _eﬁk:stk+j S Rnxn
satisfies 0 Ay jZsp+; = —€d ;. Thus (5.166) can be written as

- 1 Vir,
(A+ 0Ak;) Zokrj = ZoriTony — —— el (5.170)
Qsaj |

Then, by Lemma 4, for any p € Py, with p(0) = 1, we obtain

ykr;c,j—&—l = (I - (A + 5Ak,j) sk+JTsk+gWO ) (A + 5Ak,j)rl

= (I — (AZgyj — €0n )T +]WT) p(A+ §A, ;).

Thus, we can bound the norm of the left hand side by
Vit gl < (U4 [[(AZukrs — @) T ,W]]) - [l (A + 3 Ak )r |

Since this holds for any p(x) with p(0) = 1, the inequality is true for the minimizing poly-
nomial, which leads to the bound. O
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Note that (i; = minep,, ., p0)=1 [|[P(A+ Ak )r1|| is the (sk + j)th residual norm of
exact GMRES applied to the perturbed matrix A + 0A; ;, which decreases monotonically
with increasing (sk + j) [176].

Since we have Ky, ; = ||(AZsk+j — eﬁm)Tskﬂ

< (Vsk + ]| Al + ellous [ [ o1 - 1ol

Then, assuming HTk+]|| and ||[Wol| < 1Z gl < 1D are bounded, krk]—i—l”
is on the order O((y ;). We therefore expect convergence of the CA- (BI)CG residual when
K, ; increases at a slower rate than (; ; decreases, for all values of k. Unfortunately, as in
the BICG case, we can not determine K}, ; a priori, although we can make some meaningful
observations based on the bound in (5.169).

Note that in the case of CG (SPD A) we have Hykr; J+1H2 = HrskﬂHHz
where e, . denotes the solution error e

Wi H we can bound Ky, ; as

Hesk-i-j-HHA’
= 2" — g4, for true solution x*. Thus in this

sk+j sk+j5 —
case Theorem 6 gives a bound on the error of finite precision s-step CG. It remains future
work to determine under what conditions HeskﬂJr1 HA < Heskﬂ HA for CA-CG.

5.2.4 The Linearly Dependent Case

In the analysis above, we assumed linear independence among the residual vectors (which are
scalar multiples of the Lanczos vectors). For many linear systems, however, convergence of
classical (BI)CG in finite precision is still observed despite numerical rank deficiency of the
basis. In [176] it is shown how the residual norm can be bounded absent the assumption of
linear independence, which gives insight into why convergence still occurs in such cases. We
will now prove similar bounds, relaxing the constraint that zi,..., zs441 € R" be linearly
independent. Again, our analysis extends that of Tong and Ye [176] for classical BICG.

We note that in the s-step case, there are two potential causes of a rank-deficient basis.
Since we have Rg.1; = Qi ;MR ;, linear dependence can occur as a result of the finite precision
Lanczos process, as in the classical method, as well as from numerical rank deficiencies in
the generated s-step polynomial bases V.

Given A € R and C € R"*", AE — EC = Z corresponds to the linear system
with coefficient matrix A ® I, — I,, ® C'. This system has a unique solution if and only
if \(A)NA(C) = 0, or, equivalently, if sep(A4,C) = [[(A® I, — I, ® C)"!|"" > 0, which
depends on the spectral gap of A and C' (see [84]).

Theorem 7. Assume (5.166) holds, and let ju be a complex number such that
sep(A — pl, Tspy;) > 0. Then

||ykr;c,j+1H < Ky, oeP, mln (”P sk+j H + [|p(A — N-’)H) [[r41],
k+550(0



158

V/sk + j(sep(A — pl, Tarsg) + |1l) + €llOnll o
Sep(A o ILLI7 Tskz—i—j)

Ky = -max (1, [|p(A = ul)|| - || p(Toers)]]) -

Proof. By (5.166),

= 1 iy -
(A— M[)Zskﬂ' = Zskrj Lokt — _—M%Tkﬂ + €0kj — Ulsk+j- (5.171)
Qv Il

Then since sep(A — ul, Tuy;) > 0, the equation
(A= pl)Egyj = B Tarj — Orj + (120t (5.172)
has a unique solution Ejg;; with

|=; + 1 Zussll _ lBrllp + il VIR T
sep(A — pl, Toyj) —  sep(A — pl, Topy )

Combining (5.171) and (5.172), we can write

| Esprsllp <

— 1 ykT;g i1
(A= pI)(Zskrj + Esrrj) = (Zskrj + Eskrj) Tokrg — —— 4t sTk+j'
gy Il

Thus, for any p € Pg4;, p(0) = 1, we have, by (5.168),

7]l = p( pI)(Zgtj + Egprj)er — ( ) (Zsitj + Esiss) sk+jp< et )€1,
and thus
Hykr;c' 1”
E L < (| Zus |+ sl (4 = D)
+ 1A = 0 (1 Zsll + 1 Borsl) | T | 10Tt
Since

€llonllp + 1l Vsk +
sep(A — ul, Tsk+j) ’
we obtain the desired result. ]
Note that in this case, if p is such that sep(A — pul, Tyy;) is large, the quantity K
depends heavily on HT;&L y H The minimizing polynomial part of the bound now depends on
both p(Tyky;) and p(A — ul).

| Zskrsll + | Bshisll < v/sk+35+
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5.2.5 Extensions: Perturbation Theory

We can think of (5.170) as an exact subspace relation for a perturbed A, i.e., the quanti-
ties Yy, R}, ;, and Tq; produced by the finite precision CA-(BI)CG algorithm satisfy an
exact subspace recurrence (5.170) for the perturbed system A + § Ay ;. This means that the
eigenvalues of the computed matrix Ty, ; generated by the s-step algorithm are among the
eigenvalues of the perturbed matrix A — ebkdi}{;jﬁjkﬁ This means that the Lanczos vec-
tors computed by the CA-(BI)CG algorithm, 29 ;, span Krylov spaces of a matrix within
eHDk,j%; jz);r || of A. Similar observations have been made for classical finite precision Krylov
methods [141, 202].

In his doctoral thesis [202], Zemke proved a number of useful properties for any perturbed
Krylov decomposition of the form

AQ; = Q;Ci + qit1¢i1 — Fi.

Since (5.166) has this form, many of Zemke’s results are applicable to the s-step variants.
We also believe that using (5.170), the ‘augmented’ backward stability analysis of Paige [142]
could be extended to the s-step case.

5.3 Maximum Attainable Accuracy of CA-KSMs

In each iteration ¢ of classical Krylov methods for solving linear systems, the solution x; 4
and residual r;; are updated as

Tit1 = X4 + a;D; Tig1 =T — O-%Apz (5173)

or something similar. The above applies specifically to conjugate gradient (CG) and bi-
conjugate gradient (BICG); similar formulas describe steepest descent, conjugate gradient
squared (CGS), stabilized biconjugate gradient (BICGSTAB), and other recursively updated
residual methods; for a thorough introduction to classical KSMs, see [153]. For simplicity,
we restrict our discussion here to linear systems where A is real, square with dimension n,
and full rank.

The accuracy of classical KSMs in finite precision is studied extensively in the literature
(see, e.g., [86, 96, 125, 124, 161, 181]). Such analyses stem from the observation that x;,; and
rit1 in (5.173) have different round-off patterns in finite precision. That is, the expression
for x; 1 does not depend on r;,1, nor does the expression for r;; depend on x;,;. Therefore,
computational errors made in x; ;1 are not self-correcting. These errors can accumulate over
many iterations and cause deviation of the true residual, b— Ax;y1, and the updated residual,
Tit1. Writing the true residual as b — Az, = r;p1 + (b — Az — 741), We can bound its
norm by

16— Az || < [lrisall + 10— Azisr — rigall -

When the updated residual r;,; is much larger than b— Ax;, 1 —7;,1, the true residual and the
updated residual will be of similar magnitude. However, as the updated residual converges,
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Algorithm 27 Conjugate Gradient (CG)
Input: n x n symmetric positive definite matrix A, length-n vector b, and initial approxi-
mation x; to Az =b

Output: Approximate solution z;,1 to Ax = b with updated residual r; 4

1. r :b—Al'l,pl =T

2: for i =1,2,..., until convergence do

3 oy =rlr/pl Ap;

' qi = Qipi

4

5: Tiv1 =T + q;

6: riv1 = ri — Ag;

7 Bi =l /i
8 Pit1 = Tit1 + Bibi
9: end for

i.e., ||rip1]| — 0, the size of the true residual depends on ||b — Az;41 — 741]|. This term
denotes the size of the deviation between the true and updated residuals. If this deviation
grows large, it can limit the mazimum attainable accuracy, i.e., the accuracy with which we
can solve Ax = b on a computer with unit round-off e.

Following similar analyses for standard KSMs (e.g., [86, 125, 161, 181]), we prove bounds
for the maximum attainable accuracy (i.e., the deviation of the true and computed residual)
in CA-CG and CA-BICG in finite precision. We provide the first quantitative analysis of
round-off error in CA-KSMs which limits the maximum attainable accuracy. We begin with
a brief review of the CA-CG method. A derivation of CA-BICG appears in Section 4.2. We
note that this section has been adapted from work that first appeared in [31].

5.3.1 Communication-Avoiding Conjugate Gradient

We briefly review CA-CG, shown in Algorithm 28. We chose CA-CG for simplicity, although
the same general techniques used here can be applied to other CA-KSMs. For reference, CG
is given in Algorithm 27. The following brief derivation is meant as a review for the familiar
reader and to establish notation; we refer the unfamiliar reader to numerous other works
such as [63, 102, 117, 175]. The CA-CG method can also be obtained from Algorithm 8 in
Section 4.2 by setting A = AT and simplifying.

CA-CG consists of an outer loop, indexed by k, and an inner loop, which iterates over
j €{1,...,s}, where we assume s < n. For clarity, we globally index iterations by i = sk-+j.
Our goal is to determine the information required to compute the CG vectors psi+j, Tsk+;,
and xey; for j € {2,...,s+1} and s > 0, given pgri1, rsp+1, and Tgq. It follows from the
properties of CG that

DPsk+j5 Vsk+j € Ks+1<A7 psk+1) + ]CS<A7 rsk+1) and
xsk—&—j — Tsk+1 S ’Cs(Aapsk’-l—l) + ’Cs—l(Aa ’rsk—i—l)' (5174)
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for j € {1,...,s4 1}. Then we can update the CG vectors for the next s iterations using

the matrices

P = [po(A)Dsk+1s - - - Ps(A)Dsks1], such that span(Py) = Ksi1(A, psk+1) and
Ry = [pO(A)TSk-H? s 7p5—1(A)TSk+l]7 such that Span(Rk> = ICs(A7 Tskz—i—l)a (5175)

where p;(z) is a polynomial of degree j satisfying the three-term recurrence

po(z) =1, pi(2) = (2 = bo)po(2) /%, and
pi(2) = ((z = 0j-1)pj-1(2) — 0j-2pj-2(2)) V-1 (5.176)

Note that this is the same as the polynomial recurrence in (4.1); we use different variables
in the recurrence to avoid the use of variables decorated with hats in (4.1), as we will use
hats exclusively for distinguishing quantities computed in finite-precision in this section.

Let Vx = [Pr, Ry and let Y, be the same as )} except with all zeros in columns s + 1
and 2s + 1. Under certain assumptions on the nonzero structure of A, ), can be computed
in each outer loop for the same asymptotic latency cost as a single SpMV (see Section 3.2
for details). Since the columns of ) satisfy (5.176), we can write

AY, = ViBy. (5.177)

Note that By is a (2s41) x (2s+1) tridiagonal matrix with diagonal blocks of the form (4.2);
again, we use this notation to avoid confusion with the tridiagonal matrix of Lanczos coeffi-
cients generated by CG.

By (5.174), there exist vectors py ;, 7} ;, and xj ; that represent the coordinates for the
CG iterates pgk+j, Tsktj, and Tgpsj — Tspy1, respectively, in Yy for j € {1,..., s+ 1}. That
is,

/ / /
Dsktj = VkDrj>  Tskts = ViTgjs  and  Tspyj — Tspy1 = Ty (5.178)

The CG iterate updates, for j € {1,...,s}, can then be written

/ / /
ykxk,j+1 = ykaJ + ask—&-jykpk,ja

/ / /
yk:rk,j_t,_l = ykﬁw - Oésk—ijykpk,ja and

ykp;g,j+1 = ykr;wurl + 5sk+jykp;g,j~
By (5.174), Ykp).; = Y. for j € {1,...,s}. We then use (5.177) to obtain
Vil i1 = Vel — Qs j ViBipy, ;-

Therefore, in the inner loop of CA-CG, rather than update the CG vectors explicitly, we
instead update their coordinates in Y, i.e.,

/ o / / . /
Thjr1 = Tpj + QsktjDjs  Thji1 = Thy — sk BrDl ;s

/ o /
and P 1 = g1 + BskiPh -
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Algorithm 28 Communication-Avoiding CG (CA-CG)
Input: n x n symmetric positive definite matrix A, length-n vector b, and initial approxi-
mation x; to Az =b
Output: Approximate solution xgys11 to Ax = b with updated residual gy 511
1. r :b—Al'l,pl =T
2: for k =0,1,..., until convergence do
3: Compute Vi, = [Pg, Ry| according to (5.175)

4: Compute G = VIV
5: Assemble By such that (5.177) holds
T T T
6:  pry =11 0124 7h1 = [O1651, 1, O16a]”, @y = [01,2641]
7: for ) =1to s do
8: Asktj = (TEJ'GM"Z,;‘)/(pLT,ijka;q,j)
9: QI,{;J = Oéskﬂ‘p;g,j
10: Tge1 = g T Gy
11: Teg+1 = Thy — Brdy ;)
T T
12: 5lsk+j = (ffc,jﬂGkT;c,jH?/ (ri;Garte)
13: Prjir = Thjr1 + BsktiPh
14: end for
15: Recover iterates {Psktst1, Tsk+si1, Tskrst1} according to (5.178)
16: end for

Thus we can eliminate the communication cost of the SpMV with A in each iteration, and
the length-(2s 4 1) vector updates can be performed locally (parallel)/in cache (sequential)
in each inner loop iteration.

We can also avoid communication in computing inner products. Letting Gy = VIV,
and using (5.178) and (5.177), askt; and By, can be computed by

Ashtj = (rngkr;w)/(pngkka;C’j) and

Bri = (Thj1Girhjan) / (T Gurl )
The matrix Gy can be computed by one reduction per outer loop, the same asymptotic
parallel latency cost as a single inner product (see Section 3.1). As By and Gy are dimension
(2s4+1) x (2s+1), ag; and By, can be computed locally/in cache within the inner loop.
The matrix Gy can be computed by one reduction per outer loop, the same asymptotic

parallel latency cost as a single inner product (see Section 3.1). As By and G}, are dimension
(2s4+1) x (25 +1), agpy; and Bgtj can be computed locally/in cache within the inner loop.

5.3.2 Finite Precision CA-CG

As in previous sections, we use a standard model of floating point arithmetic. Recall that

fllx+y)=xz+y+d with |§] <e(lz+y|), and
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fl(Az) = Ax 4+ ¢ with |§] < eNa |A]|z],

where € is the unit round-off of the machine, z, y € R", and N, is a constant associated
with the matrix-vector multiplication (e.g., the maximal number of nonzero entries in a row
of A). All absolute values and inequalities are componentwise. Using this model, we can
also write

fi(y + Ax) =y + Az + 9 with |0] < e(|ly + Az|+ Na |4 |x])

where, as in the remainder this analysis, we ignore higher powers of e. We now perform
an analysis of round-off error in the CA-CG method. Our goal is to bound the norm of
the difference between the true and updated residual in terms of quantities which can be
computed inexpensively in each iteration. We note that our bound also holds for CA-
BICG (see Section 4.2), which has identical formulas for computing psgiji1, Tsktj+1, and

Lsk+j+1 — Lsk+1-

5.3.3 Basis Computation in Finite Precision

We begin by bounding the error in finite precision computation of JA)k, where, here and in
the remaining analysis, we use hats to denote quantities computed in finite precision. In
exact arithmetic, (5.177) holds, but in finite precision, we have Aih = VuBBy — Ej, where
E}. represents the error due to round-off. We seek a componentwise bound on FEj. The
analysis below is similar to that for the finite precision Lanczos process (see, e.g., Theorem
3.1 in [12]).

In finite precision, we can write

Vi = [751@, 7%1@} = [00(A)Dsks1, - Ps(A)Dssr, Po(A)Pskir, -y Po1(A)Psri],  (5.179)

where p; is a polynomial of degree 7, as defined in (5.176). In terms of starting vector y and
parameters 7;, 0;, and o; (entries of By.), in finite precision (5.176) becomes

1

pi+1(A)y
+1(4) .

((A —0,1)pi(A)y — Ui—lﬁi—l(A)y> + Vyivt (5.180)
where
il < e((24+ Na) |A] (Al + 310: 19:(A)yl + 2ol [pia (Al )/ 1l . (5.181)
We can rearrange (5.180) to obtain
Api(A)y = Yipir1(A)y + 0ipi(A)y + oi_1pic1(A)y — YiVy,iv1. (5.182)

Premultiplying (5.179) by A and combining (5.182) with (5.181) gives the desired expression,
AZk == kak - Ek, with

|B| < e((3+ Na)|A|[Ze] + 4|l |B] ). (5.183)
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5.3.4 Iterate Updates in Finite Precision

We now consider the finite precision error in updating #} ;,, and 7} ;,, in each inner loop
iteration and performing the basis change to obtain ;41 and 7y 41, which occurs when
j = s or when sk + j is the terminal iteration. In the inner loop, the formulas for updating
the coordinates are

Thje1 = Ty + doyy  and (5.184)
Thoge1 = Thy — Bidio (5.185)

where q; ; = gt Py ;- When (5.184) and (5.185) are implemented in finite precision, they
become

j.;s,j—&-l = fl (@;j + (ﬂw) - 5%,]‘ + (j;q,j + &kt (5.186)
where |& 41| < €]# 4], and (5.187)
P = L (P — Brdry) = Py — Bry s + e j (5.188)
where [n54| < (|7 4| + No|Bi|d,]). (5.189)

and under the assumptions that we use three-term polynomials for the s-step basis compu-
tation, Ng = 3. If j < s and sk + j is not the terminal iteration, we denote (but do not
compute) the solution and updated residual by

Tsk+j+1 = ykii';€7j+1 + £5k+17 and (5190)
Tskrjr1 = Vil ji1- (5.191)
At the end of each outer loop iteration (when j = s) and at the terminal iteration, the solution

and residual are computed in finite precision, denoted #4441 and 741, respectively. The
error in computing these terms can be bounded as follows:

Topyjp1 =1l (ykifr@,jﬂ +Zski1) :j;k‘%;c,j_i,-l +Tkt1 + Pkt jr1 = Tohtjr1 + Pskrjr1,(5.192)
where ‘¢sk+j+1‘ < €(|i‘sk+j+1‘ + Ny j)k %,jﬂ )a and (5.193)
Porrar = T ( Vet 1) = Vil jur T Ushrjot = Tsttgr + Pshrjit, (5.194)
where  [Vgpj1| < €Ny Vil |11 ], (5.195)

and Ny = 25+ 1.

5.3.5 Deviation of the True and Updated Residuals

Using the results in previous subsections, we obtain an upper bound on the norm of the
difference between the true and updated residuals at step sk+j. We first prove the following
lemma.
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Lemma 6. Consider step sk+j of the finite precision CA-CG algorithm. Let 0gp1j11 = b—
AXgptji1—Tskrjt1, where Topr i1 and 1oy i1 are defined in (5.190) and (5.191), respectively.

Then
k-1 A A

Joall <l s =+ €3 (Al N (AU 91l [ 9 7))
=0

k-1 s
+ e S (CllANIZlltsn |+ ol atal | + 1901520 )
(=0 i=1

j
+EZ(01||AHH‘21€ Pripa||| + Ca |kaBkH£;c,z’+1’ +H’y’€ Tt )
i=1

where C1 =7+ 2N, and Cy = 8 + 2Npg.

Proof. We can write 04,41 as

5sk+j+1 =b— Afl?sk+j+1 — Tsk+j+1
=b— A(Zgpr1 + ykri';q,jﬂ) - ykﬁc,jﬂ
=b— AZg11 — Aik(%,j + Gy + k1) — j’k(fﬁw — By, j + k1)
=b— A(Tsps1 + iki";w) - ykﬂw - A2k§k7j+l — j}knk,ﬁrl + Ekq;c,j

= Oskrj — AV kg1 — Vi1 + Ekq;f]
J

= (b= AZgpq1 — Topg1) — Z (Aikﬁk,wl + Vi1 — Ek(j]/”>

i=1
k—1 s
=01 — Z <A¢sé+s+1 + Yopysr1 + Z (Azggf,i—&-l + Veneiv1 — EZ@Z,i) >
£=0 i=1
j A A
- Z (Azkfk,zﬂ + Villk,i+1 — Ek(jllm) : (5.196)
i=1
Using the componentwise error bounds in (5.183), (5.187), (5.189), (5.193), and (5.195),
k-1
|Oaksjer| <|b— Azy — 11| + €Y (\A} |Bstpsia| + Ny(\A} |Ve| 2] sa| + | Ve fg,sﬂ\))
=0

k—1 s

+ 622 ((7+ QNA)lAHQZHQE/M-H‘ +(8+2Np) Ve BEHZ%Z,HJ + |V fé,m})
(=0 i=1

)

(5.197)

J

+ GZ ((7 +2N4)|Al|D,

=1

Vi

Thaa| + (8 + 2N8) | Ve Be #5011 | +

A~/
Tki+1
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where we have used >>7_, Gps] < (2+€) a #%.441|- From this follows the desired bound
for dg54;41 in terms of norms. O

Assume the algorithm terminates at step sk+ 7, S0 Zs4j+1 and Fgp4 41 are returned. We
bound the deviation of the true residual, b — A4 ,41, and the updated residual, Fgp4 41, in
the following theorem.

Theorem 8. Consider step sk + j of finite precision CA-CG. If the algorithm terminates
at step sk + j and returns solution Zsi;41 and updated residual Fgyjy1, the norm of the
deviation of the true residual and the updated residual, denoted 5Sk+j+1 =b— AZgppjp1 —
Tskt+jt+1, can be bounded by

~

+NyH Vi

Vi

Sucssonl] <lsesirl| + (Al + 1+ No) 4|

Al A/
xk,j+1| |7”k,j+1|

Proof. Using (5.192) and (5.194), we obtain

b— Aifi’sk+j+1 - 72sk+j+1 =b— A(iﬁsk+j+1 =+ ¢sk+j+1) - (Tsk+j+1 + wsk+j+1)

= Osttj+1 — ADshrjr1 — Vsktjr1s

and by (5.193), we can write || Apsgrj+1|| < € || Al < Topp || + (1 + Ny)H DA/;C| ‘%]HMD Com-
bining this bound with (5.195) and Lemma 6 gives the desired result. O

To obtain a tighter bound, it is beneficial to use the quantities

above, as ||, 1Be ||| 25| Vi |27/, and Vi |74,511||, respectively, can be overesti-
mates due to sparsity in :i% 41 and 7., respectively, for i < s. In Section 6.1, we use
the form of the bound given in Theorem 8 to derive a residual replacement strategy, which
improves the accuracy of the method.

It is also of use to derive an upper bound that is less tight, but enables easy comparison
of CA-CG to the classical CG method. Comparing the bound in Theorem 8 with the bound
in [181], we expect the size of the deviation of the true and updated residual at iteration

~

Vi N,

5

, and H‘j}g

~/ Al A
Ty it1 Tyit1 Tpi+1 ‘ H

sk + j in CA-CG to be on the same order as that in CG when ’ Vi Er ‘ ~ ||j)g$/z7i+1 :
) Vi ff,iJrl‘H ~ || Vergigq||, and H V|| B :%ZHI‘H R~ H‘A‘ Vi i@z+1|H This indicates that

the choice of basis Y, plays a significant role in determining the accuracy of CA-CG relative
to CG, as we now show.

