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Abstract
Algorithm Design for Safe and Efficient Societal-Scale Navigation
by
Chih-Yuan Chiu
Doctor of Philosophy in Engineering—FElectrical Engineering and Computer Sciences
University of California, Berkeley

Professor S. Shankar Sastry, Chair

In modern urban centers, traffic networks increasingly experience higher densities of both
human-operated and self-driving vehicles. Unfortunately, high traffic loads can increase
the likelihood of accidents and gridlock at individual intersections and roads, and produce
societal-scale externalities in the form of pollution and excessive commute times. To address
these issues, modern navigation and transportation technologies increasingly leverage ma-
chine learning-enabled components to safely and efficiently guide commuters towards their
desired destinations. Examples range from learning-enabled perception and motion planning
algorithms deployed on self-driving vehicles, to recommendation systems for route planning
in large-scale transportation networks. Unfortunately, learning-based algorithms can exhibit
unexpected and alarming behavior when deployed in real-world environments. For instance,
computer vision modules in self-driving vehicles frequently fail to correctly identify traffic
signs and predict pedestrian motion, with fatal consequences. Meanwhile, route recommen-
dation platforms can induce high congestion levels, by directing self-interested travelers to
overcrowd paths of least perceived latency. These phenomena highlight that, despite their
promise, modern ML algorithms for localized and societal-scale navigation remain unable to
operate robustly in real-world traffic scenarios.

To overcome these challenges, this thesis draws from tools in control theory, estimation
theory, numerical optimization, game theory, and mechanism design to design algorithms
that ensure safe and efficient navigation in modern transportation systems. In particular,
the thesis consists of the following parts, each of which targets a different facet of decision
making in traffic navigation: (I) A unified optimization-based state estimation algorithm
for autonomous agents; (II) Game-theoretic motion planners that characterize multi-agent
interactions in local traffic scenarios; (III) A dynamic tolling scheme and learning updates
for large traffic networks. We conclude by describing promising avenues of future work.
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Chapter 1

Introduction

In our modern era of artificial intelligence, navigation and transportation technologies in-
creasingly leverage learning-enabled components to perform rapid data collection and pro-
cessing, to facilitate autonomous decision making in multi-agent interactions. These inter-
actions can occur in atomic settings involving a small number of agents in a local environ-
ment, such as autonomous navigation, or in non-atomic settings in which the contribution
of each agent’s behavior is infinitesimal, such as route-planning in large-scale transportation
networks. Unfortunately, learning-based methods can exhibit unexpected and alarming be-
havior once deployed in real-world environments. For instance, learning-enabled computer
vision modules in self-driving vehicles frequently fail to correctly identify traffic signs, with
fatal consequences. Meanwhile, learning-based route recommendation platforms often in-
duce high congestion levels, by directing self-interested travelers to overcrowd paths of least
perceived latency. These phenomena highlight that, despite their promise, modern machine
learning (ML) methods for localized and societal-scale navigation continue to be plagued by
the following fundamental flaws:

1. Lack of Robustness and Interpretability—Current state-of-the-art ML-based nav-
igation algorithms often struggle to robustly process noisy observations of an au-
tonomous agent’s surroundings, a crucial prerequisite for local motion planning. As
such, these navigation algorithms are brittle, incapable of sustained and trustworthy
operation when deployed for localized navigation in challenging real-world environ-
ments. This leads to unpredictable and undesirable consequences, such as autonomous
driving-related fatalities.

2. Socially Undesirable Outcomes—Current ML-based route recommendation plat-
forms are not endowed with concepts relevant to collective social optimality or strategic
human decision-making. As such, when guiding travelers across large-scale transporta-
tion networks, they often fail to account for interactions between the profit-maximizing,
yet individually unpredictable, agents using these networks. This results in the afore-
mentioned excessive congestion.
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To address the above issues, this dissertation presents principled mathematical methods
for designing algorithms for assured autonomous navigation on localized and societal scales.

Part I: A Unified Framework for Simultaneous
Localization and Mapping (SLAM)

An autonomous vehicle navigating a previously unseen traffic scenario must accurately repre-
sent its environment and locate itself within that representation. While purely learning-based
perception is increasingly deployed in autonomy stacks, such methods can exhibit unexpected
and alarming behavior in real-world traffic. For instance, computer vision modules in self-
driving vehicles often fail to correctly identify traffic signs and predict pedestrian motion,
with fatal consequences.

To address this issue, my work presents a unified optimization-based framework for Si-
multaneous Localization and Mapping (SLAM) algorithms, which construct geometric maps
describing an autonomous agent’s surroundings, while locating the agent within the estab-
lished map. In the existing literature, SLAM methods are categorized into filtering-based al-
gorithms, which are usually computationally faster, and optimization-based methods, which
tend to be more accurate. My colleagues, Amay Saxena, Ritika Shrivastava, Dr.
Joseph Menke, Professor Shankar Sastry and I reconciled the strengths of these two
methods by formulating a unified optimization-based framework that encompasses a large
class of existing, state-of-the-art SLAM algorithms for static scenes [95]. Our framework
allows the robustness and accuracy of these methods to be interpreted as the consequence of
algorithmic design choices, and easily contrasted across SLAM benchmark datasets. More-
over, our framework facilitates the design of new algorithms whose performance flexibly
interpolates those of current methods. Altogether, our work provides a unified framework
for perception and estimation, to inform immediate decision-making in autonomous naviga-
tion.

Part II: Game-Theoretic Motion Planning

When designing a safe trajectory for a given (“ego”) autonomous vehicle, the motion planning
literature typically models the other (“non-ego”) vehicles in the scene as dynamic obstacles
with fixed trajectories that were independently predicted upstream in the autonomy stack.
Unfortunately, this assumption precludes the ego agent’s ability to account for non-ego
agents’ reactions when executing their own planned trajectories.

To address this issue, my colleagues Professor Claire Tomlin, David Fridovich-
Keil, and I focused on developing game-theoretic motion planners, which explicitly encode
the intent of other non-ego agents, as well as their potential reactions to the ego agent’s
trajectory, as coupled optimization problems. These algorithms are capable of capturing
complex multi-agent interactions that frequently arise in real-life traffic scenarios. These
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include defensive driving, in which the ego agent guards themselves against the possibility
that non-ego agents in close proximity are temporarily distracted, and may unintentionally
exhibit adversarial behavior.

In the literature, the objectives of self-interested agents interacting in a shared environ-
ment are often encoded as a set of coupled Hamilton-Jacobi equations whose solutions yield
local Nash equilibrium strategies [100, [99]. These strategies can then be computed numer-
ically via state space discretization. However, these algorithms inevitably require compu-
tational cost and memory that scale exponentially with the state dimension (the “curse of
dimensionality”), and are thus unsuitable for modeling the high-dimensional, multi-player
interactions in real-world traffic [9]. To overcome these computational challenges, our work
uses ILQGames [46], a recently developed iterative linear-quadratic algorithm, as our primary
game solver. ILQGames iteratively solves linear-quadratic games and incurs computational
complexity cubic in the number of players and linear in the time horizon.

We conclude this part by presenting GTP-SLAM, a game-theoretic framework for joint
localization, mapping, prediction, and planning. The GTP-SLAM algorithm offers a rap-
prochement between the game-theoretic path planning paradigm explored in Part [[I] with
the SLAM algorithms described in Part [ More precisely, we formulate a novel SLAM al-
gorithm for multi-player scenes, motivated by iterative best response. GTP-SLAM aims to
jointly estimate the dynamic states and control inputs of all players in the scene, as well
as landmark positions. It does so from the ego player’s perspective, while accounting for
noncooperative, game-theoretic interactions between the players.

Part III: Congestion Management via Dynamic Tolling

Dynamic tolling schemes provide a practical method for reducing traffic congestion in trans-
portation networks, in which self-interested travelers select routes that minimize travel times
to their destinations. Traffic assignment models (TAMs) play a critical role in congestion
modeling, by predicting travelers’ arc selection decisions based on the traffic load and im-
posed toll on each arc. TAMs operate on the core principle that self-interested travelers select
routes with minimal perceived cost, which can be modeled as deterministic or stochastic.
Part III of this thesis presents joint work with Chinmay Maheshwari, Pan-Yang Su,
and Professor Shankar Sastry, in which we developed timescale-separated stochastic dy-
namics models for the traffic flow and imposed tolls on a traffic network of arbitrary structure
and scale. Many traffic assignment models (TAMs) in the literature are route-based, which
assumes that travelers make a single decision among routes that connect their origin and
destination. However, the comprehensive enumeration of routes in a traffic network is often
computationally intractable, since the number of available routes can be exponential in the
number of arcs. To tackle this issue, Chapter 4 presents arc-based TAMs that model traffic
network congestion generated by self-interested travelers who sequentially select arcs based
on their perceived latency on the network. Moreover, we use perturbed best-response dynam-
ics to characterize the selfish, yet not entirely predictable, routing and rerouting decisions
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of travelers in the transportation system, as they learn and respond to the fluctuating load-
dependent latency and toll on each arc in the network. We prove that arc flows generated by
these dynamics converge to a neighborhood of the associated equilibrium flow allocation. At
the same time, we implement a dynamic tolling scheme to ensure convergence to a socially
desirable traffic load distribution.

However, for the tolling mechanism to be effectively implemented, the central traffic
authority must possess knowledge of a wide range of system parameters. These include
parameters for arc latency functions that relate travel time to traffic load, as well as dispersion
(temperature) and noise parameters that capture degrees of stochasticity and rationality in
the travelers’ aggregate decision-making. All of these parameters may a priori be unknown
to the traffic authority, and difficult to estimate. To address this issue, Chapter 5 presents
an online learning algorithm that estimates unknown system parameters while implementing
effective tolls, thus generalizing the dynamic tolling scheme introduced in Chapter 4.

Overall, this dissertation thesis presents the first steps towards a unified theory of socially
optimal autonomous navigation that blends both learning- and model-based methods for ef-
ficient data-processing and decision-making. We conclude by discussing promising directions
of future research.

Acknowledgements Needless to say, my research has benefited tremendously from the
fruitful collaborations in which I was privileged to partake during my PhD experience. These
collaborations feature prominently in the content of this thesis. In particular, Part I draws
heavily from collaborations with Amay Saxena, Ritika Shrivastava, Dr. Joseph Menke, and
Professor Shankar Sastry [95], 17, [16]. Part II is based on papers published in collaboration
with Professors Claire Tomlin and David Fridovich-Keil |21, [18]. Finally, Part III is derived
from a productive collaboration with Chinmay Maheshwari, Pan-Yang Su, and Professor
Sastry over the course of the past year and a half [22, |20].
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SLAM: A Generalized Optimization
Framework



Chapter 2
Static SLAM

2.1 Introduction

A critical function for any autonomous vehicle navigating a previously unseen traffic sce-
nario is to accurately represent its environment and locate itself within that representation.
While purely learning-based perception is increasingly used to model an autonomous agent’s
environment, such methods can exhibit unexpected and alarming behavior when deployed in
real-world environments. For instance, even when equipped with state-of-the-art computer
vision algorithms, self-driving vehicles often fail to correctly identify traffic signs and predict
pedestrian motion, sometimes with fatal consequences.

To address these issue, Chapters [2] and [3| focus on Simultaneous Localization and Map-
ping (SLAM), a well-studied problem in robotics, computer vision, and estimation theory.
In SLAM, a robot builds a representation for a previously unexplored environment while lo-
cating itself in the constructed map [66]. Applications of SLAM range widely, from military
applications such as map construction and search-and-rescue missions, to civilian applica-
tions such as augmented and virtual reality, and 3D scene capture |14} 24} 25, 26].

The first step towards solving the SLAM problem is to locate and identify landmarks in
the environment, and extract features to construct a map. The robotic agent then uses its
dynamics model, in conjunction with these feature measurements, to pinpoint the position
and orientation (pose) of the robotic agent relative to the map. Measurements of new
features from newly identified landmarks, and new measurements of old features, can be
used to iteratively update the SLAM states—that is, landmark positions and estimates of
the robot’s pose. This reduces errors in original estimates of landmark positions and the
robot pose, due to either measurement noise or fluctuations in the environment.

Modern SLAM algorithms usually include front and back ends. The front end performs
feature extraction, data association, and outlier rejection on raw sensor data. This includes
feature extraction, data association, and outlier rejection, to match features across feature
data, filter out spurious feature matches (outliers), process IMU data, and associate all of
this information with relevant SLAM states. The back end then performs inference over the
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processed data, using underlying dynamics and measurement models to produce a compati-
ble state estimate.Back end algorithms classified as Gaussian filtering or batch optimization
based. Filtering methods iteratively update the distribution of recently observed states un-
der a Gaussian distribution assumption [98| 79, [69], while optimization methods iteratively
estimate states as solutions to an optimization problem, with the optimization objective
constructed from sensor error, such as error terms collected from inertial measurement units
(IMU) and image reprojection. In particular, factor graph-based approaches efficiently solve
optimization problems over past variables via factorization schemes that maintain the spar-
sity of the underlying least squares problem [28] 57, 30, 56]. Keyframe-based methods are
optimization-based approaches that retain only a small subset of maximally informative
frames (“keyframes”) spaced arbitrarily far apart in time in the optimization window, while
dropping all other poses [67]. Keyframes are selected to maximize the information captured
in optimization windows of limited size. Empirically, algorithms from both categories have
achieved state-of-the-art performance, though the latter often attain higher accuracy at the
cost of longer compute times |14, |67} 34].

Prior literature contrasted theoretical and empirical properties of filtering and batch
optimization algorithms. Scaramuzza and Fraundorfer performed a comparison study of
filtering and bundle adjustment-based methods for visual odometry |96, 44]. Frese et al.
provided a survey, from a practitioner’s perspective, of grid-based and pose graph SLAM
algorithms [45]. By contrast, Huang and Dissanyake studied the consistency, accuracy,
and computational speed of filtering, optimization-based, and pose-graph SLAM from a
theoretical perspective [52]. Khosoussi et al. exploited sparsity in SLAM problems by
conditioning on estimates of robot orientations [61]. Strasdat et al. conducted Monte Carlo
experiments on visual SLAM algorithms [101], revealed that including more features in the
back end increased accuracy more (compared to including more frames), and concluded
that bundle adjustment (BA) outperforms filtering, since its computation time increases less
drastically with the number of features.

In this chapter and the next, we present a unified template for filtering and optimization-
based SLAM approaches, by building upon methods surveyed by the publications pre-
sented above. Our aim is to facilitate the design of new algorithms whose computational
speed and performance flexibly interpolate those of existing, state-of-the-art algorithms. We
then use this framework to elucidate the tradeoff between the accuracy and computational
complexity of filtering-based and batch optimization-based algorithms in different environ-
ments. Specifically, we recast the Extended Kalman Filter (EKF), Multi-State Constrained
Kalman Filter (MSCKF), and Open Keyframe Visual-Inertial SLAM algorithm (OKVIS)
as optimization-based back-end algorithms, using our unified SLAM framework. We then
compare the empirical performance of the reformulated MSCKF with that of sliding window
optimization-based back-end algorithms, including the keyframe-based approach of Open
Keyframe Visual-Inertial SLAM [67]. Somewhat surprisingly, the MSCKF outperforms slid-
ing window filters (SWF) of comparable sizes on several datasets, despite not performing
multiple Gauss-Newton updates. We use our unified framework to analyze these empiri-
cal results. More details can be found in a published paper, Saxena*, Chiu*, Shrivastava,
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Menke, and Sastry “Simultaneous Localization and Mapping: Through the Lens of Nonlinear
Optimization” [95] (*Equal contribution).

2.2 SLAM: Formulation on Euclidean Spaces

SLAM on Euclidean Spaces

The SLAM problem involves estimating two types of variables: states and features. The state
at each time ¢, denoted x; € R% describes physical attributes of the robot, e.g., camera
positions and orientations (poses). Feature positions available at time ¢ in a global frame,
denoted {fi|j = 1,---,p} C R%, can be obtained by analyzing information from image
measurements {247 = 1,--+,p} C R% and state estimates; these describe the relative
position of the robot in its environment. States and features are described by an infinitely
differentiable (i.e., C*) dynamics map g : R% — R% and a C™ measurement map h :
R% x R% — R% via additive noise models:

Tiy1 = g(ﬂ?t) + Wy, Wi ~ N(O, Ew), (21)
2ol = h(xe, i) + Ve, v ~ N(0,3,),

where ¥, € R%*d: 3 >0 and 2, € R%>% ¥ > 0.

For localization and mapping, SLAM algorithms maintain a full state (vector) T; € R,
in which a number of past states and feature positions are concatenated. The exact number
and time stamps of these states and features vary with the design choice of each SLAM
algorithm. For example, sliding window filters (SWFs) may define the full state T; :=
(Ttons1, > Tty fogit, 5 fp) € RY with d := d,n + dyq, to be a sliding window of the
most recent n states, consisting of one pose each, and the most recent estimates, at time
t, of a collection of ¢ features |98| [79]. Batch optimization methods, on the other hand,
maintain all states and features encountered in the problem up to the current time [30, |28,
57, 56].

Note that and do not involve overparameterized state variables, e.g., quater-
nion representations for poses. These natural extensions are discussed in Section [2.3]

SLAM as an Optimization Problem on Euclidean Spaces

SLAM estimates state and feature positions that best enforce constraints posed by given
dynamics and measurement models, as well as noisy state and feature measurements collected
over time. This is formulated as the minimization of the sum of weighted residual terms
representing these constraints. For example, weighted residuals associated with the prior
distribution over 7; € RY, the dynamics constraints between states z;,z,.; € R%, and
the reprojection error of feature f; € R corresponding to the state z; € R% and image

measurement z;; € R%, may be given by EJI/Q(Tt — 1) € RY, 2,12 (zit1 — g(z;)) € R,
and ¥, /2 (ZH — h(mi,fk)) € R%, respectively (here, 1 <i<n—1,1<j < q). We define
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the running cost, ¢ : R%"*+4/4 — R as the sum of weighted norm squares of these residuals.
For example, for a SWF algorithm for SLAM:

t—1 p t
@) =T — ol + D e —gl@) 3+ D D Mg = hlza Sl
i=t—n+1 j=p—q+1i=t—n-+1

(2.3)

where [|v]|% := v Av for any real vector v and real matrix A of compatible dimension.
To formulate SLAM as a nonlinear least-squares problem, we stack all residual terms into
one residual vector C(7z). For example, for the SWF given above:

C(m) = | (%@ — o)

Toonit — 9(@1-n))) - (S22 (2 — glx1)))

T
Zt—n+1p—q+1 — h<xt—n+1a fp—q+1))) e

Thus, c(7;) = C(z;)"C(7;), and the SLAM problem is now reduced to the nonlinear least
squares problem below:

min .c(Tz) = m?itn C(7) " C(77) (2.4)

Tt

Section [2.4]introduces the main algorithmic submodules used to find an approximate solution

to (2.4).

2.3 SLAM: Formulation on Manifolds

Here, we generalize the SLAM formulation in Section [2.2]to the case where dynamical states
are defined on smooth manifolds rather than Euclidean spaces. SLAM often involves esti-
mating the orientations of rigid bodies, which evolve on a smooth manifold embedded in
an ambient space, e.g., rotation matrices expressed as unit quaternions. In such situations,
we use boxplus (H) and boxminus (B) operators, defined below, to perform composition
and difference operations in the iterative algorithm presented in Section [2.4], while enforcing
constraints imposed by the manifold’s geometric structure.

Suppose the full state z evolves on a smooth manifold M, with dim(M) = n. For each
r e M,let m, : U, — V, be a diffeomorphic chart from an open neighborhood U, C M of
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r € M to an open neighborhood V, C R" of 0 € R™. Without loss of generality, suppose
m(x) = 0. The operators B : U, x V, = U, and B : U, x U, — V,, are defined by:

rH6=7,1(5)

In essence, H adds a perturbation 6 € R™, in local coordinates, to a state x € M, while H
extracts the difference 6 € R", in local coordinates, between states x,z’ € M covered by
the same chart. Below, “0” often describes an error or increment to a nominal state on the
manifold.

Manifold Examples

This subsection gives examples of the H, H and 7 operators for manifolds that occur widely
in SLAM: the set of unit quaternions, H,,, and the set of rotation matrices, SO(3).

Each ¢ € H, is expressed as ¢ = (qu, ¢») where ¢, € R and ¢, € R? denote the scalar and
vector (imaginary) parts, respectively, with ||q|| = v/¢2 + ||7,||3 = 1 (JPL convention). Here,
the coordinate map 7 : H, — R3 is defined as the Log map on H,; its inverse 7! is the
Exp map. Specifically, we write each ¢ € H, as ¢ = (cos(4), sin(%)a) for some 6 € [0, 7],
& € R3 with [|J]| = 1, i.e., the quaternion ¢ implements a rotation about the axis & by
6 radians counterclockwise. Then, 7 : H, — R? and 7! : B,(0) — H, are defined by:

(Br(0) := {z € R3: ||z||» < 7} denotes the image of 7)
7(q) = Log(q) = 6,
7 1(05) = Exp(63) = (cos(0/2), sin(0/2)a).
The H and H maps are then implemented via the quaternion product  : H, x H, — H,:
qa Bd= qo * EXp(Oj)
7a B g = Log(q, * * ¢a)
For SO(3), we define B and B similarly, i.e.,
R,B& = R, Exp(J)
R,B R, = Log(R] R,)

Often, the full state in a SLAM problem exists in the Cartesian product of a finite collection
of manifolds, since it contains poses and features on their own manifolds. For a product

manifold M7 x Ms, with projection, increment, and difference maps already defined on M;
and Mo, we define HH and B on M; x M, by:

(91,92) B (&1,62) = (91 B &1, 92 B &)
(91792) B (hh hz) = (91 B hi, g B hz)
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SLAM as an Optimization Problem on Manifolds

The SLAM problem can be formulated on manifolds using modified cost functions, where
plus and minus operations are replaced with B and H when necessary. We provide a more
explicit description of this process below.

To formulate SLAM on a manifold, we must alter our definitions of the state variables,
features, image positions, dynamics map, and measurement map. Let X be a smooth man-
ifold of dimension d,, on which the system state are defined. Similarly, let F be a smooth
manifold of dimension dy, on which features are defined, and let Z be the smooth manifold
of dimension d., on which image measurements are defined (Often, F = R% and Z € R%,
e.g., with df = 3 and d, = 2). We then have:

Ty = g(zy) By, wy ~ N(0,%,),
2 = h(ze, fr) B oy, veg ~ N(0,3,).

where z; € X denotes the state at time ¢, g : X — X denotes the discrete-time dynamics
map, and w; € R% denotes the dynamics noise, with covariance ¥,, € Ré%*d ¥ =~ 0.
Moreover, fi, € F denotes feature position j estimated at the camera pose at time ¢, 2, € Z
denotes the image measurement of feature j measured from the camera pose at time t,
h : X x F — Z denotes the measurement map, and v; € R% denotes the measurement
noise, with covariance ¥, € R%=*%_ ¥ - 0.

As before, SLAM concerns an optimization problem over a collection of poses and fea-

tures, e.g., a sliding window of the most recent poses in the states {x; € X|i = t—n+1,--- |t}
and features {f, € Flj=p—q+1,--- ,p}:
x_t = (xt—n—i-l) s, Ty, fp—q-i—la T 7fp) c X" x Fi.

We assume that 7; is associated with a prior distribution with mean py € X™ x F? and

covariance Y, € R(ndetads)x(ndatqdy)

2.4 Main Algorithm

Algorithm Overview

Below, we describe in detail the submodules of a straightforward, general SLAM algorithm,
using the state variables and cost terms defined in Sections and As before, we
first focus on the case where the state space is Euclidean. As before, denote the state and
concatenated cost vector by 7; € R? and C : RY — R% | respectively. (e.g., the sliding
window filter in Section would correspond to d = d,n + dfq and de = (2n — 1)d, +
qds + nqd,). Recall from Chapter that the SLAM problem is equivalent to solving the
nonlinear least-squares problem , reproduced below:

min .c(7;) = min.|C(z7) |3.
Tt xt
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Constructing the Optimization Problem

The first step of the algorithm is to construct the objective function whose minimization
defines the SLAM problem. From available visual and inertial measurements, we construct
and concatenate a collection of residual terms to form a residual vector C(77) of the form
introduced in Section 2.2l The SLAM problem is then equivalent to solving the nonlinear
least-squares problem , reproduced below with the indices considered here:

min .c(7;) = min.C(77) ' C(77).
Tt Tt
Recall that z; € R%"*419 consists of the most recent n poses and position estimates of the

g most salient features, measured at the most recent pose (at time t). Recall also that
C : RErtdra _y Rdentdratda(n=1)+d:nq ig defined by:

— —\T T T T el
C(mt) T Co(l't) Cgt—n+1 Cgt—n+1 Chp—q+1,t—n+1 Cht,p—q+1
T T
Cht—n-&-l,p o Cht,p

with weighted residual terms Cy : R%"tdra — Réntdrd and Cp, : R* — R% ), :
Ré+ds — R for each i € {t —n+1,---,t—1}and j € {p—q+1,--- ,p} given by:

Co(@r) = %5 (T — o), (2.7)
Co (@i, Tig1) = 251/2 ($i+1 - 9(%’))7
Chz‘j<xi> frg) = 251/2 (Zw — h(zi, ft,j))- (2.9)

Gauss-Newton Descent and Linear Approximation

Next, we recursively update of the full state 7; € R%"+9/¢ by performing Gauss-Newton
descent steps using the cost function. More precisely, let J € R(dentdsatde(n—1)+d-q)x(dzn+tdyq)
denote the Jacobian of C with respect to Z;. Starting from an initial estimate 7;(*) € Ré=n+dsq
of T, we recursively update iterates of our estimate {Z;*)|k > 0} via the Gauss-Newton
algorithm:

75D 7 — (Tt o ). (2.10)

These Gauss-Newton steps are iteratively applied until the current iterate Z;* := 7;(*, for
some sufficiently large & € N, is believed to correspond to a sufficiently small cost ¢(z;*).
Then, it is fixed, and all or part of the original SLAM optimization problem is replaced with
the following linear least squares optimization problem ([2.4)):

min .c(z;) = min.C(z;) " C (%)

= min. [(:c_t — ) TSN (@ — ) + 0T — x_t*)}

Tt
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~ m%n (T — )" 27T — p) (2.11)

where j € R%="t4s4 and ¥ € R{antdra)x(dantdra) are given by:

[ l_'t* . (JTJ)_IJTC(Z‘_t*)
Y (JTI)TL

Remark 2.4.1. Alternatives to the Gauss-Newton algorithm, for computing incremental
improvements to the initial guess are available, exist in abundance. These include the stan-
dard gradient descent algorithms [90], the Levenberg-Marquardt algorithm [75], or Powell’s
dog leg method (88, |71]. However, we focus on the Gauss-Newton algorithm because, as
illustrated above, it has a meaningful interpretation in the case of filtering based SLAM al-
gorithms. Moreover, for well-conditioned problems where a good initial estimate is available,
the Gauss-Newton algorithm tends to be faster than other methods [80)].

Marginalization

The marginalization step reduces the number of variables present in the SLAM problem to
reduce computation time. In the context of the above setup, these variables are estimates
of the n pose positions and ¢ feature positions, encapsulated in the overall state T;, which
are selected to optimize the overall cost ¢(7;). Intuitively, the marginalization procedure
involves the following steps to reduce the number of pose and feature position estimates in our
optimization problem. First, we partition the overall state 7; € R%"*%9 into marginalized
and non-marginalized components. Likewise, we rewrite the overall cost ¢(7;) € R as the sum
of two cost terms, one of which depends only on the non-marginalized components, while
the other depends on both the marginalized and non-marginalized components. Finally,
the marginalization step is completed by approximating the latter cost term as an explicit
function of the non-marginalized cost term. This process is described mathematically below.

Among the n poses and p features present in the overall state T3, let the marginalized state
Tar € R4MetdsMy encapsulate the M, pose positions and M feature positions that we wish
to discard from our optimization problem, where 1 < M, <n—-1and 1 < M; <g—1, and
collect the remaining pose and feature position estimates into the non-marginalized state
T € Re&(=Mo)tdr(a=My) — The only state components kept in the optimization problem
after marginalization, encapsulated in Tx, are poses and feature position estimates that are
sufficiently recent or informative to be considered irreplaceable in the optimization problem.

Next, we wish to approximate ¢(T;) using a cost function that depends entirely on Tx.
To do this, we first recall that ¢(7;) is the sum of squared residual terms. By collecting
all terms which depend only on the non-marginalized state components Tx, we can rewrite
c(7;) as the sum of two costs:

o(Tr) = c(Tk, Tar) = 1(Tk) + ¢2(Tre, Tar)

= C(Tr) ' C1(TK) + Co(Tx, Tar) | Co(Tx, Tar),
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where ¢; : RE(=Ma)+ds(a=Ms) 5 R describes the sum of squared residuals in ¢(Z7) with
no dependence on T3, and C; : Ré=(—Ma)tdsla=Ms) _, Rder denotes the concatenation
of such squared residual terms, i.e., ¢;(ZTx) = C1(Tx)' Ci(Tx), while ¢y : RE="Hdsa 5 R
and Cy : R%n+dra — Rée2 correspond to the remaining terms. The dimensions ¢; and ¢,
depend on the specific way in which the state variables in Z; and the cost terms in ¢(7;) are
partitioned. For example, consider the cost function ({2.3)):

t—1

c(@) = (T — o) S0 @ — po) + Y (wir1 — 9(x) "5y (wisr — g(a1))

i=t—n-+1

+ Z Z Zij — xzaft,]))TE;1 (Zi,j - h(tht,j))'

Jj=p—q+1i=t—n+1

Suppose we partition the full state vector by 7; := (Tf, Ta), with:

My ={t—n+1,--- t—n+ M.}, (poses to marginalize),
Mp={p—q+1,---,p—q+ M}, (features to marginalize),
TK = (Tponarty 1, 5 Tt ft,pfq+Mf+17 oo fip) € Rdz(nsz)erf(P*Mf)’

e deMz+ds My
Ty = (xt—n—l-lu U 7xt—n+Mx7ft,p—q+17' o 7ft,p—q+Mf) € ROy,

and the cost function by ¢(7;) = ¢1(Tx) + co(Tar, Tx ), With:

ro - — [ T DY T T R T
01(33[() T _Cgt—n-&-lww Cgt 1 Cht—n+k1w+1,p—q+Mf+1,t Cht-n+1»1w+1,p,t
T

T e T dg(n—Mz)+d-(n—Mz)(qg—Mjy)
ht,p*quMerl,t Chz P ti| S R .

T T ar e [ r, —l— T .« o o T T .« o o T

CQ(xK’ xM) T _CO (xt) Cgt—n+1 Ogt nd-Mgp—1 Cht7n+1,p7q+1,t Chtfnﬁ»l,p,t

T . . T T DY T
ht—ntMy,p—q+1,t ht—ntMzp T Pt—ntMp+1p—q+1,t Pt —nt My +1,p—g+ Myt

den+drq+de (My—1)+d. (Myg+Min—MyM;y)
Cht,p—qul,t Ce Cht,pquer,t] c R% f x(My 2 (Mg f z My ,

a1 (Tx) = C1(Tx) ' C1(Tk) € R,
e (Tx, Tar) = Co(@x, Tor) ' Co(Tx, Tar) € R,
where Cj and each Cy, and Cj,;, are given by ([2.7] . , and ([2.9)), respectively. Note that
in this case, the dlmenswns of Cy and Cs are given by dC 1 =d, (n M 2)+d,(n—M,;)(qg—My)

and d.p = dyn+dpq+ dy(My — 1) + dy(Myq + Myn — M, My), respectively.
The SLAM problem can now be written as:

min (%) = min. |1 (7%) " C1(7F) + min .Cy (77, 727) | Cal, 7o)
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To complete the marginalization step, we replace the output of the inner minimization,
ming-.Cy(Tr, Tar) ' Co(Tx, Tar), with an explicit function of Zx. To do so, we apply first-
order approximation to the cost term Cy(Tx, Tar) " Co(ZTx, Tar) to obtain:

TR — T

Co(Tx, Tar) = Ca(afe, 23y) + [Jx i) {m_x*}ﬂ(ﬁ—ﬁ,m—@), (2.12)
M

where Ji € Re2*(de(n=Mz)+ds(a=My)) denotes the Jacobian of C, with respect to Tx and
Jyu € Re2x(deMatdsMy) denotes the Jacobian of Cy with respect to Zp;. Using (2.12)) to
approximate the inner minimization in the above optimization problem, we arrive at the
optimization problem below, which depends only on the non-marginalized state Tk

min () = min .|y (7) TC1(75) + min Ca(Te, 7a7) " ol )|

~min. (O (%) TC1(@x) + (7% — i) S5 (@K — ) (2.13)

where the algorithm defines the mean pux € Ré(n=Me)+dr(@=Ms) and the covariance matrix
EK E R(di(n_Mm)'Fdf(q_Mf))X(d-’ﬂ(n_M27)+df(q_Mf)) Of ﬁ by assigning:

pc = T = S [T = Ta(JagJa) =y Ca(2) (2.14)
S (JE[L =TI da) T3] k) 7 (2.15)

In this chapter and the next, we mathematically prove the optimality of the approx-
imations in and , and examines the implications of varying the frequency in
executing the Gauss-Newton Descent, Linear Approzimation, and Marginalization steps. In
particular, in Chapter [3| we will interpret a selection of mainstream filtering-based SLAM
algorithms as the repeated iteration of the above three steps at different rates. Moreover,
in Section [3.6] we will illustrate that, by varying the frequencies at which each of the above
three steps is performed, we can construct novel SLAM algorithms whose accuracy and
computational time interpolate smoothly between those of existing algorithms.

In the sections below, we consider the Gauss-Newton Descent, Linear Approximation,
and Marginalization steps in more detail.

2.5 Gauss-Newton Descent

Gauss-Newton descent involves solving for the minimization of ¢(7;) via Gauss-Newton steps,
an iterative linearization method that approximates ¢(7;) about a given linearization point
7" by a linear least-squares cost term, i.e.,

min.c(T7) = min |77 — e[+ + 0@ — 77 (2.16)
Tt Tt

for some 1, € R? and ¥, € R?™?. The linearization procedure required to obtain pu, € R?
and ¥; € R¥™? as well as the approximation involved, are detailed in the theorem below.
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Theorem 2.5.1. (Gauss-Newton Step) Let 7;* € R? denote a given linearization point,
and suppose J = g—% € R4 has full column rank. Then applying a Gauss-Newton step to

the cost c(T;), about T;* € R? yields the new cost:
c(@) = |7t — el 3,1 + 0@ — 77,
where p; € R and ¥, € R™? are given by:

S (JT)T
pe T — (JT)THTTOF).

Proof. We have:

7 — 7)) [C@) + (@ — 7)) + o(@i — T")
= (T — ) 'S (@ — ) + (@) + o(T — T,

where ¢y(7;*) € R denotes a scalar-valued function of Z;* that is independent of the variable
;. This concludes the proof. O

Algorithm 1: Gauss-Newton Step.

Data: Objective C'"C, linearization point 7.

Result: Mean pu, covariance Y after a Gauss-Newton step.
el

3 py < ap — (JTI)LITC(a7)
4 return gy, >

2.6 Marginalization of States

The marginalization step reduces the state dimension in our SLAM algorithm, which helps to
reduce the computation time. First, we partition the overall state 7; € R? into a marginalized
component Ty 3 € R | to be discarded from Ty, and a non-marginalized component Ty rx €
R to be kept (d = dg +dys.) Then, we partition ¢(T;) into two cost terms: ¢;(T;x), which
depends only on non-marginalized state components, and co(Tr ., Trar) which depends on
both marginalized and non-marginalized state components:

c(7r) = c(Tr, Tar) = a1(Tk) + 2(Tk, Tar)
= |C1(@R)|I5 + || C2 (T, Zar) |I3-
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Here, Cy(Tx) € R4t and Cy (Tk,Tam) € R9c2 denote the concatenation of residuals associ-
ated with ¢1(Zx) and c2(Tx, Tar) (with de = dey + dez). To remove Ty ar € R from the
optimization problem , observe that:

min ¢(7;) = _min (61 (1) + (T, :vt,M))
Tt Tt K Tt, M

= min (|Cy (@) |13 + min | Co (@, 7oan)l ).
Tt K Ty, M

To remove Ty 5y, it suffices to approximate the solution to the inner minimization problem
by a linear least-squares cost, i.e.:

min [|Co(Tr k. Toan) |13 = [Tox — Fe sl
Tt, M t, K

for some 71, € R and ¥, x € R4 Since ||Co(Trx, Tuar)||3 is in general non-convex,
we obtain 7, ;- and ¥, x by minimizing the first-order Taylor expansion of ||Ca(T7x, Tear) 13
about some linearization point, instead of minimizing ||Co(T;r, Trar)||3 directly. Below,
Theorem details the derivation of i, ;- and it, K-

Theorem 2.6.1 (Marginalization Step). Let 7;* € R¢ denote a given linearization point,

and suppose J = g—% € Ré*d has full column rank. Define Jx := % € Ricxdx gnd Jy =
af% € Ricxdur - [f C(Ty a7, Trx) were a linear function of Tp = (Tiar, Tox ), then applying a

Marginalization step to the cost ¢(T), about the linearization point Ty* = (a7 ., w7 ;) € R
yields:

min ¢(Zy x, Ty ar) = min . (Cl (Tr,i) + min e (7 x, J’7t,M)>, (2.17)
Tt 00 Tt K T, M

where 3y x € RIEXK and p, i € R are given by:
Sk = (S [T = I (Tipdan) " I J) ™ (2.18)
piei = T g — Ser i [L — Tar(JygJar) ™ Tag ) Co(a). (2.19)

Proof. 1t suffices to show that:

gﬂlcz(%m Tonn) = (Tok — 1x) ' Sx (Tex — pix) + ¢ (7).
t M

To do so, we first note that since Cy(7;) is linear in ;:

(@) = |Co@) Iz = [C2(a7) + LAT

= HCQ(LC?) + JKAxt,K —+ JMAxt,MHg
By the method of least-squares, the optimal A7y ;7 is given by the normal equation:

ATar = — (g In) " (Co(@f) + Tk AT k)
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Substituting back into our expression for ¢(7;), we have:
min .o (%;) = || (I — Jar (JipJar) " Iip) (Co(F) + T AT ) |3
Tt, M

= (Co(af) + JxATiz) ' [T = Jaa(Jypar) ™ T0p] (Cal@) + T AT )
k70" IR~ Do) T )
:=§;§
+ 2Tk — 2 ) T [ = T (JapIar) "N Tap] Co(a7)
+ Co(x) T [1 = Jaa(Japdna) ™ Ty Co()
= (xt_K\—:c:_K + X [I = Ju(Taga) " T3 Col) | )T

J/

Pt

-~

=pK
(Tox —7f g + Srcdic[1 = Ju(Jap )~ Iip) Ca(a))
N —— ’
+ Co@) (T = T (T TT)
+J(a7)
=(Tox — px) 2 (Tox — px) + ¢ (7).

with Y and pg as defined in the theorem statement, and ¢/(z7) € R independent of 7;. [

Algorithm 2: Marginalization

Data: Objective f = CTC, vector of variables to marginzlie z; 5/, linearization
point z}.
Result: Mean (1, x and covariance 3 x of non-margnalized variables z7 .
1 C < subvector of C' containing entries dependent on x ;.
aC e
Ji= Ik Tu] < [8m w Bz :T*]'
_ -1

Pt S x;K — 2157[(‘]}—'; |:I — JM(JA—ZJM)_IJR/—[} C(l’*)

N

=W

<))

return pu i, Xy i

2.7 Main Algorithm on Manifolds

Our SLAM framework, formulated above on Euclidean spaces, can be straightforwardly
extended to a formulation on manifolds. This involves using manifold-related concepts in
Section to modify the Euclidean-space dynamics and measurement maps in Section [2.2]
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as well as the cost functions, Gauss-Newton steps, and marginalization steps in Sections [2.5]
[2.6] In particular, when appropriate, plus and minus operations must be replaced with the
H and boxminus operators.

More precisely, we interpret the SLAM problem on manifolds as the optimization of a
cost function ¢ : X" x F? — R, constructed from residual terms of the same dimension of the
minimal coordinates of 7;, x; and z;. In particular, we must generalize to the case where
the states, dynamics and measurement maps are defined on and between manifolds. This
involves replacing + and - operators with HH and H operators, when necessary. For example,
the sliding window filter window presented in Section [2.2] would be associated with the cost
c: X" x F1 — R, given by:

t—1

() = |7 B M0||220—1 + Z i1 B g(@) 51 (zi1 B g(22))

i=t—n+1

+ Z Z sz] Elh xzafk)HE 1

Jj=p—q+1i=t—n+1

Similar to Section [2.2] we stack all residual terms into a single residual vector C (7). For
example, for the sliding window filter above, we have:

O(T) = [(251/2(@ B 0)) (502 (@ ni1 Bg(me ) - (552 (2, B gl 1))
(S5 (ztmns1p—q1 B A(21_ps1, fp—q+1)))T (20 (zrens1p B (@i—ns, f)))

—1/2 T —1/2 ul
: (EU (Zt,p—q-i-l = h(l‘ta fp—q—l—l))) U (E’U (Zt,p = h(xh fp))) i|
e R(@n—1)do+pds+ngd.

T

As a result, ¢(z;) = C(z;)"C(7;), and the SLAM problem is now reduced to the following
nonlinear least squares problem:

min .c(T;) = m?itn C(@)"C(w) (2.20)

Tt

Below, we introduce the main algorithmic submodules used to find an approximate solu-
tion to . Let z* be a chosxen linearization point. Let C’ « 1= C o be the coordinate
representation of the function C near z*. Recall that C'f* is simply a function from one
Euclidean space to another. We can now Taylor expand to write:

C(z) = (C o 13 (e (7)) = O (AX) = e (0) + JAY + 0(AY),

where AY =7 H7Z* and J is the Jacobian of Cy- with respect to A evaluated at zero. We
then apply a modified version of the algorithms from Section [2.4}



CHAPTER 2. STATIC SLAM 20

1. Gauss-Newton Descent: Used to update the current linearization point zt* to a new
linearization point Z{F+1},

70D 30 @ (= (JTJ) LI C@EM)) (2.21)

After Gauss-Newton steps have been taken, the linearization point 7* is fixed, and
all or part of the original optimization problem, i.e., ming ¢(Z) = ming C(7) " C(7T), is
replaced with the following linear least squares optimization problem:

mjin.(fEl ) 'S Z B p) (2.22)
where the algorithm assigns:
peT BTN TTCE)
Y (JTH)TN
2. Marginalization: Used to remove variables T3, from the optimization problem by ap-

plying linear approximation to C—in particular, the optimization problem ming .c(7)
is approximated by:

min .(Tx B ux) ' S (Tx B pk),
Tk
where the algorithm assigns:

px < 2 B (= Spdi[L = Ju(JyJa) iy Co(7))
1

Y — (J;;[[— JM(J]\—ZJM)_IJR/—I} JK)_ )

For characterizations of the behavior of Jacobian matrices under the boxplus H and
boxminus B operators, we refer the reader to [95], Appendix A.

Gauss-Newton Descent

Gauss-Newton steps update the current linearization point Z1*} to a new linearization point
—{k+1}
z )

Zh+1) (k) (- (JTJ)—leCr(f(k))) (2.23)

After Gauss-Newton steps have been taken, the linearization point Z* is fixed, and all or
part of the original optimization problem, reproduced below:

min ¢(Z) = min C@)'C(T)
is replaced with the following linear least squares optimization problem:
m%n (ZBp) 'S (Z8 )
where p and ¥ are given by:
peT BT C@)
Y (JTH)TN
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Marginalization
Marginalization removes variables 7;; from the optimization problem by applying linear

approximation to C—in particular, the optimization problem ming .c(Z) is approximated by:

min (T B px) " S5 (T B px),
TK

where 1 and ¥ are defined as:
i o B (= S [ — Tu (T ) ] Ca(a¥))
S ([ = I (T dan) I J)
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Chapter 3

Equivalence of Filtering and
Optimization

In this chapter, we build upon the notation and terminology established in Chapter [2| to
illustrate the equivalence of filtering and batch optimization-based SLAM algorithms. In
particular, we will focus on the Extended Kalman Filter (EKF, in Section and Multi-
State Constrained Kalman Filter (MSCKF, in Section , as examples of widely-used
filtering-based SLAM algorithms, and establish analogous optimization-based algorithms
using our unified framework. Although similar results exist in the optimization literature
[6], they do not analyze algorithmic submodules unique to SLAM, e.g., feature incorporation,
processing, and discarding.

Below, we begin by presenting the classical formulation of EKF SLAM, as portrayed in
the literature.

3.1 Extended Kalman Filter (EKF) on Euclidean
Spaces, Standard Formulation

The Extended Kalman Filter (EKF), whose standard formulation is presented in Algorithm
, is an iterative algorithm for updating estimates of the current pose z; (i.e. n = 1)
and positions of all observed features at the current time, f; := (f1,---, f,) € RP%. This
corresponds to the sliding window filter in our formulation, with n = 1 and ¢ = p. Below,
as an application of our optimization-based SLAM framework, we present the dynamics and
measurement maps of the EKF algorithm in R?, as well as the associated cost functions.
Dimension-wise, in its standard formulation, the 2D EKF is an instantiation of Algorithm
with d, = 3, dy = 2, and d, = 2. To unify our notation, we will suppose that d,,dy,d.
assume these values throughout the rest of this section.

Let x; := (x},22,0;) € R% denote the robot pose, comprising its position and angle in
R, let fi. := (f¢, f?) € RY denote the position of each feature fi, € {fi, -, f,} visible
at time ¢, and let z ), := (2}, 27)) € R% denote the measurement of feature f at time ¢.
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The dynamics map g : R% — R with i; = g(z;) is obtained by performing numerical
integration on the continuous-time dynamics:

i =wvcosf + w},
7 = vsinf + w?,

3
Qt:w—i—wt,

where w; 1= (w}, w?, w}) € R% denotes additive zero-mean Gaussian noise on the (z,v,6)
coordinates of the state variable, respectively, with joint covariance w; ~ N(0,%,,) for some
covariance matrix X, € R%>% ¥~ (.

The measurement map h : R% x R% — R% is given by:

1 g1 1 1
Rk = Je — @ + vy,

2 42 2 2
zip = Jr — @+,
where v; := (v}, v?) € R% denotes additive zero-mean Gaussian noise on the measurements
2} o zfj € R, respectively, with joint covariance v; ~ N(0,%,) for some covariance matrix
¥, € R¥xd %3~ (. The measurement vector z, € RP% is then given by concatenating
each of the ¢ residual measurements obtained at time ¢, i.e. 2z := (201, , 2p) € RP%.

Algorithm 3: Extended Kalman Filter SLAM, Standard Formulation.
Data: Prior distribution on z, € R%: N (o, Xo), dynamics and measurement noise
covariances Y, € R¥=>d 3} € R¥@:*d= " (discrete-time) dynamics map
g : R% — R% measurement map h : R% x RP% — R time horizon T € N.
Result: Estimates Z; for all desired timesteps t < T..

fort=0,---,7T do

=

2 if detect new feature measurements z; , 1.1y = (Zept1, 5 Zepip) € RP'd=
then

3 ‘ e, g, p < Alg. , EKF feature augmentation (i, 3¢, p, 2t pr1:p4p5 1(+))

4 end

5 Zetp = (201, 2tp) € RP%= < New measurements of existing features.

6 Tiz, 2 <+ Alg. @ EKF feature update (m, S, 2t 1) h())

if t < T then

8 ‘ fir1, D1 < Alg. |7, EKF state propagation (ut, Zt,g(-))

9 end
10 end

11 return Zg, - - p € R%.
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3.2 Extended Kalman Filter (EKF) on Euclidean
Spaces, in an Optimization Framework

At each time ¢, the EKF SLAM algorithm on Euclidean spaces maintains the full state
vector &y = (x4, f1, -+, fp) € R&TP consisting of the most recent state z; € R% and
feature position estimates fi, -, f, € R¥. In other words, the EKF SLAM algorithm
follows our optimization-based SLAM algorithm, with n = 1 and ¢ = p. At initialization
(t = 0), no feature has been detected (p = 0), and the EKF full state is simply the initial
state Zp = x9 € R%, with mean o € R% and covariance ¥, € R%*%  The corresponding
initial running cost, cgrro, : R — R, is thus defined by:

~ 2
cpKro0 = |[To = pol[5-1-
S t th t time ¢, th i t : R=tpds _y Rdetpds g
uppose, a e curren me 7, (§] runmng COS CEKF,t,O . — 1S:
I~ 2
CEKF{t0 = ||$t - Mt”zt—la

where &, == (x4, f1, -+, fp,) € R%*Pdr denotes the EKF full state at time ¢, with mean
e € R%E=*Pds and covariance 3, € R@=+rdp)x(datrds) - Below, we introduce the feature aug-
mentation, feature update, and state propagation submodules of the EKF SLAM Algorithm.
Each of these steps refines the mean and covariance of the EKF full states computed by
applying the Gauss-Newton, Linear Approximation, and Marginalization steps.

First, the feature augmentation step appends the position estimates of newly observed
features fyi1, -, foap € RY to the EKF full state 7;, and updates its mean and covari-
ance. In particular, feature measurements z; .1, - , 2 pipy € R% are assimilated by adding
measurement residual terms, creating a new cost cpgpy : Réet®Hr)dr 5 R:

p+p’

crpan (Tes forrs s fprw) = 18— pllg + ) zen — hle fi) 5
k=p+1

In effect, cgrxri1 appends positions of new features to Z;, and constrains it using feature
measurements residuals. We then replace p with p + p'.