We now take a similar approach as in Section 5.1 and show that the deviation of the true
and updated residuals in CA-CG can be written in the same form as the deviation of the
true and updated residuals in CG, multiplied by an amplification factor. We prove this in
the following theorem.
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Theorem 9. Assume that Algorithm 27 is implemented in floating point with relative preci-
sion € and applied for sk+j steps to solve Ax = b where A is an n-by-n real symmetric matriz
with at most Na nonzeros per row. Let 7, = |||Bg|ll2/||All2- Let Tx = [V |l2ll|Velll2, where

the superscript ‘+ denotes the Moore-Penrose pseudoinverse, i.e., Vi = (VI V) 'YL, and
let

.= r,>1 d 7 = ) 5.198
g Zg{%ﬁ?fk} ‘= e Tk ée%%}fk} E ( )

Then the norm of the deviation of the true residual and the updated residual after iteration
sk + 7 can be bounded above by

sk+j
Bseegoall < 16— Ay — roll + DN S (14 2N [Alllssa | + 17l

i=1
where N* = 6 + 2s(11 + 147).

Proof. By Lemma 1, we can write, ignoring higher than first order terms in e,

el Vell#piialllz < €T (I2sesivallz + lEseral)
el Vel iiallla < €Cell7sepizall2,  and
lllVellBellat isalllz < eCere (I@sesivllz + I Eseall2) (5.199)

for ¢ € {0,....k} and i € {1,...,s}.

Using Theorem 8 and the bound in Lemma 6, we can write

0t s1]] <|Ib— Azy — 1|

+ e (14 (L4 Ny)Te) |A[ | Z 1 | + (1 + Nyp) L[ AN | Z g1 | + Nyl Fskjea )
k—1
+e ) (14 NyTo) [ Al syl + NyTel Al Eaeall + NyLellPagerya |
£=0
k—1 s
+e Y > (Cr 4+ Cor)Te|All (Zserisall + N Esesall) + CoTellParpisa |
/=0 1
J

+eY (Cr + Com)TellAll (1 shisall + [ Eshrall) + ColellFapsia |

=1
<||b— Axy — |
k
+e> (L+2(1+ Nyp))Tol| Alll|Zses1 || + NyTell e |
=0
k

+ ey s(Cr + Com)Uel| A4

=0
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k—1 s
+e> Y (Cr+ Cor)Te|| Alll|Estpisall + ColellPaerisa |
(=0 =1
i
+€ ) (Cr+ Como + 1+ Ny)Tk|| Al [ Eahriall + (Ca + Ny)Til[Fakia |l
=1

We can further bound this by

10sk+541 ]l <[Ib— Azy — 7]
~ sk+j
+ el Z (143(14+ Ny) + (s+1)(C1+Com) ) | All| &3 411 + (Co4+2Ny) |74
i=1
- sk+j
<[lb— Awy — ]| + eLeN* D (14 2N [Af|2i41 ]| + i ],

=1

with N* = 6+ 2s(11 + 147;), where we have used Ng = 3, Ny = 2s+1, and Cy = 8+ 2Ny =
14. [

We reiterate that the value of the bound in Theorem 9 is not in its tightness, but in
what it tells us about the behavior of the CA-CG method compared to the CG method.
The bound in Theorem 9 is the same as the bound for the CG method (see [181]) except
for the amplification factor ', N*. This indicates the important role that the conditioning
of the computed s-step Krylov bases plays in increasing roundoff error which leads to loss
of accuracy. Numerical results demonstrating this can be found in Section 6.1, in which we

use the bounds of this section in a technique for improving maximum attainable accuracy in
CA-(BI)CG at little additional cost.

5.4 Conclusions and Future Work

Understanding the finite precision behavior of CA-KSMs is crucial to making such methods
usable in practical applications. In this Chapter, we have extended many results on conver-
gence and accuracy for finite precision KSMs to finite precision CA-KSMs, including bounds
on the accuracy and convergence of eigenvalues in the finite precision CA-Lanczos method,
a bound for the residual norm computed by the finite precision CA-(BI)CG algorithm, and
a computable bound for the maximum attainable accuracy in finite precision CA-(BI)CG.
By sacrificing some tightness, we show that these bounds can all be written in the same
form as the corresponding bounds for the classical method multiplied by an amplification
factor that depends on the condition number of the s-step bases generated at the beginning
of each outer loop. We stress that the value of these bounds is in the insight they give
rather than their tightness. Our analyses confirm the observation that the conditioning
of the Krylov bases plays a large role in determining finite precision behavior, and also
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indicates that the s-step method can be made suitable for practical use in many cases,
offering both speed and accuracy. This inspires the development of practical techniques for
improving s-step Lanczos based on our results. In Chapter 6, we discuss potential ways
of controlling the basis conditioning such that, e.g., (5.64) holds. We also discuss how our
bounds could guide the use of extended or variable precision in s-step Krylov methods;
that is, rather than controlling the conditioning of the computed s-step base (5.64) could be
satisfied by decreasing the unit roundoff € using techniques either in hardware or software. We
also in Chapter 6 develop an implicit residual replacement strategy based on the maximum
attainable accuracy analysis of Section 5.3. Further investigation of these techniques as
well as the development of other techniques for controlling numerical behavior based on our
analyses is a fruitful direction for future work.

The next step is to extend the subsequent analyses of Paige, in which a type of augmented
backward stability for the classical Lanczos method is proved [142]. In [12], Bai proves a
result for nonsymmetric Lanczos analogous to the results of Paige, namely, that if a Ritz
value is well-conditioned, convergence implies loss of orthogonality. We conjecture that our
results for CA-Lanczos could be extended in the same way to the nonsymmetric CA-BIOC
method (see Section 4.1).

Our results in this chapter explain how the finite precision behavior of CA-KSMs is
determined by the conditioning of the s-step bases. This raises the question of how this
information can be used to design methods for improving stability and convergence properties
of these methods. In the next chapter, we use the intuition and theoretical bounds developed
in this chapter to develop a number of techniques for CA-KSMs that can improve numerical
properties while still allowing for an asymptotic reduction in communication.
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Chapter 6

Methods for Improving Stability and
Convergence

In this chapter we present a number of techniques for improving stability and convergence
in finite precision CA-KSMs while maintaining asymptotic communication savings. In many
cases, these techniques have been developed based on the finite precision analyses of Chap-
ter 5. Some of these techniques, including residual replacement (Section 6.1, adapted
from [31]), deflation-based preconditioning (Section 6.2, adapted from [36]), selective re-
orthogonalization (Section 6.3), and look-ahead (Section 6.4), are techniques that have been
developed for classical Krylov methods. We extend these techniques to communication-
avoiding Krylov methods, and show that they can be implemented to improve numerical
properties while still maintaining asymptotic communication savings. For example, our nu-
merical experiments in Section 6.1 show that our residual replacement scheme can improve
the accuracy of CA-KSMs by up to 7 orders of magnitude for little additional cost (at most
a 2% increase in the number of outer loop iterations).

To highlight the potential benefits and tradeoffs of these techniques and of the comm-
unication-avoiding kernels presented in Chapter 3, Section 6.2.4 is devoted to modeling the
performance of our communication-avoiding deflated CG method for various values of s and
various numbers of deflation vectors.

In Section 6.5, we discuss the use of extended/variable precision for improving CA-
KSMs. Although using extended or variable precision can also have benefits for classical
Krylov methods, our discussion in Section 6.5 specifically focuses on how this might be
done in CA-KSMs based on the finite precision analysis in Section 5.1. Other techniques
presented, including the dynamic refinement of basis parameters (Section 6.6) and variable
basis size (Section 6.7) are specifically applicable to CA-KSMs and do not have a classical
KSM analog. As preconditioning is integral to many uses of KSMs for solving linear systems
in practice, we finish in Section 6.8 with a discussion of ongoing work in the development of
communication-avoiding preconditioners for CA-KSMs.
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6.1 Residual Replacement

We extend our maximum attainable accuracy analysis (discussed in Section 5.3) to devise an
algorithm which tracks an upper bound on the deviation of the true and computed residual
in each iteration. We demonstrate that the necessary bookkeeping can be performed in
a communication-avoiding way, such that the asymptotic communication and computation
costs are not increased. Following the analysis of van der Vorst and Ye [181], this leads to
an implicit residual replacement scheme which improves the maximum attainable accuracy
of the solution produced by CA-KSMs. This analysis extends to CA-CG- and CA-BICG-
like methods, and is generally applicable to any three-term recurrence polynomial basis and
any linear system. We implement and test our residual replacement scheme on a variety
of matrices, demonstrating its effectiveness at maintaining agreement between the true and
computed residual. We note that this section has been adapted from work that first appeared
in [31].

We first discuss the residual replacement strategy of van der Vorst and Ye [181], on
which our residual replacement strategy is based. In [181], at replacement steps m =
mi, Mg, ..., m,, the updated residual r,, is replaced with the true residual and a group
update is performed, i.e., the approximate solution is updated in blocks as

T =2 b ) qe=ot (@ ) o (Gt )
=1

This strategy has previously been suggested for use in KSMs by Neumaier [133] and was
also used by Sleijpen and van der Vorst; see [161, 181] for justification of this technique. To
summarize, a group update strategy ensures that the deviation of residuals remains bounded
by O(e) ||All ||| from the last replacement step m, to the final iteration by reducing error
in the local recurrence.

We use the same strategy as [181], i.e., when a residual replacement occurs, a group
update is also performed. In iteration sk + j +m, where m was the last residual replacement
step, we denote (but do not compute) the group solution zsj;+1+m as the sum of the group
solution computed in step m, z,,, and the current partial solution, xs;4j11 = Tskta +ykx§€7j 1)
1.e., Zehtjtitm = Zm + Tshr1 + ykx;wH (see Alg. 29).

If sk+j+m is a residual replacement step, we compute Zgj11+m, and set the true residual
to f1(b— AZgk4j114m). As subsequent iterates cannot be represented in J>k, a replacement step
requires starting a new outer loop iteration, potentially before completing s iterations of the
inner loop. Thus when replacement occurs we reset k = 0 and z4,4; = 1 = 0,1. Although
additional outer loop iterations require additional communication, our results show that the
number of replacements required is small with respect to the total number of iterations, and
thus extra cost is negligible.

As described in [181], we seek to determine iterations where replacing the updated residual
with the true residual does not alter the rate of convergence, based on a bound on potential
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perturbation to the finite precision Lanczos recurrence. We briefly review the discussion
in [181], which motivates the condition for residual replacement.

6.1.1 Selecting Residual Replacement Steps

Consider finite precision classical CG, where, in iteration ¢, the updated residuals 7;;; and
search directions p;,, satisfy

Tit1 = Ti — AP + Niva and Dit1 = Tig1 + BiDi + Tit1. (6.1)

Let e; denote the i*" identity column of appropriate size. We can then write the above
equations in matrix form as

= 17 i i
AZ = 2T, — — el 4 F, with 7= [ir—} ,
ai [|7 ] 74 7]
where T} is invertible and tridiagonal, &; = e/ T, ‘e; and F; = [fy,..., fi], with
A 1 _
1, Te +_77£+1 B e (6.2)

Rl el e ([Pl

As discussed in Section 5.2, it has been shown by Tong and Ye [176]) that if 7, satisfies (6.1)
and Z;, is full rank,

[Fipall < (1 + Ki)  min - [[p(A+ AA)A|, (6.3)
pEP;,p(0)=1
where P; is the set of polynomials of degree i, K; = H(AZi — FZ)TZ_IH HZ;fH” and AA; =
—F,Z;". Therefore, regardless of how 7;, is generated, if it satisfies (6.1), we can bound its
norm by (6.3). Then by (6.2), we know we can replace the updated residual with the true
residual without affecting the convergence rate when 7;,1 is not too large relative to ||7;,1]|
and ||7]|.
We will use 77531]. +14m to denote the perturbation term in CA-CG with residual replace-
ment and group update strategies, i.e.,

~ _ RR
Poktj+14m = Tsktjrm — Alsktjtm + Nt jt14ms

where niﬁjﬂm is analogous to the 7;,; term in (6.1). Our goal will be to bound the
norm of ngt 1 ,,. Comparing this bound with the norms ||rgtjs1mll and ||7geqjzm| of
the updated residuals in CA-CG with residual replacement will then allow us to select safe
residual replacement steps using the following criteria:

7555 mll < Ellranssom|| and |55 s sviml| > €llrstseriml| (6-4)

Above, € is a tolerance parameter. Because € controls perturbations to the Lanczos re-
currence, it should be chosen as small as possible. However, if it is too small, residual
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replacement will terminate early in the iteration and the accumulated error after the last
replacement can become significant [181]. The value ¢ = /€ has been found to balance these
two constraints for standard KSMs [181].

We stress that here we have only experimented with using the same residual replacement
condition used for classical CG, which is based on the finite precision Lanczos recurrence
given above. Our analysis in Section 5.2 gives a finite precision CA-Lanczos recurrence
analogous to that of classical Lanczos above. Equations for the columns of F),, and bounds
on their size for CA-(BI)CG given in (5.157), (5.158), (5.163), and (5.164) suggest that if
the condition number of the s-step basis matrix for the current outer loop, e.g., YV, is very
large, then this will cause large perturbations to the finite precision recurrence. This implies
that one could replace the updated residual with the true residual often without affecting
convergence, but only because the updated residual is likely failing to converge due to an
ill-conditioned basis. In this case, when the updated residual is not converging, it is not
worth our time to perform residual replacement; improving agreement between the true and
updated residuals buys us nothing in terms of an accurate solution. The best we can do then,
is to hope that the s-step bases are well-conditioned (i.e., that I'y as defined in Section 5
is small) and in this case, the replacement condition for the classical methods should be
sufficient for the communication-avoiding methods.

6.1.2 Bounding the Error Term

We will now describe and analyze the error in CA-CG with residual replacement and group
update strategies (see Alg. 29). Note that in this analysis, we index iterations as sk + j +m
where m is the last residual replacement iteration and sk + j is defined as before, where we
reset k = 0 immediately after a replacement step. The goal of this section is a bound on
the perturbation term 73" ., in the recurrence for the updated residual in CA-CG with
residual replacement and group update,

A _ RR
Tsk+j+1+m = Tsk+j+m — Aq$l€+j+m + nsk+j+1+m'

This will enable us to determine when we can replace the updated residual with the true
residual without affecting convergence. Our bounds here are based on the bounds obtained
in Section 5.3. In the present section, we use the quantities Ey, @sitjt1, Yshtjt1, kjr1 and
Mi,j+1 as defined in (5.183), (5.192), (5.194), (5.186), and (5.188) in Section 5.3, respectively.
We denote the current group solution

Zoktjt14m = L1 (Zm + xsk—l—j—i—l) = Zm + Tskyjr1 T Cshtjritm, RR step,
Zoktjt1em = § Zm T Tsktjtl = Zm + Tshtjr1 + Oskrjt1s Jj=s,
A~ A~ A ¢ /\/ .
Zm + Tsk4j+1 = Zm + Tspp1 + ykxk,j+17 1< J<s
(6.5)
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where 2, is the approximate solution computed in the last group update in step m, xg4 41 =

A /\/ A
Tsk1 + Vel jy1s Tskrja1 = Toktjr1 + Pokrjr1, and

|Cortjrtam| < €] Zarrjirom| < €(|2m’ + | Egprr | + [ Vedh joa ) (6.6)

We use 74 +14m to denote the residual in CA-CG with residual replacement and group
update, defined as

72sk’—i—j—i—l—i—m =fl (b - Aésk—i—j—&—l—&—m) =b— Aﬁsk-{—j—f—l—i—m + Hsk+j+1+4m; RR step,

Tsk+j+14+m = rAsk+j+1+m = fl(j)kﬂg,j_l,_l) = j;kf;g’j_yl + wskJerrla j =S,
Tsk+j+14m = ykf]:;hj-l,-l? 1< J<s,
(6.7)
where
| skjraam| < €<V‘sk+j+1+m| + Na| A |5sk+j+1+m‘>- (6.8)

After the last replacement step m, but before the next replacement step, we denote

Osktjt1+m = b — AZskyjritm — Tsktjtl4m-:

If 7,41 is to be computed by replacement, we compute 7,1 = fl (b — A£m+1) =b-—
A . < /\/ A A A . /\, A

AZpir + pmgr. Since T = Nfoy = Tgr and 2pgn = Zpgn + 1+ V@, = Ziga,

Oms1 =b—Azp1 —Tme1 =b— A2 — Pl = —fms1. We now state the main result of

this section.

Theorem 10. Consider finite precision CA-CG with residual replacement and group update
(shown in Algorithm 29), where iteration sk + j + m is a replacement step and m was the
last replacement step. Let the quantities Ey, Qsprjr1, Ysktjtris Sk jr1 and ny 1 be defined as
in (5.183), (5.192), (5.194), (5.186), and (5.188) in Section 5.3, respectively. The recurrence
for the updated residual satisfies

A _ RR
Psktjtitm = Tsk+jtm — Alsktjtm T Mot jt14m

where

RR o ~l %
Norjr1em = —EkQ; + Venkjr1 + Oskrgjrrom — Adskrjrr — AQskrjrtem + Hoktjritm
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and

82 sl (el + (1 28 4] o] 69)

k-1
+ 3 (NNl + COMAN Bl + 35 7l )

=0

k-1 s
+EZZ(02HAH1 el | + G| |9l Bl || + || Pl 5 )
(=0 i=1

)

J

+e3 (el

A RATA

A~/ \: A~/
T it1 + H ’yk‘ |Tk,z'+1|

with C1 =2+ 2N', Cy =7+ 2N', and C3 = 8 + 2N’, where N' = max(Ny4,2s + 1).
Proof. 1f iteration sk 4+ j + m is a replacement step, we compute

Zskrgritm = fl(Zm1 + Tskaji1) = Zskrjritm + Pskrgr1 + Cobajaiem
Pobtjtitm = 110 — AZgerjriom) = b — AZoksjiitm + Mskrjti4m
=b— Azsk+j+1+m - A¢sk+j+1 - ACsk+j+1+m T Usk+j+1+m
= Tkt jr14m + Osktjtitm — Abskrjrr — ACskrjri4m + Hskrjtiem
= Vil j = VB, j + Ve g1+ 0sktji14m — Ak jr1 — Alskjr 14m T skt j+14m

_ RR
— Tsk—l—j—i—m - Ast+j+m + nsk+j+1+m

with
Mot jitam = —Erly; + Vil jr1 + Oskrjirem — Abskrjir — Algerjirem + Msktjrirm. (6.10)

Following the derivation of (5.196), we can write dgjtj114m as

k—1 s
Osktjtiem = —mt1 — Z <A¢s£+s+1 + Vserst1 + Z (Ayz&,iﬂ + Vineiv1 — Ee@é,i))
=0 i=1
j ~ A
- Z <Ayk§k,i+1 + Vik,iv1 — Ek@h) ; (6.11)

i=1

and then

Al <
Osktjritm — Bk + Vinkj1

k—1 s
= —lmt+1 — Z <A¢se+s+1 + Vgpysp1 + Z (Aj/efe,iﬂ + Veneiv1 — E@@é,i))
=0 =1

7j—1

J
_ Z AViisr — Z (3}1@771@“1 - Ekcj§“> (6.12)
i=1

=1
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Substituting (6.12) into (6.10), and using bounds in (5.183), (5.187), (5.189), (5.193), (5.195),

and (6.8), as well as |Zy41| < Z?;Ol D}g i’e,sﬂ‘ + O(€), we obtain the following component-
wise bound:

|05 1 4m] S|Pl + (L4 2N') [A] Znaa] )
k—1

+ed ('A{ [ Zarrara| + 2+ 2N Ao 7010 | + N || |7 014 )
=0
k=1 s . .

+ed Y <(7 + 2N [A]| Ve[ #0 54| + [V ((8 + 2N)|Be|| 27544 | + f;,iﬂ\))
(=0 i=1

J

+e) ((7+ 2N)[A[| V][] + | D <(8+ 2N)|By| [ i1 | + [P >>

i=1
with N' = max(Ny,2s + 1). The desired bound on the norm of ni% ;. ,,, follows. O

We can compute (6.9) in each iteration, and thus this bound can be used in the residual
replacement condition (6.4). The following section discusses computation and communica-
tion costs associated with computing an estimate for (6.9).

6.1.3 Residual Replacement Algorithm for CA-CG

In each iteration, we will update an estimate for Hng}ﬁr y +m||, which we denote dgpj4m,. Based

on (6.9), we will iteratively update the estimate dgsjt14m by

dsk+j+1+m = dsk+j+m

+6<(4+N/)(HAH‘ Vil [ +‘ Vi B[54 >+‘ Vi fk,j+1|”> (6.13)
+€{HAH(\\@sk+s+1\\+(2+2z\f’) Pilltwal | ) V||l [l =5 (619)
07 0. W.

where we omit the factors of two due to the bound Y7 |dh:| < (2 + €)X, |#)i1

which is pessimistic. At each replacement step m, the value of d,,,1 is reset to d,, 1 =
€ (I1Fmerll + (1 +2N") [JA[l (| 2t ll)-

Based on (6.4), and using (6.7), we perform a residual replacement and group update
step when

Y

dsk+j+m < g||:)}k72;”H2 and dsk+j+1+m > gHJA}kf;ﬁjH”Q and dskz+j+1+m > 1.1dy;t, (6-15)

where the third condition is recommended in [181] to ensure that the error has nontrivially
increased since the last replacement step in an effort to avoid unnecessary replacements.
If this statement is true, we set Zgiji14m = Zsktjtitm = L1(Zmi1 + Tsprjr1), and we set
Tsk4j+14+m = fisk—i—j—&-l—&-m = ﬂ(b - Aésk+j+1+m)7 as in (65) and (67)
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Note that we use HJA/kﬂ”HQ = (f’Eijﬁc’j)lm + O(e) to estimate the other side of the
inequalities in (6.15). Since these terms are multiplied by é = €'/2 in (6.15), the O(¢) error
due to use of Gy, is ignored.

A residual replacement step does incur additional costs in CA-CG. When a residual
replacement occurs, we must break from the inner loop (perhaps before completing s steps)
and compute Zgptjrm and Feppjpm = f1(0 — AZg4j1m) (the communication cost depends on
the data layout /structure of A). The algorithm must then begin a new outer loop, generating
new s-step bases with respect to the replaced residual.

If the number of replacements is large (i.e., we compute the true residual every iteration),
this can result in a significant slowdown due to increased communication costs. Fortunately,
our experimental results in Section 6.1.5 demonstrate that the number of replacements per-
formed can be low compared to the total number of iterations; for all of our test cases, at
most 2% of the total number of iterations were replacement steps. The CA-CG algorithm
with residual replacement is shown in Alg. 29.

6.1.4 Avoiding Communication in Residual Replacement

To iteratively update (6.13) and (6.14) we must be able to inexpensively estimate the quan-
tities ||\ D4 1Bellel a6l iallls NPl 1AL Domsill el and [gegssa
in each inner iteration of CA-CG. We assume we have an estimate for || A||, which need only
be computed once. We discuss how to obtain the remaining quantities without increasing
the asymptotic computation or communication cost of CA-CG.

Let G, be the (25 4 1) x (25 + 1) matrix |)>k|TD>k‘ Given Gy, we can compute

A~/ _
H Tk j+1 y \/
N
H k,j+ 9
Vel Bk |7 =
RISk TR gl ||, =

In each outer loop, the computation of Gy requires a single synchronization (summing a
list of O(s) x O(s) matrices). As we perform an equivalent reduction to compute Gy, in each
outer loop of CA-CG, computing G, increases the communication and computation costs
by no worse than a factor of two. If the reduction to obtain G, can be done simultancously
with that to obtain Gy, no additional latency is incurred.

The computation of quantities in (6.16) require O(s®) operations per s steps and no
communication. Again, we perform equivalent operations to compute agi; and Bepy; in
each inner loop of CA-CG, so the computation cost is increased by a constant factor. Note
that, until now, we have not assumed a specific norm. The 2-norm allows us to compute
inner products locally using G}, and thus maintains the communication-avoiding properties
of CA-CG.