Next, the feature update step uses measurements of features originally contained in z; to
update the mean and covariance of Z;. More precisely, feature measurements z;1,--- , 2, €
R%, of the p features fi,--- , f, included in Z;, are introduced by incorporating the cor-
responding measurement residuals {(ztk — Mz, f1) "2 (zer — h(xy, fk))|k =1,--- ,p} to
create a new cost cpgpyso @ R4=TPI — R:

p
CEKF,t,2<j:t> = ||5i’t — ut||22t_1 + Z ||Zt7k — h(xta fk)||2g;1
k=1
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A Gauss-Newton step then constructs an updated mean 7;; € R%*P4 and covariance ¥, €
R(detpd)x(datpds) for 7, creating a new cost cpppys : R=P4 — R:

cerrs(Te) = ||T — EH%,

which returns the running cost to the form of cpxpy.

The state propagation step propagates the EKF full state forward by one time step, via
the EKF state propagation map g : R%=+rds — R%&+rds Ty propagate #; forward in time,
we add the dynamics residual, creating a new cost cprria R2d=tpds _y R:

cerF (T, Tiyr) = ||T — mll%t—l + |41 — g(xt)HQz;l'

In effect, cpxpyi 4 appends the new state x,41 € R% to %;, while adding a new constraint posed
by the dynamics residuals. A marginalization step, with Z, x := (2441, f1, - , fp) € R%&TPds
and Ty = 74 € R%  then removes the previous state x; € R% from the running cost. This
step produces a mean ji,q € R%P% and a covariance ¥, € R(detrds)x(detrds) for the new
EKF full state, 2,41 := Z; k. The running cost is updated to cpxri+10 : Re=+pds 5 R:

CEKF,HLO(@H) = || Tp40 — /Lt+1H§;+11,

which returns the running cost to the form of cpxpy.

The theorems below establish that the feature augmentation, feature update, and state
propagation steps of the EKF, presented above in our optimization framework, correspond
precisely to those presented in the standard EKF SLAM algorithm (Alg. [105] 98].

Theorem 3.2.1. The feature augmentation step of standard EKF SLAM (Alg. @) S equiv-
alent to applying a Gauss-Newton step to cpgpsy : RETPHP)dr 5 R with:

p+p’

CEKF,LI(‘%bfp-&-l, e afp—i—p’) = Hjt - Mt”;;l + Z ||Zt,k - h(ajtv fk:)”zf;gl
k=p+1

Proof. To simplify the analysis below, we assume all degrees of freedom of new features
are observed. More specifically, we assume the existence of an inverse observation map
0 :R%& x R — RY | satisfying h(xy, £(xs, 24)) = 2 for each x; € R% 2, € R% which directly
generates position estimates of new features from their feature measurements and the current
pose, by effectively “inverting” the measurement map h : R% x R% — R% [98]. When full
observations are unattainable, the missing degrees of freedom are introduced as a prior to
the system [98]; in this case, similar results follow.
First, to simplify notation, define:

/
d
Zepripty = (Zept1s s Zeprp) € RPE,

'd
fp+1:p+p’ = (fp+17 T 7fP+P’) € RP9,
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E(xta fp+1:p+p’) = (h(xb fp-i—l)a T 7h($ta fp—i—p’)) € Rp’dz,
3, = diag{%,, -, 0, } € RP&=xPd:,

We can now rewrite the cost cgrpy1 as:
CEKF,t,l(jt» fp+1:p+p’) = [|2; — ,Ut”;t—l + ||Zt,p+1:p+p’ — h(y, fp+1:p+p’)||22v—1'

To apply a Gauss-Newton step, our first task is to find a vector C4(Zy, fyt1.p+p) Of an

appropriate dimension such that cgxpi1(Zt, for1prp) = Cl/(ft, fortprp) "CL(Zt, foripip)-
A natural choice is furnished by C (&, fpr1:p4pr) € R%=HPUTE as defined below:

Et_l/Q(ft - Mt) ]

C .i', . r) = _ ~
1( t fp+1.p+p) 5 1/2(Zt,p+1;p+p/ . h(thpH:erp/))

Thus, our parameters for the Gauss-Newton algorithm submodule are:

5&: = (.T:, ff:p’ f;+13P+P/) - (m’ €<x:7 zt,erl)a T 76(':6:7 Zt7p+1")) S Rder(erp )dfu
where 27 € R%, ff e RM f* | € R¥'4s
[ —1/2 /%
Cfl(i,*> _ 1 Et (xt i ,ut) _ 0 c Rdz+pdf+p/dz
¢ / *  Lx 0 )
_ZU (Zt,p+1:p+p’ o h(xt7 p+1:p+p’))

/2 O

t (do+pdy+p'dz)x (do+(p+p")dy)
ot iy | € RUETPY 9,
2P, (1 0] -2 H,,

where H, := [ﬁ[t,z I:[tﬁf] € RP/d=x(d=47'ds) ig defined as the Jacobian of h : R x RP'dr — RP'd:
at (7, fir1pry) € RETPY with H,, € RF'“*% and H,; € RF=*rds By Algorithm , the
Gauss-Newton update is thus:

- Il grg-12 ~1/2 t
w12 AT s /
S (1) = ( t {0 it 9,
o  —g72q,, |7 THa[I O] =¥ Hy
[ T
_ I| ~+ = 4~ Il ~— ~_1/9 ~
> Ly [O} H S H o [I O] [O] HthZv 1/2Ht,f
| HY'Hi. (IO i S5
_Qt,x:c + E[t—!—ziglﬁt?x Qt,xf E[inv_lﬁt,f f
= Q1 fo Qiry O , (3.1)
oSH O H'.S'H
t,f—v t,.x t,f“v tf
T« @ — (JT )T Cu(F))
= (m’ f(:[;;, Zt»P‘H): T ,Z(l‘:, Zt,p+p’))7

where T denotes the Moore-Penrose pseudoinverse.
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Here, we have defined €, ,, € Rée*dz Qi op = Qfo € Ré%>rdy and Qv gr € RPdsxpds By

Qt,xw Qt,xf — Et,xa; Zt,il?f - (3 2)
Qg Qgr] [Zfe Sess '

To conclude the proof, we must show that (3.1]) is identical to the update equations for
covariance matrix in the standard formulation of the Extended Kalman Filter algorithm,
i.e., we must show that:

Et,xw Et,acf Et,xxLI Qt,a;m + -H;,rmiqjlf{t,:v Qt,acf ﬁ;iglgt,f !
Yije iy Stpaly = - g Qg O
szt,xz L:):Zt,xf L:):Zt,mcL;— + LZEUL;I— Ht—!—fijlHt,z O H;&E;lHt,f
This follows by applying (3.2]), as well as the matrix equalities resulting from taking the
derivative of the equation z := h(zy,€(z, 2)) with respect to z; € R% and z € R%,

respectively:
I = ﬁt,fLm

O - E[t,x + f'.[t’fo.
O]

Theorem 3.2.2. The feature update step of standard EKF SLAM (Alg. @ 15 equivalent to
applying a Gauss-Newton step on cpgpyo : R4 — R, with:

p
CEKF,t,Q(j‘t) = ||fi't - ,ut||22t—1 + Z ||Zt,k - h’(xta fk)||22;1
k=1

Proof. First, to simplify notation, define:
Zt,l:p = (Zt,17 e 7Zt7p) S dez’
fl:p = (fl,' T 7fp) S def,
h(z, fip) = (h(xt,fﬁ, . ’h(thp)) c RPé:.

¥, = diag{%,, - ,%,} € Rpd=xpdz,
We can then rewrite the cost as:
correa(@e) = 37 — el + 21y — h(E)13-1.

To apply a Gauss-Newton step, our first task is to find a vector Cy(Z;) of an appropriate
dimension such that cprro(%;) = Co(Z;) " Ca(Z;). A natural choice is furnished by Cy(7;) €
Ré=+pds+pd: a5 defined below:

o | 5w
Calr) = [ivm(zt,l:p - ;L(‘%t))] |
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Thus, our parameters for the Gauss-Newton algorithm submodule are:
Ty =y € R=PI

5 (@ — )

o) = | o ] _ { 0

I Rdz +pdf +pdz ,

_E” / (2t — E@:)) 251/2(7«},1:;; — il(ut)
[ $-1/2
J = ~j1/2 € Ratpdy+pd=)x(datpds)

where H, € RP% x R%+P%s is defined as the Jacobian of i : R% x RP4 — RP4= at 77 € Ré=Frds,
By Algorithm [T the Gauss-Newton update is thus given by:
¥ (JT)!
= (5 + B/ S H) T
=%, - SH, (2, + HXH) T HY,
fi = pe — (1) TN T Co(a7)
. - 0
e — (2 TS )L [ -1/2 T 71/2} S 3
e ( AR t) >t Hy % Yy 1/2<Zt,1:p - h(Mt))
=+ (57 HSH) T H S (201 — B(w)),
= pe + X, H (HSH, + 20) 7 (20 — b)),
which are identical to the feature update equations for the mean and covariance matrix in
the Extended Kalman Filter algorithm, i.e. and respectively. Note that, in the final
step, we have used a variant of the Woodbury Matrix Identity. ]

Theorem 3.2.3. The state propagation step of standard EKF SLAM (Alg. @ 15 equivalent
to applying a Marginalization step to cpiriq : R2&=P — R with:

CErF (T, Toyr) = ||Te — ﬁt”%l + (w41 — g(wt)H;;l'

where Ty rc = (Tey1, f1, 0, fp) € RE=TPU and 3, 5\ = 2y € R%=.

Proof. Intuitively, the state propagation step marginalizes out z; € R% and retain z,,; €
R% . In other words, in the notation of our Marginalization algorithm submodule, we have:
Bk = T4 € RETPY,

jt,M =T € R=tpds
To apply a marginalization step, our first task is to find vectors Ck(zx) = Ck(Z;) and
Cu(xr,xp) = Cp(Zy, 2441) of appropriate dimensions such that:

cerria(Te, 1) = Cr(r1) T Cr (2s1) + Crr (e, 2oy1) T Ong (B, Tpy1)-
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A natural choice is furnished by Cx (7, 1) € R and Ciy (¢, 7141) € R%, as defined below:

CK(xtJrl) =0

ey (T, Teg1) = || T — thH%;l + [z — gl |31

where we have identified the following parameters, in the language of a Marginalization step

(Section [2.2)):
CK(‘%t,K) - 0 E R
5@ - m)
251/2 (It+1 - g(l’t))

For convenience, we will define the pose and feature track components of the mean u; €
R4 by 1y = (piep, pie,r) € R&HPU | with iy, € R% and p, ; € RP% | respectively. This
mirrors our definition of z; € R% and fip € RPr as the components of the full state Z, :=
(24, f1p) € R%=TPdr In addition, we will define the components of 55712 g Rl+pdp)x(dotpdy)

€ R2%datpdy

Cuv(Tex, Tem) = [

Qe fe Qugy t ’

At,xx At@‘f — 2_1/2€R(d1+pdf)><(dz+pdf)
Ao Aiyy ! ’

where Xy 0, Ay pr € R%X% 5 5, Ay pp € RPN, o0 Ay g € RPX and Xy pp, Ay gy €
Rrds>pds - Using the above definitions, we can reorder the residuals in Cx € R and C); €
R2d=+Pds and thus redefine them by:

OK(-%t,K> =0eR

At,x:c(xt - Mt,x) + At,xf(fl:p - Mt,f)
Ot (Fr,xc, Brr) = S (2111 — g(x2)) € R*Hvdr,

At7f1<xt - ,ut,a:) + At,ff(fl:p - ,U/t,f>

Our state variables and cost functions for the Gauss-Newton algorithm submodule are:

*x _ — dg+pd
t_:utERzpf7

7
T = g(7}) = g(1;) € R%=*Pr,
0

CK(:E:‘:K) = € Ra
Cum(TF g, T pp) = 8 € R*%+Pds,
[ O Ay

Je = |22 0 | € RCdtpdp)x(datpdys)
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Axx
JM — _E;l/QGt c IR(QdQ;-i-pdf)><d¢7
Ayy

where we have defined G; to be the Jacobian of g : R*™ — R% at 1;, € R% i.e.:

Jg
Gy = —
t 8xt
Tt=Ht,x

Applying the Marginalization equations, we thus have:
perr = Tk — S i [T = Ta(Japdan) ™ | O (T, @)
= 9(fm),
S (TR = T TE) )
— (JE T = T T (i) " T k) 7

o ¥t O —Zﬁth 2 Ty—1,v -1
- ( [ O Apolay+ A?”f} - L\fx/\m + AffAfm] (R + Baphhge G 2 G)

-1
: [—G:Z;l ApeNyy + Afa;Aff:| )

-1
-1 0 -G _ _
(5 8] (57 0 rarmor pase n)

To show that this is indeed identical to the propagation equation for the covariance matrix
in the Extended Kalman Filter algorithm, i.e. Algorithm [3] Line [, we must show that:

—1
-1 0 —->-1G _ _
<{5 o) = | s crm eres M)

. |:C71tit,:mvC:;r +Ew Gtit,xf:|
StarGl Y ff

This follows by brute-force expanding the above block matrix components, and applying
Woodbury’s Matrix Identity, along with the definitions of ¥ ;4, At g, Lt af, Meafs 2t fo M fas
Et,fﬁ and At’ff. ]

Remark 3.2.1. In practice, Gauss-Newton steps for feature augmentation can be delayed
and done with feature updates.

Next, we present the original formulation of MSCKF SLAM, as portrayed in [79].
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Algorithm 4: EKF SLAM, as an iterative optimization problem.

Data: Prior A (j, Xo) on zy € R% noise covariances ¥, 3, dynamics map g,
measurement map h, time horizon 7.
Result: Estimates #; € R% Vvt e {1,--- T}

fo(@) = llzo = poll3-
0

Ju

2 p<+ 0.

3 fort=0,1,---T do

4 (2e1,- -, 21p) < Measurements of existing features.

5 | costy <= costy + > h_y 2tk — My, fk)H;;1

6 fit, 2y, costy «— 1 Gauss-Newton step on costy, about gy, (Alg. .
7 it — U € Rdz+pdf.

8 (Ztpt1s - Zeptp) < Measurements of new features.

o | costy < costy + Y b llzer — h(w, fk)H2;1

10 Hi = (ﬁt, (s, Zt,p-i—l)v o Uy, Zt,p+p’)) € Re&H+p)ds

11 [, 2, costy «— 1 Gauss-Newton step on costy, about ; (Alg. .
12 p—p+yp
13 if t <T then

14 costy ¢ costy + |[er1 — g(xe) |3
15 Mhi1, 211, costy <— 1 Marginalization step on cost,; with x,; = x;, about
(7, 9(7ir)) (Alg. [2).
16 costy = [T — Mt+1|@71
t+1
17 end
18 end
19 return Zg, - - , T

3.3 Multi-State Constrained Kalman Filter
(MSCKYF), Standard Formulation

The Multi-State Constrained Kalman Filter (MSCKF') algorithm iteratively refines the mean
and covariance of a MSCKF full state, consisting of the most recent IMU state and a sliding
window of n poses (Algorithm . In particular, when a set of new IMU measurements is
obtained, the MSCKF full state is propagated forward in time. When a new image mea-
surement arrives, the current pose is appended to the MSCKF full state vector. Features
not observed in the current pose are marginalized. If the number of poses maintained in
the MSCKF full state, denoted n, exceeds a pre-specified upper bound N,,.., then features
common to every third currently maintained pose, starting from the second oldest pose, are
marginalized. Below, we discuss the key components of the MSCKF algorithm—the IMU
state, poses, MSCKF full states, features, image measurements, dynamics, pose augmenta-
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Algorithm 5: Extended Kalman Filter, Feature Augmentation Sub-block.

Data: Current EKF state &; € R%*P% with mean u; € R%*P% and covariance
¥, € Rlatrdp)x(detpds)  cyrrent number of features p, observations of new
features at current pose 2y pi1.p4p = (Zept1, - 5 Zepip) € Rp/dZ,
measurement map h : R% x R% — R% inverse measurement map
0:R% x R% — RY.

Result: Updated number of features p, updated EKF state mean j; € Ré%+pds

covariance 3, € R(+pdp)x(detrds) (with p already updated)
1 (:ut,;w Mt,f,l:p) e € RdZerdf’ with ot € Rdz7 Mt f1:p € def-
2 (:R% x R% — R% <« Inverse measurement map, satisfying z,x = h(z, (4, 21))
for each x; € R, 2, € RE Vk=p+1,--- ,p+7.
3 L(}tz, Rtp+ly " 7Zt,p+p’) A (g(ﬂt,za Ztpt1)s (pt Zt,p+p’)) € R¥/dsx(detpld:)
4 [y < (ng(ﬂt,x, Ztp+1s azt,p-i-p’)) € RéFrHr)ds
Tt Et@f] %, € REAPIXWatpdy) with 8, ,, € REX,

5
{Ejufz i ff
Staf = D g € RV T, pp € RIPY,

6 L, +— & € RP'drxda
z 8{: (,Uzt,Zé)
7 [, + & € RP'dyxp'd:
~ 9z 1 (ue,2t) . ,
8 3, «+ diag{X,, - ,%,} € RPd>xr'd:
Zt,ma} Et,:vf Et,ﬂmLI
0% | Top  Sugs SufoLs € RUHp+)y)x (ot )
LxEt,xx LwEt,xf L$Et,szI + invLj
10 ppt+p

11 return g, € Réetrds ¥, ¢ Rldetpdp)x(detpds) 4y > ()

tion and measurement maps—in more detail.
The IMU state z; nu takes the form:

Tt IMU = (QWSJ Vs, b97 baa TWS)(t> S RB X Hu X RQ? (33)

where we use S and W to represent the sensor frame and world frame, respectively. Here,
rws € R? denotes the position of the IMU sensor frame represented in the world frame,
qws € H, denotes the unit quaternion of axis rotation from world frame to IMU sensor
frame, and R(qws) € SO(3) denotes the rotation matrix associated with gy g. Moreover,
vg € R? denotes the linear velocity of the IMU sensor frame relative to the world frame, as
represented in the world frame, while b, € R?* and b, € R? denote the sensor biases of the
gyroscope and accelerometer, respectively. Finally, ©g € R3 and ag € R? denote gyroscope
and accelerometer measurements, respectively.

For convenience, define Xy := R x H, x R? and X/y;; := R* x H x R?. The continuous-
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Algorithm 6: Extended Kalman Filter, Feature Update Sub-block.

Data: Current EKF state &; € R%*P% | with mean u; € R%*P% and covariance
¥, € Rldetpdp)x(detpds) new measurements of existing features
Ziap = (201, 2tp) € RPY measurement map h : R% x R% — R%
Result: Updated EKF state mean p; € R%*P4 and covariance
Y, € R{datpds)x(detpdy)

flzp — (f1,--, fp) € RPY,
h<xt’f15p) — (h<xt7fl)7' o ,h([Et,fp)) - dez

H, + 8(%]}1)’ Jacobian of b : R% x Rrdr — RP% evaluated at p; € Ré=+vds,
sJ1:p e

5,  diag{D,, - , 5, } € Rpd=xpd=,

T i+ S HI (H S HE +5,) 7 (201 — b)) € Ré=FPds,
S B — S H(HEH] 4+ 2,) 7 H, Sy € RUatrdp)x(detpds),
return 7z, € R% 74 5, ¢ Rldatpds)x(dotpdy)

[y

N

w

L B =TS L BN

Algorithm 7: Extended Kalman Filter, State Propagation Sub-block.

Data: Current EKF state 7, € R%*P% with mean 7z; € R%*P% and covariance
¥, € RUatpdp)x(detrds) - (discrete-time) dynamics map g : R% — R
Result: Propagated EKF state mean p,1, € R%*P4s and covariance
Y1 € R (datpdy)x (detpdy)
(ﬁt,x?ﬁt,f_,l:p) <~ m7 with ﬁt,x S Rdw7 ﬁt,f,l:p S def‘
by b = = = =T

2 B;x itt;; ] — 2y € REXd with 35, ,, € R 5, p =5, 5, € RB7Pd7

I T I

itff € Rpdsxpdy

9g
Gt <— %‘

[y

w

P

M1 < (9(@)’ﬁt,ﬁl:p) € Rdzipdf'

Y1 < {GtzﬁwG: + 2w Gizt’xf
el Lt ff

return i, € R&rds ¥, | € R(datpds)x(dotpdy)

I

c R(dw +pdyf) X (det+pdy) .

9]

=]
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Algorithm 8: Multi-State Constrained Kalman Filter, Standard Formulation.

[ N

® N o w;

10
11
12
13
14
15
16
17
18

19
20
21
22
23
24
25
26

27
28
29

Data: Prior distribution on znuo € X, N (o, Xo), dynamics and measurement
noise covariances ¥, € R%xds %, € Ré%*d: djscrete-time dynamics map
gnvu : RIMU x RIMU - measurement map h : X, x RY — R time horizon T,

Result: Estimates &, € Xy x (X),)" for all desired timesteps ¢t < T', where n :=

Sza S$7 Sz,la Sz,Z — Qb
(n,p) < (0,0)
fort=0,---,7T do
while new image with new pose x,,1 € &), recorded, new IMU measurement not
yet received do
[ € Xingu % (&), 5, € Rlmutnda)® o Ao, @(5&7 [, Bt Tng1, Tyt
{#n41,;| feature j is observed at z,;} < Feature measurements at x,,
{f;| Feature j is observed at x,,1} < Feature position estimates at ;1.
Tnt1 € X, < Record new estimates of existing features, first estimate of new
features.
S. < S, U {(@n41, f;)| Feature j observed at n + 1}
n+<n+1
if n > Npax — 1 then
Sy < {zili mod 3=2, and 1 <i <n.}
Seq {(x“ fi) € Sz|x2- € S,, feature 5 observed at each pose in Sx}
end
S.a {(a:z, fi) € S:|z; € x1.,, feature j observed at x; but not at xn}
Sp < {ijIxi € T1y st (24, fj) € S:1 U SZ,Q}
if Sy # ¢ then
T € Xy X (&,)", 5, € Ridmwtnda)x(nwotnde) o Alg 10| (24, pre, Sy,
Tpy1, 21U S, 2, Sy, h(+))
Ty e € vy X (Xp)n
end
S = SN(Sen U{(2s, fj)lwi € Si})
Reindex poses and features, i.e., {x1, -+, 2,5, /} and {f1,- -, f_is,}-
() < (p— ISsl,n — |.)
end
if t <T then
fer1 € Xy X (&))", Tpyq € Rldmutnda)x(divutnda) o Alg, , MSCKF State
Propagation (%, [z, )
end
end
return o, - - - 1 € Xy X (Xp)"

pose transformation ¢ : Xy X (X,)" x &, = &, (IMU — global).

number of poses in Z; at time .




CHAPTER 3. EQUIVALENCE OF FILTERING AND OPTIMIZATION 35
time IMU dynamics map gmvu et : Xmvu — Xfyp 1s given by:

. 1 0
aws = qws * = )

2 @S—bg—wg
Eg:wbg,
. T/~
bs = Rlqws) ' (as — b + wa) + gw,
i)a:wba,
7'"WS:'US-

where x denotes quaternion multiplication, and wg, wq, wy, , wy, € R? denote zero-mean stan-
dard Gaussian noise.

Each pose zy € {z1, -+ ,z,} currently maintained in the sliding window of poses takes
the form z; = (qwe,,rwe,) € Hy X R3, where rwe, € R3 denotes the position of the
camera at pose xj in the world frame, while ¢w¢, € H, denotes the quaternion associated
with the axis rotation from the world frame to the camera frame at pose z; € H x R3. For
convenience, we define X, := H, x R?.

The MSCKF full state maintained throughout the operation of the MSCKF algorithm
contains the IMU state at the current time, as well as a collection of n poses, where n is
constrained to remain below a pre-specified, fixed upper bound Np.y:

Ty = (xt,IMUaxla s ,fL‘n) € XIMU X (Xp>n (34)

The state space is thus X' := Xy x (&)™

When a new image measurement arrives, the estimate of the current camera pose in
the IMU frame, denoted ZL‘E\_/SIJ € Xmu, is transformed to the global frame, and appended
to the MSCKF full state x;. This coordinate transformation is realized by the map v :
XIMU X (.)('p)n — Xp, defined by

UV (qws, Vs, by, bas TW s, W e TWCL * 3 QW Cs TW s AW Iy s TW Lt )
= (grc * QW iy, Wiy + Clawr,,,)ric)
= (QWCn+1 s TWCha1 )7
where gjc denotes the quaternion encoding the (fixed) transformation from the IMU frame

to the camera frame. In summary, the MSCKF algorithm defines the new pose x,1; and
updates the MSCKEF full state z; as follows:

Tyl € ¢(:it,x£ll\ff) € &,
it A (ituxn-i-l) = (jtaqu)(jtuxg\-/‘,l-llj)) S XIMU X (Xp)n+17

with the map v as defined above.
When new feature position estimates are detected from a new image measurement, the
new camera pose corresponding to this image measurement is appended to Z;, and n is
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incremented by 1. If n = Nya. the upper limit Np.., a third of all old poses in Z; is
discarded, starting from the second oldest pose. Then, feature measurements, corresponding
to features unobserved at the current pose, are marginalized and used to update the mean
and covariance of the new MSCKF full state Z;.