N T =~ N
Fia] Gr|#) 4| +O0e),

Vi

. T .
r;’j+1| Gy, rk7j+1| +0O(e), and

Vi

Thisn 1Bi|" G| By @1 | + O(e). (6.16)
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Algorithm 29 CA-CG with residual replacement (CA-CG-RR)
Input: n x n symmetric positive definite matrix A, length-n vector b, and initial approxi-
mation x; to Ax =b
Output: Approximate solution zg. 11 to Ax = b with updated residual rg 411
1: 2y =21, 21 = On,ly r =p1= b-AZl, d1 = dinit = 6(“7’1||2+N/ HA”2 ||Zl||2), m = 0, RR =0
2: for £k =0,1,..., until convergence do
3: Calculate Yy = [Py, Ri] with starting vectors psgy11m and 7Tspi1om, Gr = VI Vi

4: p.;c,l = [1, 01723]T: 7”2,1 = [O1641, 1, Ol,sfl]T> w;c,l = [01,2s+1]T
5: for j€{1,...,s} do
6: s = (1 Gartey) / (P, GrBrpi ;)
7 Qj = Qsk+jD
8: :E;g’jJrl = l‘;m + q}m
9: T;c,j-i-l = 7";,]- — qu,’m
10: Bokvj = (rﬁ;HGkrfmﬂ)/(rngkr;J)
11 Drjs1 = Thjr1 T BskriD
12: Update dgyjt14m by (6.13).
13: if condition (6.15) holds then
14: Zsktjtitm = Zma1 T Tsk1 T VeTp 15 Tsktjrrem = 0 — AZgpyjyiom, T1 = Op
15: dinit = okt jarem = €([Torrsarmlly + (1 +2N) [|All; [1zo04j414mll5 )
16: RR=1, m=m+ sk+j, k=0, break
17: end if
18: end for
19: if RR =0 then
20: Toktst1 = VkTp g1 + Tshit, Vshrstiom = Vil
21: Update dsgisi14m by (6.14).
22: end if
23: Psk4j+14m = ykp;k,s-&-l? RR=0
24: end for

/ !/
25: return Zgiji14m = Zm + Tskt1 T Vel ji1s Tsktjriem = Vel i1
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’ Matrix \ Domain n nnz cond 2-norm \ SPD? ‘
cdde [13, 35] | comp. fluid dynamics | 2.6-10° | 1.3-10° | 5.5 6.0 N
consph [57] FEM/Spheres 8.3-10% [ 6.0-10% | 9.7-103 9.7 Y
thermall [57] thermal 83-10% | 5.7-10° | 3.0-10° | 1.9 Y
xenonl [57] materials 4.9-10% | 1.2-10° | 3.3-10% 3.2 N

G2circuit [57] circuit simulation 1.5-10° | 7.3-10° | 2.3-10° 2.0 Y

Table 6.1: Matrices used in residual replacement tests. Norm and condition numbers reflect
the equilibrated system. Note that cdde and xenonl are nonsymmetric.

We must also compute ||Z,,41]], and ||7,11]|, at every residual replacement step m. The
quantity ||7y,41/, can be computed in the next outer loop after replacement in the same
way as the computation of gy, in CA-CG, ie., [[Fmiall, = (7(5Gofh1)"? + O(e). The
computation of ||Z,,4+1|, can be accomplished similarly by fusing the reduction with that of
(G in the outer loop immediately following a residual replacement step. Again, this increases
the bandwidth by a constant factor and does not increase the latency cost. Since

k

k
|Earrsrilly < Y Vet o], + Ole) = Y (/371 Geiy gy + Oe),

(=0 /=0

an estimate for this quantity can be iteratively updated in each outer loop iteration using
only local quantities.

6.1.5 Numerical Experiments

We evaluated our residual replacement strategy using many matrices from the University of
Florida Sparse Matrix Collection [57] and the NEP Collection [13], including the 28 matrices
tested by van der Vorst and Ye [181]. We present a subset of our results, from various
problem domains, which are representative of the general behavior observed. We chose to
show results for matrices with large dimension n as this is where we expect CA-KSMs to be
beneficial in terms of performance. The selected matrices along with relevant properties are
listed in Table 6.1. We tested both symmetric positive definite (SPD) and nonsymmetric
matrices, using CA-CG and CA-BICG, respectively. All matrices except cdde have real
eigenvalues.

In our experiments, we compare classical (BI)CG with CA-(BI)CG, both with and with-
out residual replacement. For CA-(BI)CG, tests were run for s = [4, 8, 12], with the mono-
mial, Newton, and Chebyshev bases (see Section 3.2.5). Coefficients for the Newton and
Chebyshev bases were computed using Leja-ordered points obtained from O(s) Ritz value
estimates, as described in Section 3.2.5 (see also [35, 102, 149]). We used row and col-
umn scaling to equilibrate the input matrix A, preserving symmetry for the SPD case, as
described in [102]. For each matrix, we selected a right hand side b such that ||z, = 1,
x; = 1/y/n, and used the zero vector as the initial guess. All experiments were per-
formed in double precision, i.e., € ~ 10716, In each test, the convergence criterion used was
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cdde consph thermall xenonl G2circuit
no RR| RR |no RR| RR |no RR| RR |no RR| RR |no RR| RR
Classical 8e-15 [6e-17| 1e-14 |1le-16| 9e-14 |1e-16| 3e-14 |9e-17| 4e-14 |1e-16
4| 1e-14 |6e-17| le-14 |1e-16| be-14 |1e-16| 2e-14 |8e-17| 3e-14 |le-16
Monomial 8 13e-13 |Te-17| 4e-12 |1e-16| He-12 |1e-16| 4e-12 |1e-16| 4e-12 |1e-16
12| 9e-13 |8e-17| — — — — | 2e-10 |1e-16| 3e-9 |le-16
4 |2e-14 |6e-17| le-14 |1e-16| 5e-14 |1e-16| le-14 |1le-16| 2e-14 |le-16
Newton 8 | 3e-14 |6e-17| 4e-14 |1e-16| 5e-14 |1e-16| 1e-14 |1e-16| 2e-14 |1e-16
12| 3e-14 |6e-17| 6e-13 |1e-16| 9e-14 |1e-16| 4e-14 |1e-16| 2e-14 |1e-16
4| 5e-15 |1e-16| 6e-15 |1e-16| He-14 |1e-16| le-14 |1le-16| 2e-14 |le-16
Chebyshev 8| 1le-14 |6e-17| 3e-14 |1e-16| 4e-14 |1e-16| 1e-14 |1e-16| 2e-14 |1e-16
12| 6e-15 |6e-17| 1e-13 |1e-16| 4e-14 |1e-16| 2e-14 |1e-16| 1e-14 |1e-16

Table 6.2: Improvement in true residual 2-norm. For each test, the left column gives the
2-norm of the true residual without replacement (no RR) and the right gives the 2-norm
of the true residual with replacement (RR). Dashes (-) indicate tests where the updated
residual did not converge.

cdde consph thermall xenonl G2circuit

Classical 1.9 (1/54) | .09 (2/2164) |.09 (2/2111)[.09 (2/2226)| .07 (2/2707)

411.9 (1/54) .09 (2/2173) |.05 (1/2206)[.05 (1/2202)| .09 (2/2930)

Monomial 8 1.7 (1/58) [.52 (12/2319)|.17 (5/2929)|.20 (5/2446)| .12 (6/3779)
12[.32 (1/310) — — 03 (2/5859)(.02 (3/15901)

411.9 (1/54)|.09 (2/2176) |.04 (1/2226)[.05 (1/2194)| .07 (2/2930)

Newton 811.9 (1/54) |.09 (2/2192) |.09 (2/2345)|.09 (2/2196)| .07 (2/2928)

12/ 1.9 (1/54) | .17 (4/2296) |.08 (2/2477)|.09 (2/2299)| .07 (2/2930)

411.9 (1/54)|.09 (2/2169) |.05 (1/2206)[.05 (1/2194)| .03 (1/2937)

Chebyshev  8|1.9 (1/54)|.09 (2/2179) .05 (1/2215)|.05 (1/2194)| .07 (2/2928)
12/ 1.9 (1/54) | .13 (3/2294) |.08 (2/2401)[.09 (2/2195)| .07 (2/2930)

Table 6.3: Percentage of residual replacement steps. For each test, the first number is
the percentage of total iterations that were replacement steps, calculated by the fraction
in parentheses, in which the numerator gives the number of replacement steps and the
denominator gives total iterations. Dashes (-) indicate tests where the updated residual did
not converge.

I7skj14ml / llrell < 10716, Since ry = b and [|b]] < A |z]l, [Irsesjrsmll / lIre]l < 1077
implies ||7grj14mll = O(€) [ Al [|]]-

Van der Vorst and Ye [181] use ¢ = 107® ~ /e and N4 = 1 in their experiments (with the
assumption that A is very sparse). We use ¢ = 1078 for most experiments; for tests using the
monomial basis with s = 12, we observed that using ¢ = 1078 caused restarts to occur earlier
and more frequently than was desired, as the bound ng}f}r j+1+4m Can be quite pessimistic due
to the growth of ’J}k‘ for large s values. To account for this potential overestimate, we used
the value ¢ = O(1077) for all tests with the monomial basis and s = 12. Similarly to [181], we
set N’ = 1. While this choice of parameters produces desirable results here, these heuristics
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cdde consph thermall xenonl G2circuit
Classical 15 375, 748 621, 1156 635, 1125 592, 998
41 13 366, 720 642 651 591, 956
Monomial 8| 10 | 41, 96, 170, 245, | 272, 494, 665, 998, | 215, 456, 688, 872, | 100, 543, 737, 970,
322, 394, 482, 554, 1100 1003 1279, 1477
633, 689, 722, 740
12| 12 — - 13, 1668 17, 33, 4298
4113 374, 716 641 673 600, 957
Newton 8| 13 261, 602 582, 1098 590, 999 584, 949
12| 11 | 140, 375, 574, 717 548, 1088 520, 939 555, 919
41 15 397, 727 657 701 614
Chebyshev 8| 13 311, 651 637 658 602, 959
12| 13 193, 426, 653 576, 1098 568, 976 582, 954

Table 6.4: Iterations where residual replacement steps occur. Dashes (-) indicate tests where
the updated residual did not converge.

deserve a rigorous theoretical analysis; we leave this as future work.

Although our bounds hold regardless of the bases used in constructing Vs, the quality of
the computed basis does affect the convergence rate of the CA-KSM; see Chapter 5. In the
extreme case of a degenerate basis, the Lanczos process can break down, causing divergence
of the updated residual. In such cases, any effort to maintain agreement between the true
and updated residual is futile. We therefore only test the residual replacement strategy on
cases where the updated residual converges.

Figs. 6.1, 6.2, 6.3, 6.4, and 6.5 show convergence of the true and updated residuals for
CA-(BI)CG with and without residual replacement, for each polynomial basis. Plots in the
left column show CA-(BI)CG, and plots on the right show CA-(BI)CG with the residual
replacement scheme. Plots in the top, middle, and bottom rows show tests where CA-
(BI)CG was run with s = 4,8, and 12, resp. For comparison, we plot classical (BI)CG and
classical BI(CG) with the replacement scheme in [181].

For all plots, the x-axis is iteration number and the y-axis is the 2-norm of the quantities
listed in the legend, where ‘true’ is the true residual, ‘upd’ is the updated residual, and ‘d’
iS Aot jr14m/€, ‘M','N’, and ‘C’ denote tests with monomial, Newton, and Chebyshev bases,
resp., and ‘CA-(BI)CG-RR’ denotes CA-(BI)CG with residual replacement.

For all tests with residual replacement (right columns), we plot the computed value of
dsk+j+1+m/ €, denoted with dash-dotted lines, where dgyj414m is given by (6.13) and (6.14).
We can see that residual replacements occur immediately after this quantity grows larger
than the residual norm, as per the replacement criterion in (6.15).

Plots without residual replacement (left column) show that, as our bounds indicate,
the attainable accuracy in CA-(BI)CG generally grows worse with increasing s, especially
using bases where Vi grows quickly with s. It is worth mentioning that without residual
replacement, a well-conditioned polynomial basis can allow the CA-KSM to achieve slightly
better accuracy than the classical method in some cases (see, e.g., the Newton and Chebyshev
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Figure 6.1: Convergence of cdde test matrix for CA-BICG without residual replacement

(left) and with residual replacement (right), for s = 4 (top), s = 8 (middle), and s

(bottom).
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Figure 6.2: Convergence of consph test matrix for CA-CG without residual replacement
(left) and with residual replacement (right), for s = 4 (top), s = 8 (middle), and s = 12
(bottom).
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Figure 6.3: Convergence of thermall test matrix for CA-CG without residual replacement
(left) and with residual replacement (right), for s = 4 (top), s = 8 (middle), and s = 12
(bottom).
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Figure 6.5: Convergence of G2circuit test matrix for CA-CG without residual replacement
(left) and with residual replacement (right), for s = 4 (top), s = 8 (middle), and s = 12
(bottom). Note the x-axis scale differs for s = 12 (bottom row).
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bases in Figs. 6.3 and 6.5).

The improvement in maximum attainable accuracy due to the replacement scheme for
each test is summarized in Table 6.2, which gives the 2-norm of the true residual (normal-
ized by ||r1]| as described above) for CA-(BI)CG without and with residual replacement.
Our results show that, for cases where the updated residual converges to O(e) ||A]| ||z||, the
residual replacement scheme for CA-(BI)CG improves convergence of the true residual to
within O(e) [|A|| ||||. As shown in Table 6.2, this improvement can be as large as 7 orders
of magnitude.

In all cases, the updated residuals in the algorithms with replacement converge at ap-
proximately the same rate in the algorithms without replacement. We note that for tests
with the monomial basis and s = 12, this behavior is sensitive to the chosen ¢ value. Choos-
ing € too low can result in replacing too frequently, as described above, which can cause
slower convergence or divergence. In Fig. 6.4, we can see that, although the overall rate of
convergence is unaffected, residual replacement does result in more irregular convergence for
both CA-BICG and classical BICG.

The percentage of total iterations that were residual replacement iterations for each test,
shown in Table 6.3 did not exceed 2% in any of our experiments. The highest number of
replacements in any test was 12 (for monomial with s = 8 in Fig. 6.2). For reference, in
Table 6.4 we give the iteration number(s) where replacements occurred in each test. Since the
number of residual replacement steps is very small relative to the total number of iterations,
the communication cost of performing residual replacements (adding an additional outer
loop iteration) is negligible in the context of CA-(BI)CG.

6.2 Deflation-Based Preconditioning

As we’ve stressed, in addition to speed per iteration, the performance of iterative methods
also depends on the total number of iterations required for convergence. For conjugate gra-
dient (CG), the KSM of choice for solving symmetric positive definite (SPD) systems, it is
well-known that the rate of convergence in exact arithmetic can be bounded in terms of the
eigenvalue distribution. These bounds are not always tight, and additional complications
arise in finite precision computations (see, e.g., [125]). Nonetheless, preconditioning tech-
niques, wherein the system’s eigenvalue distribution is altered to improve the convergence
bounds, have been employed successfully in practice; for a survey of approaches, see [153].
In general, the ability to exploit temporal locality across KSM iterations is diminished by
preconditioning, and the relative performance benefits of using a CA-KSM over its classical
counterpart decline; see, e.g., [102]. Avoiding communication in a general preconditioned
method seems to necessitate significant modifications to the algorithm. There are, however,
many types of preconditioners which have been shown to be amenable to our communication-
avoiding techniques, including diagonal, polynomial, incomplete factorization, and sparse
approximate inverse preconditioners. This has stimulated an active area of research in de-
signing practical preconditioners for CA-KSMs, with much recent progress. We detail the
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current state of the art and future work in designing and implementing preconditioners for
CA-KSMs in Section 6.8.

To add to the set of available communication-avoiding preconditioners, we propose de-
flation, which can be viewed as a type of preconditioning with a singular preconditioner,
as a feasible technique for improving convergence in CA-KSMs. We derive communication-
avoiding deflated CG (CA-D-CG), based on the deflated CG formulation (which we refer to
as ‘D-CG’) in [155]. Our analysis shows that the additional costs of CA-D-CG over CA-CG
are lower-order, which means, as in (non-deflated) CA-CG, we still expect a possible O(s)
speedup per s steps over the classical implementation. This motivates deflation as a promis-
ing method for improving convergence rate in CA-KSMs in practice. In this section, we give
a numerical example and performance modeling results which demonstrate that choosing
the number of deflation vectors, as well as the blocking factor s, result in complex, machine-
dependent tradeoffs between convergence rate and time per iteration. We note that this
section has been adapted from work that first appeared in [36].

6.2.1 Related Work

A review of related work related to approaches for reducing communication costs in Krylov
subspace methods including CA-KSMs can be found in Section 2.4. In this section, we
focus on deflation in a CA-CG variant that uses coupled two-term recurrences rather than
a single three-term recurrence. Other works that consider CA-CG in particular include [48,
49, 102, 175, 182]; a brief derivation can be found in Section 5.3, with the CA-CG algorithm
appearing in Algorithm 28. In the following section we derive our new CA-D-CG algorithm.
Our approach here will closely follow those in Chapter 4.

Deflation and augmentation techniques have been applied to improve convergence in
many KSMs since the mid 1980s; for a survey, see [159, Chapter 9]. Many approaches in
the literature can be viewed as instances of more general deflation/augmentation frameworks
[73, 95]. Connections have also been drawn between deflation and multilevel preconditioners;
see, e.g., [173], and references therein.

In this work, we consider the case of CG, the first KSM that was modified to perform
deflation [66, 134]; we note that the potential for eigenvalue deflation was also known to
Rutishauser before such methods gained popularity in the literature [67]. In this work,
we study the D-CG formulation as given in [155]. CG is convenient since it allows us to
concretely demonstrate our algorithmic reorganization while sidestepping technical issues
involving breakdown, i.e., where KSM iterates may not exist in exact arithmetic; however,
we see no obstacles beyond breakdown to extending our approach to other KSMs that deflate
in a similar manner.

As mentioned, there has been much recent work in the development of practical precon-
ditioners for CA-KSMs; we defer this discussion to Section 6.8. We also note that there has
been recent work in developing a high-performance deflated “pipelined” conjugate gradient
method [80].
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Previous work has developed efficient deflation for a CA-KSM in order to recover informa-
tion lost after restarting the Arnoldi process. Wakam and Erhel [137] extended a special case
of CA-GMRES [102, 127] with an adaptive augmentation approach. Both their algorithm
and ours aim to reduce the frequency of global collectives incurred by deflation/augmentation
compared to previous approaches. However, our applications differ: in our case we apply de-
flation as a more general preconditioning technique for Lanczos-based methods. We note that
the algorithm presented in [137] restricts the constructed Krylov bases to Newton polynomi-
als. It may be beneficial to extend their approach to the more general family of polynomials,
which we consider here.

6.2.1.1 Deflated Conjugate Gradient

The classical CG method and CA-CG method can be found in Section 5.3 in Algorithms 27
and 28, respectively. Our CA-D-CG is based on D-CG by Saad et al. [155], shown in
Algorithm 30 for reference. (As mentioned above, this was not the first appearance of
deflated CG in the literature.)

We now summarize the motivation for the use of eigenvalue deflation in the CG method,
as presented in [155]. It is well-known (see, e.g., [84]) that in exact arithmetic, after i
iterations of CG, the error is (loosely) bounded by

-1\
o — 21l < 2z — 1]l <#> ,

k(A)+1
with kK(A) = A, /A1 where A\; < Ay < --- <\, are the eigenvalues of the SPD matrix A. The
authors of [155] prove that for some set of linearly independent vectors W = [wy, ws, . .., w,],

D-CG applied to Az = b is mathematically equivalent to CG applied to the positive semidef-
inite system H' AHz = H"b where H = I — W(WTAW)~'(AW)7 is the A-orthogonal pro-
jection onto W4 and x = HZ. When the columns of W are exact eigenvectors associated
with A1, ..., A, the effective condition number (see [70]) is keg(HT AH) = \,/Aex1. When
the columns of W are approximate eigenvectors associated with Ay,..., ., one can expect
Ket(HTAH) =~ N\, /Aer1. Thus if Aeyp > Aq, deflation decreases the effective condition num-
ber of the system, thus theoretically improving the bounds on (exact arithmetic) convergence
rate.

We note that it is well-known that in reality, the convergence of the conjugate gradient
method in exact arithmetic is much more accurately described by considering the spacing
between eigenvalues of the matrix A. However, neither the bounds based on k(A) nor these
more descriptive bounds based on eigenvalue spacing hold in finite precision [119]. However,
the reduction of the effective condition number described above nonetheless remains the
motivation behind deflation, and in practice can lead to an improved convergence rate in
many cases. We also note that there has been recent work in developing tighter bounds on
the rate of convergence in the deflated conjugate gradient method (see, e.g., [105]).

For consistency, we assume we have an initial guess x; such that r, =b— Ax; L W. To
satisfy this initial requirement, one can choose z; = zo + W(WTAW)"'WTr, where zq is
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Algorithm 30 Deflated Conjugate Gradient (D-CG)
Input: n x n symmetric positive definite matrix A, length-n vector b, initial approximation
o to Az = b, and n-by-c matrix W of rank ¢
Output: Approximate solution z;,1 to Ax = b with updated residual r; 4
1: Compute and factorize WT AW
2 19 =b— Axg, v1 = 29 + WWTAW) T WTrg, ry = b — Az
3 u=WITAW)"WTAr, pr=r —Wu
4: for i = 1,2,... until convergence do
a; = (rir:)/(p] Ap:)
Tip1 = Ti + Q4P;
Tiv1 =T — q; Ap;
Bi = (riyrivn)/(rfmi)
Solve WTAW ;1 = WT Ar;y for puiq
10: Piv1 = Tix1 + Bibi — Wi
11: end for

arbitrary and ro = b— Axg. Note that selection of the subspace W is out of the scope of this
paper. This topic is covered extensively in the literature; see, e.g., [5, 11, 45, 60, 128, 129,
168, 186].

6.2.2 Deflated Communication-Avoiding Conjugate Gradient

We now derive CA-D-CG based on D-CG (Algorithm 30). As before, we denote iteration i
in Algorithm 30 with ¢ = sk + j to distinguish inner and outer loop iterations. By induction
on lines 6, 7, and 10 of Algorithm 30, we can write

Psk+j5 Tsk+j € ICS-‘:-I (A7psk+l) + ,CS(A7 Tsk—l—l) + ’CS—1<A7 W)a (617)
xskJrj — Tsk+1 € K:s(AvpskJrl) + K:sfl(Av TskJrl) + K572<A7 W) (618>
for j € {1...,s5+ 1}. Deflation also requires the product Arg;41 in the computation of

tsk+j+1 in line 9. Again, by induction, we can write
ATsk+j+1 € ’Cs+2(A7psk+l) + ’Cs+1(A7 Tsk+1) + ICS(A7 W) (6~19)

for j € {1,...,s}.

As before, we define matrices P, and Ry, whose columns span the Krylov subspaces
Ksio(A, pskr1) and Kgiq(A, reprr), resp. For deflation, we now also require a basis W for
KCs(A, W). Note that, assuming W does not change throughout the iteration, WW need only
be computed once. For the deflated method, we now define the n-by-(2s + 3 + ¢s) matrix

Vi = [Py, R, W]
= [PO(A)pskH, SR /)s+1(A)psk+17 PO(A>7”sk+1, ce Ps(A)TskJrh PO(A)VV; ceey Ps—l(A)W]~
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By (6.18), (6.17), and (6.19), we can then write, for j € {1,...,s + 1}, payj = D,
Tshtj = ykr;,j, and Tgptj — Topr1 = ykxﬁg’j, i.e., the length-(2s 4 3+ c¢s) vectors pﬁm, rfm, and
xﬁw. are coordinates for pgy;, T'sk+j, and Tsps; — Topt1, resp., in terms of the columns of V.

As in CA-CG, we can write a recurrence for computing multiplication with A; that is,
for j € {1,...,s},

Apayj = AVip)j= VebBipy; and  Argeyjon = AViry 0= VBt i
where, for the deflated method, we now define block diagonal matrix

B
Bk = B;E;R) )
BV 1,

where B,(CP), B,(CR), and B,(CW) are of the form (4.2) with i = s+ 1,7 = s, and i = s — 1,
respectively. Thus multiplication by Bj in basis ) is equivalent to multiplication by A in
the standard basis.

Assuming the same W is used throughout the iterations, W7 AW can be precomputed
and factorized offline. The small c-by-c factors of WT AW are assumed to fit in local/fast
memory. If we compute the (25 + 3 + ¢s)-by-(2s + 3 + ¢s) matrix Gy = VI Vi, and extract
the ¢-by-(2s + 3 + ¢s) submatrix Z; = W1, then we can form the right-hand side in the
solve for figy;+1 in line 9 of Algorithm 30 by WTAr8k+j+1 = ZkBkrf,f’j 41, replacing a global
reduction with a small, local operation. Note that the formulas for computing a4 ; and
Bsk+; in Algorithm 30 remain the same as in Algorithm 27. Thus, using G, we can compute
these inner products in CA-D-CG using the same formulas as in CA-CG (lines 8 and 12 of
Algorithm 28).

Similarly, the formulas for updates 5441 and rg4;41 are the same for D-CG and CG, so
the formulas for z; ;, and 7} ;, in CA-D-CG remain the same as those in CA-CG (lines 10
and 11). The formula for ps;;41 in D-CG can be written

/ ! / T T
Vilr i1 = YTk 1 + Bk i Vil j — Vil0125135 Mghrirr> Ores—1)] >

for j € {1...,s}. Thus in CA-D-CG, p} ;,, is updated by

/ ! / T T
Phji1 = Thyje1 + Bsk+jPhy — 01,2543, Hsk+j+1> O1,es-1)] " -

The resulting CA-D-CG method is shown in Algorithm 31.

6.2.2.1 Algorithmic Extensions

We assume in our derivation that the matrix of deflation vectors W is constant through
the iterations. We could, however, extend CA-D-CG to allow for updating of W}, in (some
or all) outer loop iterations k; see, e.g., [5, 11, 120, 145, 168] for example applications.
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Algorithm 31 Deflated Communication-Avoiding Conjugate Gradient (CA-D-CG)

Input: n x n symmetric positive definite matrix A, length-n vector b, initial approximation
o to Az = b, and n-by-c matrix W of rank ¢

Output: Approximate solution z;,1 to Ax = b with updated residual r; 4

1: Compute and factorize W1 AW

2: Compute W

319 =b— Axg, v1 = g + WWTAW) ' WTry, ry =b— Az

4 p=WITAW)*TWTAry, pr=r — Wu

5: for £ =0,1,... until convergence do

6: Compute Py, Ry, let Vi = [Pr, Ry, W]; assemble By.

7 Gy = VIVy; extract Z, = WY,

8: Pra = (1, 01,25+24cs) " 5 Tea = (01,642, 1, 01s4es) Ty = 02543161
9: for j=1,...,sdo

10: sy = (r5Grry ;) 0GRy ;)

11: x;JH = xﬁm + ozskﬂ»p;w

12: T;CJJrl = T;c,' - ask—l—jka;c,j

13: Bstj = (r;c,j—&-leT;c,j—H)/(rllngkr;c,j)

14: Solve WTAW pigprjy1 = ZiBiry jy1 for pransj

15: Phjor = Thjp1 T BskriPhj — (01,2613 My i1 One(s—1)]"

16: end for

17: Tshrst1 = Vel g1 + Tahit, Tohrstl = Vilhor1s Pshrstl = ViDror1
18: end for

(Additional considerations arise when changing the operator during the iterations due to the
loss of orthogonality properties [10, Chapter 12]; see also [136].) Updating W}, in outer loop k
requires recomputing W, a basis for KCg(A, Wy ); this computation could potentially be fused
with computation of P, and R such that no extra latency cost is incurred. The quantity
W AW}, can be recovered from the computation of Gy, so no additional communication is
required. Factorization of the c¢-by-c matrix W, AW}, can also be performed locally; note
the number of deflation vectors ¢ could be allowed to vary over outer loop iterations as well.
This extension is considered future work.

6.2.3 Numerical Experiments

For numerical experiments, our goal is to show that CA-D-CG is competitive with D-CG
in terms of convergence rate and that it also beats CA-CG without deflation. While the
approaches are equivalent in exact arithmetic, there is no reason to expect that CA-D-CG
iterates will exactly equal D-CG iterates in finite precision, given the different sets of floating-
point operations performed. There are many open questions about CA-KSMs’ finite precision
behavior, some of which we hope to address in future work. But in lieu of theoretical results,
we will rely on our practical experience that CA-KSMs’ iterates deviate from their classical
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counterparts as the s-step Krylov bases become ill-conditioned (increasingly, with s), and
this effect can be diminished by picking different polynomial bases [35, 102, 149]. To focus
on this potential instability that grows with s, we chose a test problem for which the classical
methods are relatively insensitive to rounding errors. Thus, our experiments do not address
the possibility that the deviation between D-CG and CA-D-CG iterates is much larger when
the classical methods’ convergence is highly perturbed by rounding errors.

We test the stability of our reformulation on a similar model problem to the one con-
sidered in [155], using codes written in a combination of MATLAB and C, with linear al-
gebra routines from Intel’s Math Kernel Library. We generate a discrete 2D Laplacian by
gallery(’poisson’,512) in MATLAB, so A is an SPD matrix of order n = 5122, We
pick the right-hand side b equal to A times the vector with entries all n=/2. Our deflation
vectors are the eigenvectors corresponding to the smallest magnitude eigenvalues, computed
using MATLAB’s eigs. Note that the study in [155] used (known) exact eigenvalues; this
difference does not significantly affect the results for this test.

In Figures 6.6-6.8, we compare convergence for the model problem using D-CG and CA-
D-CG with the monomial, Newton, and Chebyshev polynomial basis, resp., each for a few
representative s values. We report the 2-norm of the true residual computed by b — Az;,
rather than the recursively updated residual r;, and normalize by the 2-norm of the starting
residual 7 = b (i.e., the starting guess x; is the vector of zeros). We declare convergence after
a factor of 10® reduction in the normalized residual 2-norm. The solid curves correspond to
D-CG, and circles correspond to CA-D-CG. We deflate with ¢ € {0, 4, 8} eigenvectors, plotted
in black, red, and blue, respectively (when ¢ = 0, D-CG is just CG and CA-D-CG is just
CA-CG). Based on the formulas above, this suggests the condition number x(A) & 1.07-10°
in the undeflated case (¢ = 0) should improve to ~ 2.13 - 10* in the case ¢ = 4, and to
~ 1.25 - 10* when ¢ = 8.

We implemented the Newton basis by choosing parameters in (4.2) as Bi=0,% =1,
and @; is the i-th element in a set of Leja-ordered points on the real line segment [A.y1, Ay);
see, e.g., [149]. We implemented the Chebyshev basis by setting basis parameters in (4.2)
as ¥ = |An — Aet1| /2 (except A, which is not divided by 2), d&; = Aev1 + | A — Aet1] /2,
and BA@ = |An — Acx1| /8. These recurrence coefficients are based on the bounding ellipse of
the spectrum of A, which is, in the present case of symmetric A, an interval on the real
line; see, e.g., [104]. In practice, only a few Ritz values (estimates for eigenvalues of A)
need to be computed up front to sufficiently determine parameters for Newton or Chebyshev
polynomials. One can also incorporate information about new Ritz values obtained as a
byproduct of the iterations to improve the basis conditioning; see [149] for practical details
and experiments.

Note that M.y is used as the smallest eigenvalue in selecting Newton and Chebyshev
parameters above. This is because if columns of W are exact eigenvectors of A corresponding
to eigenvalues A1, ..., ., using A\; as a basis parameter in computation of basis VW can cause
cancellation and can thus produce a rank-deficient basis. Although this cancellation does
not occur in computation of bases P, and R, we used the same basis parameters chosen for
W (i.e., using A.41) to compute Py and Ry for simplicity, with no ill effects.
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Figure 6.6: Monomial basis tests. Top: s = 4 (left), s = 8 (right), Bottom: s = 16. Plots
show the 2-norm of the true residual, b — Ax;, for tests with ¢ = 0 (black), ¢ = 4 (red), and
¢ = 8 (blue), for both D-CG (—) and CA-D-CG (o) using monomial bases of size s. Note
that the y-axis in the bottom plot differs.

For the monomial basis (Figure 6.6), convergence is nearly identical for s = 4, but we
begin to see a delay in CA-D-CG convergence for s = 8 (top-left), and a failure to converge
by s = 16. For the Newton basis (Figure 6.7), the two methods have similar convergence
past s = 16; only around s = 100 (bottom-right) do we begin to notice a significant delay in
convergence for CA-D-CG. The situation is similar for the Chebyshev basis (Figure 6.8), only
the bottom-right subfigure now depicts the case s = 220. These results clearly demonstrate
that basis choice plays an important role for CA-D-CG convergence, at least on this well-
behaved model problem

In the next section, we will introduce a coarse performance model to ask about the
practical benefits of values as large as s = 220.
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Figure 6.7: Newton basis tests. Top: s = 4 (left), s = 8 (right), Bottom: s = 16 (left),
s = 100 (right). Plots show the 2-norm of the true residual, b — Ax;, for tests with ¢ = 0
(black), ¢ = 4 (red), and ¢ = 8 (blue), for both D-CG (—) and CA-D-CG (o) using Newton
bases of size s.

6.2.4 Performance Modeling

In this section, we give a qualitative description of the performance tradeoffs between the
four KSMs mentioned above — CG, CA-CG, and their deflated counterparts — on massively
parallel machines. We use the theoretical machine model discussed in Section 2.2; recall that
for an algorithm where a processor (on the critical path) performs F' flops and sends/receives
S messages containing a total of W words, we model the worst-case runtime using the

equation
T =~vF + W 4 as,

where «a represents a latency cost incurred by every message, [ represents a bandwidth cost
linear in the message size, and ~ represents the time to perform a floating point operation
on local data. For CA-CG and CA-D-CG, we estimate the time for s inner loop iterations
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Figure 6.8: Chebyshev basis tests. Top: s = 4 (left), s = 8 (right), Bottom: s = 16 (left),
s = 220 (right). Plots show the 2-norm of the true residual, b — Ax;, for tests with ¢ = 0
(black), ¢ = 4 (red), and ¢ = 8 (blue), for both D-CG (—) and CA-D-CG (o) using Chebyshev
bases of size s.

and then divide by s to estimate time per iteration. Note that this ignores relative rates of
convergence, treated in Section 6.2.3.

We were motivated to develop CA-D-CG based on the high relative cost of interprocessor
communication on large-scale parallel computers. In addition to parallel implementations,
CA-KSMs can avoid communication on sequential machines, namely data movement within
the memory hierarchy. Indeed, the parallel and sequential approaches naturally compose
hierarchically, as has been exploited in previous high-performance CA-KSM implementa-
tions [127], and we suggest the same for a future CA-D-CG implementation. However, in
this section, we will restrict ourselves to a parallel model which ignores sequential communi-
cation costs to illustrate the changes in parallel communication costs. We do not claim that
this model’s predicted speedups are always attainable on real hardware; however, we believe
that such models can help to determine feasibility of a communication-avoiding approach rel-
ative to a classical approach, as well as to efficiently explore and prune the (machine-specific)
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parameter tuning space for an optimized implementation.

We consider two parallel machine models, which we call ‘Exa’ and ‘Grid.” We use v =
1-107!3 seconds per (double precision) flop in both cases, based on predictions for a ‘node’ of
an exascale machine [41, 177]. This flop rate corresponds to a node with a 1024-core processor
and its own memory hierarchy with 256 GB of capacity at the last level; however, as discussed
above, we ignore this intranode structure. For Exa, the interconnect has parameters a =
4 -1077 seconds per message and 3 = 3.7 - 107! seconds per word (4-byte double precision
value). For the second machine, Grid, we replace this interconnect by the Internet (via
Ethernet), using the parameters a = 107! and 8 = 2.5 - 107® given in [126]. In contrast to
their predecessors, our models allow an arbitrary number of processors, in order to illustrate
asymptotic scaling behavior — we do not claim that every machine configuration modeled
is physically realizable.

We will study the same model problem (a 5-point 2D stencil with constant coefficients)
and numbers of deflation vectors as in the numerical experiments. Because the model prob-
lem is a stencil with constant coefficients, we assume it can be represented in O(1) words.
We assume the /n-by-y/n mesh is partitioned across a \/P-by-+/p grid of processors, so that
each processor owns a contiguous y/n/p-by-1/n/p subsquare, and we assume these fractions
are integers; this layout minimizes communication within a factor of v/2 (for this particular
stencil, a diamond layout would be asymptotically optimal [21, Chapter 4.8]).

To simplify the analysis, we restrict s € {1,...,+/n/p} for the CA-KSMs, which means
that the sparse computations only require communication with (logical) nearest neighbors;
the communication-avoiding approach is correct for any s, but the latency cost rises sharply
when each processor needs information from a larger neighborhood. We also simplify by
using the same blocking parameter s for the sparse and dense computations; in general,
one can compute the s-step Krylov bases in smaller blocks, and then compute a (larger)
Gram matrix, or vice versa, i.e., constructing the Gram matrix blockwise as the s-step bases
are computed. In practice, we have observed significant speedups from the Gram matrix
construction alone (with no blocking of the SpMV operations) [190], and we suggest tuning
the block sizes independently. Also to simplify the analysis, we will ignore the preprocessing
costs of computing the deflation matrix W (not the algorithmic cost W) and computing and
factorizing WT AW, assuming that they can be amortized over many iterations; in practice,
these costs may not be negligible, especially if the number of iterations is small.

We note that in the case of variable coefficients, i.e., the nonzeros of A are stored explicitly,
we would partition A in a overlapping block rowwise fashion, as explained in [126]. For
variable coefficients, we would then incur the additional, but amortizable, cost of distributing
rows of A to neighboring processors as described in Section 3.2.

Under these assumptions, the number of flops, words moved, and messages required for

s steps of CG, CA-CG, D-CG, and CA-D-CG are as follows:

F].OpSCG = 3(19n/p + 2 10g2 p)
Wordscg = s(4+/n/p + 4log, p)
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Messcg = s(4logyp + 4)
Flopsaa.ca = 18(n/p)s + s(20s + 3(2s + 1) (4s + 1) + 10) + 125°

+2(n/p)(4s + 1) + (n/p)(4s + 3) + 36+/n/ps*
+ ((2s +1)(2s +2)(2(n/p) + logyp — 1)) /2

Wordsca.og = 8v/n/ps + 4s% + log, p(2s + 1) (25 + 2)
MGSSCA_CG =2 log2 P+ 8
Flopsp.cc = $(30(n/p) + 2logyp + ¢(2(n/p) +logy p — 1) + 2¢* + (n/p)(2c — 1))

Wordsp.ce = s((4 + 2¢) logy p + 8y/n/p)
Messp.cg = s(6logy, p + 8)
Flopscap.ce = 12(s + 1)* +2(n/p)(4s + 2¢s + 5) + (n/p)(4s + 2cs + 7)

+364/n/p(s +1)* +18(n/p)(s + 1) + s(24s + c(4s + 2cs + 5)
+ 4(25 + s + 3)(4s + 2¢s + 5) + 12¢s + 2¢% + 36)
+ (25 +3)(s +es+2)(2(n/p) + logyp — 1)

Wordsca.p.ca = 4(s + 1)* + 8y/n/p(s + 1) + 2log, p(2s + 3)(s + cs + 2)
Messca.p.cg = 2logyp + 8

For the CA-KSMs, we do not exploit the nonzero structure of Gy, and By, for local matrix-
vector multiplications, nor the nonzero structure of the length-O(s) coefficient vectors.

For D-CG, we note that one can compute AW offline (in line 1), and avoid the SpMV
Ar;yq in line 9; while this may improve some constant factors by up to 2, it does not avoid the
global reduction in the subsequent application of (AW)T, which our performance modeling
suggests is often the dominant cost.

We note that the log, p terms in computation and bandwidth costs can often be reduced
by exploiting efficient collectives based on recursive halving/doubling approaches; see [42]
for a survey. These approaches require that the number of words in the collective is at
least p, which was not always true in our experiments, hence our use of simpler tree-based
collectives.

We first consider weak scaling in Figure 6.9. We fix n/p = 4% and vary p € {4 :
x € {2,...,14}}. The black curves correspond to the runtime of a single iteration of the
classical KSMs: CG (no markers), D-CG with ¢ = 4 (square markers), and D-CG with ¢ = 8
(asterisk markers) — the logarithmic dependence on p, due to the collective communications,
is evident. The red curves allow us to vary the parameter s € {1,...,1/n/p}, where s = 1
corresponds to the classical KSMs, and s > 1 corresponds to their deflated counterparts
(markers mean the same as for the black curves); for comparison with the classical methods,
we compute the runtime of one CA-KSM outer loop (with s inner-loop iterations) and then
divide by s. On both Exa and Grid, it was beneficial to pick s > 1 for every problem,
although the optimal s varies, as illustrated in Figure 6.11. The best speedups, i.e., the ratio
of the runtime with s = 1 to the best runtime with s > 1, were about 55, 38, and 28 for
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Figure 6.9: Modeled weak scaling on model problem on Exa (left) and Grid (right). Black
curves correspond to the runtime of a single iteration of the classical KSMs: CG (no markers),
D-CG with ¢ = 4 (square markers), and D-CG with ¢ = 8 (asterisk markers). Red curves
correspond to the runtime of a single iteration of the CA-KSMs: CA-CG (no markers), CA-
D-CG with ¢ =4 (Square markers , and CA-D-CG with ¢ = 8 (asterisk markers), using the
optimal value of s € {1,...,y/n } for each point.

c =0, 4, and 8, resp. on Exa, while the corresponding best speedups on Grid were about
116, 174, and 173.

Strong scaling plots are shown in Figure 6.10. The curves represent the same algorithms
as in the previous figure, except now we use different problems for the two machines (we
use the same range of p as before). Note that the red and black curves coincide for some
points on the left of both plots. As the local problem size decreases, so does the range of
s values over which the CA-KSMs optimize. For Exa, we fix n = 4%, so for the largest p,
e.g., the processors’ subsquares are 2-by-2 and s € {1,2}; for Grid, we fix n = 4?2, While all
tested KSMs scale when the local problem is large, the CA-KSMs are able to exploit more
parallelism than the classical KSMs on both machines. In both cases, the CA-KSM runtime
eventually begins to increase too. The best speedups on Exa were about 49, 42, and 31 for
c =0, 4, and 8, resp., while the corresponding best speedups on Grid were about 1152, 872,
and 673.

Lastly, in Figure 6.11, we demonstrate the benefits of increasing the parameter s for a
fixed problem and a varying number ¢ € {0,...,50} of deflation vectors. The case ¢ =
0 indicates the non-deflated KSMs, and is depicted separately. We plot the CA-KSMs’
speedups relative to the classical KSMs, i.e., the points along the line s = 1. For both
machines, we fix p = 4%, but to illustrate the tradeoffs on both, we pick n = 4 for Exa, and
n = 4% for Grid. In both cases, we see decreased relative benefits of avoiding communication
as ¢ increases, as the network bandwidth becomes saturated by the larger reductions. For
Exa, for small ¢ it is beneficial to increase s to the maximum +/n/p we consider; for Grid,
however, it is never beneficial to increase s to its maximum, for any c.
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6.2.5 Future Work and Conclusions

In this work, we have demonstrated that deflation can be performed in a communication-
avoiding way, and is thus suitable for use as a preconditioner for CA-KSMs. We derived
CA-D-CG, which is equivalent to D-CG in exact arithmetic but can be implemented such
that parallel latency is reduced by a factor of O(s) over a fixed number of iterations. Per-
formance modeling shows predicted speedups of CA-D-CG over D-CG for a number of n/p
ratios on two model architectures, for s values constrained so s < y/n/p. We performed
numerical experiments for a model problem to illustrate the benefits of deflation for conver-
gence rate. Our results also demonstrate that by using better conditioned bases of Newton
and Chebyshev polynomials, s can be made very large before convergence behavior of CA-
D-CG deviates significantly from D-CG; however, for more difficult problems, to be studied
in future work, we expect the practical range of s to be more restricted.

We also point out that, as in the classical case, our CA-D-CG method is mathematically
equivalent to applying CA-CG (Algorithm 28) to the transformed system H' AHT = H™b. If
we were to instead perform deflation in this way, communication-avoiding techniques related
to blocking covers for linear relaxation [112, 117] and other ideas from those works could be
applied in the Krylov basis computation.

The communication-avoiding reorganization applied here can also be applied to many
other deflated KSMs, including adaptive deflation approaches (see, e.g., [5, 11, 120, 145, 168]),
where the matrix W is allowed to change. Our future work will address these applications, as
well as a distributed-memory implementation to evaluate the performance of our approaches
on real parallel machines.

6.3 Selective Reorthogonalization

In practice, the Lanczos vectors computed by the Lanczos method lose orthogonality due to
roundoff errors. This can cause multiple copies of converged Ritz values to appear, which
delays convergence to other eigenvalues. One option to remedy this is to run the Lanczos
algorithm with full reorthogonalization; if strong linear independence is maintained between
the Lanczos vectors, redundant Ritz pairs can not be formed and the number of Lanczos
steps does not exceed n. These desirable numerical properties come at the expense of extra
computation, communication, and space requirements in order to store all previous vectors
and perform the orthogonalization.

The selective orthogonalization technique of Parlett and Scott [147] achieves a middle
ground between full reorthogonalization and no reorthogonalization, maintaining near or-
thogonality among the Lanczos vectors for a much lower cost than the full reorthogonaliza-
tion method. This technique is grounded in the theory of Paige [140, 141], which says that
the Lanczos vectors lose their orthogonality by developing large components in the direction
of converged Ritz vectors. By monitoring the computed error bounds, it can be determined
which Ritz vectors will contribute large components to the current vector v,,.1, and 0,11
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can then be orthogonalized against those Ritz vectors.
Selective orthogonalization can be justified as follows. A result of Paige [140] says that,
for the classical Lanczos algorithm at iteration m,

o

Z(m)T@ . iyi

e TN O
ﬁm-i-lnmz

where 0,11 is the current Lanczos vector, zgm)
—
) Umz

(m) = ql (SquZ with \e )| = O(e||A)). We note that this notation is the same used in

7(71,1‘)7 which indicates convergence of Ritz pair (,u( ™ M),

(2 pas?

is the ith Ritz vector computed in iteration
is the last element of the ith eigenvector of T, computed in iteration m, and

Sectlon 5.1. Thus a small 5m+177

causes loss of orthogonality by introducing to 0,1 large components of 2§m). Then to prevent
this loss of orthogonality, we want to purge 0,,,1 of the threshold Ritz vectors corresponding
to indices

Llm+1) = {i : |5 bia| = Vel
For most iterations in classical Lanczos, |£] = 0 but when |£(m+1)| > 0 then we orthogo-
nalize 0,11 against zi(m) for i € L(m~+1). This requires computing the zi(m)’s, which requires
bringing in V,,, from memory. In classical Lanczos,

T O(el|lA
ﬂm-l—lnmz

so we determine which indices £(m+1) will contain by finding the i’s such that \Bmﬂm(n"m <
Vel All-

We want to determine a similar criterion for the CA-Lanczos method. We can use our
results for CA-Lanczos in Section 5.1, which are analogous to the results of Paige for clas-
sical Lanczos [140, 141], to develop a selective orthogonalization technique for CA-Lanczos.
Similar to the results of Paige, by (5.77) and (5.78), we have

(m)

Z-(m)Tf)m-i-l — AEZ’—l
5m+17]7(nn?z)
where |e | = O(e|A|IT3), with Ty = maxeeqo, iy [V, |l2][|Velll2 (see Theorem 1). In this

T
case, we will have 1281 | > /€ when

Bnsanl| < Vel AT, (6.20)

so we will purge 0,41 of the threshold Ritz vectors corresponding to indices

Lim+1) = {i : |Bmianii)| < Vel ATE}.



203

This indicates that in order to maintain desirable numerical properties, an implementa-
tion of CA-Lanczos with selective reorthogonalization should perform, in iteration m, the
reorthogonalization of 8,41 against all vectors 2™ for which | ﬂAmann"?i)] < V€| A|IT2. Per-
forming reorthogonalization incurs communication in the CA-Lanczos method as it does in
the classical Lanczos method. Additionally, if reorthogonalization is triggered in the CA-
Lanczos method, we must abandon the current outer loop iteration and recompute the s-step
bases with the new reorthogonalized 9,,,1 vector. An example of a CA-Lanczos method with
selective orthogonalization in given in Algorithm 32.

As mentioned before, for the classical method, it is often the case that |£(m+1)| = 0. We
expect the number of reorthogonalizations in the CA-Lanczos method to be similar to the
classical Lanczos method when I'y, ~ 1. In the case then that the number of reorthogonal-
ization steps required in CA-Lanczos is small, we can still reap the performance benefits of
avoiding communication in most outer loop iterations. However, if T, is very large (around
¢~'/2), then we could have |£(m+1)| ~ m for all values of m. This would result in what
is essentially, in terms of communication and computation cost, classical Lanczos with full
reorthogonalization. This happens because now, we can lose orthogonality both because a
Ritz pair has converged or because of very large roundoff errors caused by ill-conditioned
s-step bases.

There are some potential solutions. One option is to use better polynomial bases in the
basis construction to reduce I';,. Another idea is to allow the parameter s to vary, and in
each outer loop k terminating basis construction at some s such that I'y remains below some
chosen threshold. As the term I tends to overestimate the actual error in many cases,
it could be less expensive and still effective to artificially reduce the right-hand side of the
condition (6.20). Determining the viability of these methods in practice remains future work.