As is the case with the EKF algorithm, we assume that the image measurement space and
feature space are given by R% and R% respectively, with d, = 2 and d; = 3. Throughout
the duration of the MSCKF algorithm, poses and features are added into, dropped from, and
marginalized from the MSCKF full state. Suppose at a given time, the MSCKF maintains
n poses in the MSCKF full state Z;, and retains measurements of p features. For each pose
i €{1,---,n} and feature j € {1,---,p} currently maintained in the SLAM algorithm, if
feature j were detected at pose 4, let z; ; € R% denote the associated feature measurement.
For the MSCKF, the measurement map h : X X R% — R is given by:

1 (R(qWCk)fj - TWCk)x
(R(QWCk)fj —Twey)= (R(QWCk)fj - TWCk)y

Zigj = h(l‘z, f]) = (t) + Vi, j-

where R(qwc,) € SO(3) denotes the rotation matrix associated with the quaternion gwc,,
f; € R? denotes the position of feature j in the world frame, while the subscript indices
“r,y, 2" refer to the respective coordinates of the vector R(qws)f; — rws € X,. Meanwhile,
v;; € R% denotes zero-mean standard Gaussian noise in the measurement at time ¢, with
covariance matrix 3, € R%>% ¥~ (.

When a new image measurement is received, the MSCKF' algorithm performs marginal-
ization, described in Section 2.6 using two sets of feature measurements—the set of all
feature measurements common to old poses z; to be dropped, denoted S, ;, as well as the set
of all feature measurements of features f; not seen in the current pose, denoted S, 5. These
are more precisely defined in Section The measurement vector used for marginaliza-
tion, denoted Z € RI¥=1U%:2l4= g then given by concatenating the ¢ residual measurements
obtained at times t —n+1,--- ¢, i.e.:

Z = {2i|(zi, f;) € S21 U S.p} € RIF105=2ld:,

3.4 Multi-State Constrained Kalman Filter
(MSCKF), on Manifolds

The MSCKF algorithm maintains a full state, Z; € Xy x (&,)", containing the most recent
IMU state, xpvu € Aimu and n recent poses, (21, -+, 2,) € (&)™

Ty = (%,IMU,%, ce 7xn) € Xy X (Xp>n7

with mean j1; € Xy X (X,)" and covariance %, € R(dutnds)x(duutnds) - Ag new poses are
introduced, old poses are discarded, and features are processed and discarded to update 7,
the mean p,, covariance ¥;, and n € N accordingly.
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Algorithm 9: Multi-State Constrained Kalman Filter, Pose Augmentation Sub-

block.

Data: MSCKF state 7; € Ay x (&))", with mean p, € Ay X (X,)™ and
covariance Y; € R(dnwu+nde)x(dnunde) New pose z,41 € X, measurement of
new pose in IMU frame z}M} € X, Transformation of poses from IMU frame
to global frame ¢ : R(mutnds) 5o x5 x)

Result: Updated MSCKF state mean 1, € Xy x (A},)" and covariance

¥, € Ridmutnde)x(dmutndz) ypdated number of poses n.

Ty < (T4, Tpyp) € RIMUHHDd: where 1,1 € X, is the new pose vector.

{#n41,;| Feature j is observed at pose n + 1} < Feature measurements at pose x,1

{ f]*| Feature j is observed at pose x,.1} < Feature position estimates at pose Z;,1.

fe < (s (pe, 2™MY)) € Réwut (i Dds “where pyy iy € R%MY := IMU component of

fe, Tty € X, := pose estimate of 1 from the IMU frame.

W N =

2t

9]

T
[dll\IU+(n+1)dx IdIMU"‘(n""l)dm
2 oY oy
A(@e,x1Y) O(1,w1,1Y)

6 return p;, € Xy x (X,)", B, € RUmutnd)x(dnutnds) > ()

At initialization (¢t = 0), no pose has yet been recorded (n = 0), and the full state Z, is
the initial IMU state Zovu € Xy, with mean pg € Xy and covariance 3 € Rémuxdmiu,
Thus, Zg = po optimizes the initial running cost cyrscxro @ Amviv — R in our algorithm:

cvscrro0(Zo) = ||To B P’OH;SL

Suppose that, at the current time ¢, the running cost cyrscrrio @ Xmu X ()" — Xivu X
(A,)" is:

cvscrro(T) = ||z, B Ht“é;l’

where p1; € Xy X (A,)" and %, € Rldnutndz)x(dnutndz) denote the mean and covariance of
the full state ; := (U, 21, -+, Tn) € Xy X (A,)™ at time ¢, consisting of the current
IMU state and n poses. When a new image is received, the pose augmentation step adds
a new pose T,41 € A&, (global frame) to Z;, derived from :L‘E\_/,’[_[f € Xivu, the IMU position
estimate in the global frame, via the map ¢ : Xpgu X (X,)" X Xivuy — A&, i.e.,

- _IMU
Tpi1 = V(Ty, 201 ) € Xy

The feature update step uses features measurements to update the mean and covariance of
Z;. In MSCKF, (A) if a feature becomes unobserved in the current pose, it is discarded, and
(B) when n > Npax, a specified upper bound, features common to | Nyayx|/3 of the n poses,
evenly spaced in time, are processed via a feature update step, then dropped alongside the
corresponding poses. Let S, ; and S, » denote sets of pose-feature pairs (z;, f;) from cases (A)
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Algorithm 10: Multi-State Constrained Kalman Filter, Feature Update Sub-block.

Data: MSCKF state #; € Ay % (&))", with mean p, € Xnyu % (X,)" and
covariance Y, € R(dmu+ndz)x(dnutndz) Get of image measurements for
marginalization S, ; U S, 2, Set of features to marginalize Sy, measurement
map h : X, x RY — R%.

Result: Updated MSCKF state mean fi; € Xy % (A),)" and covariance

E € RUvu+ndz)x (dvu+nds)

1 fs; € RI%7l4r < Concatenation of all features in Sy
2 f& € R4« Concatenation of position estimate of all features in S
i f
3 h(Zy, fs,) € RI9=1U8=21d= « Concatenation of measurement map outputs
1 J Sy
{h(zi, f3)|(i, f5) € S21 U S0}
4 7 € RIS=1US=2ld: « Concatenation of feature measurements
{Zijl(xiafj) €951V Sz,2}-
o o, Jt) € RISl
o By G, 1) € RIS S

7 {ay, - ,G|Szylusz’2|dz_|5f|df} C RIS=1U8:20d= « Orthonormal basis for N(lf]tTf).

8 A <— |:a1 T a/|Sz,1USz,2|dZ_‘Sf|df:| ,.,E R|Sz’1USZ72|dZX(lszyluszgldz_‘s‘f‘df).

9 QT + QR Decomposition of AT H; ,, with
Q E R(‘Sz,luszﬂldz_‘sf‘df)x(lsz,lusz,2‘dz_|sf|df), T E R(‘Szylusz’ﬂdz—lsjt‘df)X(dIMU—H’de).

10 it—l . 2;1 + TT(QTATRAQ)—IT c ]R(dII\/IU—’—nd]:)X(dIMU—i_ndI)'

1 e B (S TTQTATRAQ)IT) 'TT(QTATRAQ) (3B h(#,)) €
XIMU X (Xp)n

12 T < iy € Xvu X (Xp)n. o

13 return 7i; € Xy X (X,)", 3y € Rldnvtnde)x(dngytndz)

Algorithm 11: Multi-State Constrained Kalman Filter, State Propagation Sub-
block.

Data: MSCKF state 7, € Ay X (&))", with mean p, € Ay X (X,)" and
covariance ¥, € R{@mutnde)x(dnu+nds) - (discrete-time) dynamics map
qg: Rému _y RéMuU

Result: Updated MSCKF state mean ji;41 € Xy X (X,)" and covariance

Y1 € R (divu+ndz) x (divu+ndz)
(T ni0s Bt e1om) < T, With T, o € R, i zim € R"
Gy < Jacobian of gpyy : R™U — RIMU evaluated at [z, € ROMY.

Htt1 < (gIMU(ﬂt,IMU)vﬁt,x,lzn) € Xvu x (Ap)".

G, O]l<[G] 071 [2 O i :
D1 [Ot Indx:| hI {Ot ]ndj + {O O} € Rldmutnde)x (divu+nda)

return p;,, € Xy ¥ (Xp)ﬂ Y1 € R (dmvv+nds) X (dmy+nds)

w N =

I

9]
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and (B) above, respectively, and let Sy denote the set of features to be processed and (Alg. .
These constraints are then incorporated, creating a new cost cyscrre2 @ Ximu X ()" = R:

CMsCKE2(T1) = [T 5 Ntsz;l + > i, B h(z, ;)51
(wi,f;)€S2,1USz 2

where z;; € R% is the feature measurement of feature j observed from pose z; € X,
Using Gauss-Newton steps, we use constraints posed by measurement residuals to create an
updated mean for Z;, denoted fi; € Ay x (A&,)", and an updated covariance for z;, denoted
3, € RUmunde)x(dimunde) - Then, we update our cost to cyrscxres @ Xy X (A,)" — R:

cmscrFes(T) = [T 8 m”%{“

which assumes the form of cyrscrro-
The state propagation step propagates the full state by assimilating dynamics residuals,
creating a new cost cyrscrria ¢ (Xmu)? x (X,)" — R:

cmscr Fia(Te, T au) = ||7 B EH%; + [|zig1,mau B gIMU(wt,IMU)HQE;L

In effect, cprscrrpia appends the new IMU variable x4 mmu € Amvu to the current full
state Ty € Xy X (X,)", and constrains this new full state via the dynamics residuals. A
marginalization step, with Z; x := (T411,mu, T1, -+, Tn) € Ximu X (Xp)" and Ty := Temu €
Xivu, then removes the previous IMU state, x; vy, from the running cost. This produces
a mean f41 € Xy X (A,)" and a covariance Yy, € RU@mvFnd)x(dmutnds) for the new
MSCKEF full state, T¢11 := Ttk = (Te41.0mU, T1, -+, Tn) € Xivu X (Ap)™. The running cost
is updated to CMSCKFt+1,0 : XIMU X (Xp)n — R:

cMSCKFi+1,0(Tey1) 1= [T B Mt+1|!22;+11,

which returns the running cost to the form of carsckrio-

The theorems below establish that the feature augmentation, feature update, and state
propagation steps of the MSCKF', presented above in our optimization framework, corre-
spond precisely to those presented in the standard MSCKF (Alg. [8)) [79].

Theorem 3.4.1. The pose augmentation step of the standard MSCKF (Alg. @) 15 equivalent
to applying a Gauss-Newton step to cyscxrer @ Xmuu X (Xp)" X Xmyo — R, with:

cvscrFl (T, Tngr) = |7 B ,ut||22t—1 + e @ By (@, 23,
and taking € — 0 in the resulting (augmented) mean p; and covariance 3.

Proof. We claim that from an optimization perspective, the pose augmentation step is equiv-
alent to applying one Gauss-Newton step to the cost function cyrscrre(Ze, Tni1), spec-
ified above, and then taking the limit ¢ — 0 in the resulting augmented mean pu;(e) €
Xivu % (&)™) and augmented covariance i () € R(nu+ntlds)x(dnu+(n+1)dz),
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Algorithm 12: Multi-State Constrained Kalman Filter, as iterative optimization.

Data: Prior NV (0, ¥0) on 2mvuo € Ximu, noise covariances 3, ¥,, dynamics gnyu,
measurement map h, time horizon 7', Pose transform ¢ (IMU — global) ,
e > 0.

Result: Estimates #; for all desired timesteps ¢t € {1,--- , T} .

1 costy < ||zo B pol|%,. (Initialize objective function).

2 5275$7SZ,1752,2 — Qb

s (n.p) < (0,0)

4 fort=0,---,7T do

5 while new pose z,,1 € &), recorded, new IMU measurement not received do
6 costy — costy + € |z B (@, IMY)|13.

7 ft, 2t costy <— 1 Gauss-Newton cost; (Alg. , about (p, ¥(p, zhY)) with

e — 0.

8 {2n41,;} < Feature measurements at x,q

9 S, + S. U {(zns1, f;)|fj observed at n + 1}

10 n<n+1

11 if n > Nyax — 1 then

12 Sy ¢~ {x;ili mod 3=2, and 1 <i <n.}

13 Saa {(xl, fi) € SZ|$Z- € S, feature j observed at each pose in Sx}
14 end

15 Sio {(xz, fj) € S:|f; not observed at xn}

16 costy < coste + D, res. us. ., 121 B (i, fi)llso

17 Tiz, Xy, cost; «+ 1 Gauss-Newton step on cost,, about g, (Alg.

18 Ty Tir € Xy X ()"

19 Sy SN\(Seq U{(z4, fj)|zi € Sz})

20 Reindex poses and features in ascending order.

21 (psn) < (p— [S¢l,n — [Sal)

22 end

23 if t <T then

24 costy < cost, + || 2441, mu B gIMU(xt,IMU)HQE;L

25 Hi1, Lit1, costy <— 1 Marginalization step on costy, about (fiz, g(pemmu)) (Alg.

)

26 end
27 end

28 return o, - - - 1 € Xy X ()"
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To apply a Gauss-Newton step, our first task is to find a vector C(Z4, x,.1) of an ap-
propriate dimension such that cyrsorrei (e, Tny1) = Ci(Zh, Tny1) ' Cr(Z4, Tpyr). A natural
choice is furnished by C\ (&, 2,41) € RIMuH0+Dd: a5 defined below:

~ L Zt 1/2<£L't = [I,t)
) = g, Sy

Thus, our parameters for the Gauss-Newton algorithm submodule are:
(@7, 41) = (s (e 051)) € X X (&))",

~x % 2—1/2 [ 0 . ) .
C1($Ct,xn+1) = |: _1/2( :L+1 ( w(j“tig\i?)) _ 0 cR MU+ (n+1) :

—-1/2
2 / ) c R (dmvu+(n+1)de) x (divu+(n+1)dz)
_671/2\11 671/2]%

J

Y

where U € R (dmutnds) ig defined as the Jacobian of ¥ : Ay X (X,)" — &, with respect
to &; at (7, xﬂ\ff) € Rimut(ntl)ds - By Algorlthml the Gauss-Newton update is thus given
by:
B e (T = | B O Fz/g zg/aw] - { o e
Uy, el | [ O €, Uy, UNUT +ely,

pe(€) < @y — (JT )TN ITCL(E), k) = 0.

Taking € — 0 concludes the proof. O]

Theorem 3.4.2. The feature update step of the standard MSCKF (Alg. @) 15 equivalent to
applying a Marginalization step to carsciria @ X X (Xp)" x RIS — R with:

cusorr2(Tes fsp) = (|2 B Ht”;;l + Z ||z ; B h(gz:i,fj)]@;17
(%:,f5)€52,1USz 2

where fs, € RISsl4s denotes the stacked vector of all feature positions in Sy (see Alg. @

Proof. First, we rewrite cyscxre2 as:

CMSCKF,t,Z(athv fo) = ||‘%t H Mt”;t—l + ||2 B ;L('ftv fo)H%;lv

where 7 € RI%=1982204: |- X x (A,)" x RISf4r — RIS=1US=20d=: are defined as follows—

Z denotes the stacked measurement vectors in {z;;|(z;, f;) € S.1 U S.o} € RIFaUS:2ld:
(i, fs,) denotes the stacked outputs of the measurement map in {h(x“ Iil(xi, fj) € Sza U

S.o} € RIS=108:20d= and %, .= diag{%,, -~ ,8,} € RIS=Id=xIS:ld=
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Essentially, by marginalizing the feature position estimates, this step utilizes information
from feature measurements to constrain our state estimates. To accomplish this, we choose
our algorithm variables as follows:

T — 7, — divu+ndz+|Sy|d
Ty =T = (Tyvau, 1, -+, Ty) € ROMUTN |Slds,

5 I Seld

Zop = fsf€R| sy,
— . ~ ~ divu+nde+|S¢|d
T = (Tex, Tr ) € RIMUTE |S¢ldy
~1/2

E /(xtEll,Lt)

CM(ft,K;ft,M) = [~ :

. /2 e RdII\AU+ndz+‘Sz,1USz,2|dz
. .
2o (ZEh‘(xt7fo))

The Marginalization algorithm block then implies that:

0C

2—1/2
Jg = 0%, (Mt,fsf) [ :

- 12 - € Rdnu+nde+[Sz1USz 2]d:) X (divu+nda)
_Ev Ht,x

Y

oC

O
Ty = 7 .~ 5 c R(dINIU+ndx+|SZ,1USz,2|dz)><|Sf‘df’
M 8f ('ut fo) |:—2v 1/2Ht7f:|

where we have defined:

fs ;€ RI9slr « Stacked position estimates of features in S t,

- oh -
H,,:=—h(@g, f5) € RIS#1USz,2|d= X (divu+nde)
2 O, (722, fsf) ,
- oh
H = s e R'Sz 1US; 2|dz><‘Sf|df
t,f @fo (Mt fo)

Recall that the marginalization equations (2.14) and (2.15)) in our formulation read:
p 4 pr — Sk T [T — I (T dan) " Tag ) Coa (B, Tenr)
S (Tl = T (T3 dan) " I k)~
Substituting in the above expressions for Jg, Jy, and Chy (m, f§f), we have:

1

Sy (T = I (I3 Jan) " i) )

I O
_ -1/2 7T 1/2} ~ ~ ST Gl £
([Zt H Z {O ]—E;l/QHmf(Hng;lHuf) HfZ v
-1
,/?
—i_l/Qﬁtx

= (SN HLSVR - S0 P H (H S He ) H SRS 2 ) T



CHAPTER 3. EQUIVALENCE OF FILTERING AND OPTIMIZATION 43

1 i — S [L = T (Tag )~ ) Ot (2 15,)
=+ (S0 + HLS)VP =S H, p (0] S )7 H 502 S0P, )

t,x—v

SR S0VRH, (H] S Heg) T SIS0 (2 b ).

t,x—v

-1

Comparing with the update step in the MSCKF algorithm, i.e., and @, it suffices to
show:

THQRTATS,AQ)™ =0/ XV [1 — S12 1, ¢(H, fz YH, /)7 H, fz: V2.2

v
Z‘ZU

=H v
=05 — H ST H, (S ) H S
To see this, recall that A is defined as a full-rank matrix whose columns span N (]thT 1)+ Thus:

(SV2H, )T BY2AQ = fAQ 0.

In other words, the columns of ¥, Y Qﬁt, ¢ and of sy 2AQ form bases of orthogonal subspaces
whose direct sum equals R™. We thus have:

SoVRH, p(H S Hy ) T H] S0+ 22AQQTATS, AQ) TTQTATS? =1,

which in turn implies that:

THQTATS,AQ) ™ =H,AQQTATE,AQ) QT AT
:gtT 251/2(21/2AQ)(QTAT21/2 . il/QAQ)—l(QTATi}]/z)i;uz
=0 S0V (1 =S H, p(H S0  Hy p) 7 H S ) S0
=HLE = B Hy g (B Heyp) 7 HY S
as claimed. O

Theorem 3.4.3. The state propagation step of the standard MSCKF' (Alg. 15 equivalent
to applying a Marginalization step to cyiscxrea : (Xmw)? X (X,)" — R, with:

cmscr Faa(Te, Topr mvu) = || B ml%;l + |41, 0 B gzMU(xt,IMU)H%t—l-

with jt,K = (1Et+1,IMU,$17 T ,ffn) € Xmuu X (Xp)n and jt,M = Ty MU € Xmu.

Proof. We claim that from an optimization perspective, the update step is equivalent to ap-
plying one marginalization step to the cost function cpyrsckrpea(Ze, 211,mu) specified above.
In particular, we wish to marginalize out x; vy € Xnvu and retain x5 vy € Xivu; in other
words, in the notation of our Marginalization algorithm submodule, we have:

Ty = ($t+1,IMU,$17 e, my) € Ay X (Xp)na

Ty = Tyvu € Xvu-
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To apply a marginalization step, our first task is to find vectors Ck(rx) = Ck(Z:) and
Cr(zk,xp) = Cr (T, Te41 vu) of appropriate dimensions such that cyrsox pea(Te, Tir1mmu) =
OK(xt+1,IMU>TCK(xt+1,IMU) + CM<5Z't;xt+l,IMU>TCM<i't7$t+l,IMU)' A natural choice is fur-
nished by Cx(z¢+1mu) € R and Cpy (T4, 2p1.1mu) € X, as defined below:

CK(‘%t,K) — O 6 R
5V @ —m)

c RleMU‘i‘nda@.
($t+1,IMU - gIMU(It,IMU))

—-1/2

Cu(Toxc, Tonr) = [Zw /
For convenience, we will define the IMU state and pose components of the mean u, €
Xy X (&)™ by = (pevu, pevu) € Ximu X (&)™, with gy € &), and py, € (A)",
respectively. This mirrors our definition of z; € &, and z,1 € (&,)" as the components of
the full state Z; := (2, 2p11) € Xivu X (A},)". In addition, we will define the components of
2;1/2 € RUnu+tndz)x(divmu+nds) gnd it_l € R(dmu+ndz)x (divu+nds) by:

Y

Qt,IMU,IMU Qt,IMU,x - St—l c R(dIMU—i-ndw)X(dIMU—l-ndx)
Qt,x,IMU Qt,:):,m

At,IMU,IMU At,IMU,x L i— 1/2 ]R(dIMU +ndz) X (divu+ndz)
A A Tt € )
t,z,IMU t,x,x

with the dimensions of the above block matrices given by % vy v, Ae oy € RAmuxdniu
SemUes Avue € RIMUXM 05 v, Ageay € RPEXIMU and By, 0 Ay, € RMeX
Using the above definitions, we can reorder the residuals in Cx € R and C); € R2¥mu+ndsz
and thus redefine them by:

CK(-i't,K) =0eR

At,IMU,IMU(fEt,IMU - Mt,IMU) + At,IMU,x(~T1:n - ,Ut,x)
Cu(Zex, Tem) = 2;1/2(xt+1,IMU — gnvu(Temu))
Atpvu(Teau — peau) + Aepa (10 — i)

c RQdIMU +ndy

Y

where 1., == (1, ,x,) € (X,)".
Our state variables and cost functions for the Gauss-Newton algorithm submodule are:

Thr = T} = I € Xy X (Ap)",

zy = 9(27) = 9(m) € Xu % (&),

~ ~ O d y d
CM(x;IO 'TIM = 0 € Rz o ‘,
[ O AIMU,Z’
—-1/2 2d dg d dy
Jri = Yw / O c R( MU +ndz) X (divmu+n )7

0 Ags
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Anvumvu
Jy = _2;1/2Gt € R@du+nds)xds

Az vu
where we have defined G; to be the Jacobian of gy : Xy = Xvu at o € X, 1.e.:
dg

Gt =
aift,IMU

Tt IMU=Ht,IMU

Applying the Marginalization update equations, we thus have:

peen = T — Sepn g [T = Ia( Ty dn) ™ ag| O (@, @)

= g(m),

S (LT = Il ) T3 7) ™
(T Tk — T I (JayIar) " i)
= O B —S-1G, '

O AnvivAmvue + Aiz Az o Ao o + Aze Az ivu
(Mo e + Anioe Ao + G2 G ™!