We note that it is not safe to assume I'y, ~ 1 and simply use the same reorthogonalization
condition as classical Lanczos, i.e, |Bm+177,(:: Z»)| < e€||A]]. The technical report [92] tests
various reorthogonalization strategies including selective orthogonalization for CA-Lanczos.
In this work, the same condition that triggers selective reorthogonalization as in the classical
Lanczos method is used for the CA-Lanczos method. As can be seen in Table 1 in [92], using
this criteria, which doesn’t take into account loss of orthogonality due to the conditioning
of the s-step bases, the effectiveness of selective orthogonalization decreases as s (and thus
[') increases. Our analysis supports this result.

We note that the |Bm+1n7(n"?i)] values can be computed in CA-Lanczos the same way as in
the classical method. One way of doing this is to calculate all the Ritz values at each step

2
and use a formula from Paige [138] which states that (n(m)> = Xm-1(1{"™) /X (™) where

m,
Xm () is the characteristic polynomial of . (see (5.71)). Another option is to compute a
few eigenvalues of T, at each end of the spectrum and then use inverse iteration to find the
bottom elements of the corresponding eigenvectors. Recall that in a parallel communication-
avoiding implementation, all processors redundantly compute the scalars that form the en-
tries of Tm, which could be stored locally if m is not too large. In this case, both options
above could be implemented without increasing communication.



204

We note that it may also be possible to implement partial reorthogonalization in CA-
KSMs. This technique, due to Simon [157], would involve monitoring of the quantity
|V kﬂvskﬂHH where Vskﬂ = [01, ..., Usg+j]. When semiorthogonality is lost, i.e., this quan-
tity grows to /€, Uspy; and Ogpyj41 are explicitly orthogonalized against all preceding @
vectors. We leave pursuit of a communication-avoiding version of partial reorthogonaliza-
tion as future work.

6.4 Look-Ahead

Look-ahead techniques may allow nonsymmetric Lanczos and nonsymmetric Lanczos-type
solvers, including BICG and BICGSTAB, to continue past a Lanczos breakdown [148].
A Lanczos breakdown occurs when a vector in the expanding Krylov subspace for A is
nearly numerically orthogonal to a vector in the corresponding subspace for A”. Kim and
Chronopoulos [110] have noted that for their s-step nonsymmetric Lanczos algorithm, in
exact arithmetic, if breakdown occurs at iteration m in the classical algorithm, then the
same breakdown will only occur in the s-step variant if m is a multiple of s. They also com-
ment that look-ahead in the exact arithmetic s-step method amounts to ensuring that no
blocked inner products between basis matrices have determinant zero. Hoemmen, however,
has commented that the situation is more complicated in finite precision, as it is difficult to
determine which type of breakdown occurred [102].

We consider the look-ahead nonsymmetric Lanczos algorithm of Parlett, Taylor, and
Liu [148]. Using notation from our CA-BIOC nonsymmetric Lanczos method (see Sec-
tion 4.1), implementation of the criteria to determine whether the current iteration will be
a single step or a double step requires the inner products

/

Z)
yzﬂyz - yk,]G( k]v

H _
Yir1Yit1 = yk,jJrle yk,]+17

“H~ - 2)
g5 = g6 2y .
~H ~ ~1H Z ~
Ui Jiv1 = Uy ,]+1Gl(<: y;€]+17
H~ - 2)
Ui i1 = y/HGz(g T NESE

Z)
yzH?Jz’H = yk,]GEc yk]+1 and

~H -
Yir1Yi = yk,j+1kak,j7

where G, = ZH 2, (see (4.22)), and G\ = ZF 2), and G\7) = ZH 2, (sce (4.25)). Thus we
claim that performing look-ahead checks in CA-BIOC could be performed without requiring
additional communication.

The only difficulty we see is that a double look-ahead step can not be performed on the
last inner iteration, since Z; and Z; do not span the required subspaces to perform the
update; we would need to increase the subspace by another dimension, i.e., perform another
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Algorithm 32 CA-Lanczos with Selective Orthogonalization

Input: n-by-n real symmetric matrix A and length-n starting vector v; such that [[vq]|s = 1
Output: Matrices Vi and Ty s and vector v g1 satisfying (5.1)
1w = Avl

2: for k =0,1,... until convergence do
3: Compute ) with change of basis matrix B
4: Compute Gy = VIV
5: Vg1 = €1
6: if £k =0 then
7 u/O,l = 8061
8: else
9: u;@l = €419
10: end if
11: for j=1,2,...,sdo
12: gl = vngku;J
13: Wy = U i — Qs V),
14: Bakrjrr = (wil;Grawy, ;)
15: if 6Sk’+j+1 = 0, qUJt . '
16 Find Llsk+j+1) = {i : [BurgemH) < VA2
17: if [L(sk+j+1)| > 0 then
18: Wsk+j = ykw;g7j
19: for ¢ € L(m+1) do
20: Wsk+j = Wsk+j — (Z(SSIC—H)Twsk-I—j)Z(SSk—H)
21: end for
22: Bskrit1 = | Wsk+sll2
23: if 68k+j+1 = 0, quit
24: Vshtjt1 = Wkt / Bsktjtt
25: Ughtjr1 = AVsppjpr — 6sk+j+1ykv;€7j
26: Compute eigenvalues, eigenvectors, and error bounds of T},
27: Break and immediately begin next outer loop iteration
28: end if
29: Vg1 = Wi/ Bekrsn
30: Uk g1 = BrVg jy1 = Bokrjiath
31: Compute eigenvalues, eigenvectors, and error bounds of T},
32: end for
33: [Vskt2s -+ + s Vskrst1] = VklVhos -+ 5 Vg sri)
34: [Uskroy -+ Uskrsi1] = Vi [u§€72, . ’U;C,S-‘rl]

35: end for
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multiplication by A, which is not possible using the current bases. One solution is that, if a
double iteration is required on the last inner loop iteration, when j = s, we could abandon
the current inner loop, skipping the last iteration, begin a new outer loop, and make the
first step of the new inner iterations a double step. This may result in a small amount of
wasted effort.

The situation is more complicated when pivots larger than 2 x 2 are used, i.e., we look
ahead more than one step at a time. If the algorithm requires that we look ahead ¢ steps to
compute the next vectors, then we can only do this in the CA-BIOC algorithm for iterations
j < s—/. In the s-step case we are then limited to using pivots of size at most s X s unless
we are willing to increase the dimension of the bases we generate in each outer loop. We
leave further inquiry as future work.

6.5 Extended Precision

We stress that in infinite precision arithmetic, the CA-KSMs will produce exactly the same
results as their classical counterparts, regardless of s value and regardless of polynomial bases
used. This means that if we had the ability to work in arbitrary precision at little extra
cost, we would be free to choose the s value based solely on matrix structure and machine
architecture without worrying about numerical stability and convergence. In many cases, it
may be that we can achieve these desirable results using less than infinite precision, e.g., quad
precision. This would result in (at least) a doubling of the bandwidth and arithmetic cost,
which might be insignificant in the latency-bound regime. We therefore seek to determine
the precision needed to ensure that CA-KSMs will behave numerically like classical KSMs.
If this precision can be estimated, then we can model the effect this extra precision has on
performance and find the best tradeoff point.
The analysis of Section 5.1 suggests that if we use precision € such that

1
24(n + 11s + 15)T%’

€<

then this will guarantee that the results of Paige apply to the s-step case. Since the bounds
developed in Section 5.1 are not tight, the expression above is likely a large overestimate of
the actual precision needed to achieve the desired numerical properties. This likely extends
to other Lanczos-based CA-KSMs, since the computations are very similar. We note that
the maximum I'; could be estimated using bounds on the condition numbers for various
polynomial bases (see, e.g., [74, 149)]).

The analysis in Section 5.1 also suggests that it is possible to use different precision
for different parts of the computation. In Theorem 1, we can see that the quantity ¢ is
amplified by a factor of I'2, but €; is only amplified by a factor of I'y. Therefore we can
achieve the same effect numerically by using precision proportional to €/ f‘i for computations
that contribute to €y and precision proportional to €/T), for computations that contribute
to €;. To this end, future work includes extension of our numerical stability analysis for
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CA-KSMs in Section 5.1 to estimate the minimum number of bits of precision needed in
each kernel.

We mention that the use of extended (or limited) precision capabilities in software and
hardware as a means to achieve algorithm stability while minimizing energy/bandwidth
requirements is an active area of research. Specifically in the realm of CA-KSMs, Yamazaki
et al. [196] have recently used a mixed-precision CholeskyQR routine to perform the TSQR
factorization in a higher precision during select iterations of CA-GMRES.

6.6 Dynamically Updated Basis Parameters

As we have seen in Chapter 5, generating well-conditioned s-step bases is essential to main-
taining desirable numerical properties in CA-KSMs. Determining basis parameters that will
result in well-conditioned bases requires some knowledge of the spectrum of A. In practice,
we might want to avoid the upfront cost of computing good estimates for eigenvalues of A to
use for this purpose. One technique is to start the iterations by using the classical method
or the CA method with a monomial basis (or a Newton or Chebyshev basis constructed
with rough estimates) and a smaller s value, and then use information from the iterations
to compute Leja points or estimate the spectral radius.

In our numerical experiments in Section 4, we have used the approach described by
Philippe and Reichel [149] for constructing sets S from which to compute basis parame-
ters. We first run ¢ steps of the algorithm to find the matrix tridiagonal Lanczos matrix 7;
consisting of scalars computed during the iterations, where i should be at least s (2s is a
common choice). Note that the first ¢ steps can either be performed as classical iterations or
as communication-avoiding iterations with either the monomial basis or another polynomial
basis constructed with initial spectral estimates.

For the Chebyshev basis, after the first ¢ steps, we set S = co(A(7})), the convex hull
of A(T;). After each outer loop iteration, one could then determine the new set of Ritz
values of the now larger matrix T; 4 and update S = co(S U A(Tj1sx)). After the new set
S is computed, we find the parameters of a bounding ellipse for S, and, as described in
Section 3.2.5, use these in the construction of the Chebyshev basis for the next s steps.

For construction of the Newton basis, we initialize S = sp(A(T})), where sp(A(T;)) is the
convex set formed by the spokes from the centroid of A(7}) to the eigenvalues A(7;). Philippe
and Reichel term this a “spoke set” [149]. After each outer loop, one could again determine
the new set of Ritz values of the now larger matrix 7;, 4 and update S =S Usp(A(Tiysx))-

We note that in the case that A is symmetric, S will be a set of points on the real line
between A\;(7;) and \,(7T;) for both the convex hull approach and the spoke set approach.
In these cases, we can simply use Leja’s approach to computing Leja points on an interval
on the real line. The convex hull and spoke set approaches become more important for
constructing well-conditioned bases in the case that A has imaginary eigenvalues.

We also stress that except in very rare cases, we do not need very accurate Ritz values to
construct well-conditioned bases. Therefore we likely only need to refine the basis parameters
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after a few outer loop iterations. Determining analytically and experimentally when and how
often to update basis parameters is left to future work.

6.7 Variable Basis Size

We have seen throughout Chapter 5 that the condition number of the s-step bases generated
in each outer loop in CA-KSMs plays a large part in determining how their finite precision
behavior differs from that of the classical method. This motivates approaches for ensuring
that the s-step bases do not become too ill-conditioned in any outer loop. While using
more well-conditioned polynomials for basis construction generally improves the situation,
the resulting basis matrix condition number can still be too high, depending on s and the
spectrum of A.

We show the CA-Lanczos method which allows for variable sizes bases in Algorithm 33.
We note that this general approach could be used in any of the CA-KSMs, both those for
solving eigenproblems and linear systems. In Algorithm 33, the choice of the parameter tol
depends on the desired numerical behavior. Theorem 1 and (5.65) suggest that we should
use tol ~ (ne)~/2. Depending on the application constraints, one might choose to sacrifice
convergence rate for greater communication savings, or vice versa; in this case tol can be
adjusted accordingly.

We note that an implementation of CA-KSMs with variable basis sizes may end up
wasting work in the matrix powers kernel computation. Because vector entries required
for computing the needed basis for s, are exchanged with neighboring subdomains before
computation begins, if we end up cutting of the computation at sp < Spax, We will have
moved more data and performed more flops than necessary. This could be remedied during
the iteration by lowering s, if many successive outer loops do not use the full basis.

6.7.1 Telescoping Basis Size

Even if the chosen s,y is such that £())) < tol for all &, it may still be beneficial to vary the
block size s used in each outer loop for some applications. One example is in the case where
we are using a CA-KSM to solve a series of linear systems, with some being much harder to
solve than others in terms of the number of iterations they take. If the easiest solves take
fewer than s iterations to converge, then we’'ve wasted effort in computing the s-step bases
and Gram matrix for iterations we don’t execute.

This inspires the use of a “telescoping” s value, where we begin using s = 1 and gradually
increase s in each outer loop up to spa.x (or the largest s; < Syax such that () < tol
holds). In this way, we avoid the overhead of using CA-KSMs for easier solves, and for
harder solves, the cost of basis construction and block orthogonalization are amortized over
many outer loops and asymptotic savings can be realized. This telescoping s approach has
been implemented and proven to be beneficial when CA-KSMs are used as bottom solve
routines for Geometric Multigrid methods; see Section 8.3.6.
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Algorithm 33 CA-Lanczos with Variable Basis Size
Input: n-by-n real symmetric matrix A and length-n starting vector v; such that ||vq]|2 = 1,
integer sp.x > 0, max basis condition number tol
Output: Matrices Vi s and Ty s and vector vy g1 satisfying (5.1)
10 up = A’Ul

2. /=0
3: for £ =0,1,... until convergence do
4: Compute up t0 28 +2 columns of Yy, with condition estimation; stop when x()) >

tol (Vx will have 2s;, 4+ 2 columns)

5: Compute G = ykTyk

6: V1 = €1

7 if £ =0 then

8: U6,1 = 8061

9: else

10: U = €s12

11: end if

12: for j=1,2,...,s. do

13: gy = v Grug,

14: Wy ;= U, i — gy V),
15: Berjr1 = (ngka;w)l/Q
16: U’,i‘,j-f-l = w;g,j/ﬁéﬂﬁrl

17: Verj+1 = ViV jin

18: Uk g1 = BrVp i1 — Bevjrii
19: Upyjrr = ViU i

20: end for

21: =10+ s

22: end for

6.8 Preconditioning: A Discussion

Although our primary focus is on developing a practical understanding of the behavior
of communication-avoiding Krylov methods in finite precision, a thesis on Krylov sub-
space methods would be incomplete without a discussion of preconditioning. The goal of
communication-avoiding Krylov methods is to decrease the cost per iteration. Conversely,
the goal of preconditioning is to decrease the total number of iterations required until conver-
gence. These are thus two different, but potentially complementary approaches to improving
overall runtime.

The basic idea behind preconditioning is to, instead running the KSM on system Ax =
b, instead run it on a modified system that is easier to solve, such as M~'Ax = M~'b,
where M is called the preconditioner. Note that this does not require explicitly forming
M~'A, but requires instead solving, e.g., Mz = r when needed. The example given, where
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M~1 is applied on the left, is called left preconditioning. It is also possible to use right
preconditioning, where one runs the KSM on the system AM ~'u = b and then solves Mz =
u, or split preconditioning, where, given factored M = M Mg, one runs the KSM on the
system M; 'AMy'u = M;'b and then solves Mpx = u.

Selecting a good preconditioner to use, i.e., one which is inexpensive to apply and sig-
nificantly increases the convergence rate, is very often problem-dependent and is considered
somewhat of an art. There is a large space of research in designing efficient and effective
preconditioners, which we do not hope to tackle here. In a very general sense, a good
preconditioner is one where M A ~ I and application of M ! to a vector is inexpensive.

For CA-KSMs, the situation is even more complicated. CA-KSMs avoid communication
in the matrix powers computation by exploiting locality which is made possible by sparsity
in A. Even is A is very sparse, its inverse is in general dense. Thus selecting M ~ A~! will
serve to improve the convergence rate but will introduce dependencies in the matrix powers
computation which destroy locality. Thus the two goals - reducing the cost per iteration via
communication-avoiding techniques and reducing the number of iterations via precondition-
ing - are somewhat at odds and involve complicated, problem-dependent tradeoffs.

There has nevertheless been success in designing communication-avoiding preconditioners
which do not hinder asymptotic communication savings for specific cases. Preconditioned
variants of CA-KSMs and potential preconditioners that can be used with them are discussed
in the thesis of Hoemmen [102]. Grigori et al. developed a CA-ILU(0) preconditioner for
CA-GMRES [89]. For structured problems, their method exploits a novel mesh ordering
to obtain triangular factors that can be applied with less communication. There is also
recent work in developing a new “underlapping” technique (as opposed to the more com-
mon “overlapping”) in communication-avoiding domain decomposition preconditioners for
CA-KSMs [195]. For the case of preconditioners with both sparse and low-rank components
(e.g., hierarchical semiseparable matrices; see, e.g., [19]), applying the low-rank components
dominates the communication cost; techniques in [102, 112] block together several applica-
tions of the low-rank components in order to amortize communication cost over several KSM
iterations. Our communication-avoiding deflation technique in Section 6.2 can be viewed as
preconditioning, but with a singular preconditioner. We also note that there has been recent
work in developing a high-performance deflated “pipelined” conjugate gradient method [80].

We note that, although developing communication-avoiding preconditioned Krylov meth-
ods is challenging, there are many applications for which diagonal preconditioning, which
incurs no additional communication, is perfectly sufficient. Further, although precondition-
ers are often required for KSMs for solving linear systems, preconditioners are typically not
used in KSMs for solving eigenvalue problems (aside from polynomial preconditioning and
shift-and-invert strategies). Thus we do not see the lack of available communication-avoiding
preconditioners as prohibitive to the usability of CA-KSMs for solving eigenvalue problems.
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6.8.1 Future Work

As there has been a paradigm shift towards the redesign of algorithms to avoid communi-
cation, there is also a growing trend toward the redesign of preconditioners with commun-
ication-avoidance in mind (e.g., the underlapping technique of [195]). We expect that the
development of new preconditioners that avoid communication as well as modification of
existing preconditioners to eliminate communication will be a fruitful area of research in
coming years.

The use of variable and flexible preconditioners provides great opportunity for further
optimization of communication-avoiding Krylov methods in terms of convergence rate and
speed per iteration. One possibility is that the blocking parameter s can be made variable,
which would allow for a few select expensive preconditioned iterations (when s = 1) while
the majority of the iterations remain communication- avoiding (when s > 1). This could
allow a relatively inexpensive reduction in convergence rate, leading to faster overall solves.
An alternative to developing preconditioners for CA-KSMs is to use CA-KSMs themselves as
inexpensive flexible inner-outer preconditioners inside classical KSMs. Further investigation
remains future work.

6.9 Conclusions and Future Work

In this Chapter, we have developed a number of new techniques for improving the stabil-
ity and convergence properties of CA-KSMs. Some of these techniques are extensions of
techniques that were invented for classical KSMs, whereas others are new ideas applicable
specifically to CA-KSMs. There is potential to develop techniques for improving numerical
properties in CA-KSMs other than those discussed here. These might include restarting,
other types of reorthogonalization, use of the TSQR kernel (see, e.g., [102]) for orthogonal-
ization of the s-step bases, and the development of new preconditioners that avoid commu-
nication as well as modification of existing preconditioners to eliminate communication will
be a fruitful area of research in coming years as discussed in Section 6.8.1, among others.

While the techniques discussed in this Chapter are compatible with the communication-
avoiding approach (meaning we can still achieve asymptotic communication savings), the
potential numerical improvements do not come for free. All these techniques will incur an
additional (albeit lower order) cost in terms of either computation, bandwidth, latency, or
some combination of these. Future work includes high-performance implementation of these
techniques and evaluation of tradeoffs between the convergence rate and speed per iteration
in the resulting method for specific applications.

In the next chapter, we turn our focus from numerical optimizations to performance
optimizations based on matrix structure.
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Chapter 7

Optimizations for Matrices with
Special Structure

In this Chapter we present some performance optimizations that are applicable to matrices
with specific nonzero structures. In Section 7.1, which has been adapted from [112], we derive
a new parallel communication-avoiding matrix powers algorithm for matrices of the form
A =D+USV where D is sparse and USVH has low rank and is possibly dense. There are
many practical situations where such structures arise, including power-law graph analysis and
circuit simulation. Hierarchical (H-) matrices (e.g., [19]), common preconditioners for Krylov
subspace methods, also have this form. Our primary motivation is enabling preconditioned
communication-avoiding Krylov subspace methods, where the preconditioned system has
hierarchical semiseparable (HSS) structure. We demonstrate that, with respect to the cost
of computing k sparse matrix-vector multiplications, our algorithm asymptotically reduces
the parallel latency by a factor of O(k) for small additional bandwidth and computation
costs. To highlight the potential benefits and tradeoffs of this approach, in Section 7.1.4 we
model the performance of our communication-avoiding matrix powers computation for HSS
matrices. Using problems from real-world applications, our performance model predicts up
to 13x speedups on petascale machines.

In Section 7.2 we present the ‘streaming’ matrix powers optimization which can improve
sequential performance for implicitly-represented matrices (which include stencils and stencil-
like matrices). By interleaving the matrix powers computation with construction of the Gram
matrix in each outer loop iteration, the data movement cost is reduced from O(sn) to O(n)
per s steps. Write-avoiding algorithms have recently become of interest in the context of non-
volatile memory [33]; use of the streaming matrix powers optimization enables write-avoiding
Krylov methods for general sparse matrices.

In Section 7.3, we improve on the method of partitioning highly nonsymmetric matrices to
avoid communication in computing the matrix powers kernel. The hypergraph partitioning
problem has been shown to correspond exactly to minimizing the communication in SpMV
[37]. To encapsulate the communication cost of k& SpMVs, however, we must look at the
s—level hyperedges, or the hyperedges corresponding to the structure of |A|*.
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However, computing the structure of |A[F is prohibitively expensive. To reduce this
cost, we implement Cohen’s algorithm for estimating the size of s steps of the transitive
closure [54]. Using the approximated size of each hyperedge, we devise a dropping technique,
which selectively drops hyperedges once they become too large. This can significantly reduce
both the cost of building the k—level hyperedges and the partitioning time while still finding
a near-optimal (in terms of communication) partition.

7.1 Data-Sparse Matrix Powers Kernel

Recall from Section 3.2 that given a matrix A, a vector y, and desired dimension k + 1, we
can compute a basis for the Krylov subspace Kx11(A,y),

Y =lpo(A)y, p1(A)y, ..., pr(A)y], (7.1)

where p; is a polynomial of degree j, using the communication-avoiding matrix powers
algorithms of [63]. The authors in [63] show that the communication-avoiding approach
gives an O(k) reduction in parallel latency cost versus computing k repeated SpMVs for a
set number of iterations. This improvement is only possible if A is well partitioned, i.e., we can
partition A such that for each processor, computing powers up to A* involves communication
only between O(1) nearest neighbors. (Note that in this section, k& denotes the number of
SpMVs to compute rather than an outer iteration index in a CA-KSM.)

Although such advances show promising speedups for many problems, the requirement
that A is well partitioned often excludes matrices with dense components, even if those
components have low rank (or, data sparsity). In this Section, we derive a new parallel
communication-avoiding matrix powers algorithm for matrices of the form A = D +USV#,
where D is well partitioned and USV# may not be well partitioned but has low rank. Recall
y! = 7T denotes the Hermitian transpose of y. There are many practical situations where
such structures arise, including power-law graph analysis and circuit simulation. Hierarchical
(H-) matrices (see, e.g., [19]), common preconditioners for Krylov subspace methods, also
have this form. Our primary motivation is enabling preconditioned communication-avoiding
Krylov subspace methods, where the preconditioned system has hierarchical semiseparable
(HSS) structure (see, e.g., [19, 44, 185, 193]).

With respect to the cost of computing & SpMVs, our algorithm asymptotically reduces
parallel latency by a factor of O(k) with only small additional bandwidth and computation
requirements. Using a detailed complexity analysis for an example HSS matrix, our model
predicts up to 13x speedups over the standard algorithm on petascale machines.

Our approach is based on the application of a blocking covers technique [117] to comm-
unication-avoiding matrix powers algorithms described in [126] (see Section 3.2). We briefly
review this work below. We note that this section has been adapted from work that first
appeared in [112].
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7.1.1 The Blocking Covers Technique

Hong and Kung [103] prove a lower bound on data movement for a sequential matrix powers
computation on a regular mesh. Given directed graph G = (V| F) representing nonzeros of
A, vertex v € V, and constant k > 0, let the k-neighborhood of v, N®)(v), be the set of
vertices in V such that u € N®)(v) implies there is a path of length at most k from u to
v. For example, for a tridiagonal matrix with vertices V' = {vy,...,v,}, the k-neighborhood
cover of a vertex v; is the set N® (v;) = {vi_g ..., v;, ..., v} N V. A k-neighborhood-cover
of G is a sequence of subgraphs G = {G; = (V;, E;)}_,, such that Vv € V,3G; € G for which
N®(v) C V; [117]. If G has a k-neighborhood cover with O(|E|/M) subgraphs, each with
O(M) edges where M is the size of the primary memory, Hong and Kung’s method reduces
data movement by a factor of k over computing (7.1) column-wise. A matrix that meets
these constraints is also frequently called well partitioned [63] (we use this terminology for
the parallel case as well).

A shortcoming of Hong and Kung’s method is that certain graphs with low diameter (e.g.,
multigrid graphs) may not have k-neighborhood covers that satisfy these memory constraints.
Leiserson et al. overcome this restriction by “removing” a set B C V' of blocker vertices,
chosen such that the remaining graph V — B is well partitioned [117]. Let the k-neighborhood
with respect to B be defined as Ngc)(v) ={ueV:3dpathu —u — -+ — uy — v, where
u; € V—Bforie{l,...,t <k}}. Then a (k,r, M)-blocking cover of G is a pair (G, B),
where G = {G; = (V;, Ey)}_,, and B = {B;}!_, is a sequence of subsets of V such that:
(V) Vie{l,...., ¢}, M/2 < |E;| < M, (2) Vi € {1,...,0},|B;| <, (B)Zle |E;| = O(|E)),
and (4) Vv € V,3G; € G such that Ng:)(v) C V; [117]. Leiserson et al. present a 4 phase
sequential matrix powers algorithm that reduces the data movement by a factor of k over the
standard method if the graph of A has a (k,r, M)-blocking cover that meets certain criteria.
Our parallel algorithm is based on a similar approach. Our work generalizes the blocking
covers approach [117], both to the parallel case and to a larger class of data-sparse matrix

representations.

7.1.2 Derivation of Parallel Blocking Covers Algorithm

Recall the classical (PA0) and communication-avoiding (PA1) algorithms for computing (7.1)
in Section 3.2. We will use the same notation for the layered graph and for the parallel matrix
powers computation, which are defined in Sections 3.2.1 and 3.2.2, respectively. In the case
that A is not well partitioned, PAO (Algorithm 1) must communicate at every step, but now
the cost of PA1 (Algorithm 2) may be much worse: when k > 1, every processor needs all
n rows of A and y(©), and so there is no parallelism in computing all but the last SpMV
operation. Note that when k£ = 1, PA1 degenerates to PAO.

If, however, A can be split in the form D + USV¥, where D is well partitioned, and
Uand V are n x r and S is r x r with r < n so USV# has low rank, we can use a
generalization of the blocking covers approach [117] to recover parallelism. In this case, D
has a good cover and US can be applied locally, but the application of V# incurs global
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communication. Thus, the application of V' will correspond to the blocker vertices in our
algorithm, PA1-BC, which we now derive.
We assume the polynomials p; in (7.1) satisfy the three-term recurrence (4.1), i.e.,
po(z) =1, pi(z) = (2 — Go)po(2)/50, and
pi(z) = ((z = &j-1)pj—1(2) = Bj—2pj—2(2))/¥j—1 for j > 1.
It is convenient to represent the polynomials {p; }?:0 by their coefficients, stored in a (k+1)-
by-(k + 1) tridiagonal matrix B of the form (4.2) with ¢ = k.
Using our splitting A = D + USV#, we can write
Yy = (D =)y = B oy + USVHYU) /3, 4. (7.3)

We obtain the following identity.

(7.2)

Lemma 7. Given the additive splitting z = z + zo, where z; and zo need not commute, (7.2)
can be rewritten as

po(2) = po(z1), p1(2) = p1(z1) + 22p0(2) /Y0, and for j > 1,
pi(z) = pj(z1 +Z P (1) 22p5-i(2) i

where p;(z) is polynomial of degree j related to p;(z) by reindexing the coefficients

(7.4)

(6, B7,47) = (G, Bivss Fies)
n (7.2).
The conclusion is established by induction (see [111] for details).

Now substitute 2 = A = D + USVH = 2, + 2, in (7.4), premultiply by SV and
postmultiply by y, to obtain

SV pi(A)y = 5(VHp;(D y+2 (VA (D)UYSV  py i(A)y/5). (7.5)

Let W; = VHp;(D)U for 0 <i <k —2, 2; = VHp(D)x for 0 <i <k—1,and b; = SVHy
for 0 < i <k — 1. We can write p] in terms of p; = p?, via the following result.
Lemma 8. There exist coefficient vectors wf € C* satisfying
(Wo, ..., Wi(w! @ I,.,) = VZpl(D)U (7.6)
for0<i<k—21<j3<k—1i—1, and they can be computed by the recurrence
wg =1, wl (Ba1 — de_l'Ig’l)ng/%_l, and fori > 1, (1)
w} = ((Biy1i — Giyjrlivii)w]_y — Biyj-olivriaw] ) [Fivj-1,

where I, , denotes the leading (m,n)-submatriz of the identity and B, , denotes the leading
(m, n)-submatriz of B (note that this differs from the meaning of the subscript on B in
previous sections).
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Algorithm 34 PA1-BC. Code for processor m.

1: Compute local rows of basis for Kx_1(D, U) with PA1; premultiply by local columns of V.
2: Compute [Wo, ..., Wi_s] by an Allreduce.

3: Compute w’ for 0 <i<k—2and1<j<k—i—1,via (7.7).

4: Compute local rows of basis for (D, y(o)) with PA1; premultiply by local columns of V.
5: Compute [zo,...,zk—1] by an Allreduce.

6: Compute [bo, . ..,bx—1] by (7.8).

7: Compute local rows of [y(?, ... y™] with PA1, modified for (7.9).

The conclusion is established by induction (see [111] for details).
Using this result, we write (7.5) as

J - ~
bj = S(:L“j + Z,~:1[WO’ W] (Wl e ]r,r)bj—i/%—i>- (7.8)
Ultimately we must evaluate (7.3), which we rewrite as
Yy = (D = a5-0)y" ™ = 8oy + Ubj1) /41 (7.9)

This can be accomplished by applying PA1 to the following recurrence for polynomials
pi(z,¢), where ¢ = {co,...,cj_1,...} = {Ubo,...,Ubj_1,...}:

po(z,¢) =1, pi(z,¢) = ((z — &o)po(z,¢) + co) /50, and for j > 1,

] ! i (7.10)
pi(z,¢) = ((z2 — &j-1)pj-1(2,¢) = Bj—2pj-a(z,¢) + ¢j-1) /1.

Given the notation established, we construct PA1-BC (Algorithm 34). Let G = (N, E)
denote the layered graph for matrix D (see Sections 3.2.1 and 3.2.2). Processor m must own

D U V,

0 _ (0
{iyVER(Nm)Y “ iy N eR(Nm)} Wiyl eNm} and R )(Nm) =Yy

{izy\” €R(Nm)}’
in order to compute the entries yi(j ) e Nyp.

In exact arithmetic, PA1-BC returns the same output as PAO and PAl. However, by
exploiting the splitting A = D + USVH, PA1-BC may avoid communication when A is
not well partitioned. Communication occurs in calls to PA1 (Lines 1 and 4), as well as in
Allreduce collectives (Lines 2 and 5). As computations in Lines 1, 2, and 3 do not depend
on the input y(©), they need only be computed once per matrix A = D + USV, thus we
assume their cost is incurred offline.

For the familiar reader, the sequential blocking covers algorithm [117] is a special case of
a sequential execution of Algorithm 34, using the monomial basis, where U = [e; : i € Z] and
SVH = Az, where e; is the i-th column of the identity and Z C {1,...,n} are the indices
of the blocker vertices. In Algorithm 34, Lines {1, 2,3}, {4,5}, 6, and 7 correspond to the 4
phases of the sequential blocking covers algorithm, respectively [117].

In the next section, we demonstrate the benefit of our approach on a motivating example,
matrix powers with HSS matrix A.
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7.1.3 Hierarchical Semiseparable Matrix Example

Hierarchical (H-) matrices (see, e.g., [19]) are amenable to the splitting A = D + UVH,
where D is block diagonal and UV# represents the off-diagonal blocks. Naturally, U and V
are quite sparse and it is important to exploit this sparsity in practice. In the special case
of HSS matrices, many columns of U and V' are linearly dependent, and we can exploit the
matrix S in the splitting USV# to write U and V as block diagonal matrices. We review the
HSS notation and the algorithm for computing v = Ay given by Chandrasekaran et al. [43,
§2-83]. For any 0 < L < [logn], where log = log,, we can write A hierarchically as a perfect
binary tree of depth L by recursively defining its diagonal blocks as A = Dy, and

D [ De2i—a UZ;2ile£;2ifl,2iVeIéi (7 11)
=1a — Uz;ziBe;zi,zi—lvg{{gi,1 D2 .

for 1 << L,1<4<2%1 where Uy, Vo = [], and for £ > 2,
Up2i—1Re2i— | Vie2i-1We2i-1 |
Ui = | "gia | Ve = | e (7.12)

the subscript expression ¢;i denotes vertex i of the 2¢ vertices at level /.

The action of A on y, i.e., v = Ay, satisfies vp1 = Dop1Yo1, and for 1 </ <L, 1<¢ < 2t
satisfies v,; = Do + Uy foi, With fi1 = Biaagie, fi2 = Bi2agin, and, for 1 <0 < L —1,
1 <4 <28,

R

eT+1:2i—1 r fesi Ral;m’ T fesi
ff+1;2i*1 = [B ' } [gui;%} ) fé+152i = [B 1} [9&1;721'71} ) (7'13)

T T
041;2i—1,2i 041;24,2i—

Wherea for 1 < 4 < L — 17 1 < [ < 2£7 gei = [va/:if;l] [gg-x-izl]v and 9L = V[{?zyL,z for
1<i<2h

For any HSS level ¢, we assemble the block diagonal matrices

U= @il Ut V= @il Vi, Dy = @il Dy, (7.14)

denoted here as direct sums of their diagonal blocks. We also define matrices Sy, representing
the recurrences for fy; and gy, satisfying

v = Ay = Dy + U, S,Vy. (7.15)

We now discuss parallelizing the computation v = Ay, to generalize PAO and PA1 to
HSS matrices. Parallelization of these recurrences is natural given the perfect binary tree
structure. Pseudocode for PAO-HSS can be found in [111].



218

7.1.3.1 PAO for HSS Matrices

Recall from Section 3.2 that PAO refers to the naive algorithm for computing & SpMV
operations and PA1 refers to the communication-avoiding variant. We first discuss how to
modify PAO when A is HSS, exploiting the v = Ay recurrences for each 1 < j < k; we call
the resulting algorithm PAO-HSS. PAO-HSS can be seen as an HSS specialization of known
approaches for distributed-memory H-matrix-vector multiplication [113]. We assume the
HSS representation of A has perfect binary tree structure to some level L > 2, and there
are p > 4 processors with p a power of 2. For each processor m € {0,1,...,p — 1}, let L,,
denote the smallest level ¢ > 1 such that p/ 2¢ divides m. We also define the intermediate
level 1 < L, = log(p) < L of the HSS tree; each L,, > L,, where equality is attained when
m is odd.

First, on the upsweep, each processor locally computes V,i y (its subtree, rooted at level
L, =log(p)) and then performs L, steps of parallel reduction, until there are two processors
active, and then a downsweep until level L,, at which point each processor is active, owns
SL, VLZ y, and recurses into its local subtree to finally compute its rows of v = Dy y+UL S V5 y.
More precisely, we assign processor m the computations

. L>0>L . Lpy—1>(>L,,
fei and gp; for {E, 7 2fm/p+1§i§2£?m+1)/p} and for {E,z : iz;ng/pH }
and Dy, Ur, and V, are distributed contiguously block rowwise, so processor m stores blocks
Dy s, Upyimsr, and Vi gq. The Ry, We,, and By,; matrices are distributed so that they
are available for the computations in the upsweep/downsweep; we omit further details for
brevity, but discuss memory requirements when we compare with PA1-HSS, below.

7.1.3.2 PA1 for HSS Matrices

The block-diagonal structure of Dy, U, and V; in (7.14) suggests an efficient parallel im-
plementation of PA1-BC, which we present as PA1-HSS (Algorithm 35). The only parallel
communication in PA1-HSS occurs in two Allgather operations, in Lines 1 and 5. This means
each processor performs the entire upsweep/downsweep between levels 1 and L, locally. The
additional cost shows up in our complexity analysis (see Table 7.1) as a factor of p in the
flops and bandwidth costs, compared to a factor of log(p) in PAO-HSS; we also illustrate this
tradeoff in Section 7.1.4.

We assume the same data layout as PAO-HSS: each processor stores a diagonal block of
Dy, Ur,, and Vi, (but only stores the smaller blocks of level L). We assume each processor
is able to apply Sg,. We rewrite (7.9) for the local rows, and exploit the block diagonal
structure of Dy, and Ur,, to write

| A - o i—2

+ ULp,erl(bj71>{mr+1,...,(m+1)r}>/:ijl-
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Algorithm 35 PA1-HSS (Blocking Covers). Code for processor m.
Compute a basis for Cr—1(Dr,;m+1,UL,;m+1); premultiply by VLZ;MH'

Compute [Wo, ..., Wi_2] by an Allgather.

Compute w! for 0 <i<k—2,and 1 <j<k—1i—1, via (7.7).

Compute a basis for (DL, ;m+1, y(LOp);m_,_l); premultiply by Vfi;mﬂ'

Compute [zo,...,Zk—1] by an Allgather.
Compute [bo, ...,br—1] by (7.8), where S = Sr, is applied as described above.

Compute local rows of [y, ..., y™] according to (7.16).

Table 7.1: Asymptotic complexity of PAO-HSS and PA1-HSS, ignoring constant factors. ‘Offline’
refers to Lines 1-3 and ‘Online’ refers to Lines 4-7 of PA1-HSS.

Algorithm Flops Words moved | Messages Memory
PAO-HSS kqrn/p + kqr®logp kqrlogp klogp (kq 4+ m)n/p+r2logp
) (offline) krin/p+ k° kriplogp log p
PAI-HSS (online) | kgrn/p+ k(k +r)%qp kqrplogp logp (kg +r)n/p+ k(g +r)rp

Each processor locally computes all rows of b; = Sp, VLIi yU) = 8 L, %, where z is the maximal
parenthesized term in (7.8), using the HSS recurrences:

Vi =z =, o g e e o ST = b= S, Vi)

The rest of PA1-HSS is similar to PA1-BC, except that the Allreduce operations have now
been replaced by Allgather operations, to exploit the block structures of V7.

7.1.3.3 Complexity Analysis

A detailed complexity analysis of PA0-HSS and PA1-HSS can be found in [111]; we summa-
rize the asymptotics (i.e., ignoring constant factors) in Table 7.1. We assume A is given in
HSS form, as described above, where all block matrices are dense. For generality, we also
assume y is dense and has n rows and ¢ columns. For simplicity, we assume n and HSS-rank
r are powers of 2 and leaf level L = log(n/r). Note that one could use faster Allgather
algorithms (e.g., [42]) for PA1-HSS to eliminate the factor of log(p) in the number of words
moved. The primary benefit of PA1-HSS over PAO-HSS is that a factor of k£ fewer messages
are required. From the table, we can see that this comes at the cost of p times more words
moved and an increase in the computational cost (the second term has a factor of p instead
of log p and (k + r)? instead of 7?).

7.1.4 Performance Model

We model speedups of PA1-HSS over PAO-HSS on two machine models used by Mohiyud-
din [126] — ‘Peta,” an 8100 processor petascale machine, and ‘Grid,” 125 terascale machines
connected via the Internet. Peta has a flop rate v = 2 - 107! s/flop, latency a = 107
s/message, and bandwidth 8 = 21072 s/word, and Grid has flop rate v = 1072 s/flop,
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Figure 7.1: Predicted PA1-HSS speedups on Peta (left) and Grid (right). Note that p and
n increase with problem number on x-axis.

latency o = 107! s/message, and bandwidth 8 = 251072 s/word. Complexity counts used
can be found in [111].

Timings are obtained from the performance model described in Section 2.2, which we
now review. Our model is a simplified machine model, where a parallel machine consists of
p processors, each able to perform arithmetic operations on their M words of local memory.
Processors communicate point-to-point messages of n < M contiguous words, taking o+ fn
seconds on both sender and receiver, over a completely connected network (no contention),
and each processor can send or receive at most one message at a time. Recall that for an
algorithm where a processor (on the critical path) performs F' flops and sends/receives S
messages containing a total of W words, we model the worst-case runtime using the equation

T =~F + BW + o,

where « represents a latency cost incurred by every message, 3 represents a bandwidth cost
linear in the message size, and v represents the time to perform a floating point operation on
local data. For simplicity, we do not model overlapping communication and computation.
Speedups of PA1-HSS over k invocations of PAO-HSS, for both Peta and Grid, are
shown in Figure 7.1. We used parameters from the parallel HSS performance tests of
Wang et al. [185], where p = (4,16, 64,256,1024,4096), n = (2.5,5,10,20,40,80) - 10,
r = (5,5,5,5,6,7); for example, ‘Problem 1’ in Figure 7.1 uses parameters (p; = 4,n; =
2.5,r1 = 5). Note that for Grid we only use the first 3 triples (p;, n;,7;) since pyax = 125.
On Peta, we see O(k) speedups for smaller p and k, but as these quantities increase, the
expected speedup drops. This is due to the extra multiplicative factor of p in the bandwidth
cost and the extra additive factor of k3¢gp in the flop cost of PA1-HSS. Since the relative
latency cost is lower on Peta, the effect of the extra terms becomes apparent for large k£ and
p. On Grid, PAO-HSS is extremely latency bound, so a ©(k)-fold reduction in latency results
in a O(k)x faster algorithm. This is the best we can expect. Note that many details are
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abstracted in these models, which are meant to give a rough idea of asymptotic behavior.
Realizing such speedups in practice remains future work.

7.1.5 Conclusions and Future Work

The new parallel communication-avoiding matrix powers algorithm for A = D + USVH,
where D is well partitioned and USV# has low rank but A may not be well partitioned, allows
speedups for a larger class of problems than previous algorithms [63, 126] which require well-
partitioned A. This approach exploits low-rank properties of dense blocks, asymptotically
reducing parallel latency cost. We demonstrate the generality of the parallel blocking covers
technique by applying it to matrices with hierarchical structure. Performance models predict
up to 13x speedups on petascale machines and up to 3k speedups on extremely latency-
bound machines, despite tradeoffs in arithmetic and bandwidth cost (see 7.1). Future work
includes a high-performance parallel implementation of these algorithms to verify predicted
speedups, as well as integration into preconditioned communication-avoiding Krylov solvers.

In some machine learning applications, Krylov subspace methods are used on dense ma-
trices, so the matrix vector multiplication, rather than the inner products, becomes the
dominant cost in terms of communication [23]. Many efforts have thus focused on ways
to reduce the cost of the matrix vector multiplication; for example, to perform Gaussian
process regression, the authors in [23] reduce the cost of the matrix-vector multiplication in
GMRES by using an HSS representation of the operator. The runtime of this method could
potentially be further reduced by substituting a CA-GMRES method (see [102]) combined
with our HSS matrix powers kernel; we leave this as potential future work.

7.2 Streaming Matrix Powers Kernel

In our CA-KSMs, the Krylov basis computation V = [Az,..., A*z], which is performed
in a block rowwise fashion (Section 3.2), can be interleaved with any reduction operation
involving those block rows of V, e.g., the TSQR algorithm, or computing a Gram matrix
VHEY. Typically, this can only reduce communication costs by at most a constant factor,
but is certainly a worthwhile optimization to consider in practice. In some cases, however,
interleaving can actually lead to asymptotic (i.e., s-fold) communication savings.

Consider the case where A can be represented in o(n) words of data (e.g., a stencil with
constant coefficients), where we assume n > M, the fast (local) memory size. The Krylov
basis vectors require moving ©(sn) words of data, so the serial communication bottleneck
has shifted from loading A s times (o(sn) data movement) to loading/storing the Krylov
basis vectors (©(sn) data movement). In CA-KSMs, we can reduce the serial bandwidth
and latency of moving the Krylov basis vectors by a factor of ©(s) at the cost of doubling the
computational cost of computing matrix powers. We discuss the required kernel for two-term
CA-BICG (see Section 4.2); the generalization to other CA-KSMs is straightforward.
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In CA-CG (Algorithm 28), the Krylov basis vectors are only accessed twice after being
computed: when computing Gy, (line 4) and when recovering iterates (line 15). Also, observe
that we can execute lines 4 and 15 reading the Krylov bases one time each. We will interleave
the computations of lines 3 and 4, computing a block row of ), accumulating the product
into GG, and discarding the block row, and then repeat line 3 just before line 15, and interleave
those operations analogously. In the first case, the overall memory traffic is loading the ©(n)
input vector data for the matrix powers kernel—we assume the ©(s?) matrix G}, fits in fast
memory and can be discarded at the end of the j = s — 1 iteration of line 13. In the second
case, we load the same amount of vector data, plus O(s?) data (the coefficient vectors (4.8)),
and store the five iterates (©(n)). Overall, this optimization reduces both bandwidth and
latency terms by a factor of ©(s). This approach can be generalized to interleaving the
matrix powers kernel with other vector operations, such as the Tall-Skinny QR kernel used
in CA-GMRES [127].

We call this approach a streaming matriz powers optimization. Although this approach
requires twice as many calls to the matrix powers kernel, there still may be a practical
performance gain, especially under the assumption that A can be represented with o(n) words
of data: from a communication standpoint, A is inexpensive to apply. In Algorithm 36, we
show the first call to the streaming matrix powers kernel, i.e., for interleaving computation of
the Krylov basis with construction of Gy, written using the style and notation of Section 3.2.
The second call to the streaming matrix powers kernel which occurs at the end of every outer
loop, shown in Algorithm 37, interleaves the Krylov basis computation with the recovery of
the iteration updates (line 15 of Algorithm 28).

Algorithm 36 SA1-S-1
1: for ¢ e {1,...,p} do
2 Load vector entries R(V;) N y©
3 Load matrix rows {4; : 4 € R(V;)\y©}
4: Compute vector entries R(V;)\y®
5
6
T

Perform a rank-|/,| update to Gram matrix Gy using vector entries Vj
Discard entries V;\y®
end for

Algorithm 37 SA1-S-2
1: for £ €{1,...,p} do
2 Load vector entries R(V;) Ny
3 Load matrix rows {A4; : yz-(j) e R(Vy)\y}
4 Compute vector entries R(V;)\y®
5: Recover entries {i : ¢ € I;} of appropriate iteration vectors
6
T

Discard entries V;\y®
end for
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This variant should be used in the sequential algorithm for stencil-like matrices (or gener-
ally, where the cost of reading A is o(n)). Using the streaming technique, we can remove the
communication bottleneck of reading and writing the O(sn) basis vectors in each iteration,
which lowers the overall communication complexity of performing s steps to o(n).

For sequential algorithms, we also note that the streaming matrix powers optimization
enables a write-avoiding implementation, with the number of writes per s steps reduced by
a factor of ©(s) versus the communication-avoiding version. This may be beneficial when
writes are more costly than reads in terms of both time and energy, as is the case with many
types of nonvolatile memory. We direct the reader to the technical report [33] for more
details on write avoiding algorithms.