~1
. [—G:E;l AnviuvuAnvu  + Az,IMUAm:] >

-1
¥ 0 -y-la _ _ _
(5 £ [ s i iz )
To show that this is indeed identical to the propagation equation for the covariance matrix
in the Extended Kalman Filter algorithm, i.e. Algorithm [3] Line [5, we must show that:
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This follows by brute-force expanding the above block matrix components, and applying
Woodbury’s Matrix Identlty, along with the definitions of Et,lMU,IMU; At,IMU,IMU; Et,IMU,x; At,IMU,:E7
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3.5 State-of-the-Art SLAM Algorithms

Our framework balances the need for computational efficiency, estimation accuracy, and map
precision, tradeoffs observed in design choices for existing SLAM algorithms.
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e Extended Kalman Filter (EKF) [105] 98] 117] ~The EKF iteratively updates posi-
tion estimates of the current pose and all observed features; all past poses are marginal-
ized. This design favors computational speed over localization and mapping accuracy.
A variant, the iterated Extended Kalman Filter (IEKF), takes multiple Gauss-Newton
steps before marginalization to tune the linearization point. This improves mapping
and localization accuracy but increases computation time slightly.

e Iterated Extended Kalman Filter (iEKF) [117] [106]-The iterated EKF algo-
rithm extends the EKF by performing multiple steps of Gauss-Newton descent before
the marginalization step, to ensure that marginalization occurs about a sufficiently ac-
curate linearization point. Compared to standard EKF, this design improves mapping
and localization accuracy at the cost of a heavier computational burden.

e Multi-State Constrained Kalman Filter 79, [69, [70]—The MSCKF iteratively
updates a full state, with the current IMU state and n past poses, while processing
features observed at these poses; here n < N,.., a specified upper bound that trades
off accuracy and computational speed.

e Sliding Window Smoother, Fixed-Lag Smoother [76, (97, 30| —The fixed-lag
smoother resembles the MSCKF, but performs multiple steps of Gauss-Newton de-
scent before the marginalization step, to adjust the linearization point. This improves
localization and mapping accuracy, but increases the computation time.

e Open Keyframe Visual-Inertial SLAM (OKVIS) [67]—OKVIS updates a sliding
window of “keyframes”, poses deemed most informative, which may be arbitrarily
spaced in time. Keyframe poses leaving the sliding window, and associated landmarks,
are marginalized. This design aims to improve estimation accuracy by maximizing
information encoded by the stored poses, without increasing computation time.

e GraphSLAM, Bundle Adjustment [105, |50] ~These algorithms solve the full SLAM
problem (no marginalization), often with high accuracy, but can be very slow.

3.6 Experiments

This section describes the empirical performance of different marginalization schemes on
pose tracking of real-world data. We examine the MSCKF [79], a standard SWF, and the
keyframe-based OKVIS algorithm [67], each implemented using our unifying framework.

Simulation Settings

Experiments are performed on the EuRoC MAV dataset of stereo images and IMU data
[13]. We standardize the front-end across all experiments, using BRISK keypoint features
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Figure 3.1: Localization on Vicon Room 2 (medium): Drift from, vs. distance traveled along,
the ground-truth trajectory, at 5 meter intervals. We apply trajectory alignment as in |107].

with brute-force matching. Outlier rejection between stereo cameras is performed via epipo-
lar constraint tests, and outlier rejection between stereo frames at subsequent timesteps is
performed via the reprojection distance test, using the latest estimate of the camera pose
and feature positions. We use the GTSAM back-end in C++ to construct and update costs,
compute Jacobians, and implement Gauss-Newton and marginalization steps , .

To construct dynamics and measurement maps, we collect on-board IMU odometry mea-
surements, and apply IMU pre-integration scheme as in and trajectory alignment as in

[107]. Please see [43] [107} 95] for more details.

Results and Discussion

Localization root-mean-squared error on Vicon Room and Machine Hall sequences from the
Euroc MAV dataset are presented in Figure[3.2] Due to space constraints, only the estimator
drift on the V2_02 sequence is plotted (Fig[3.1). First, we analyze standard SWFs of window
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Figure 3.2: Root-mean-squared error in translation and rotation on Vicon Room and Machine
Hall sequences from the Euroc MAV dataset. We apply trajectory alignment as in [107].

size n = 5, 10, 20 frames. Features are marginalized when they are only visible in the oldest
frame in the optimization window. EKF and iEKF are also included, and are implemented
as SWF's with window size 1. For the former, only 1 Gauss-Newton step is taken, and for
the latter, steps are taken until convergence. Next, we implement MSCKF via incremental
optimization (Section [3.4]), with window size n = 5, and with two optimization schemes: (1)
standard, with one Gauss-Newton step after marginalization, and (2) a version that takes
steps until convergence (“Iterated MSCKF,” or iMSCKF). Finally, we implement OKVIS
with IMU window size n = 3,10, keyframe window size k = 5, and marginalization and
keyframe selection schemes as in Leutenegger et al. [67].

Our experiments show that, overall, OKVIS outperforms baseline SWFs, even when the
latter has a larger window size. Moreover, our MSCKF implementation outperforms SWF's
and OKVIS, even under challenging camera motions, despite the latter maintaining nonlinear
constraints between camera poses and landmarks, and taking multiple Gauss-Newton steps
per iteration. This persists even for SWF's with larger window sizes. Taking multiple Gauss-
Newton steps in the iMSCKF estimator did not noticeably improve performance over the
standard MSCKF (Figure [3.1)).

In contrast with SWF and OKVis implementations of comparable sizes, the MSCKF
recovers better from localization errors, by employing a marginalization scheme that always
maintains poses arbitrarily far in the past. This is because older poses represent higher base-
lines and thus supply better localization information [7]. For instance, the MSCKF maintains
the first pose in the estimator for a long time, thus enforcing consistency with subsequent
pose estimates and minimizing drift. In contrast, although OKVIS allows older keyframes to
be maintained, in practice keyframes are usually roughly evenly spaced and form a sliding
temporal window of camera motion. Thus, earlier poses are quickly marginalized, causing
estimates to drift more at the start of the trajectory. Furthermore, the MSCKF processes
features in the optimization window only after they have matured. Thus, it maximally uti-
lizes localization information with fewer updates, and ensures that each feature is always
initialized through multiple-view, instead of merely stereo, triangulation. This minimizes
the linearization error when features are processed and dropped.
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3.7 Discussion

This chapter presented a framework for formulating and analyzing optimization and filtering-
based SLAM approaches as the iterative application of key algorithm submodules, and proves
that it encompasses state-of-the-art filtering algorithms as special cases. Experimental anal-
ysis indicate our formulation is useful for analyzing various design choices inherent in these
existing SLAM algorithms, and implementing them in a modular fashion for a wide range
of robotics applications, which we are eager to test on hardware.
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Part 11

Game-Theoretic Motion Planning for
Autonomous Vehicles
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Chapter 4

Defensive Driving

When deployed in real-world applications, autonomous vehicles and robots should operate
safely in a robust manner. Violations of safety constraints can lead to catastrophic crashes in
real-life traffic scenarios, particularly when the self-driving system on an semi-autonomous
car is directed by a distracted individual (Figure , or when an autonomous car is in the
vicinity of human-operated vehicles piloted by distracted drivers. To avoid such disastrous
outcomes, autonomous navigation pipelines must be capable of endowing self-driving vehicles
with the ability to reason about how their behavior and the behavior of other vehicles in
their vicinity affect each other.

In scenarios in which an “ego” agent navigates in an environment with multiple other
“non-ego” agents, existing methods formulate safety for the ego agent in the following two
ways. Adversarial robustness methods, such as Hamilton-Jacobi-Isaacs (HJI) equation-based
reachability theory, aim to generate trajectories that would ensure the safety of the ego agent
despite worst-case behavior of all other agents [4, |78, 74]. Another commonly proposed
methodology involves probabilistic constraint satisfaction |36} 81]. Here, algorithms attempt
to bound the probability that the ego agent’s trajectory becomes unsafe. Unfortunately,
each of these approaches carries significant drawbacks. HJI methods only apply to zero-sum
game settings, and exact solution methods suffer from the so-called “curse of dimensionality,”
with computational cost increasing exponentially in the dimension of the state [4]. Moreover,
decision-making based on reachability-based methods may be overly conservative, resulting
in excessive congestion and gridlock. Meanwhile, probabilistic constraint satisfaction encodes
safety via distributional assumptions, but does not allow the ego player to anticipate more
specific patterns of adversarial interactions with non-ego agents.

To address these shortcomings, we present a novel formulation of robustness within the
framework of general-sum dynamic game theory, modeled on defensive driving. Here, the
ego player pre-supposes that: (1) For an initial fixed window of time T,4,, other agents
are temporarily distracted, and thus unintentially behave in an erratic or even adversarial
manner, and (2) After this time interval [0, T,4,] has expired, the agent returns to normal
operation, and is willing to cooperate with the ego agent to ensure safe operation, e.g., to
avoid collisions. To encode this, we prepend an adversarial phase to the ego agent’s cost



CHAPTER 4. DEFENSIVE DRIVING 52

Figure 4.1: As reported by Neal E. Boudette and Bill Vlasic of the New York Times
(“Tesla Self-Driving System Faulted by Safety Agency in Crash,” September 12, 2017), the
self-driving Tesla vehicle shown above operated on a system for autonomous steering and
control. Unfortunately, it was used by a driver who was distracted for an extended period
of time, and guided the vehicle down a road on which it was not designed to be driven. In
general, the failure of autonomous navigation pipelines to ensure safe operation raises serious
concerns about the mass deployment of self-driving vehicles in real-life traffic.

function. In other words, we prepend a time interval during which other agents are assumed
to be temporarily distracted, in order to render the ego agent’s equilibrium trajectory robust
against other agents’ potentially dangerous behavior during this time. This is followed
by a cooperative phase, during which the non-ego agents are expected to resume “normal”
cooperative behavior. This paradigm is modeled on the concept of defensive driving, wherein
a driver on a busy road guards themselves against other drivers who, while momentarily
distracted, may temporarily behave dangerously. We demonstrate the effectiveness of our
new formulation in encoding safety via multiple traffic scenarios.

The rest of this chapter proceeds as follows. Section presents related work on the use
of HJI reachability theory and chance-constrained optimal control to encode adversarial and
probabilistic robustness, respectively, as well as recent literature on iterative algorithms for
solving dynamic games. Section presents the mathematical formulation for the dynamic
game that models the multi-agent interactions studied in our work. Section presents the
main methodology of our algorithm, and formally introduces the concept of an adversarial
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Figure 4.2: (Top) To encode robustness into its safety guarantees, the ego agent imagines that
all other agents behave adversarially during an initial time frame before resuming “normal”
cooperative behavior. (Bottom) In this example, an ego vehicle assumes that the non-ego,
oncoming vehicle behaves adversarially for an initial period of time, which results in its
swerving into the ego’s lane. After the adversarial time interval expires, the non-ego agent
is assumed to return to its own lane, and resume cooperative behavior for the remainder of
the time horizon.
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time horizon. Section demonstrates the spectrum of robustness which can be expressed
in our formulation, compared with a purely cooperative game-theoretic approach, using
multiple traffic scenarios. Section summarizes our contributions and discusses directions
for future research. More details can be found in a published paper, Chiu* and Fridovich
Keil* “Encoding Defensive Driving as a Dynamic Nash Game” [21] (*Equal contribution).

4.1 Related Work

This section reviews prior literature on several of the prevailing formulations of safety used
in the design of multi-agent and uncertain systems—adversarial reachability, multi-agent
forward reachability, and probabilistic constraint satisfaction. We compare and contrast these
against the novel methodology in our work. We conclude this section with a brief summary
of modern algorithms for iteratively solving dynamic games.

Adversarial Reachability

Adversarial reachability methods [35, |78, |39, 4] involve the construction of a zero-sum dif-
ferential game between two agents, the ego agent and an adversary. The Nash equilibrium
of this game satisfies a Hamilton-Jacobi-Isaacs (HJI) partial differential equation, which can
be numerically solved via state space discretization. In this zero-sum framework, the ego
agent assumes that the adversarial agent is constantly attempting to compromise the ego’s
safety, and will thus compute and execute a control strategy that steers the ego’s trajectory
away from any feasible trajectory of the non-ego agent.

Adversarial reachability appropriately describes many intricate dynamic interactions,
such as capture-the-flag, reach-avoid, and pursuit-evasion-defense games [55, 54, [39]. How-
ever, it suffers from several significant limitations. First, this zero-sum formulation can only
model dynamic interactions between two agents, or two groups of colluding agents, with
opposing goals. This is inadequate for many motion-planning tasks, such as those involving
traffic scenarios, which must account for the presence of an arbitrary number of agents, with
possibly an arbitrary number of goals. Second, the adversarial nature of the zero-sum game
leads to the construction of extremely conservative ego trajectories, since the ego must imag-
ine the worst-case non-ego behaviors that can possibly transpire Figure [£.2 Our approach,
on the other hand, avoids the first issue by considering a general-sum game applicable to
N-player scenarios. Moreover, we avoid the second issue by modeling antagonistic non-ego
behavior using the novel notion of an adversarial-to-cooperative time horizon, as shown in
Figure[4.2] rather than as a worst-case bounded disturbance. By modeling non-ego agents as
first adversarial, then cooperative, we avoid overly conservative ego strategies corresponding
to purely adversarial non-ego trajectories that are unlikely to materialize.
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Multi-Agent Forward Reachability

Reachability-based formulations can also be used for safety-critical path planning in a non-
game theoretic manner. For instance, forward reachable sets (FRS) of the ego agent can be
computed offline by numerically solving the Hamilton-Jacobi-Bellman equation, then used
to aid online motion planning modules in the generation of obstacle-avoiding trajectories.
This is the approach taken by the Reachability-based Trajectory Design for Dynamical en-
vironments (RTD-D) and RTD-Interval (RTD-I) algorithms presented in Vaskov et al. and
Yu et al. [108, 113], in which not-at-fault ego trajectories are generated by leveraging the
offline-computed FRS of the ego agent and online obstacle motion predictions from an ex-
ternal module. Although the resulting trajectories avoid at-fault collisions, this framework
does not allow the ego agent to account for the dynamic reactions of non-ego agents to its
behavior. In contrast, our work explicitly models the dynamic obstacles as non-ego agents,
within the framework of a dynamic feedback game.

Geometric prediction modules form another framework for using reachability-based meth-
ods in a non-game-theoretic setting. For instance, Koschi et al. and Pek et al. [62, 86| ensure
constraint satisfaction by computing fail-safe ego trajectories which avoid an overapproxi-
mation of all dynamically feasible non-ego trajectories. This is posed as an optimal control
problem (rather than a dynamic game), with avoidance of the set of all feasible non-ego tra-
jectories serving as a state constraint. Although these approaches ensure that the ego will
not collide with the non-ego agent, they do so at the cost of generating overly conservative
maneuvers, particularly in situations when the non-ego agent may not be purely adversarial
throughout the entire time horizon. By contrast, our formulation generates less conservative
trajectories by assuming that non-ego agents display hostile behavior only during a fixed
subset of the overall time horizon.

Probabilistic Constraint Satisfaction

Probabilistic constraint satisfaction is another commonly used framework for establishing
safety guarantees in motion planning. These approaches bound the probability that an ego
agent, operating in an unpredictable environment with stochastic disturbance, becomes un-
safe [81]. In particular, risk-sensitive algorithms guard the ego agent from low-probability
events that may result in highly dangerous outcomes. For example, Farshidian et al. [37]
generates risk-sensitive trajectories by optimizing an exponential-quadratic cost term that
amplifies the cost of low-probability, yet highly dangerous outcomes. Meanwhile, Pilipovsky
et al. [36] associate individual constraint violations with different penalties, and optimizes
their allocation over the horizon. Likewise, Du et al. [33] use a probabilistic framework to
capture state uncertainties of an autonomous robotic agent, and uncertainties in the geom-
etry or dynamics of obstacles in its environment. However, the control strategies generated
by these methods merely account for the nonzero probability of unsafe outcomes occurring
any time within the entire time horizon. By contrast, our work allows the ego to explicitly
encode adversarial non-ego behavior inside a specific subset of the time horizon, when such
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behavior is most expected to occur.

Algorithms for Solving Dynamic (Games

Several alternative methods exist in the literature for numerically solving the general-sum
differential games considered in this work. For instance, these games can be formulated
collections of coupled Hamilton-Jacobi equations. The solutions to these equations, which
correspond to local Nash equilibrium strategies [100, 99|, can subsequently be numerically
evaluated via grid-based approaches or other methods for state space discretization. Un-
fortunately, these algorithms suffer computational costs, and requires memory storage that
scales exponentially in the state dimension [9]. Therefore, they are unsuitable for modeling
the high-dimensional, multi-player interactions considered in this chapter.

Another category of numerical methods for dynamic games involves Iterative Best Re-
sponse (IBR) algorithms [40, [111]. These algorithms iterate through the players, repeatedly
solving the optimal control problem of finding the best-response strategy of each player,
assuming all other players’ strategies are currently fixed at the values in the previous iter-
ate. Replacing the full dynamic game with a sequence of optimal control problems reduces
computation time at each iteration; however, IBR algorithms can still be computationally
inefficient overall.

Our work in this chapter employs ILQGames [46], an iterative linear-quadratic algorithm,
as our primary game solver. ILQGames iteratively computes linear approximations of the
ego agent’s and non-ego agents’ dynamics, and quadratic approximations of the ego agent’s
and non-ego agents’ cost, effectively generating a linear quadratic game to approximate the
original general-sum game. Then, the algorithm computes the feedback Nash equilibrium
of the linear quadratic game, to approximate the feedback Nash equilibrium of the original
game. ILQGames incurs computational complexity cubic in the number of players and lin-
ear in the time horizon. Although other game solvers, such as the Augmented Lagrangian
GAME-theoretic Solver (ALGAMES) [23], exist, all known implementations of these meth-
ods are restricted to an open-loop [32, [31]—rather than feedback—information structure and
have equivalent computational complexity.

4.2 Preliminaries

Consider the N-player finite horizon general-sum differential game with deterministic, noise-
free nonlinear system dynamics:

= f(t,z,u.n). (4.1)

Here, x € R" is the state of the system, obtained by concatenating the dynamical quantities
of interest of each player, t € R denotes time, u; € R™ is the control input of player 4, for
each i € {1,--- N} := [N], and uy.y := (uy, -+ ,uy) € R™, where m := Zfil m;. The
dynamics map f : R x R" x R™ — R" is assumed to be continuous in ¢ and continuously
differentiable in z and w;, for each i = 1,--- | N and each t € [0, T]. Since we wish to ensure
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the safety of one particular player amidst their interactions with all other players, we refer to
Player 1 as the ego agent, and the other players as non-ego agents. Each player’s objective
is defined as the integral of a running cost g; : [0, 7] x R" x R™ — R over the time horizon
[0, T7:

cost; (u1:n(+)) :/0 i (t, z(t), win (¢)) dt, (4.2)

for each ¢ € {1,---,N}. The running costs g; encode implicit dependence on the state
trajectory z(-) : [0,7] — R™ and explicit dependence on the control signals u;(-) : [0,7] —
R™.

To minimize its cost, each player selects a control strategy to employ over the time horizon
[0, 7], as described below. We assume that, at each time ¢ € [0, T], each player i observes
the state z(t), but no other control input {u;(t) | j # ¢}, and uses this information to design
their control, i.e.

u(t) = (t, 2(1)),

where v; : [0, T] x R™ — R™ defined as Player i’s strategy, is assumed to be measurable. We
define the strategy space of Player i, denoted I';, as the collection of all of Player ¢’s possible
strategies, and denote, with a slight abuse of notation, the overall cost cost; of each Player
1 by:

COSti(’Vl; T ;’YN) = COSti(71<'7x('))7 T 77N<'7 l‘()))

In practice, we shall solve for strategies ~; that are time-varying, affine functions of x.
We now define the Nash equilibrium of the above game.

Definition 4.2.1. (Nash equilibrium, (5, Chapter 6]) The strategy set (vi,--- ,Yn) is said
to be a Nash equilibrium if no player is unilaterally incentivized to deviate from his or her
strateqy. Precisely, the following inequality must hold for each player i:

costy == cost; (V.- V1V Vieas - W) (4.3)
< cost (Vs Vs Vi Vs - - N) -V € T

Computing a global Nash equilibrium is intractable for dynamic games with general
dynamics and cost functions. As such, in this work, we concern ourselves with finding a
local Nash equilibrium, which is defined similarly to , but with the inequalities only
constrained to hold within a neighborhood of the strategy set (vf,---,7vx). Moreover, in
the dynamic games considered in this chapter, we impose additional constraints on the
dynamical quantities of each player, to model appropriate behavior between autonomous
agents in traffic scenarios. These constraints will translate into a set of state constraints,
and will significantly affect the set of Nash equilibria of the game. As such, in this work, we
search for a (similarly defined) generalized local Nash equilibrium.
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4.3 Methods

Our main contribution is a novel formulation of safety, best understood through the lens of
defensive driving. In Section 4.3 we describe how, in the ego agent’s mind, the concept of
defensive driving can be encoded into the running cost of each non-ego agent, i.e. g;(x, ui.x),
for each i € {2,---, N}. To demonstrate this defensive driving framework in practice, we
simulate realistic traffic scenarios; Section details the dynamics, costs, and constraints
imposed on the various agents in these simulations. Finally, in Section we summarize
the ILQGames algorithm as the main feedback game solver used in this work.

Encoding Defensive Driving as a Running Cost

In our framework, the ego agent (Player 1) operates under the assumption that all other
agents are momentarily distracted. To encode this “imagined” scenario, the ego agent imag-
ines the overall time horizon [0, 7] as divided into two sub-intervals, the adversarial interval
[0, Thay] and cooperative interval [Taay, T], with 0 < T,qy, < T. During the adversarial
interval, the ego agent imagines the other agents to be “momentarily distracted,” and de-
sires to act defensively. This phenomenon is modeled using an adversarial running cost
Gadvii : R" X RY™ — R for each i € {2,--- , N}. On the other hand, during the cooperative
interval, the ego agent supposes that the other agents have reverted to their “normal” or
“cooperative” manner, and thus proceeds to select control signals for the remainder of the
time horizon in a less conservative manner. This behavior is captured using a cooperative
running cost gepop.i : R™ x R¥™ — R for each i € {2,---, N}. In other words, the running
cost of each non-ego agent g; can be piecewisely defined as follows:

vilz,u.ny), t €10, Thay),
gi<t7mau1:N) = Jadv, (‘/E UI.N) [ ad )
gcoop,i(xa ul:N)> t e [Tadw T]

In this scenario, the net integrated cost J;, first defined in (4.2)) can be written as follows:

Taav T
Ji = / gadv,i(% up.y)dt + / gcoop’i(l’, up.n)dt . (4.4)
0

Tadv

With increasing T4y, the ego agent imagines an increasingly adversarial encounter and acts
more and more defensively as a result. In practice, the user or system designer would select
a suitable T,q4, before operation, e.g., by choosing the largest T,q, such that the solution
deviates from a nominal solution with T,4, = 0 sufficiently little.

Simulation Setup

To test this construction, we simulate two traffic encounters in ILQGames [46] that involve
significant interaction (see Sec. [4.5)), in which a responsible human driver would likely drive
defensibly. Our method attempts to capture the spectrum of this “defensive” behavior as
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Taav, the duration of the adversarial time horizon, is varied. In each setting, each agent (in
this case, each car) has augmented bicycle dynamics, i.e.:

Dz = V;sind;, v = aj;,
Dy,i = V; cos 0;, ¢ = wi, (4.5)
0; = (v;/L;) tan ¢, a; = Ji,

where © = (ps.i, Dy, 0i, vi, i, a;)Y., encapsulates the position, heading, speed, front wheel
angle, and acceleration of all vehicles, u; = (w;, j;) represents each vehicle’s front wheel rate
and tangent jerk, and L; is each player’s inter-axle distance.

We define gagv; and geoop; as weighted combinations of the following functions, with
different behavior encouraged through the use of different weighting coefficients. We denote
Pi = (Pzi,pyi) for each agent position, dy,(p;), defined below, for the distance between an
agent and the corresponding lane centerline ¢; in the (p, ;, p,i)-plane, and dp, for a constant
desired minimum proximity between agents:

2

lane center: |dy,(p;) := min ||p; — p;| (4.6)
DPe€l;

ideal speed: (v; — Vpef;)? (4.7)

cooperative: 1{||p; — p;|| < dprox } (dprox — Ilpi — ;1) (4.8)

adversarial: ||p; — p,||* (4.9)

input: u; Riu; . (4.10)

Recall that, for non-ego agents, the “adversarial” cost is only present during the adversar-
ial horizon [0, T,qy) and the “cooperative” cost is present thereafter during the cooperative
horizon [Thayv, T]. We also enforce the following inequality constraints, where djne denotes
the lane half-width, and v, and v; denote speed limits:

proximity: ||p; — pjl| > dprox (4.11)
lane: |dy, (p;)| < diane (4.12)
speed range: v; < v; < T, , (4.13)

Here, the “proximity” constraint is enforced for only the ego agent, to force the ego to
bear responsibility for satisfying joint state constraints which encode his or her own safety
(e.g. non-collision). In addition, all agents must satisfy individual constraints that encode
reasonable conduct in traffic (e.g., staying within a range of speeds). All constraints are
enforced over the entire time horizon [0,7]. For all tests, we use a time horizon T" = 155
and discretize time (following [46] and [5]) at 0.1s intervals.