7.3 Partitioning for Matrix Powers Computations

In this section, we discuss a potential improvement to the method of partitioning matrices
with highly nonsymmetric structure to avoid communication in computing the matrix powers
kernel. Our method is based on the hypergraph partitioning problem. A hypergraph H =
(V,N) is defined as a set of vertices V' and hyperedges (‘nets’) N, where every hyperedge
n; € N is a subset of vertices, i.e., n; C V. Each vertex has a weight w; and each hyperedge
has a cost ¢;. The size of a hyperedge is defined as the number of its vertices, i.e., |n;|. We
define a p-way partition II = [Iy,. .., ], where the weight of a part W, corresponds to the
sum of the weights of vertices in that part, i.e., W, = ZWE]Z w;. The ‘connectivity set’” A;
of n; is defined as the set of parts {/; : v € n; and v € [;}, and the ‘connectivity’ of n; is
defined as S; = |A;|. A hyperedge is said to be ‘cut’ if S; > 1 and ‘uncut’ otherwise. For a
given partition, the ‘cutsize’ is defined as

X(I) = > " (S - 1).

nJ‘EN

Given these definitions, the hypergraph partitioning problem is the problem of finding a
partition that minimizes the cutsize subject to the load-balancing constraint

WE < Waverage(1+6) forl € {17"'7p}7

where Wayerage = (sz ey Wi) /P
The hypergraph partitioning problem has been shown to correspond exactly to minimiz-

ing the communication in SpMV [37]. Each vertex partition corresponds to a parallelization
of the classical SpMV computations, and the induced hyperedge cut corresponds to inter-
processor communication for that parallelization. By varying the metric applied to the cut,
one can exactly measure communication volume (number of words moved), or synchroniza-
tion (number of messages between processors) on a distributed memory machine. Various
heuristics are applied to find approximate solutions to these NP-hard partitioning problems
in practice (mature software packages are available; see, e.g., [64]); additional constraints
may be applied to enforce load balance requirements.
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To find a good partition for performing a matrix powers computation, we must encap-
sulate the communication cost of & SpMVs. Recall that to reduce parallel latency in the
matrix powers kernel, we want to find a rowwise partition of A. We therefore consider the
‘column-net’ hypergraph model, the partitioning of which produces a rowwise partition of
A [37]. In the column-net model for a single SpMV, vertices correspond to matrix rows and
hyperedges correspond to matrix columns. There is one vertex v; for each row 7 of A and
one hyperedge n; for each column j of A, with v; € n; if and only if A;; # 0.

In our case, we must look at the ‘k—level hyperedges’, or the hyperedges corresponding
to the structure of |A|*. It is straightforward to prove that the problem of finding a min-
imum k—level hyperedge cut reduces to finding a communication-optimal partition for the
matrix powers computation. However, just computing the hypergraph of |A|* can be a costly
operation — typically more costly than the subsequent matrix powers computation — and
so the cost would have to be amortized over many calls to PA1.

Another option to reduce the cost of hypergraph construction is to use Cohen’s reachabil-
ity estimation algorithm for estimating the size of k steps of the transitive closure [54]. This
is a randomized algorithm which estimates the size of (number of vertices in) each hyperedge
in O(n-nnz) time. Cohen’s original motivation was in database query size estimations, opti-
mal matrix multiplication orderings, and in efficient memory allocation. We briefly describe
this algorithm.

Let G = (V,FE) be a layered graph representing dependencies in the matrix powers
computation (see Section 3.2.1), where there are (k + 1)n vertices V = {vi(j) 1<i<n0<
Jj <k} and (vi(j),véj_l)) € Eif Ay #0 for j € {2,...,k}. We also borrow other notation
from Section 3.2.1. We let V) = {v}j) : 1 <i < n}, R(X) denote the reachability of set
X CV,and let RY(X) = R(X)N VY. The algorithm initially assigns a length-r vector
of rankings [ay, ..., a,] selected uniformly at random from the interval [0, 1] to each vertex
v € VO, In iteration m = {1,...,k}, for each vertex v € V"™ we set v’s ranking vector to
be the coordinate-wise minima of the ranking vectors of vertices v’ € R~ (v). At the end
of k iterations, each vertex in V) has a ranking vector, and for each v € V*) we apply the

estimator
- r—1

Sw) = D e

where S(v) estimates the number of nonzeros in the column of A corresponding to v. This
correctly estimates the number of nonzeros with probability inversely proportional to /.
We discuss one way that Cohen’s algorithm can be applied in the context of hypergraph
partitioning for a matrix powers computation. We first run Cohen’s reachability estimation
algorithm to estimate the size of each hyperedge in the column-net model for |A|*. Let tol
be a user-specified tolerance parameter. After the estimator is applied, if S(v) > n-tol, then
this hyperedge is constructed as a 1-level column net, i.e., this hyperedge contains vertices
that correspond to nonzeros in this column in A. Otherwise, this hyperedge is constructed
as a k-level column net, i.e., this hyperedge contains vertices that correspond to nonzeros in
this column in A*. We note that if tol is set to 0, we have a hypergraph that corresponds
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Table 7.2: Test matrices for partitioning tests. Taken from the University of Florida Sparse
Matrix Collection [57]

Matrix Application n | nnz | % pattern symm.
arcl30 | material science | 130 | 1037 76%
west0132 | chemical eng. | 132 | 413 2%
str_0 linear prog. 363 | 2454 0%
gre_343 dir. graph 343 | 1032 0%
mcea astrophysics 180 | 2659 64%
rw496 Markov model | 496 | 1859 47%
str_200 linear prog. 363 | 3068 1%

to the column-net model of A, and if tol = 1, we end up with a hypergraph corresponding
to the column-net model of A*. Selecting tol somewhere in between these two can allow us
to build a hypergraph model that is much less costly to construct and partition, but which
still captures important information about the structure of A*. The intuition here is that
if the hyperedge i corresponding to column 7 in A is very dense, then not only will this
hyperedge be costly to compute and partition, but the corresponding column will end up
being distributed among many processors and will thus require communication regardless of
how it is partitioned; i.e., there is no hope to exploit locality.

We illustrate this method on a few very small matrices from the University of Florida
Sparse Matrix Collection [57], details of which are listed in Table 7.2. For each problem,
we partition into 4 parts and used £ = 4. Figure 7.2 compares the size of the resulting
partitioning problem (3_, y |1;[) and Figure 7.3 compares the total communication volume
in the resulting partition computed by the four different methods: hypergraph partitioning
using 1-level column nets (labeled ‘A’), k-level column nets (labeled ‘A*’), and the new
“sparsified” column nets described above (labeled ‘A sparse’), and graph partitioning of A+
AT (labeled ‘A+ A™”). For the sparsified column nets, we used tol = 0.5. We used PaToH [38]
to perform hypergraph partitioning and Metis [107] to perform graph partitioning, each using
the default parameters.

We can see from these figures that the sparsified column nets can lead to partition quality
comparable to that of building the full k-level column nets at a significantly reduced cost
in terms of hypergraph size. When the matrix was close to being structurally symmetric,
for example, arc130, we can see from Figure 7.2 that the sparsification technique resulted
in the same structure as the 1-level column nets and, from Figure 7.3 that all partitioning
methods were comparable in terms of resulting partition quality. This suggests that such
complex partitioning techniques are only beneficial when the matrix is highly nonsymmetric
in structure or has a highly nonuniform distribution of nonzeros per row. With a tridiagonal
A for example, we can bound the nonzero structure of A% (pentadiagonal) with no computa-
tion required, as we know each row gains at most two nonzeros each time we power A. For
this reason, building any k-level hyperedges isn’t likely to provide a better partition than
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Figure 7.2: Number of nonzeros in the matrix corresponding to the constructed (hyper)graph
for various test matrices and partitioning methods. In the legend, ‘A’ corresponds to hyper-
graph partitioning using 1-level column nets, ‘A*’ corresponds to hypergraph partitioning
using k-level column nets, ‘A sparse’ corresponds to hypergraph partitioning using the new
“sparsified” column nets, and ‘A 4+ AT’ corresponds to graph partitioning of A + AT,
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Figure 7.3: Normalized communication volume for computing matrix powers using the re-
sulting partition for various test matrices and partitioning methods. In the legend, ‘A’ corre-
sponds to hypergraph partitioning using 1-level column nets, ‘A*¥’ corresponds to hypergraph
partitioning using k-level column nets, ‘A sparse’ corresponds to hypergraph partitioning

using the new “sparsified” column nets, and ‘A + AT’ corresponds to graph partitioning of
A+ AT,
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had we only considered the structure of A. Allowing specification of the tolerance parameter
can enable us to trade off partition quality for partitioning time. For example, if we know
the matrix is a stencil (i.e., structurally symmetric with about the same number of nonzeros
per row/column), then we can set tol = 0 and just use the 1-level column nets. Further
investigation is needed in testing larger problem sizes, gathering data on partitioning time,
and determining how to set the tolerance parameter based on matrix structure. We also
note that it is harder to precisely measure the computation cost of the matrix powers kernel
using the hypergraph model, and thus load balancing is a difficult problem: for PAO, this is
a simple function of the sparsity of A, while for PA1, it depends on the partition and nonzero
fill introduced by computing successive powers of A, rather than just the sparsity of A*.

7.4 Conclusions and Future Work

In this Chapter we have presented potential performance optimizations for matrices with
specific nonzero structures, including a communication-avoiding matrix powers algorithm
for matrices that can be split into sparse and low-rank parts, a streaming matrix powers
optimization for implicitly-represented matrices, and a technique for reducing the cost of
building and partitioning a hypergraph that encodes the dependencies in computing £ re-
peated SpMVs. There are, of course, many other matrix structures for which optimizations
and/or simplifications can be devised. The vast space of matrix structures and potential
optimizations makes auto-tuning a necessary component of any software library developed
for CA-KSMs.

In the next chapter, we perform weak and strong scaling studies for distributed-memory
implementations of some of our methods, and comment on where we expect the most benefit
of the communication-avoiding optimizations in practice. We elaborate on one particularly
beneficial use of CA-KSMs: as coarse grid solve routines in geometric multigrid methods,
which we show enables up to 2.5x speedups for combustion and cosmology applications.
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Chapter 8

Performance and Applications

In this Chapter, we show speedups from the use of communication-avoiding Krylov methods
on large-scale distributed-memory problems from various scientific domains. All tests are
performed on the Hopper supercomputer, detailed in Section 8.1. We note that speedup
results for CA-KSMs (specifically, CA-GMRES) in a shared-memory environment were pre-
viously obtained by Mohiyuddin et al. [127].

In Section 8.2, we perform weak and strong scaling experiments for distributed-memory
CA-CG for large-scale PDE solves on Hopper. Our results provide guidance in identifying
the space in which the communication-avoiding approach is most beneficial in terms of
performance; we obtain up to 6x speedups in the best case.

We then in Section 8.3 discuss the implementation and optimization of a communication-
avoiding CA-BICGSTAB method as a high performance, distributed-memory bottom solver
for geometric multigrid. We show that the communication-avoiding approach enables speed-
ups of over 4x on synthetic benchmarks and over 2.5x in real combustion and cosmology
applications. These results were first reported in [190].

In the bottom solve application, using the classical method, the subdomain owned by
each processor is so small that parallel latency overwhelmingly dominates the runtime. Also
confirmed by experiments in Section 8.2, this is a great example of where the blocking
of inner products in communication-avoiding Krylov methods will have the most impact
on performance, that is, when the application performance is limited by expensive MPI
collective communication.

8.1 Experimental Platform

All experiments in this section were performed on Hopper, a Cray XE6 at NERSC. Hopper is
NERSC'’s first petaflop system, with a peak performance of 1.28 Petaflops/s. Hopper earned
5% place on the November 2010 Top500 list.

Hopper has 6,384 compute nodes. Each compute node has two 12-core MagnyCours pro-
cessors which each consist of two 6-core AMD Opteron chips. Cores within on chip share a
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6MB L3 cache. Pairs of compute nodes (48 cores) are directly connected by HyperTransport
to a Gemini network chip. The network chips are connected in a 3D torus with high band-
width and low latency. The configuration of the torus results in some asymmetry in peak
bandwidth depending on direction, but the programmer has no control over job placement.
The internode latency is about 1.27us (nearest nodes pair) and 3.88us (farthest nodes pair)
on a quiet network. For two cores connected to the same Gemini chip, latency is <1pus.

8.2 Model Problem Performance

In this section we give parallel performance results on Hopper (see Section 8.1) for a model
2D Poisson problem with the right-hand side set to the vector of all 1s. We compare the per-
formance of the classical conjugate gradient method (CG) with the communication-avoiding
conjugate gradient method (CA-CG) with various s values.

In all tests, we use flat MPI on Hopper, with 4 MPI processes per node (one per chip).
For all tests with CA-CG, we use the Newton basis (see Section 3.2.5), parameters which
were computed using estimates for the largest and smallest eigenvalues precomputed offline
using a Jacobi-Davidson solver in SLEPc [99]. This resulted in similar convergence rates
similar to classical CG for all tests; the times reported were measured by the overall solve
time, i.e., including all iterations until convergence. The convergence criteria used is that
the relative residual norm (||r;||2/||b||2) is reduced to at least 1071°.

The CA-CG solver is implemented as a KSM solver within the Portable, Extensible
Toolkit for Scientific Computation (PETSc) framework [4]. Our implementation of CA-
CG does not use a communication-avoiding matrix powers optimization (see Section 3.2).
Because we do twice as many SpMVs and thus double the bandwidth cost of P2P com-
munication in the matrix powers kernel, we only expect to see speedups when the problem
is extremely latency-bound and the MPI collective communication dominates. An imple-
mentation which includes a communication-avoiding matrix powers kernel remains future
work.

8.2.1 Strong Scaling Results

In Figure 8.1, we present strong scaling tests for CG and CA-CG with s € {2,4,6,8,10}.
The same test is performed for three different problem sizes: 5122 (top), 1024? (middle), and
2048% (bottom) grids. We scale from 1 to 1024 nodes, which correspond to 4 and 4096 MPI
processes, respectively. The same data in presented in two ways; on the left in Figure 8.1,
we plot the raw timing results, and on the right, we plot the speedup relative to classical
CG for each number of processors.

Looking at the plots on the left, we can see that classical CG scales well as we increase the
number of processors until some point when the time starts to increase again. The CA-CG
method also scales well, with about the same slope as the classical CG method. For CA-CG,
however, this scaling continues for higher numbers of processors. Thus although CA-CG is



231

slower than classical CG for smaller numbers of processors, at some point the lines cross and
CA-CG outperforms classical CG. The smaller the problem size, the smaller the number of
processors where this crossover occurs.

This behavior is expected due to additional costs in CA-CG, especially since we have not
used communication-avoiding matrix powers computations (see Section 3.2), which double
the amount of point-to-point communication, which can be a relatively significant cost when
running with small numbers of processors. We only expect the latency cost of the global
collectives (inner products) to dominate the runtime once a large number of processors is
used. This is where our CA-CG has the most benefit, since we have asymptotically reduced
the number of global collectives performed. We also point out that since this is a strong
scaling (fixed) problem, we would in practice like to use the method that gives the fastest
runtime, which is CA-CG for all three tested problem sizes. It is also clear from Figure 8.1
that of the s values tested, lower s values give faster runtimes up until some number of
processors at which point the lines intersect and higher s values (s = 8 or s = 10) become
the winners. This is explained by the same reasoning above; as the number of processors
is increased, global collectives become increasingly expensive, so it becomes increasingly
beneficial to avoid them.

These results are promising, and demonstrate the benefits of CA-CG on latency-bound
problems. We stress that performance of the CA-CG method can be improved even further
by the implementation and use of a communication-avoiding matrix powers kernel. This
remains future work.

8.2.2 Weak Scaling Results

In Figure 8.2, we present weak scaling tests for CG and CA-CG with s € {2,4,6,8,10}. The
same test is performed for three different per-process problem sizes: 162, 322, and 642. Again,
we scale from 1 to 1024 nodes, which correspond to 4 and 4096 MPI processes, respectively.

In weak scaling tests, the runtime ideally stays constant and the number of processes and
overall problem size is increased. Looking at Figure 8.2, we can see that for the smallest two
per-process problem sizes, the slope of the lines for CA-CG are always lesser than for classical
CG, and thus indicate closer-to-ideal behavior. For the largest per-process problem size, the
classical CG method initially exhibits better scaling (lower slope), but as the number of
processes and overall problem size is increased, its slope becomes greater than those of the
CA-CG method. At the final data point, the best runtime was obtained from CA-CG with
s =2.

From Figure 8.2, we can also see that as the per-process problem size is increased, the
best s value to use decreases; the fastest results were obtained by CA-CG with s = 10 for
size 162, by CA-CG with s = 4 for 322, and by CA-CG with s = 2 for 642. This is as
expected, since the smaller the per-process problem size, the less computation is required,
and thus communication takes up a relatively greater fraction of the overall runtime. Again,
we emphasize that while these results are promising, the weak scaling performance of the
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CA-CG method can be improved even further by the use of a communication-avoiding matrix
powers kernel. This remains future work.

8.3 CA-KSMs as Coarse Grid Solve Routines

Our second application of communication-avoiding Krylov subspace methods is as bottom
solve routines for geometric multigrid solvers within adaptive mesh refinement (AMR) ap-
plications. Krylov method bottom solvers are available as an option or as the default in a
number of software packages, including BoxLib [1], Chombo [2], PETSc [4], and hypre [3].

At some level of the multigrid V-cycle, individual subdomain sizes become so small that
further coarsening is impractical due to communication. At this point, there are a number
of potential approaches. One approach is to repartition the data, that is, the whole problem
is mapped to a subset of the processors at some level of the coarsening process [132]. The
data could also be replicated by combining data with neighboring processors (see [97, 191]).
Another approach is to stop coarsening at this point, solve the coarse grid problem using,
e.g., a Krylov subspace method, and then begin the interpolation phase of the V-cycle. It
is this approach that we focus on for the remainder of this section. (Note that the two
approaches could in principle be combined.) Our results show that the communication-
avoiding approach enables speedups of over 4x on synthetic benchmarks and over 2.5x in
real combustion and cosmology applications. We note that this section has been adapted
from work that first appeared in [190].

8.3.1 Geometric Multigrid

A wide variety of scientific applications require the solution of elliptic and/or parabolic
partial differential equations. Simulations that solve time-dependent systems of equations
may require multiple timesteps with many solves per timestep. These solves thus constitute
a large fraction of simulation runtime. Geometric multigrid methods are amongst the most
commonly used methods for solving such systems of equations.

As depicted in Figure 8.3, a multigrid V-cycle begins with the given computational do-
main. The first phase is restriction, where, for some number of levels, the domain is coarsened
until some criterion is met. At each level, the error is smoothed using, e.g., Chebyshev it-
eration or Gauss-Seidel with red-black ordering, and a new right-hand side for the coarser
level is constructed from the residual.

For a single uniform domain, coarsening is typically done until the domain is 2-4 points per
side, at which point the coarse grid problem is solved using either a direct or iterative method
(the ‘bottom solve’). In the case that the domain is decomposed over multiple processes,
the coarsening stops when each local subdomain reaches this size. For a large number of
subdomains, this problem size may still be large enough such that the bottom solve creates
a performance bottleneck. One method to alleviate this bottleneck is to agglomerate smaller
subdomains into larger subdomains, continue coarsening, and then solve on a smaller number
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Figure 8.3: Depiction of multigrid V-cycle.

of processors. This technique is effective for uniform rectangular meshes, but may not always
be feasibly for non-rectangular domains or individual adaptive mesh refinement (AMR) levels
with irregular coarse/fine boundaries.

After the bottom solve on the coarsest mesh, the coarse solution is interpolated to update
the solution on finer levels. Again, the error is smoothed at each level. These V-cycles are
repeated until the norm of the residual on the original (finest) grid reaches some specified
tolerance.

8.3.2 Related Work

A review of related work related to approaches for reducing communication costs in Krylov
subspace methods can be found in Section 2.4. In [78], the authors present a communication-
avoiding Chebyshev iteration that uses the matrix powers kernel (see Section 3.2). They
apply this method as the smoother in a geometric multigrid solver for the Poisson equation
on a regular 2D grid. In this work we do not study communication-avoiding smoothers and
instead focus on the larger performance bottleneck of the bottom solve.

As previously mentioned, data repartitioning or replication are other approaches to alle-
viating the V-cycle communication bottleneck. These approaches also involve some amount
of data movement between processors to perform the redistribution. Since usually very few
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iterations of the Krylov method are needed to perform the bottom solve to sufficient accu-
racy, it is unclear which approach (or combination of these approaches) will win in a practical
setting. Further study is warranted.

8.3.3 The miniGMG Benchmark

We describe the miniGMG benchmark of Williams et al. [189], a geometric multigrid perfor-
mance benchmark, which we used for performing benchmarking and comparison of classical
and communication-avoiding bottom solve routines. Experiments were first performed us-
ing the MPI4+OpenMP version of miniGMG. The miniGMG benchmark is designed allow
detailed timing breakdowns for different parts of the V-cycle and is designed to mimic real
AMR multigrid combustion applications.

The code solves a finite volume discretization of the variable-coefficient Helmholtz equa-
tion Lu = acu — bV - fVu = f with a = f = 1.0 and a = b = 0.9 on a cubic domain
with periodic boundary conditions. The right hand side is a 3D triangle wave, constructed
synthetically. The V-cycles are run until the norm of the residual on the fine grid is reduced
by a factor of at least 1071Y.

The global 3D domain is partitioned into subdomains of size 64% which are distributed
among the processes. Each MPI process has 6 threads (one Opteron chip). Piecewise con-
stant interpolation is used between the levels and the V-cycle is terminated when each sub-
domain is coarsened to a size of 43. At this point, miniGMG uses a matrix-free BICGSTAB
method to solve the coarse grid problem.

The vector and matrix operations needed to execute the BICGSTAB algorithm are grid
and stencil operations in miniGMG. Inner products are implemented with pair-wise mul-
tiplications between the corresponding cells of two grids, followed by a global reduction
(MPT collective communication). A matrix vector product involves a ghost zone exchange
between neighbors, implemented with point-to-point (P2P) MPI communication, and appli-
cation of a stencil to a grid. Specifically, MPI_Allreduce is used for global communication
and MPI_ISend and MPI Irecv are used for P2P communication.

8.3.4 Classical BICGSTAB Performance

Figure 8.4 shows a breakdown of the miniGMG solver time into time spend in the BICGSTAB
bottom solve and time spent in the rest of the V-cycle, weak scaling from 8 to 4096 MPI
processes on Hopper. Since each process consists of 6 cores and receives a 64% subdomain,
this corresponds to problem sizes ranging from 1283 over 48 cores to N = 10243 over 24,576
cores. We can see here that although the rest of the V-cycle scales very well (horizontal line
is ideal), the time spent in the BICGSTAB bottom solver grows very quickly as processes
are increased.

In Figure 8.5, we see that the growth in BICGSTAB time is due to an increase in time
in spent in calls to MPI_Allreduce. The time spent in P2P communication is an order
of magnitude smaller and computation time is relatively insignificant. Figure 8.6 provides
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Figure 8.4: Breakdown of miniGMG time into bottom solve time and V-cycle time, weak
scaling up to 4096 processes (24,576 cores) on Hopper where each process owns a 643 sub-
domain.

further explanation. This plot shows that the growth in MPI_Allreduce time is attributable
to the compounding effects of higher average MPI_Allreduce time per iteration as machine
scale grows and higher number of required iterations as the problem size grows. This results
in an increasing number of increasingly slower iterations.

As it is infeasible, short of changing the MPI implementation, network, or job scheduler,
to considerably reduce the time for an MPI_Allreduce operation, we instead focus on the
use of communication-avoiding Krylov subspace methods to reduce the total number of
MPI_Allreduce operations.

8.3.5 Design Space

For this application, our focus is on improving scalability for the case where we have a
larger number of processors and a very small number of degrees of freedom per processor. In
this case, as discussed above, the cost of the MPI collective communication dominates the
runtime. As we saw in the scaling experiments of Section 8.2, this is where we expect to see
the most benefit from minimizing collectives in CA-KSMs.

For smaller processor counts or larger number of degrees of freedom per processor, the
bottleneck shifts from the MPI collectives to the MPI P2P and to the (on-node) computation,
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239

Optimize construction of
Krylov bases to reduce
DRAM data movement

Optimize construction of
Gram matrix/

Optimize orthogonalization to
construction of Krylov minimize collectives
bases to reduce MPI
messages

Degrees of Freedom per Process

v

Number of Processes

Figure 8.7: Design space for communication-avoiding optimizations in Krylov solvers

i.e., arithmetic and vertical data movement, as depicted in Figure 8.7. In these cases, other
communication-avoiding approaches, like the sequential and parallel matrix powers kernels,
should be considered to mitigate these costs. In general, which optimization is most benefi-
cial depends on the problem size, nonzero structure, communication patterns, and parallel
concurrency.

As an example, Figure 8.8 compares the timing breakdown of the BICGSTAB method
for 4% degrees of freedom per process using different numbers of processes. In the legend of
Figure 8.8, ‘res’ refers to the time to compute the initial residual r, = b — Az; (line 1 in
Algorithm 11) and ‘appOp’ refers to the time to apply the linear operator (the computation
involved in application of A to p; and d; in lines 4 and 7 of Algorithm 11). We see that
for a small number of processes, local computation dominates. But keeping the degrees of
freedom per processor constant and increasing the number of processors, the MPI collectives
quickly become the dominant cost.
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Figure 8.8: Comparison of timing breakdown for BICGSTAB solve using 1, 8, 64, 512, and
4096 MPI processes for 4% degrees of freedom per process.

8.3.6 CA-BICGSTAB Implementation

In order to alleviate the bottleneck caused by MPI collective communication in the coarse
grid solve, we replace the BICGSTAB solver with a CA-BICGSTAB solver. See Section 4.4
for an overview of the BICGSTAB method and derivation of the CA-BICGSTAB method
(Algorithm 12).

Our implementation differs from Algorithm 12 in that we add in two convergence checks;
one to test the 2-norm of the intermediate residual after line 11 and one to test the 2-norm
of the residual after line 14. Since we use the 2-norm, these quantities can be computed in
a communication-avoiding way in each inner loop by computing

1gs+5ll2 = (@ Gid})'2, and
7 skrjrrllz = (T;THGW;H)W-

As discussed in Section 8.3.5, the CA-BICGSTAB method has potential performance
benefits in three areas: reducing the number of MPI collectives, reducing the number of P2P
messages, and reducing vertical (DRAM) data movement. The interprocess communication
only occurs in lines 4 and 5 in Algorithm 12. The Krylov bases computed in line 4 can
be computed either by a series of SpMV calls or by a call to the communication-avoiding
matrix powers kernel (see Section 3.2). Note that it is possible to compute both bases with
p and r at the same time, which halves the number of messages but doubles the size of
the messages. The current infrastructure of miniGMG does not permit exchanging ghost
zones or applying A to multiple vectors at a time. Therefore our implementation of CA-
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BICGSTAB in miniGMG currently uses the approach of computing a series of SpMV calls,
with separate computation of bases with p and r. We expect this to double the time spent in
P2P communication and SpMV computation; this could be optimized in future implemen-
tations by computing bases with p and r simultaneously. While a matrix powers approach
may be beneficial in some cases, it was not shown to improve performance significantly for
miniGMG. Line 5 is implemented by having each process aggregate the partial sums into a
matrix locally and then performing one MPI_Allreduce on a matrix of size (4s+1) x (4s+2).

As some multigrid solves are easy and others hard (in terms of iterations until conver-
gence), our implementation uses a “telescoping” approach in which we begin using s = 1
and increase s by 1 in each subsequent outer loop until we reach some Sp,.. In this way,
easy solves do not incur the initial costs of computing the Krylov bases and performing a
larger Allreduce, whereas harder solves amortize these costs and see the asymptotic benefits.
Due to the local small subdomain sizes, we found that performance began to degrade using
s higher than 4, so sp.x = 4 was used for miniGMG. With an s this small, a monomial
basis (see Section 3.2.5) was sufficient to maintain convergence close to that of the classical
method.

8.3.7 CA-BICGSTAB Performance

Figure 8.9 shows the performance of miniGMG and CA-BICGSTAB bottom solver perfor-
mance compared to those using BICGSTAB as we weak scale to 4096 processes. Again, since
each process uses 6 cores, the final data point corresponds to using 24,576 cores on a 10243
problem. This same data plotted in terms of speedup is shown in Figure 8.10. We can see
that using 4096 processes, the reduction in MPI_Allreduce calls enabled by CA-BICGSTAB
results in a 4.2x speedup in the bottom solve and improves the overall multigrid solve time
by nearly 2.5x.

It is also useful to look at performance in terms of degrees of freedom solved per second
in the overall multigrid solve. This data is shown in Figure 8.11 for multigrid with both
CA-BICGSTAB and BICGSTAB bottom solvers as we weak scale the problem. We can see
from this plot that the aggregate performance of multigrid with CA-BICGSTAB improves
nearly linearly with respect to multigrid with BICGSTAB.

Figure 8.12 shows a breakdown of the time spent on different operations in CA-BICG-
STAB and BICGSTAB. Again, in the legend of Figure 8.12, ‘res’ refers to the time to
compute the initial residual 1 = b — Az (line 1 in Algorithm 12) and ‘appOp’ refers to
the time to apply the linear operator (the computation involved in the O(s) applications
of A to vectors pgri1 and 7gyq in computing Py and Ry in line 4 of Algorithm 12). As
expected the sequential computation of the Krylov bases resulted in a doubling of the time
spent in P2P communication and time required to apply the linear operator, although this
was not enough to negate speedups gained from a reduced number of MPI collectives. The
classical BICGSTAB algorithm involves 6s MPI_Allreduce calls per inner loop compared to
one required for CA-BICGSTAB. The reason we do not see a 24 x reduction in MPI collective
time is that the size of the reductions has increased from one 8-byte double precision value
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Figure 8.9: Weak scaling plot showing the timings for BICGSTAB, over multigrid time using
BICGSTAB, CA-BICGSTAB, and overall multigrid time using CA-BICGSTAB.

to 2448 bytes (the size of the Gram matrix for s = 4). This limits the reduction in collective
time to only 11.2x. A greater speedup would be obtained if collective performance were
always latency-limited regardless of message size.

As previous mentioned, using s = 4 meant that a monomial basis was sufficient for
maintaining convergence close to that of the classical method. This is demonstrated in
Figure 8.13, which compares the max norm of the residual on the finest grid after each
V-cycle using BICGSTAB and CA-BICGSTAB.

We finally note that our CA-BICGSTAB implementation requires 4s — 2 additional grids
to store the computed Krylov bases and thus requires additional memory. This overhead
may be prohibitive for weak-scaled Krylov solves on fine grids, but is negligible in the context
of multigrid bottom solvers (around 24KB per process with s = 4).

8.3.8 Scientific Applications

Using the miniGMG implementation of CA-BICGSTAB as a reference implementation, both
C++ and Fortran versions of CA-BICGSTAB were implemented in the BoxLib AMR frame-
work [1]. As in miniGMG, the BoxLib C++ solver uses a telescoping s value, the monomial
basis, and s, = 4. As in the synthetic application, experiments on the bottom solves in
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real applications showed that using s larger than 4 with the monomial basis necessitated
additional V-cycles, which negate the performance advantages of a communication-avoiding
bottom solver.

One difference is that, whereas miniGMG coarsened to a subdomain size of 4%, BoxLib
applications coarsen to a subdomain size of 23. This factor of 8 reduction in problem size
can significantly reduce the number of BICGSTAB iterations. This means that we expect
to see a decrease in the relative benefit of CA-BICGSTAB, which shows the best speedups
when additional costs are amortized over many iterations.

In subsections below, we discuss the use of the CA-BICGSTAB bottom solver in two
BoxLib applications, the Low Mach Number Combustion Code (LMC) and Nyx, a 3D N-
body and gas dynamics code.

8.3.8.1 LMC

The LMC application simulates gas-phase combustion using a low Mach number model,
coupled to detailed chemical reaction networks and differential diffusion [58]. Each timestep
requires two different solves using multigrid on block-structured AMR grids. The first type
of solve requires only a couple of iterations in the bottom solve routine. We thus focus
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on the second type of solve, the mac_project solve, which involves the elliptic equation
bV - BVu = f, where u represents the concentration of a chemical species, b is a constant,
and [ varies spatially. The discretization of this operator is a 7-point variable-coefficient
stencil. These solves are more difficult than the first, often involving 10 or more V-cycles
and hundreds of iterations in the bottom solve, making them ideal candidates to benefit
from communication-avoiding methods.

Figures 8.14 and 8.15 show the speedup in the mac_project solve in LMC resulting from re-
placing the BICGSTAB bottom solve with CA-BICGSTAB for 3D and 2D problems, respec-
tively. These are weak scaling tests run on Hopper, using both flat MPI and MPI+OpenMP
with 6 threads per process. We do not run tests using MPI+OpenMP for the 2D problem,
as OpenMP is not appropriate for BoxLib-based 2D AMR applications. We use initial per-
process subdomain sizes of 642 in the 3D case and 642 in the 2D case. The speedup numbers
are based on our measurement of the total time spent in the mac_project solve across 5 time
steps.

At maximum concurrency, we see up to a 2.5x speedup in the bottom solver which
corresponds to a 1.5x speedup in the 3D mac_project solve. For the 2D mac_project solve,
the benefits of CA-BICGSTAB are more immediate, with a 1.5x speedup on 64 cores. We
note that speedups obtained in the overall solve are mitigated by the fact that the classical
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Figure 8.12: Breakdown of the net time spent across all bottom solves using 24,576 cores
for the BICGSTAB method (left) and CA-BICGSTAB with s = 4 (right).

algorithm constitutes less than 43% and 54% of the 3D mac_project solve time for flat MPI
and MPI+OpenMP version, respectively, and less than 35% of the solve time in the 2D
problem. In all cases, CA-BICGSTAB converged at a similar rate as BICGSTAB; the total
number of V-cycles required was unchanged.

8.3.8.2 Nyx

Nyx is a 3D N-body and as dynamics code that uses AMR for large-scale cosmological
simulations; see [7]. Nyx tracks the time evolution of a system of discrete dark matter
particles gravitationally coupled to an inviscid ideal fluid in an expanding universe. The
mass of the dark matter particles is deposited on the AMR grid hierarchy using a cloud-
in-cell scheme and converted to a density field, which is added to the gas density. This
total density defines the right-hand side of a constant-coefficient Poisson equation bV?u = f
solving for the gravitational potential. The gradient of the gravitational potential, —Vu, is
the gravitational force vector which is used to accelerate both the dark matter particles and
the gas. The right-hand side and the gravitational potential are defined on cell centers and a
7-point discretization of the Laplacian operator is used (the stencil coefficients are modified
at coarse/fine interfaces).
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Figure 8.13: Max norm of the residual on the finest grid after each V-cycle with either the
classical BICGSTAB or CA-BICGSTAB (s = 4) bottom solver.

Figure 8.16 shows the speedup in the gravity solve in Nyx resulting from replacing the
BICGSTAB bottom solve with CA-BICGSTAB. Again, use we two programming models,
both flat MPI and hybrid MPI4+OpenMP. As in other tests, each process owns a 64 subdo-
main on the fine grid. The speedup numbers are based on our measurement of the total time
spent in the gravity solve across 6 time steps. As for LMC, here CA-BICGSTAB converged
at a similar rate as BICGSTAB; the total number of V-cycles required was unchanged.

For flat MPI, we see a 2x speedup in the bottom solver using CA-BICGSTAB at 4096
cores. However, as the bottom solver only constitutes 26% of the overall multigrid solve
time in this case, the overall speedup was limited to 1.15x. In the MPI+OpenMP case, the
bottom solver took as much as 41% of the total multigrid solve time, resulting in a 1.1x
speedup in the overall solve corresponding to a 1.6x speedup in the bottom solver.

8.3.9 Summary and Future Work

Replacing the BICGSTAB method with CA-BICGSTAB resulted in up to a 4.2x speedup in
bottom solve performance in the miniGMG benchmark and up to 2.5x in real applications.
For real BoxLib applications, these bottom solver speedups led to a 1.5x improvement in
overall multigrid solve time on 24,576 cores. Future work will include use of communication-
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Figure 8.14: Speedup of mac_project using CA-BICGSTAB in the 3D version of LMC, as a
function of the number of cores used and programming model.

avoiding bottom solvers in other applications. We expect our approach to have the most
benefit (best speedups) when the bottom solve constitutes a very large percentage of overall
multigrid runtime and the multigrid runtime constitutes a very large percentage of overall
application runtime. Applications with such characteristics will be our target in the future.

Our tests show that although communication-avoiding Krylov methods can asymptoti-
cally reduce the number of collectives, performance is still limited by nontrivial time spent in
P2P communication and a quadratic increase in size of collective communications and vector
operations. Performance can also be limited since roundoff error in finite precision limits s
to 4 using the monomial basis on solves in real applications. In the future, it would be ben-
eficial to implement more well conditioned polynomial bases such as Newton or Chebyshev
(see Section 3.2.5) as well as a communication-avoiding matrix powers kernel to evaluate
whether these improve overall runtime.

In this section, we limited ourselves to weak scaling tests, but strong scaling tests would
also be beneficial. We expect communication-avoiding Krylov methods to allow increased
performance/scalability in the strong-scaled case; as one strong scales a solver, eventually a
point will be reached where where the problem size per process is so small that communica-
tion (likely collectives) becomes the bottleneck.

Communication-avoiding Krylov methods expand the ‘co-design’ space, where the hard-
ware design space is explored in tandem with software optimizations, by allowing hardware
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and software designers to trade collective latency for bandwidth, i.e., we trade O(s) fine-
grained operations for one large coarse-grained operation that expresses more parallelism
and may be more appropriate given manycore trends in processor architecture. Along these
lines, future work could expand implementations to GPU and Xeon Phi processors to eval-
uate whether CA-KSMs can enable efficient use of those architectures.

We briefly comment on the usefulness of the performance model described in Section 2.2
in optimizing real applications. While this model is useful in terms of qualitatively com-
paring the communication-avoiding and classical approaches, it is not necessarily useful for
parameter selection in practical applications. For example, in this section, the decision to use
telescoping s values was not based solely on performance tradeoffs or numerical instability,
but instead by the very few number of iterations required to meet the convergence criteria
for some solves in the application. We therefore advocate taking a holistic approach, using
performance models as a general guideline while considering the requirements and properties
of particular application.
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Chapter 9

Conclusions

Krylov subspace methods, ubiquitous throughout scientific applications, are often the most
time-consuming kernels in large-scale simulations due to communication-bound performance.
In this thesis, we have focused on the development and analysis of high-performance comm-
unication-avoiding Krylov subspace methods, which can achieve asymptotic reductions in
data movement versus classical approaches.

In Chapter 4, we have developed many new communication-avoiding variants of Lanczos-
based Krylov subspace methods, including solvers for nonsymmetric linear systems, least
squares problems, and eigenvalue/singular value problems. In both sequential and paral-
lel implementations, these variants of popular Krylov methods asymptotically reduce data
movement by a factor of O(s) versus the classical algorithms.

In Chapter 5, we have addressed major challenges to the practical use of communication-
avoiding Krylov subspace methods, identifying the conditions under which communication-
avoiding Krylov methods can achieve both asymptotic speedups and maintain the numerical
properties of the classical method. Our results confirm theoretically what is well-known:
the conditioning of the precomputed Krylov bases plays a large role in determining finite
precision behavior. In particular, if one can guarantee that the condition numbers of the
precomputed s-step Krylov bases are not too large in any iteration, then the finite precision
behavior of the CA-KSM will be similar to that of the classical KSM, in terms of both
convergence rate and accuracy. These results can be used to provide guidance on whether or
not a certain application might benefit from the use of the communication-avoiding approach,
and also inspire potential techniques for improvement.

Based on theoretical bounds proved in Chapter 5, Chapter 6 has been devoted to the
development of a number of efficient numerical techniques for improving the convergence and
accuracy in communication-optimal Krylov methods while still achieving performance gains.
Some of these techniques, including extended precision, dynamic parameter refinement, and
variable basis sizes, follow from the finite precision analyses of Chapter 5. Other techniques,
including residual replacement, deflation-based preconditioning, selective reorthogonaliza-
tion, and look-ahead are techniques that have been developed for classical Krylov methods.

In Chapter 7, we have presented optimizations that can be applied to CA-KSMs when
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the input matrix A has certain nonzero structures, including data-sparse and hierarchical
matrices, stencil/implicitly represented matrices, and matrices with highly nonsymmetric
nonzero structure.

Finally in Chapter 8, we have presented performance results for high-performance distri-
buted-memory implementations of communication-avoiding Krylov methods on large-scale
problems run on the Hopper supercomputer. We performed weak and strong scaling exper-
iments for distributed-memory CA-CG on a Poisson model problem to identify the space
in which the communication-avoiding approach is most beneficial in terms of performance,
and discussed the implementation and optimization of the CA-BICGSTAB method as a
high performance, distributed-memory bottom solver for geometric multigrid, which enabled
speedups of over 4x on synthetic benchmarks and over 2.5x in real applications.

To conclude, we will summarize the contributions of this thesis in the context of the
overall landscape of current and future research in the design and implementation of high-
performance iterative solvers. To do so, we will outline three major challenges to the practical
use of CA-KSMs and discuss progress and future work toward overcoming these difficulties.
We finish with commentary on situations for which CA-KSMs are suitable for use in practice
and when they are expected to have the greatest performance benefit.

9.1 Challenges to the Practical Use of CA-KSMs

Despite potential performance gains, CA-KSMs have faced challenges to integration into
standard scientific computing libraries for a few practical reasons. In this section we address
what we believe to be the three biggest challenges to the practical use of CA-KSMs. For
each, we discuss how we have already overcome, or are in the process of overcoming, these
obstacles.

CA-KSMs Can Be Unstable and/or Convergence is Too Delayed It is well-known
that the convergence and stability properties of classical Krylov methods are not necessarily
maintained by communication-avoiding Krylov methods in finite precision. Depending on
the parameter s and the polynomials used in constructing the s-step bases, the rate of
convergence can be slower and the attainable accuracy lower than for the classical method.
Lost accuracy can be a significant problem depending on the needs of the application, and
slow convergence can negate potential benefits from the communication-avoiding approach.

In this thesis, particularly in Chapter 5, we have answered many of the open questions
concerning how the finite precision behavior of CA-KSMs differs from their classical coun-
terparts. We have shown that bounds on convergence and accuracy for CA-KSMs can be
written in the same form as the equivalent bounds for KSMs, with the addition of a mul-
tiplicative factor that depends solely on the conditioning of the s-step bases. This gives
reassurance that, as long as well-conditioned polynomials are used for basis construction
and s is chosen reasonably, the convergence and accuracy of the CA-KSM will be similar to
the classical KSM for the same problem.
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This thesis has also explored many potential techniques for improving the stability and
convergence rate can be implemented in CA-KSMs, described in Chapter 6. Some of these
follow directly from our analyses in Chapter 5 as methods for either improving the basis con-
ditioning, e.g., variable basis sizes, or lowering the amplification factor by other means, e.g.,
using extra precision. Others are based on techniques originally developed for KSMs, includ-
ing residual replacement, deflation, and selective reorthogonalization, which we demonstrate
are compatible with our communication-avoiding approach.

Preconditioning is Incompatible with Avoiding Communication Preconditioning
is considered essential for most practical uses of KSMs. As mentioned, the goals of reduc-
ing the cost per iteration via communication-avoiding techniques and reducing the number
of iterations via preconditioning are somewhat at odds and involve complicated, problem-
dependent tradeoffs.

There have been strides toward the integration of many preconditioners into CA-KSMs.
Preconditioners which have been shown to work in the communication-avoiding setting in-
clude diagonal matrices, CA-ILU(0) for structured grids [89], sparse approximate inverse
preconditioners [121], and domain decomposition preconditioners [195]. In Section 7.1 of
this thesis, we have shown that it is possible to use HSS preconditioners in CA-KSMs when
A is a banded matrix (and more generally, if the preconditioned system can be written as
the sum of sparse and low-rank components). We have also demonstrated in Section 6.2 that
it is possible to implement communication-avoiding deflation, which is like preconditioning
but with a singular preconditioner.

Many commonly-used preconditioners were not designed specifically with the goal of
avoiding communication in mind. In cases where the dependencies in the resulting precon-
ditioned system are too dense, attempting to force these preconditioners into the CA-KSM
mold is a futile effort. This has led some to suggest that CA-KSMs are not suitable for use
in practice, as use of these preconditioners is necessary.

We advocate for an alternative view: we should instead focus on the invention of new pre-
conditioners which allow us to balance the tradeoff between improving convergence rate and
avoiding communication. Similar to the paradigm shift towards the redesign of algorithms to
avoid communication, there is already a growing trend toward the redesign of precondition-
ers with communication-avoidance in mind; see, e.g., the underlapping technique of Boman
et al. [195]. We expect that the development of new preconditioners that avoid communi-
cation, as well as modification of existing preconditioners to eliminate communication while
still providing some convergence benefit, will be a fruitful area of research in coming years.

Performance and Numerical Behavior is Too Sensitive to Parameter Selection
Many complex implementation decisions are required for both matrix powers kernel perfor-
mance and convergence of the CA-KSMs. The optimal parameters and optimizations to
apply will depend on the machine, the numerical values and structure of the system ma-
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trix, and the particular method. This makes auto-tuning and code generation an attractive
approach.

Most auto-tuning work has focused on optimization of kernel performance; for SpMV
and matrix powers computations, this means optimizing based on matrix structure and
machine parameters. There are many ongoing projects towards the development of auto-
tuners and specializers for SpMV and matrix powers computations (see, e.g., [26, 39, 130,
172]). However, as we have tried to stress throughout this thesis, in the context of the overall
Krylov solve we need to be concerned not only with the speed of the individual kernels but
also with the rate of convergence and accuracy.

In light of our work in evaluating tradeoffs between speed per iteration and number
of iterations in sparse matrix solvers, we strongly advocate for what we call ‘numerical
auto-tuning’. This involves the development of an auto-tuned/specialized library for sparse
iterative methods that takes numerical properties of the input matrix, right-hand side, and
accuracy requirements of the application into account in additional to the usual consider-
ations of non-zero structure/machine parameters. Such tools could automatically select an
appropriate code variant that achieves both performance and stability based on matrix struc-
ture, eigenvalue estimates, and other properties of the matrix. This would lift the burden of
expertise from the user, making CA-KSMs more accessible to a wider range of computational
scientists.

For example, for CA-KSMs, numerical auto-tuning would involve automatically selecting
the best subspace size, the best polynomial basis to use in generating the subspace, and de-
ciding which subset of numerical optimizations to apply (e.g., residual replacement, deflation,
reorthogonalization, restarting, etc.) based on the numerical properties of the problem and
application-specific requirements. Of course, we still have the usual combinatorial challenges
of auto-tuning the sparse matrix kernels and partitioning the input matrix.

This endeavor would require interdisciplinary collaboration between computer scientists,
mathematicians, and application experts. Some challenges include understanding the behav-
ior of non-normal matrices/operators and the convergence of iterative methods for nonsym-
metric systems, the algorithmic design of new communication-avoiding methods for various
preconditioners and techniques like reorthogonalization, and the study of how different op-
timizations interact with each other numerically and algorithmically (e.g., can we easily
combine residual replacement and reorthogonalization?). There is also the challenge of pre-
dicting what effect various techniques will have on performance, and determining whether
the extra flops/messages increase the convergence rate enough to be beneficial in terms of
overall performance.

9.2 Are CA-KSMs Practical?

We now return to the question of when communication-avoiding Krylov subspace methods
are suitable for use in practice. Here suitability requires that the communication-avoiding
variants can obtain speedups over the classical implementations, i.e., that any extra imple-
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mentation effort required for their use is justified. It is clear that in order to warrant use of
CA-KSMs, we must have a situation where the Krylov solve is communication-bound and
the Krylov solve constitutes the bottleneck within the particular application. Additionally,
in our experience, CA-KSMs are good candidates for use when one or more of the following
hold:

e The problem is communication-bound (and particularly latency-bound in the parallel
case);

e The matrix is well-partitioned, or can be split into well-partitioned and low-rank com-
ponents;

e Simple preconditioning is sufficient/the required preconditioner is amenable to com-
munication avoidance (see Section 6.8);

e Extremal eigenvalues are known or easy to estimate; and/or

e The same system matrix will be reused over multiple solves.

There are many problems in a wide variety of science and engineering applications which
fall into this category and can thus be expected to benefit from the communication-avoiding
approach. Broadly speaking, these mostly involve the solution of PDEs by finite difference or
finite element methods. In addition to the combustion and cosmology applications studied
in Section 8.3, our approach can be applied to other complex fluid flow problems. For exam-
ple, deflated CG with diagonal preconditioning is used for solving time-dependent diffusion
equations in the simulation of oil and gas resevoirs [183]; we believe our deflated CA-CG
method presented in Section 6.2 could be immediately applied. Other uses of the finite
element method which have been shown to benefit from CA-KSMs include structural engi-
neering problems and electromagnetic analysis [194]. Poisson’s equation, which we have used
in both numerical and performance tests in this thesis, is an elliptic PDE with applications
in electrostatics, mechanical engineering, and theoretical physics. As shown in Section 8.2,
the use of CA-KSMs for these types of problems can result in up to 6x speedups. Another
potential application of CA-KSMs is in circuit simulation, which involves the solution of
differential-algebraic equations [194].

To conclude, it is clear that the design and implementation of iterative solvers requires a
holistic approach. In selecting the right method and parameters to use for a given problem,
we must consider the expected time per iteration, which depends on the matrix dimension,
nonzero structure, and parameters of the specific machine to be used, as well as the numerical
stability and convergence properties, which we have seen depend on numerical properties of
the system matrix and the machine precision. We must also consider the performance and
use of the Krylov method within the context of the overall scientific application. While CA-
KSMs will not be the best solver choice for all problems and platforms, there are numerous
cases in a variety of scientific domains for which the communication-avoiding approach can
offer significant savings in both performance and energy.
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