Receding Horizon Control

In realistic motion-planning scenarios, such as the real-life traffic encounters simulated in this
work, the ego agent cannot perfectly predict the trajectories of non-ego agents throughout the
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time horizon [0, T]. As such, in addition to adopting the defensive driving framework, we need
to further robustify the ego agent’s trajectory against unpredictable and possibly adversarial
non-ego decisions. To do so, we encode the ego agent to follow its own Nash strategy for
a short time, before re-computing an updated strategy by re-solving the dynamic game in
a receding horizon fashion. Receding horizon control has a long history of use in motion
planning [104} 111}, 46]. Adversarial robust motion planning approaches typically assume
that non-ego agents persistently exhibit worst-case behavior, while the cooperative game
framework assumes all players wish to avoid collision. By contrast, our paradigm interpolates
smoothly between these two extremes, generating trajectories whose conservativeness varies
depending on the length of the adversarial time horizon. This is demonstrated in Section [4.5]
where we compare the performance of receding horizon and non-receding horizon simulations
of several traffic scenarios. We shall study the implications on robustness in future work.

4.4 Implementation Details: ILQGames

The traffic simulations in this work are solved approximately to local feedback Nash equi-
libria in real time using ILQGames, a recently developed, open-source C++ based game
solver algorithm introduced in Fridovich-Keil et al. [46]. ILQGames iteratively solves linear-
quadratic games in a receding horizon manner, by linearizing dynamics and quadraticizing
costs at each step, and incurs computational complexity that is cubic in the number of
players [46].

As discussed above, we must also account for both equality and inequality constraints on
the game trajectory. While we note that [46] does not address constrained Nash games, here
we incorporate constraints using augmented Lagrangian methods [80]. For a more detailed
discussion of constraint-handling in feedback Nash games, please refer to Laine et al. [63].
Although other game solvers, such as ALGAMES [23] and Iterative Best Response algorithms
[111], can likewise handle constraints, their applications are restricted to open-loop games.
A thorough treatment of constraints in games can be found in Peng et al. [85].

4.5 Results

We present simulation results for various traffic scenarios in which a responsible traffic partic-
ipant would likely drive defensively. First, we consider a simple situation involving oncoming
vehicles on a straight road, as a proof of concept. Then, we analyze a more complicated
intersection example with a crosswalk. In both cases, the ILQGames algorithm solves the
defensive driving game quickly, in under 1s.

Oncoming Example

In this example, the ego car is traveling North on a straight road when it encounters another
car traveling South. Since the road has a lane in each direction, “ideally” the ego vehicle
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t=10s t=20s t=30s t=40s t=50s t=60s

Non-Ego
(Oncoming) E9° Adversarial time: m m

Figure 4.3: Oncoming example. The ego vehicle (right lane, heading upwards) and the
oncoming vehicle (left lane, heading downwards) perform increasingly extreme maneuvers
as T,qy increases, in this “oncoming” scenario. Dark blue, turquoise, and light green are
used to represent the agents’ location for T,q, = 0,2.5,5s, respectively. Panels show agent
positions as time elapses. When T,4, = 0s, the ego vehicle does not deviate significantly
from its lane from ¢ = 1 to 6s because it anticipates that the non-ego vehicle will behave
cooperatively throughout the entire time horizon by swerving to avoid a collision. However,
when T,4, = 55, the ego vehicle actively swerves outward to avoid the non-ego agent. This
minor course adjustment is sufficient to dissuade the oncoming vehicle from making a stronger
effort to attempt a collision, since it would occur in the future, after T,q,.

would not deviate too far from its lane or speed. However, to drive more defensively, the ego
vehicle should plan as though the oncoming Southbound car were to act noncooperatively.
Our method encodes precisely this type of defensive planning. Figure 4.3|shows the planned
trajectories that emerge for increasing T,qy,. As shown, the ego vehicle (bottom) imagines
more aggressive maneuvers for itself and the oncoming car (top) as T,q, increases. Note,
however, that these are merely imagined trajectories and that (a) the ego vehicle can always
choose to follow this trajectory only for an initial period of time, and recompute its trajectory
thereafter, and (b) the oncoming vehicle will make its own decisions and will not generally
follow this “partially adversarial” trajectory. We solve each of these problems (with fixed
Taav) in under 0.5s.
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Merging Example

Here, we present a six-player example in which the ego car is positioned on the merging lane
on a highway, slightly behind the point at which an on ramp merges into the lane. The ego
vehicle, with initial position at (z,y) = (0, —20) m, must successfully navigate the highway
while avoid collision with five non-ego vehicles—two on the passing lane to the left of the
ego, two on the ramp (P5, P6), about to merge into the ego’s lane (P2, P4), and one directly
in front of the ego (P3).

Figure 4.4 shows the resulting approximate local Nash equilibria of the defensive driving
game for increasing T,q,. As before, the “apprehension” of the ego vehicle towards other
vehicles increases with the length of the adversarial time horizon. In the ego’s mind, as T4,
increases, P6 speeds up and swerves rightwards in an attempt to collide into P1. Interestingly,
P2 and P4, whose initial positions are in front of that of P1, actually slow down. This is
because, although P2 and P4 are motivated to collide into P1, they are subject to heading
and lane costs; thus, the best maneuver they can execute to approach and collide into P1 is
to slow down.

Next, we explore the case in which the initial position of P6 were slightly behind or ahead
that of P1 (Figure , with T4, fixed at 2 seconds. The figure on the right here is the same
as the figure on the right in Figure [4.4] with P6 behind P1. However, on the left that when
P6 is initialized ahead of P1, the ego P1 does not swerve that severely away from P6, but
instead decides to make a more significant attempt to avoid P3 and P4 at the intersection
of the ramp and the highway lanes.

Three-Player Intersection Example

We introduce a more complicated scenario designed to model the behavior of two vehicles
and a pedestrian at an intersection. As shown in Figure the ego vehicle is present in
the intersection alongside a non-ego vehicle heading in the opposite direction, who wishes
to make a left turn, and a pedestrian, who wishes to cross the road. To reach their goal
locations, these three agents must cross paths in the intersection. When T,q, = 0 s, the
ego vehicle continues straight along its lane because it anticipates that the non-ego vehicle
will behave cooperatively throughout the entire time horizon. In particular, it anticipates
that the non-ego vehicle will continue along its curved path at nominal speed, resulting in a
collision-free trajectory. However, as with the oncoming example, the ego vehicle’s trajectory
becomes increasingly more conservative as the adversarial time horizon increases in length.
When T,q, = 1 s, the ego vehicle actively swerves rightwards to avoid the non-ego vehicle.
This is because in this scenario, the oncoming vehicle is initially slower than the ego vehicle,
and will thus approach the intersection at the same time as the ego vehicle. As before, each
problem is solved in well under 0.75s in single-threaded operation on a standard laptop, via
the ILQGames algorithm [46]. This performance indicates real-time capabilities which will
be explored in future work on hardware.
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Figure 4.4: Merging Example. The ego vehicle (P1, shown in red, heading upwards)
is traveling along a highway while avoiding collisions with other vehicles (P2-P5, shown in
various colors), three of which are merging or have just merged onto the highway. Notice
that the ego vehicle’s apprehension towards the other vehicles increases when the adversarial
sub-interval increases. In particular, as 7,4, increases, P6, whose initial position is behind
that of P1, speeds up and swerve rightwards in an attempt to collide into P1. Meanwhile,
P2 and P4, whose initial positions are in front of that of P1, actually slow down.
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Figure 4.5: Merging Example. Consider again the merging example first depicted in
Figure [4.4] with the same color code, and with the same fixed Toqy = 2 s. Here, we examine
what happens if the initial position of P6 were slightly behind or ahead that of P1. Note
that the figure on the right here is identical to the figure on the right in Figure 4.4 with P6
behind P1. On the left, however, when P6 is initialized ahead of P1, the ego P1 does not
swerve that severely away from P6, but instead decides to make a more significant attempt
to avoid P3 and P4 at the intersection of the ramp and the highway lanes.
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Figure 4.6: Three Player Intersection Example. The ego vehicle (right lane, heading
upwards) navigates an intersection while avoiding collision with an oncoming vehicle (left
lane, heading downwards initially before making a left turn) and a pedestrian (horizontal
path at the intersection, left to right). Dark blue, turquoise, and light green are used to
represent the agents’ location at T,q, = 0,0.5,1 s, respectively. As with the oncoming
example, these three agents perform increasingly extreme maneuvers as 1,4, increases. In
particular, when 7,4, = 0 s, the ego vehicle anticipates that the non-ego will continue along
its curved path at its nominal speed, allowing it to approach the intersection before the ego
vehicle. Thus, the ego vehicle swerves leftwards, to avoid the non-ego agent as it makes
its left turn and continues rightwards in the figure, resulting in a collision-free trajectory.
(The pedestrian’s trajectories for T,q, = 0 s and T,q, = 0.5 s coincide.) However, when
Thav = 1 s, the ego vehicle accelerates and swerves rightwards to avoid the non-ego vehicle.
As before, this suffices to dissuade the oncoming vehicle from performing more collision-
seeking behavior, since it forces any potential collision to occur after T,4,. The pedestrian’s
speed also noticeably decreases for the same reason.

4.6 Discussion

This chapter presented a novel formulation of robustness in motion planning for multi-agent
problems. Inspired by defensive driving, our method explicitly models other agents as adver-
sarial in only a limited, initial portion of the overall planning interval. Instead of forcing the
ego to avoid all feasible non-ego trajectories, we use a piecewise-defined game cost structure
to endow the ego with the perspective that other agents are temporarily distracted. As
such, our approach generates far less conservative behavior than purely adversarial methods,
such as Hamilton-Jacobi-Isaacs optimal control. Simulation results illustrate that this novel
formulation of safety can be used to solve these “defensive” problems in real-time. We are
eager to implement this method in hardware and test its performance in a receding time
horizon with other (human) drivers.
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Chapter 5

Game-Theoretic Priors for SLAM

To navigate through real-world traffic safely and efficiently, autonomous vehicles must moni-
tor their surroundings for obstacles or other disturbance sources, while simultaneously inter-
acting with multiple self-interested agents in the scene. This entails accurately representing
an uncharted and possibly dynamic environment, while executing robust motion plans that
account for multi-player interactions in the scene. This requires a careful fusion of state
estimation, prediction, and path planning modules in vehicle autonomy stacks. However,
current, state-of-the-art autonomous navigation pipelines typically treat these problems sep-
arately and do not incorporate direct feedback between them.

Regarding estimation, algorithms tackling the Simultaneous Localization and Mapping
(SLAM) problem aim to accurately reconstruct an uncharted environment while also local-
izing the “ego” player within it [66| |14} [25] [26]. In recent years, popular inference algorithms
for SLAM, such as factor graph-based methods, have also been used to solve challenging
motion planning and optimal control problems jointly with SLAM problems in unknown
environments [27]. However, these approaches often do not account for the behavior of self-
interested dynamic players in the vicinity. It is therefore an open question whether these
approaches can truly generate safe, efficient, and robust motion plans for an ego player
operating in the vicinity of other players.

Interactions between individually self-interested mobile agents are naturally modeled as
dynamic games between rational actors with differing objectives |53, 5, [100, 99]. Recent
advances in game-theoretic motion planning exploit this structure to predict the responses
of other players to one’s own decisions, and identify a desirable equilibrium strategy [38|,
46]. However, game-theoretic formulations of noncooperative multi-player interactions are
generally not considered in SLAM tasks.

In this chapter, we formulate the SLAM task from the perspective of an ego player,
who is interacting with multiple other players while simultaneously estimating all players’
positions and all landmark locations. Inspired by the dynamic game theory literature, we
first establish mild assumptions under which this problem can be formulated as a potential
game. We then present a factor graph-based algorithm to solve this game and prove that
it is guaranteed to converge to a local equilibrium. Unlike existing SLAM methods, this
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approach tightly integrates estimation, prediction, and decision-making for multiple players,
simultaneously. Experiment results illustrate that, compared to standard bundle adjustment,
the introduction of game-theoretic interaction priors leads to higher localization and map
reconstruction accuracy in realistic traffic scenarios. Moreover, our algorithm is robust with
respect, both to perturbations in the distributions of initial conditions, and across a wide
range of observation noise.

The rest of this chapter is structured as follows. Section surveys related work on
factor-graph based algorithms for SLAM, dynamic SLAM, and game-theoretic path planning.
Section introduces fundamental concepts in dynamic game theory relevant to the multi-
player interactions explored by our SLAM algorithm. Section [5.3|then formulates the SLAM
problem under study as a potential game, and presents our IBR-based algorithm for solving
it. The empirical results presented in Section [5.4)demonstrate that our algorithm outperforms
standard bundle adjustment algorithms in localization and map reconstruction accuracy in
realistic traffic scenarios. Finally, Section summarizes our method and presents future
research directions. More details can be found in a published paper, Chiu and Fridovich-
Keil “GTP-SLAM: Game-Theoretic Priors for Simultaneous Localization and Mapping in
Multi-Agent Scenarios” [18].

5.1 Related Work

Simultaneous Localization and Mapping

Simultaneous Localization and Mapping is a fundamental state estimation task with a well-
developed literature in the robotics community [66], 14], A standard method for solving
SLAM problems is to reformulate the underlying maximum a posteriori (MAP) estimation
problem into a nonlinear least squares problem, which can then be solved via factor graph
optimization [30} 56].

In recent years, factor graphs have been used to formulate a wide range of robotics
problems beyond the SLAM task in static environments, including model predictive control
and trajectory tracking [102, [27]. Factor graph-based methods have also been used to solve
the dynamic SLAM problem, which involves the reconstruction of uncharted environments
with dynamic players |115] who share measurement information, and perform estimation, and
prediction in a cooperative game framework [116] 51]. These methods typically infer time-
dependent variables pertaining to multiple players without accounting for players’ interactive,
and likely noncooperative, behavior |60, |103]. By contrast, our approach explicitly accounts
for purposeful and potentially noncooperative interactions between multiple players by using
iterative best response to search for local Nash equilibria of the players’ variables.
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Multi-Player Path Planning via Dynamic Games

In robotics applications, interactions between multiple players are naturally modeled as
dynamic games. In particular, scenarios in which two groups of players have opposing
objectives, such as robust control problems and pursuit-evasion games, are often formulated
as zero-sum dynamic games [38, 39]. Meanwhile, problems in which multiple players have
only partially conflicting objectives, such as path planning in busy traffic, are posed as
general-sum dynamic games [46, 87]. Although solutions to continuous-time dynamic games
are characterized by coupled Hamilton-Jacobi-Bellman (HJB) PDEs [100, 99, 4], solving
these equations is typically intractable due to the so-called “curse of dimensionality,” [7] i.e.,
their computation time grows exponentially in the state space dimension. For this reason,
such methods are impractical in many multi-player scenarios of interest.

In contrast, our algorithm uses an iterative best response (IBR) scheme, in which each
player takes a turn solving for their optimal strategy while assuming all other players’ strate-
gies are fixed [40] 110, 59, [114]. By replacing the dynamic game with a sequence of optimal
control problems, the computational burden of solving for a local Nash equilibrium strategy
is substantially reduced. Indeed, IBR has been successfully applied to a wide range of multi-
player interaction scenarios, such as hierarchical planning for autonomous driving [40] and
racing [110]. Moreover, IBR is suitable for our application because it can be embedded in a
factor graph-based framework, by iteratively solving estimation problems over the variables
relevant to each player, while holding all other players’ variables fixed.

Our approach also draws inspiration from the potential games literature, which exploits
the symmetric cost structure of multi-player interactions in certain robotics applications |59,
114]. Recent literature indicates that iterative methods which exploit this symmetry can
be more efficient than those that do not [59]. Our approach draws inspiration from this
observation: we recast the multi-agent SLAM problem under study as a potential game, and
perform IBR in a manner that preserves its potential structure.

5.2 Setup and Notation

Below, we introduce core concepts in dynamic game theory. Readers are directed to [5] for
further details.

Open-Loop Nash Equilibria
Consider the N-player, K-stage general-sum dynamic game I'; with nonlinear, discrete-time
system dynamics for each player i € [N] := {1,--- N} and time k € [K]| := {1,--- , K},
given by: ' -

Tipr ~ N (filzh, wh), B), (5.1)
where 2, € R™ ui € R™ and f; : R" x R™ — R™ are respectively the state, control input,
and (differentiable) state transition map of player i at time k, and X is the associated co-
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variance matrix. Below, for each player i € [N], we use the shorthand z* := (z%,--- , 2% ,) €
R(E+D and 'l := (ul,--- ,ul) € R™K. Moreover, we define z := (z,--- ,2V) € RM&+)
and v := (u', - ul) € R™ where n =Y, n; and m =, m,.

Our method jointly estimates the trajectories of all players from the perspective of one
particular player, referred to below as player 1 or the ego player. Other players are termed
non-ego players. The ego player observes N, landmarks, whose global positions in R% are

given by ¢ := ({1,--- ,Lly,) € R¥Me. Players also observe each others’ positions. These
measurements, at each time k € [K], are given by:
2y ~ N (h(z}, £s), 1), (landmark-agent) (5.2)
Z ~ N (h(z}, ), ¥5), (inter-agent) (5.3)

where zg € R? is the measurement of landmark « by the ego player, for each o € [Ny], while
7/ € R is the measurement by player i of player j, for each i,5 € [N], i # j. Here, ¥}, and
¥, denote associated covariance matrices. Additionally, each player’s objective is defined by
Li(z,u), with L' : RME+D 5 RmE 5 R for each i € [N],k € [K]. Here, we presume that
the ego player knows other players’ objectives L‘. While this seems a strong assumption
in practice, recent work has established that it is possible to infer unknown parameters of
players’ objectives in such games efficiently [87, 65]. Thus equipped, we now define the Nash
equilibrium of the GTP-SLAM problem.

Definition 5.2.1. [Open-Loop Nash Equilibrium, (5, Ch. 6]] We call u* := (ul’*, e ,uN’*)
an open-loop Nash equilibrium of I" if no player can lower their cost by unilaterally deviating
from their control u** while all other players’ controls, u="*, remains fized, i.e.,

L (ui’*, u_i’*) <Lt (ui, u_i’*) . Vul e RmiE, (5.4)

Potential Dynamic Games

Our approach leverages well-established convergence guarantees of iterative best response
(IBR) algorithms in the setting of potential games. For clarity, we define a finite-stage
potential game as follows.

Definition 5.2.2 (Potential Dynamic Game, [59)], [42]). An N-player, K-stage general-
sum dynamic game I is called a potential game if there exists an optimal control problem,
defined over all players’ controls (u',--- ,u’), whose solutions are Nash equilibria of the
game T'. In other words, there exists a potential function p : R®NK — R such that,
for any player i € [N] and any controls (u!, -+ u") € R®“NE and any alternative player i
controls u', we have:

plut,u™) = p(a',u™") = L'(u’,u™) — L'(a', u™).

In Section [5.3], we will recast the multi-player, noncooperative SLAM problem of interest
into a potential game, and establish mild assumptions under which an appropriate IBR
algorithm converges.
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5.3 Methods

Our main contribution is GTP-SLAM, a novel SLAM algorithm for multi-player scenes,
motivated by iterative best response. GTP-SLAM aims to jointly estimate the dynamic
states and control inputs of all players in the scene, as well as landmark positions. It does
so from the ego player’s perspective, while accounting for noncooperative, game-theoretic
interactions between the players.

Constructing the GTP-SLAM Factor Graph

Our Algorithm Bundle Adjustment

P1 P1

BIREREY

All IBR, Player 1 IBR, Player 2

VS.

Figure 5.1: Factor graphs for GTP-SLAM, our IBR-based algorithm (Left) and a standard
bundle adjustment approach (Right), for a two-player example. Red nodes describe dynamic
variables (states x, controls u) for Player 1, while blue nodes describe analogous quantities
for Player 2. Gray nodes represent variables temporarily held constant. Square, circular, and
triangular nodes represent states, controls, and landmarks, respectively. Green factors (lines
and nodes) represent dynamics constraints, blue factors represent landmark and inter-player
distance measurements, and black factors represent priors on states and controls, e.g. to
track lanes, to align the vehicle headings, and minimize overall control effort.

We begin by expressing the players’ noncooperative preferences as factors in a bipartite
factor graph. Each factor is a function which encodes vector-valued residual error among
the connected variables; as a whole, factors allow us to compute the joint likelihood of all
input variables. Following standard Gaussian assumptions, we use the Mahalanobis distance
associated to each factor (i.e., ||v||% := v" X~ v for factor v and covariance ¥) to compute the
negative log-likelihood of a collection of variables. Concretely, then, we construct a factor
graph from the following terms:

priors : g («}), g (uk) (5.5)

dynamics : fi(z}, u},) — Th, (5.6)

interactions : b(z}, 27) (5.7)

landmark measurements : h(xy, £y) — 25 (5.8)
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inter-player observations : h(z}, 1) — 72/, (5.9)

which are color-coded in Figure . For example, the ternary dynamics factor computes
the difference between vehicles’ states and those predicted by the appropriate state transition
function . Likewise, the factors between pairs of states belonging to players i # j
describe interactions between pairs of players. For example, to encode collision avoidance,
we may set b(z,z') := 1/||z — 2'||2. The factors h(z}, ly) — 22 denote the difference between
expected and actual landmark measurements made by the ego player. Finally, h(x, 2]) — 27,
where i,j € [N],i # j,min{7,j} = 1, denotes inter-player position measurements between
the ego player and each non-ego player.

The maximum a posteriori (MAP) estimation problem faced by each player, then, is
the minimization of a sum of squared factors. In other words, each player’s individual
decision problem is a nonlinear least squares problem, when other players’ variables are held
constant. Neglecting interaction factors, landmarks, and inter-player measurements (which
couple players’ variables together), we compute the partial log-likelihood of each player i’s
variables as:

K
= > (Igh@OIE, + 1k, + 11 fiahs uh) — il ). (5.10)

k=1

Note that does not include interaction terms (b) or measurements (z or Z), since
each interaction term depends upon multiple players’ variables, and because measurements
pertaining to landmarks and other players’ states are only assumed to be collected by the
ego player. If these terms are included, the ego player’s full estimation problem is given by:

Ny K
LMa,u,0) = JHa,u) + Y > Ih(ah, €) — 22113, (5.11)
a=1 k=1
K .
+3 > ke 2) =213, +ZZHb )13,
j#l k=1 j#1 k=1

while each non-ego player’s MAP problem is given by:
K
Li(wyu) = J'(a' ) + Y[Rl o) = 7%,
k=1

+ YDl a3, (5.12)

j#i k=1

for each i € [N]\{1}.
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GTP-SLAM as a Potential Game

Next, we illustrate that the GTP-SLAM problem of Sectionis a potential game (Lemmam
Proposition . This connection to potential games is critical, as it suggests a locally-
convergent solution method for GTP-SLAM problems given in Section (Corollary .
The following results are based upon established concepts in the literature |42, 114, 59];
here, we illustrate their pertinence to the noncooperative SLAM problem. The following is

a direct corollary of [59], Theorems 1 and 2.

Lemma 5.3.1. Consider an N-player, K-stage dynamic game I, with fixved initial condition
xy = (a1, 2)) € R™. Suppose the system dynamics of each player given by (5.1)), and
the cost function of each player i is of the form:

N
LY(z,u,t) := C*(z', u', ) + ZClj(:vl,xj),

Li(w,u) = C'(a' u') + Y C(a',27), Vi€ [N\{1}
J#i

respectively, where C : RME+D) 5 RmiK 5 R and C7 : R=E+D 5 R KHD 5 R satisfy:
C(x' 27) = V(2 2"), Vi,j € [N],i#j.

Then T' is a potential game corresponding to the optimal control problem of minimizing the
potential function:

N
p(z,u) = Oz, u') + ZC”(:C’,ul) + Z C" (2", 27), (5.13)
i=2 i jE[N]i<j

subject to the dynamics (5.1)), for each i € [N].

Note that L! and C! also depend upon landmarks ¢; we make this dependence implicit
for notational convenience.

Proof. This proposition follows directly from analogous proofs established in [59,|49], rephrased
here for completeness.

Below, we make implicit the dependence of L' and C! on the landmarks ¢, for no-
tational convenience. Let p(z,u) be given by , with a minimizer given by u* :=
(u*, - uN*) € R o% o= (o, -+ a™N*) € RME+D | For any player r € [N], and any
unilateral deviation in player r’s controls away from u*, i.e.,

u = (ur’ u—r,*) — (ul,*’ . 7ur—1,*’ ur, ur—i—l,*7 . ,UN’*) c RmK,
with corresponding state trajectory:

o Tk 1% r—1x _r _r+lx N,x n(K+1
(2", 7)) = ("%, L x Lo aNr) e RUUEHD,



CHAPTER 5. GAME-THEORETIC PRIORS FOR SLAM 73

we have:

| /\

—r,*) . p(mr’*, CL’_T’*, UT’*, u—r,*)

p(z
( " U +ZCW ik T)+Zci($i’*, ik Z Ozg *xj*)

iF£r i#T 1<i<j<n

i:j7ér

- (cf(w, W) YO ) £ Y Clatt )+ Y O W))

i#£r i#£r 1%};2?”
— (Cﬂ"(lﬂ“, ur) + Z Cir<£lj'i’*, xr)) . (CT<£L'T’*, ur,*) + Z Cir(l'i’*, :L'T’*))
T i

— Lr(xr’xfr,*’ ur7ufr,*) o Lr(x*’u*).

This condition matches that which defines open-loop Nash equilibria (Definition [5.2.1).
Hence, u* is an open-loop Nash equilibrium of the game T'. O

Given the result of Lemma [5.3.1] we now show that the GTP-SLAM game structure
given in (|5.10)) is consistent with a potential game.

Proposition 5.3.2. The GTP-SLAM game, with players’ objectives given by (5.10)), is a
potential game.

Proof. In the context of (5.10]), we have:

N, K
Clat,ul ) = Tt uh) + )0 ) k(g la) = 213,

a=1 k=1

K K

CH(at a?) =) |Ih(ak o)) = 2715, + Y bk, )15, ¥4 € [N]\{1},
k=1 k=1

C'(a',u') == J'(2",u"), Vie [N]\{1},

K

C(at o) =) IRy, o) — 2 |5, + lIb(ak, 2p) 1%, Vi € [N]\{1},
k=1

CY(a',a?) =) [lb(ag, e, Vioj € INI\{1}i # .

e
Il
—_

Thus, by Lemma [5.3.1] the game encoded in GTP-SLAM is a potential dynamic game. []
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Iterative Best Response

To find Nash equilibria of the GTP-SLAM game with objectives given by and (5.12)),
we employ Algorithm , an approach inspired by iterative best response (IBR). Specifically,
Algorithm [13| proceeds in rounds, where each player ¢ minimizes its MAP objective L’ while
holding variables pertaining to other players j # i fixed. Convergence is guaranteed by the
following corollary, due to [114].

Corollary 5.3.3. Algorithm[13 converges to an open-loop Nash equilibrium when applied to
potential games of the form of Definition if the maximum number of iterations Q is
set to 0o and the convergence tolerance € is set to 0.

Proof. The proof of this Corollary follows directly from Zanardi et al. Proposition 1 [114]. O

Algorithm 13: Solving the GTP-SLAM Problem

Data: Maximum number of iterations (), Convergence tolerance €, Cost functions

L.
Result: Nash equilibrium variables x* = (x'*- - ,xN’*)7 u = (u, - - ,uN’*), 0~
1qg+1
2 while ¢ < @ and |2"¢ — 2% ||, < ¢, Vi € [N] do
3 (x19, w1 09) « arg min L'(x,u, ()
(z1,ul f)
4 for i € [N]\{1} do
5 (289, u™) < arg (min) Li(x,u)
b ut
6 end
7 qg+—q+1
8 end
9 return (b9, - aN9) (ub9, ... uN9), 0

5.4 Experiment Results

Simulation Setup

To demonstrate the importance of game-theoretic priors in multi-player SLAM problems,
we simulate a highway driving scenario (Figure . Specifically, four vehicles change lanes
over a kilometer-long stretch of highway while avoiding collision, maintaining a desired speed,
and collecting range and bearing measurements of surrounding landmarks via lidar. These
preferences are encoded directly in players’ individual cost functions L', Vi € [N] We assume
that each vehicle follows Dubins paths, i.e., moves with constant speed (30ms™!, here), and
can control its yaw rate. Vehicle motion is discretized at intervals of 0.2s. These dynamics
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Figure 5.2: Schematic of the highway example. Here, players 1 (red), 2 (blue), 3 (green), and
4 (purple) navigate a kilometer-long stretch of highway and interact with each other while
performing lane changes. The ego player detects landmarks in the scene, which describe
objects common to realistic highway scenarios, e.g., speed limit signs, exit signs, light poles,
etc.

constitute the state transition maps fi. Moreover, we assume that the highway is sparsely
populated with occasional landmarks, e.g., exit signs, speed limit signs, and light poles,
shown as yellow circles in Figure

A local Nash equilibrium of the highway driving game is found by applying Algorithm
with fixed initial states for all players and neglecting measurement likelihood factors. To
understand the role of game-theoretic interactions in SLAM problems, we conduct a Monte
Carlo study of the highway driving scenario of Figure[5.2| with results recorded in Figure[5.8|
For each noise standard deviation level in the set {0.05,0.10,---,0.95,1.0}, we ran 50 ex-
periments, each with a slightly perturbed set of initial conditions. For each experiment, we
simulated random measurements of all landmarks, and of all non-ego players’ planar coordi-
nates, with respect to the ego player’s local frame. We then ran Algorithm [I3]to convergence,
and compared the results to a standard bundle adjustment approach that neglected game-
theoretic priors. That is, by ignoring for the ego player and , , for all
non-ego players, the GTP-SLAM problem reduces to a single MAP problem which may be
solved jointly for all players at once. Throughout all simulations, we use GTSAM to
construct the factors above, compute Jacobians, and implement Levenberg-Marquardt steps
for both GTP-SLAM and bundle adjustment.

Empirical Results

Figures 5.8 and [5.5 record the total localization and map reconstruction error of GTP-SLAM
(red) and standard bundle adjustment (blue). Individual plots of localization error are pre-
sented in Figures[5.6land [5.3] while individual plots of map reconstruction error are presented
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in Figures and Compared to the bundle adjustment baseline, the localization and
map reconstruction error for GTP-SLAM is lower across all noise standard deviation levels,
and degrades more gracefully as noise levels increase. In particular, conventional bundle
adjustment becomes numerically unstable at low noise levels, as evinced by the spike in
the root-mean-square error (0.9 m) incurred at a measurement noise standard deviation of
0.3. By contrast, the introduction of game-theoretic priors appears to yield a more well-
conditioned estimation problem, resulting in lower error overall, and accuracy (characterized
by the root-mean-square errors) that degrades more gracefully with the standard deviation
of the measurement noise. In summary, these results indicate that game-theoretic priors
introduce additional structure in an otherwise complex estimation problem, enabling re-
liable recovery of vehicle states and map landmarks. In particular, whereas conventional
bundle adjustment struggles to reconstruct poses with later timestamps, possibly due to the
corresponding lack of landmark measurements at those times, GTP-SLAM does not suffer
significantly from this drawback.
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Figure 5.3: Mean and standard deviations of root-mean-square error of vehicle poses vs.
standard deviation of measurement noise.
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Figure 5.4: Mean and standard deviations of root-mean-square error of landmark positions
vs. standard deviation of measurement noise.

5.5 Discussion

Inspired by recently developed iterative dynamic game algorithms, we present a novel method
for Simultaneous Localization and Mapping (SLAM) in dynamic scenes in which multiple
players interact noncooperatively. Our approach exploits the structure of potential games
to ensure reliable convergence. Empirical results illustrate that our algorithm outperforms
standard bundle adjustment methods in localization and map reconstruction accuracy.
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Figure 5.5: Mean and standard deviations of root-mean-square combined error of estimated
vehicle and landmark positions vs. standard deviation of measurement noise.
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Figure 5.6: First and third quartiles of root-mean-square error of vehicle poses vs. standard
deviation of measurement noise.
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Figure 5.7: First and third quartiles of root-mean-square error of landmark positions vs.
standard deviation of measurement noise.
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Part 111

Adaptive Tolling for Transportation
Networks
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Chapter 6

Adaptive Tolling for Arc-Based Traffic
Assignment

In Chapters [0] and [7, we broaden our focus to encompass challenges in societal-scale navi-
gation in modern transportation networks, in which self-interested commuters are aided by
learning-enabled route recommendation algorithms. In particular, we study congestion man-
agement on transportation networks via tools from dynamic game theory and mechanism
design. Reducing congestion on transportation networks is critical in urban environments,
since the aggregate behavior of self-interested travelers often significantly increases commute
time and pollution levels. In recent years, congestion pricing, i.e., tolling, has emerged as
an increasingly popular tool for regulating traffic flows 73|, 68]. The design of tolls that can
effectually induce socially optimal traffic loads requires a realistic traffic assignment model
(TAM) that captures commuters’ routing preferences.

Many traffic assignment models (TAMs) in the literature employ a route-based modeling
paradigm, which assumes that travelers make a single decision among routes that connect
their origin and destination in a directed acyclic traffic network and do not deviate from
their selection mid-route [112 41, [92]. However, the exhaustive enumeration of routes is
computationally infeasible for most real-world traffic networks networks, whose route counts
can be exponential in the number of arcs they contain. Moreover, route-based models do
not capture correlations between the total costs of routes that share arcs. To address these
issues, my collaborators and I use an arc-based TAM [2, 3|, 183} 84} |22} 58] to capture com-
muters’ routing decisions. In this paradigm, commuters navigate through a traffic network
by sequentially selecting among outgoing edges at each intermediate node. Toll design for
arc-based TAMs is relatively under-studied, with the only exception of [58], in which the au-
thors show that, similar to route based TAMs, marginal tolling also achieves social optimality
in arc-based TAMs.

Fundamentally, tolls are designed and deployed with the aim of steering the equilibrium
behavior of agents towards social optimality, by adding external incentives to their utility
functions. A key, unrealistic assumption in this setting is that agents’ behaviors are in equi-
librium at all times. By contrast, real-world agents often iteratively update their strategies
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based on repeated interactions, only eventually converging to an equilibrium outcome [47].
Although learning rules for route-based TAMs which provably converge to the equilibrium
strategies do exist [72, 93], the development of analogous learning mechanisms for arc-based
TAMs is relatively recent, e.g., in [22], which introduces a perturbed best response based
dynamics. Thus, it is of interest to study tolling under the assumption that commuters’
strategies undergo such dynamic adaptation rules, instead of remaining fixed at equilibrium.

Prior work focused on empirical results also design tolls in dynamic environments by
using reinforcement learning to iteratively update the toll on each arc. For instance, Chen
et al. formulated the toll design problem as a Markov Decision Process (MDP) with high-
dimensional state and action spaces, and apply a novel policy gradient algorithm to dynam-
ically design tolls [15]. Mirzaei et al. used policy gradient methods to design incremental
tolls on each link based on the difference between the observed and free-flow travel times
[77]. Qiu et al. framed dynamic tolling as an instance of cooperative multi-agent reinforce-
ment learning, and then applies graph convolutional networks to tractably solve the problem
[89]. Likewise, Wang et al. use a cooperative actor-critic algorithm to tractably update a
dynamic tolling scheme [109]. However, these methods operate on high-dimensional spaces,
and are thus often computationally expensive. Moreover, they typically lack theoretical
guarantees of convergence. Mirzaei et al. designed incremental tolls on each link, based
on the difference between the observed and free-flow travel times, by using policy gradient
methods [77]. Qiu et al. framed dynamic tolling as an instance of cooperative multi-agent
reinforcement learning, and then applies graph convolutional networks to tractably solve the
problem [89]. Likewise, Wang et al. deployed a cooperative actor-critic algorithm to update
a dynamic tolling scheme [109]. However, these methods operate on high-dimensional spaces
and are thus often computationally expensive, and usually do not readily admit theoretical
guarantees of convergence.

In light of the strengths and shortcomings of the adaptive tolling mechanisms described
above, this chapter presents an adaptive tolling scheme in the arc-based TAM detailed in
[22]. We prove the existence of a toll which induces socially optimal congestion levels.
Furthermore, we propose dynamics equations for adaptive tolling that drives the commuters’
routing preferences towards these socially optimal congestion levels. Our proof utilizes the
theory of constant step-size two-timescale stochastic approximation [11], which allows us to
decouple the toll and arc selection dynamics, and establish their convergence via two separate
Lyapunov-based proofs. Although marginal tolling provably leads to socially efficient traffic
allocation in a route-based TAM [92], to the best of our knowledge, our marginal tolling
scheme is the first to induce socially optimal traffic flows in an arc-based setting. More
details can be found in the following published papers: Chiu*, Maheshwari*, Su, and Sastry
“Arc-based Traffic Assignment: Equilibrium Characterization and Learning” [22] (*Equal
contribution) and Chiu, Maheshwari, Su, and Sastry “Dynamic Tolling in Arc-based Traffic
Assignment Models” [20].

Remark 6.0.1. The core methodology used in our work was first introduced in Maheshwart,
Kulkarni, Wu, and Sastry, “Dynamic Tolling for Inducing Socially Optimal Traffic Loads”



CHAPTER 6. ADAPTIVE TOLLING FOR ARC-BASED TRAFFIC ASSIGNMENT 85

Table 6.1: Arc correspondences between the graphs in Figure : The original network (top
left) and the CoDAG (top right).

cyu 0T 07T .07 0101001 ,07,0
Original || af | a5 | a§ | af | a5 | ag | a7 | ag | ag
/AN I A T A R o 7 o B A B A R Ay I
CoDAG || ay | a3 | ay | a7 a5T aﬁT a% ap; | aiy
ag | Ag | G0

(72] to study adaptive tolling under the setting of parallel-link networks. Our method extends
the scope of that work to transportation networks with bi-directional arcs, in the context of
arc-based TADMs.

6.1 Preliminaries

Consider a traffic network described by a directed graph Go = (Ip, Ap), where I and Ap
denote nodes and arcs, respectively. An example is shown in Figure (top left); note that
G can contain bidirectional arcs. Let the origin nodes and destination nodes be two disjoint
subsets of Ip. To simplify our exposition, we assume that Io contains only one origin o € I
and one destination d € I, although the results presented below straightforwardly extend
to the multiple origin-destination-pair scenario. commuters navigate through the network,
from origin o to destination d, by sequentially selecting arcs at every intermediate node.
This process produces congestion on each arc, which in turn determines travel times. The
cost on each arc is then obtained by summing the travel time and toll. Specifically, each
arc a € Ap is associated with a toll p, € R0l and a positive, strictly increasing latency
function s, : [0,00) — [0, 00), which gives travel time as a function of traffic flow. The cost
on arc a € Ap is then given by:

Ca(Way Da) = Sa(Wa) + Pa-

Finally, let the demand of (infinitesimal) commuters entering from origin node o be denoted
by go.

Note that sequential arc selection on networks with bidirectional arcs can result in a
cyclic route. For example, a traveler navigating the left traffic network in Figure [6.1] using
sequential arc selection may cycle between nodes i§ and i§. To resolve this issue, we consider
arc selection on the condensed DAG (CoDAG) representation of the original network Go,
a directed acyclic graph (DAG) representation, as proposed in [22]. The Condensed DAG
representation preserves all acyclic routes from origin o to destination d in Gg, but pre-
cludes cyclic routes by design. Details regarding the construction and properties of CoODAG
representations are provided in [22], Section II.
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Figure 6.1: Example of a single-origin single-destination original network Go (top left, with
superscript O), and its corresponding condensed DAG, or CoDAG, representation G (top
right, with superscript C'). Arc correspondences between the two networks are given by
Table |6.1, while node correspondences are indicated by color.

Preliminaries on DAG: Depth and Height

The exposition in subsequent sections of this paper requires the following definitions asso-
ciated with the CoDAG representation. Let G = (I, A) be a CoDAG representation of an
original network G, where I and A are the nodes and arcs in G respectively. With a slight
abuse of notation, note that the origin-destination pair of G is also (o,d). Furthermore,
let R be the set of all acyclic routes in G which start at the origin node o and end at the
destination node d.

Below, we will recursively define dynamical quantities, such as the time evolution of the
traffic flows w € Rl and the latency-to-go z € R4l in a component-wise fashion, either
from the origin of the Condensed DAG G towards the destination, or from the destination to
the origin. To facilitate these recursive definitions, we require the following characterizations
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regarding the depths and heights of arcs in a Condensed DAG G.

Definition 6.1.1 (Routes). A route r in a DAG G is an ordered subset of arcs A of the
formr =A{ay, - ap}, with i, = o0, jo,, =d, and ia, = ja,_, for each k € {2,--- ,|r|}. We
denote by R the set of all acyclic routes in G.

First, we define the concept of the depth of a directed acyclic graph (DAG), which will
be crucial for the remaining exposition.

Definition 6.1.2 (Depth of a DAG). Given a DAG G = (I, A) describing a single-origin
single-destination traffic network, the depth of G, denoted ((G), is defined by:

((G) := max{,.
acA
In our method, we consider only acyclic routes in traffic networks with finitely many
edges, so we have ((G) < oco. Moreover, the case /(G) = 1 corresponds to a parallel link

network, for which the results of the following proposition have already been analyzed in
[72]. Therefore, we assume below that ¢(G) > 2.

Proposition 6.1.3. Given a Condensed DAG G = (I, A) with the route set R:

1. For any a € A, we have {, = 1 if and only if i, = o. Similarly, if {, = ((G), then
o= d.

2. For any fizedr € R, and any a,a’ € r with {,, < ly ., we have {, <y i.e., arcs along
a route have strictly increasing depth from the origin to the destination.

3. Fiz any a € A, and any r € R containing a such that ly, = {,. Then, for any o’ € R
preceding a in r, we have Ly, = Ly

4. For each depth k € [((G)] :=={1,--- ,L(G)}, there exists some a € A such that {, = k.
Proof.

1. If £, # 1, then ¢, > 2, so there exists at least one route r € R containing a € A such
that £,, > 2. Thus, i, # o (otherwise the first ¢,, — 1 arcs of r would form a cycle).
Conversely, if ¢, # o, then no route » € R contains a € A as its first arc, i.e., {,, > 2
for each r € R containing a. Thus, ¢, = max,cr.qer lor > 2; in particular, ¢, # 1.
This establishes that ¢, = 1 if and only if i, = o.

Now, suppose by contradiction that there exists some a € A such that ¢, = ¢(G)
but j, # d. Fix any r € R such that a € r and ¢,, = {,. Then a cannot be at the end
of R, since by definition, routes must end at d. Let a’ € r be the arc immediately after
ainr. Then by > by, =l +1 ={(G)+ 1, a contradiction to the definition of ¢(G).
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2. Fix r € R, a,ad’ € r such that {,, < ly,. If b, =1, then ly > ly, > l,, =1 =1,
and we are done. Suppose ¢, > 2. By definition of ¢,, there exists some route ry such
that ¢,,, = {,. Construct a new route 73 € R by replacing the first ¢, , arcs of r with
the first ¢, ,, arcs of ro. Then oy > by g = Loy — Loy + Loyy > loyy = Lo

3. Fix any a € A, and any r € R containing a such that ¢,, = ¢,. Suppose by contradic-
tion that there exists some @’ € R, preceding a in r, for which ¢, > (., + 1. Then,
by applying the second part of this lemma along the (¢,, — £y ,) arcs of R from a’ to
a, we find that ¢, > ly + (boyr — lary) > Loy + 1 =€, + 1, a contradiction.

4. Fix any arc a € A with ¢, = ((G). Then there exists some r € R containing a such
that £,, = ¢, = {(G). It follows from the third part of this proposition that, for each
k € [¢(G)], the k-th arc in R is of depth k.

]

Next, we define the concept of height of a directed acyclic graph (DAG), which will be
crucial for the remaining exposition.

Definition 6.1.4 (Height of a DAG). Given a DAG G = (1, A) describing a single-origin
single-destination traffic network, the height of G, denoted m(G), is defined by:

m(G) := maxm,.
acA
Since the traffic network under study is finite, and we consider only acyclic routes, we
have m(G) < oo. Moreover, the case m(G) = 1 corresponds to a parallel link network, for
which the results of the following proposition have already been extensively analyzed in [72].
We will henceforth assume that m(G) > 2.

Proposition 6.1.5. Given an Condensed DAG G = (I, A) with the route set R:

1. For any a € A, we have m, = 1 if and only if j, = d. Similarly, if m, = m(G), then
1g = O.

2. For any fized r € R, and any a,da’ € r with mg, < My ,, we have mg, < Mgy i.e., arcs
along a route from the origin to the destination have strictly decreasing depth.

3. Fiz any a € A, and any r € R containing a such that m,, = m,. Then, for any
a' € R following a in r, we have my , = My

4. For each height k € [m(G)] := {1,--- ,m(QG)}, there exists an arc a € A such that
m, = k.
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The proof of Proposition [6.1.5| parallels that of Proposition [6.1.3, and is omitted for
brevity.

We define [-] : A — Ao to be a map from each CoDAG arc a € A to the corresponding
arc in the original graph, [a] € Ao (as shown in Table[6.1)). For each arc a € A, let 4, and
Ja denote the start and terminal nodes, and for each node i € I, let A; , A7 C A denote the
set of incoming and outgoing arcs.

Cost Model

Below, we assume that every traveler has access to G, and to the same CoDAG repre-
sentation G = (I, A) of Go; in particular, G is used to perform sequential arc selection to
generate acyclic routes. The commuters’ aggregative arc selections generate network con-
gestion. Specifically, for each a € A, let the flow or congestion level on arc a be denoted by
wg, and let the total flow on the corresponding arc in the original network be denoted, with
a slight abuse of notation, by wy, := Za,e[a] waﬂ commuters perceive the cost on each arc
a € A as:

Cla) (Wia], Pla]) = Cla)(W(a], Pla)) + Va = S[a](W(a)) + Pla] + Vas

where v, is a zero-mean random variable. At each non-destination node i € I'\{d}, com-
muters select among outgoing nodes a € A by comparing their perceived cost-to-go Z, :
R x R4l — R, given recursively by:

Za(w,p) = 51 (W) + Ppa) + Hlilg Zo(w,p), Jo#d, (6.1)
a’eA’

Ja

Za(w, p) = 8 (W) + Pla)s Jo = d.

Consequently, the fraction of commuters who arrives at i € I\{d} and choose arc a € A} is
given by:

Py, = P(%, < 30, Vd € AY). (6.2)

An explicit formula for the probabilities {F;;, : a € A}, in terms of the statistics of Z,,
is provided by the discrete-choice theory [8]. In particular, define z,(w) := E[Z,(w)] and
€0 := Zg(w) — zo(w), and define the latency-to-go at each node by:

oi({zar(w,p) :d' € Af}) =FE min Za/(w,p)] : (6.3)
a’€A;
Then, from discrete-choice theory [§]:
d¢;i .
Py, = 224(2), i€ \{d},a€ A}, (6.4)

0z,

!Unlike existing TAMSs, in our model, the latency of arcs in G can be coupled, since multiple copies of
the same arc in Gp may exist in G.
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where, with a slight abuse of notation, we write ;(2) for ¢;({z. : a’ € Af}).

To obtain a closed-form expression of ¢, we employ the logit Markovian model |2}, 3], under
which the noise terms ¢, are described by the Gumbel distribution with scale parameter f3.
As a result, the expected minimum cost-to-go z, : R4 x RI4ol — R associated with traveling
on each arc a € A, assumes the following form:

Za(W,p) = $[a) ( > wa) + Pla) — %IH ( > 6'32“(“)”’))- (6.5)

acla MGA;

Note that (6.5 is well-posed, as z, can be recursively computed from the destination
back to the origin ([22], Section III).

CoDAG Equilibrium

Here, we define the condensed DAG (CoDAG) equilibrium (Definition [6.1.6]), based on the
CoDAG representation of the original traffic network. Specifically, we show that the CoDAG

equilibrium exists, is unique, and solves a strictly convex optimization problem (Theorem
6.1.7)).

Definition 6.1.6 (Condensed DAG Equilibrium). Fiz a toll vector p € R4l and fix
B> 0. We call an arc-flow vector w’(p) € R4l ¢ Condensed DAG (CoDAG) equilibrium at
p if, for each i € I\{d}, a € A]:

) = | g, - exp(—Bza(@0°(p), p))
U EAP PR B oS M) o0

where g; = go - 1(i = 0), and w € W, where:

)4% ::{w e R4 Z W, = Z Wy, Vi # 0,d, (6.7)

acAf a€A;
Zwa:go, wazo,VaeA}
acAt
characterizes the conservation of flow in the CoDAG G. Note that VW is convex and compact.

At a CoDAG equilibrium w”(p), the fraction of commuters at any intermediate node
i € I\{d} who selects an arc a € A is given by £7(p), as defined below:

B0 — w{j (p)
)
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The CoDAG equilibrium bears some resemblance to the Markovian Traffic Equilibrium
(MTE) introduced in Baillon and Cominetti |3]. However, the CoDAG formulation by design
precludes the possibility of assigning cyclic routes, and is capable of capturing couplings
between arcs in the CoDAG G that correspond to the same arc in the original network Go
(see [22], Remark 6).

Below, we show that, given any CoDAG representation G of an original network G and
any fixed toll vector p € R0l the CoDAG equilibrium exists and is unique. Specifically,
the CoDAG equilibrium is the unique minimizer of a strictly convex optimization problem
over a compact set. This characterization provides powerful insight into the mathematical
properties of the CoDAG equilibrium flow, and its dependence on the toll vector. These
properties will be used in our work to establish the existence of an optimal toll (Theorem
6.2.1) and the convergence of our discrete-time toll dynamics to the optimal toll (Theorem
6.3.1)).
For each [a] € Ap, define F : W x R0l — R by:

Wa]
F(w,p) [5a)(w) + Pl du (6.8)
a]EZAO/ [a] [a]
[Z W Inw, — ( Z wa> In < Z wa>

i#d LacAf a€Af a€Af

Theorem 6.1.7. For each fized toll vector p € R0l the corresponding CoDAG equilibrium
wP(p) €W exists, is unique, and is the unique minimizer of F(-,p) over W.

Proof. (Proof Sketch) The proof parallels that of [22], Theorem 1 and Lemma 1. For
details, please see [22], Section IIT and Appendix B. ]

To prove Theorem , we first show that for each fixed toll vector p € RI4ol the map
F(-,p) is strictly convex over W (Lemmal6.1.8). Therefore, F has a unique minimizer in W.
It then suffices to show that the CoDAG equilibrium definition (Definition matches
the Karush-Kuhn-Tucker (KKT) conditions for the optimization problem (6.8)).

Lemma 6.1.8. For any fized toll vector p € R4°l the map F(-,p) : W — R is strictly
convex.

Proof. (Proof Sketch) For convenience, we define fig) : W — R, x; : RIATT - R, F:W—=R
for each [a] € Ap, i € I\{d} by:

Wa]
S (w) 12/0 s(a) () du, V[a] € Ao,

wA+: Zwalnwa (Zwa>ln<2wa>, Vi # 1\{d},

acAf acAf a€Af
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where w,+ € RI4{1 denotes the components of w corresponding to arcs in Af. Then:

Pw)= Y f[a]<w>+% 3 xiw).

lal€eAo ieI\{d}

Also, for convenience, define:

W, = {wERA: Zwa: Zwa,Vz’#o,d, Zwazo.}. (6.9)

acAf a€A; a€Af

Essentially, W is the tangent space of the linear manifold with boundary WW. We can rewrite

(63) as:
W, = {eA; — eyt :i%o,d}Lﬂ{eAj}l.

We can now establish the strict convexity of F.

We first establish the convexity of F'. It suffices to show that f,) and x; are convex for
each [a] € Ap, i € I\{d}. Note that each f, is convex since it is the composition of a convex
function (g(w) = Y ,ca, Jo " Sa(w)du) with a linear function (wyg = > wela) War). We show
below that y; is convex, for each i € I\{d}.

Fix i € I\{d}. For any a,d’ € A} and each w € W

X 1 1
— 2 (w)=—1d =a}— ————.
oW, 0wy (w) W, {d"=a} ZaeA? Wa
Thus, for any y € RIAT:
9%y
T2 i
\Y i = Yo 57—
y Vaxi(w)y a(%ﬁy Y Ow, 0w,y (w)
— Y e Y
aEA:r Wa ZiEAj Wa a’EA:r
2
1 Ya
_Z— + Wz Zwa' w__ Zya/
acd” 74 \gear acAF aeAt
) 2
o 1 2 Ya Ya!
o yseverel DORCCORD DN Sor ) Bl DORVCTEY -
acA; e acAf a€Af “ a’eAf “
>0, (6.10)

where the final inequality follows from the Cauchy-Schwarz inequality. Cauchy-Schwarz
also implies that equality holds in (6.10) if and only if the vectors (\/w,),ca+ € RIA'T and
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(Ya//Wa) e nt € R4 are parallel, i.e., if (Ya)geat+ and (wq) 4+ are scalar multiples of each

other. This shows that y; is convex, and dim(N(V2y;)) = 1.
Second, suppose by contradiction that F'is not strictly convex on V. Then there exists
some w € W, z € W,\{0} such that:

2" V2 F(w)z = 0.

Since V2 F(w) is symmetric positive semidefinite, this is equivalent to stating that z is in
N(V2 F(w)), the null space of V2 F(w). Let A, denote the set of arc indices for which z has
a nonzero component, i.e.:

A, ={d € A:zy #0}.

Since z is not the zero vector, A, is non-empty. Since there are a discrete and finite number
of levels of G, there exists some a € A, such that ¢, < ¢, for all a’ € A, i.e., {, = min{l,
a’ € A,}. Without loss of generality, we consider the case z, > 0 (if not, then replace z with
—2z, which would also be a nonzero vector in N(V2 F(w))). We claim that w, # 0, and that
for all ' € Aj:

Wy

Zat = Zg > 0.

Wq

To see this, note that otherwise, the vectors (z,),c4+ € RIA'T and (Wq),ea+ are not parallel,
and so equality cannot be obtained in (6.10)), i.e.,:

2'V2x;(w)z > 0,
where, with a slight abuse of notation, we have defined x;(w) = x:(A;). As a result:
1
2'VEF(w)z = Z 2TV fla(0)z + — Z 2"V2 \i > —2"V2xi(w)z > 0,
[aleA b i'#d 8

a contradiction. Thus, z, > 0, and 2z, > 0 for each a’ € AZ, SO:

Z Zg > 0.

a’EA:;
If ¢, =1, ie., 1, = o, we arrive at a contradiction, since the fact that z € W, implies
Za,e a+ 2o = 0. If ¢, > 1, we also arrive at a contradiction, since the fact that z € W,
implies:
DR PR
acA;, a'eAl

so there exists at least one ¢ € A; with z; > 0. Then, by definition of a € A, we have
l, < lg; this contradicts Proposition m, Part 2, which implies that since a € A;_, there
exists at least one arc containing a immediately before a € A, and thus ¢; < ¢, — 1. These
contradictions complete the proof of the strict convexity of F' on W. O
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Social Optimality

We now describe the socially optimal flow which would minimize the total latency over the
entire transportation network. More specifically, we define below the notion of perturbed
social optimality considered in our work.

Definition 6.1.9 (Perturbed Socially Optimal Flow). We define a perturbed socially
optimal flow with reqularization parameter 8 > 0 to be a minimizer of the following convex
optimization problem:

min - W S (W) +1Z [ > walnw, - < ) “’a) n ( > w)]
we l[a]€eAo ﬁ i#£d aEAzr aEA;r aEAzr

with W given by (6.7), and wy,) := Za,e[a] Wy, as defined above.

In words, perturbed social optimality is characterized as the total latency experienced by
commuters on each arc of the CoDAG G, augmented by an entropy term with regularization
parameter § which captures stochasticity in the commuters’ arc selections.

6.2 Optimal Toll: Existence and Uniqueness

Below, we characterize the optimal toll p € Rl4°l for which the corresponding CoDAG
equilibrium @”(p) is perturbed socially optimal (see Definition [6.1.9). Throughout the rest
of the paper, we call p the optimal toll.

Theorem 6.2.1. There exists a unique toll vector p € R that satisfies the following
fized-point equation:

s 5
T w,(p), VaeA. (6.11)

Moreover, w?(p), the CoDAG equilibrium flow distribution corresponding to p, is the per-
turbed socially optimal flow with reqularization (.

To prove Theorem , we first show that w”(p) is continuous and monotonic in the
toll p (Lemmas [6.2.2 and [6.2.3). Then, we use these properties to establish the existence
and uniqueness of a toll vector p € R0l satisfying the fixed-point equation (6.11)) (Lemma
6.2.4). Finally, we prove that the CoDAG equilibrium flow allocation @w”(p) corresponding
to p is perturbed socially optimal (Lemma [6.2.5]).

Below, we begin by establishing that the CoDAG equilibrium @w®(p) is a continuously
differentiable and monotonic function of the toll p € Rl4ol.

Lemma 6.2.2. w’(p) is continuously differentiable in p.
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Proof. Define F': W x Rl4ol 5 R by:

F(w,p):= ) /Ow[a] [s10)(2) + Ppa] 2

s [seme (Sa)e(za)] e

1
+3 )
i#d aGAj' aEAj' aEAj'

The theory of constrained optimization implies that, for each p, the unique minimizer of
F(-,p) : W — R is completely characterized via a set of equality constraints, which we
describe below. First, recall that since W is a subset of an affine subspace of Rl charac-
terized by |I\{d}| equality constraints, there exist M € RIAXIMdH of full column rank, and
b € RN guch that:

W={weRA: M"w+b=0w, >0,Vaec A}.

Moreover, by using QR decomposition, we can assume that the columns of M are orthonor-
mal. Next, let B € RIAXIAI=IIMA) be given such that the columns of B have unit norm,
are pair-wise orthogonal, and are each orthogonal to the subspace of R4l spanned by the
columns of M, i.e., BT maps each vector in Rl to the coefficients of its projection onto the
linear subspace orthogonal to W, with respect to an ordered, orthonormal basis of that sub-
space. Then the theory of constrained optimization, and the strict convexity of F'(-, p), imply
that w”(p), the unique minimizer of F(-,p), is completely characterized by the equations:

MTw+b=0,

BV, F(w,p) =0.

To this end, define J : R0l x R4 — RIAl by:

J(w.p) = [B%l%?pﬂ |

Note that J is continuously differentiable almost everywhere, with:

0J MT
- —_ |A|x|A]
8w(w’p) |:BTV12UF(U),]?):| S R .

Suppose by contradiction that g—i(w, p) € R4l g singular at some (w, p). Then g—i(w, p)' €
RIAXIAl Tacks full column rank, i.e.:

dim(R(M) + R(V.F(w,p)B) = rank([M V2 F(w,p)B]) < |A] — 1.
By the Boolean formula for sums of vector spaces:

dim(R(M) N R(V2 F(w,p)B)
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=dim(R(M)) + dim(R(V2 F(w,p)B) — dim(R(M) + R(V2 F(w, p)B)
=dim(R(M)) + dim(R(B)) — dim(R(M) + R(V: F(w,p)B)
>[Al = (|A] = 1)
=1.

Thus, there exists some nonzero vector v € R(M) N R(V2 F(w,p)B). Since v € R(M),

and the columns of B are orthogonal to R(M), we have B'v = 0. Meanwhile, since v €

R(V? F(w,p)B), there exists some nonzero w € R4~ such that u = V2 F(w, p) Bw. Thus,
we have:

0=B"u=B"V?F(w,p)Bu,

a contradiction, since the fact that B' has full row rank and V2 F'(w, p) is symmetric positive
definite implies that B' V2 F(w, p)B is symmetric positive definite, and u # 0 by construc-
tion. This establishes that 22 (w, p) € R4*I4l is non-singular at each (w,p) € R4ol x RIAI.

The existence and continuity of %(p) at each p € RIol now follows from the Implicit
Function Theorem. O

Lemma 6.2.3. For any p,p’ € RI4ol:

> (@) — w7 0)) (Pl — pra) 0.
acA

Proof. In this subsection, we show that for any p,p’ € Rl4ol:
> (@) — @ 0)) (Pl — pra) 0.
acA

By Theorem [6.1.7, w”(p) is the unique minimizer, in W, of the following strictly convex
function of w:

Z / S[a) (2 —l—p[a] dz—|— Z[Zwalnwa (Zwa>ln<2wa>].
[aledo b i#d LacAt acAf acA}

Applying first-order conditions for optimality in constrained convex optimization, we
obtain that, for each w' € W:

U_J’B
> [S[a} (@)(P)) + pra) + Lin . (p,) ] - (wy —w}(p)) > 0.

acA B Za’EA;; wf’ (p)

Similarly, for @, (p’), we obtain that for each w* € W:

w?(p'
>, [ ) (@ (D)) + Dl + %ln o () ] C(w?—wl () > 0.

acA Za’eA;; U_Jf’ (p,)
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Taking w! := w?(p'), w? := w?(p), and adding the above two inequalities, we have:
0< ) (@;(0) —@l(p)
acA

: [sw (@} (p)) = s1a) (@) (P) + Pla) = Pl

1 wg(p) 1 wf(p’)
—In ——1In _
+ /B <Za’€A;Z wf/(p)) ﬁ (ZQIEA:; U_)g/(p/))]

Since the maps w, + g (w)g) and w, — In (we/ > e+ Wa) are non-decreasing, by rear-

ranging terms, we obtain:
> (@) = o) (bl — pa)) <0,
acA
as desired. Additionally, it also holds that
> () = 0 @)) (e — ) < 0.
[aledo
O

We then use the above lemmas to prove that the fixed-point equation (6.11]) yields a
unique solution.

Lemma 6.2.4. There exists a unique p € RI40l called the optimal toll in subsequent

discussions, which satisfies (6.11)):

_ s dSi . 5
Pla] = Wg) (p) - dz[u] (w'[i} (p)), Vla] € Ao.

Proof. Below, we show that there exists a unique p € R0l satisfying (6.11)):

_ s dSia . 5
Pl = @y (P) d; (@) (), Vla] € Ao.
Define 1) : RI4ol 5 R as:
dsp,
Vo) (P) == wia)(P) - dz[U] (wia(p)), V[a] € Ao.

Since wig(-) is continuous (Lemma [6.2.2)), and sy, is continuously differentiable, the map 1)
is continuous. Define the set:

ds
K = e Rl4ol . =0, < |Aolg, o] o) ¢ -
{y y = 0,]lyll < |Aolg max (90)
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Observe that K is a compact and convex subset of R4°l and 1 maps K to K, since for any
p € K, we have ¢,(p) > 0 for each a € A, and:

@)l =D valp

a€EAp
= 3 walr)- djf( )
G,GAO
< max %(go) : aEZAo Wia)(P)
< [Aolgo - max %(90)

Thus, by the Brouwer’s fixed point theorem, there exists a fixed point p € K C R4l of 9,
i.e., there exists p € R0l satisfying (6.11)), i.e.,:

(w[ﬁa}(ﬁ))? V[(I] S Ao.

Next, we show that p is unique up to Markovian Traffic Equilibrium on the original traffic
network, i.e., any p’ € Rl4ol satisfies (6.11]) if and only if @D[ﬁa} (p) = Wy, ]( p) for each a € A.

To show thls suppose by contradiction that there exists some p’ € R0l satisfying (6.11]),
such that w (P # wa]( p) for some [a] € Ap. Then:

Pla] — Plq
ds al / _ _ _ ds al / —
— (g (1)) — @iy (') - — % (ay (8)

dw
ds a / ds a _ ds a
= [ty (®) = 0y )] - 52 (w0 () + gy @) - [ 2 (0 0) = 52 (o} ()]

Rearranging terms and invoking the strict convexity and increasing nature of each s}, and
the fact that w (P) # w o (P) for some [a] € Ao, we obtain:

w[ﬁa] (P) -

acA
= 3 [y @) — @y ()] e — pl)
[aledo
2 ds
_ _B ,ﬁ [a] *6
=D, [w[a}(p)_“’[al(p,} aw V)
[aledo

£ 3 o) [ufy o) - o)) [djjj] (7)) — 2 ()
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>0,

which contradicts Theorem .
The above arguments establish that if p’ € Rl4ol satisfies (6.11]), then w@ (p) = wf (p)
for each [a] € Ap. Through (6.11]), we then have, for each [a] € Ap:

_ 8, dS@, 5 ,_ ~ dsi ,
Pla) = Wy (P) - dz[u} (@3,(P)) = Wi, (1) - d—iu}(w[i} (#)) = Plas
so p' = p. This concludes the proof. H

Finally, we prove that the CoDAG equilibrium flow corresponding to p € R0l is per-
turbed socially optimal.

Lemma 6.2.5. w?(p) is perturbed socially optimal.

Proof. Below, we show that @w”(p) is perturbed socially optimal. Let w* € R4l denote the
perturbed socially optimal load. Recall that, by Theorem and the definition of the
perturbed socially optimal load:

> /0 : [510)(2) + ppa | d2

[aledo

+%;[zwamwa—<zwa> 1n<zwa)]},

acAf acAf a€Af

w’(p) =arg min {

*x : 1
w al"ggélvr‘l}{ Z Wqg) 1IN Wig]

[aleAo

+lZ[Zwalnwa—<Zwa> hl(ZTUzz)]}
p i#d Lacat acAF acAf

The proof follows by verifying that the variational inequalities corresponding to the above
two optimization problems are the same. These two variational inequalities in question are
respectively given by:

dsia , 5
> [%} (@4(P)) + @iy (p)— = (w5, (P)

[a]eAo
8
1 wy . (D)
+—1In H—B - (wa—u_)[ﬁa](ﬁ))>0,
5\ S w0

Vw € Waw 7é w[i}(ﬁ)?
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and are thus, indeed, identical. This confirms that w”(p) = w*, and concludes the proof. [

Together, Lemmas [6.2.2], [6.2.3] [6.2.4] and |6.2.5 prove Theorem [6.2.1}

6.3 Dynamics and Convergence

Discrete-time Dynamics

Below, we introduce discrete-time stochastic dynamics to describe flow and toll evolution
on the traffic network GG. Formally, g, non-atomic units of traveler enter G at the origin
node o at each time step n > 0. At each non-destination node i € I\{d}, a &[n] fraction
of commuters chooses an outgoing arc a € A;. We shall refer to &,[n] as the aggregate arc
selection probability. Consequently, the flow induced on any arc a € A satisfies:

Waln] = <gz-a+ 3 mm) &uln). (6.13)

a’eA;r
a

At the end of each time step n, commuters arrive at the destination node d and observe a
noisy estimate of the cost-to-go values and tolls on all arcs in the network (including arcs not
traversed during that time step). Let K; > 0 be node-dependent constants, to be specified
shortly, and let {n;[n +1] € R:i € I,n > 0} be independent bounded random variables| in
[, i), with 0 < p < p < i < 1/max{K; : i € I\{d}} and E[n;, [n + 1]] = p at each node
i € I and discrete time index n > 0. Based on the observed latencies, at time n + 1, for each
non-destination node i € I\{d}, a n;[n+ 1] - K; fraction of commuters at node i € I switches
to the outgoing arc that minimizes the observed cost-to-go. Meanwhile, 1 — n;[n + 1] - K;
fraction of commuters chooses the same arc they selected at time step n. We assume that
{niln +1] € R: i € I,n > 0} are independent bounded random Variableﬂ in [p, 1], with
0<p<p<f<1andE[n,[n+1]] = pu for each node i € I and discrete time index n > 0.
Thus, the arc selection probabilities evolve according to the following perturbed best-response

2The random variables {n,[n] : @ € A,n > 0} are assumed to be independent of travelers’ perception
uncertainties.

3The random variables {n,[n] : a € A,n > 0} are assumed to be independent of commuters’ perception
uncertainties.
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dynamics:

Caln + 1] = &[n] +mi, [n + 1] - K, - <_ el + - exp(—f[z(W(n], Pn])]) )

venr oxp(— Bz (Wnl, Pla])])
(6.14)

We assume that £,[0] > 0 for each a € A, i.e., each arc has some strictly positive initial
traffic flow. This captures the stochasticity in commuters’ perception of network congestion,
which causes each arc to be assigned a nonzero probability of being selected.

At each time step n + 1 > 0, the tolls P, [n] € RI4ol on each arc [a] € Ap are updated
by interpolating between the tolls implemented at time step n, and the marginal latency of
that arc given the flow at time step n. That is:

Paln +1] = Palnl +3 (~Ralal + Wialal - GE0¥iafa) ). (6.15)

with v € (0, 1)ﬁ where with a slight abuse of notation, we denote Wy := >~ ¢, Wa. Note
that the update (6.15) is distributed, i.e., for each arc in the original network, the updated
toll depends only on the flow of that arc, and not on the flow of any other arc. Moreover,

we assume that v < p, i.e., the toll updates (6.15)) occur at a slower timescale compared to
the arc selection probability updates (6.14)).

Convergence Results

In this subsection, we show that the arc selection probability and toll updates (6.14))-(6.15))
converge in the neighborhood of the socially optimal flow @w”(p) and the corresponding toll
P respectively.

Theorem 6.3.1. The joint evolution of arc selection probability and toll updates (|6.14))-
(6.15)) satisfies

n—o0

mmwmmw—?@m+wm—mﬂ=o@+i)

Consequently, for each 6 > 0:

imsup (lele] - €@ + 170 -l = 0) =0 (5 -+ 1),

n—oo

4Our result also holds if 7 is a random variable with bounded support.
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To prove Theorem [6.3.1], we employ the theory of two-timescale stochastic approximation
[10]. Consequently, the asymptotic behavior of - can be studied by studying the
convergence properties of the corresponding continuous-time dynamical system. Since the
tolls are updated at a slower rate compared to the traffic flows (y < ), we consider the
evolution of continuous-time flows w(t) under a fixed toll p € Rol and continuous-time tolls
p(t) with flow converged at the corresponding CoDAG equilibrium @w?(p(t)) at each time.
Specifically, for any fixed toll p € RI4°l on each arc a € A, the arc selection probabilities
evolve as follows:

wa(t) = &(t) - <gia 4 Z wa/(t)>, (6.16)
a/eA;l
N exp(—f - za(w(t),p))
&lt) = K, ( RS S za/<w<t>,p>>> |

Meanwhile, on each arc [a] € Ap on the original network, we consider the following continuous
time toll dynamics:

(6.17)

Play(t) = —ppa(t) + wfi] (p(2)) - Ojap 1- (6.18)

We prove that, for each fixed toll p € R0l the corresponding continuous-time &-
dynamics globally asymptotically converges to the corresponding CoDAG equilibrium
w?(p) € R Moreover, the continuous-time toll dynamics globally converges to the
optimal toll p € Rl4ol,

Lemma 6.3.2. Suppose w(0) € W, i.e., the initial flow satisfies flow continuity. For each
fized toll vector p € R4l the continuous-time flow dynamics induced by the arc-selection
dynamics (6.17) globally asymptotically converges to the corresponding CoDAG equilibrium

w’(p).

Proof. We recursively write the continuous-time evolution of the arc flows w(-) as follows,

from (6.17) and (6.16). At any w € W, for each a & A :

We(t)

(gzﬁ Z wa(t >+§a ) ) tw(t) (6.19)
P exp(—Bzq.(w(t),p)) N
_Kh< Ealt) + e (G0 (W (D)) > <91a+a§ N )

&) Y dw(t) (6.20)

a’'€A;
a



CHAPTER 6. ADAPTIVE TOLLING FOR ARC-BASED TRAFFIC ASSIGNMENT 103

exp(—pzq(w(t),
= — Ky w,(t) + K, - (gz-a + ) w&(t)) Dy Af ixg(—(ﬁzi/)(jgt)),p))

acA;,

+ w® Z W, (t)

Za’eA;; W (t) &GA;I

Za/ - ’l,i]a/
_ _K, (1 - i Wa (6.21)

(T Z&EA:; Wa

‘ W . exp(_ﬁza( ()7p))
K;, - <gza + Z a(t>> Za'eA;; exp(—Bzq (w(t),p))’

acA;,

for each a € A. More formally, we define each component h : W — R4l recursively as
follows. First, for each a € A}, we set:

ha(w,p) = K"( — Wq + Yo - IR ) .

Za’eA;r eXp(_/BZa’ (wa p))

Suppose now that, for some arc a € A, the component h, : W — R of h has been defined
for each a € A; . Then, we set:

(1 B Z('I’EAZ_E ha'(w7p))wa LK Z v exp(—LFzq(w, p))

o 2acat Wa 2 weas Xp(=Pza(w,p))

ha(wap) = —K,

la

a 6A7

By iterating through the above definition forward through the Condensed DAG G from
origin to destination (in other words, along nodes of increasing depth), we can completely
specify each h, in a well-posed manner (For a more rigorous characterization of this iterative
procedure, see Appendix A, Proposition 1). We then define the w-dynamics corresponding

to the &-dynamics (6.17)) by:
w = h(w,p). (6.22)

Now, recall the objective F': W x R0l — R of the optimization problem that characterizes
w?, first stated in Theorem as Equation , reproduced below:

[go/ 2) + )| dz
1y [ S i, (z wa) n ( 5 w)]

175 a€Af acAf
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Roughly speaking, our main approach is to show that F' is a Lyapunov equation for the best-
response dynamics in ((6.22)). Specifically, let W; denote the tangent space to W, and let
IT,y, denote the orthogonal projection onto Ws. Under the continuous-time flow dynamics

and (G.16):

d

SF(w(t),p)
= (t) "V F(w(t),p) (6.23)
= w(t) Ty, Vo F(w(t), p) 6.24)
= w(t) Ty, (Vo (w(t),p) + VX (w(t)))
= (1) Ty, ( (510w (8)) + Pla) e + T3 ((2)) ) (6.25)
=W T _ B W . eXp<_52a<w t),p))

+ VX (w(t))

— ()" Wor exp(—,@za(w(t),p))
= o (t) Ty, | — Vx” (((gza + g a ) S (Bl t)’p))>aeA> (6.27)

2awear ho(w(t), p)
3 . ia w
W (((1 K, - ZaeAZz wa(t) ) a(t)>aeA> ]
— -k -[1- e P00 7) W, (t)
= la K;, - ZaeAZL walt) )

e ) (= Ba(w(). p) !
K’La (gla + Z a (t)> Z&GA; eXp( /Bza(w(t) )))CLEA]

a’EA;"
a

[_ vy? (((gia + Z wa’(t)> ' S ejfixf(za( at()l;(t)) ) >

a’eA;a

+ VP 1 — Za/eA{a ha (w(t), p)
! Ki, - ZELGA:; wg (t)

< 0.

We explain the equalities (6.23]) = (6.24]), (6.25) = (6.26]) and (6.26)) = (6.27)) below. After
(6.26)), the rest of the proof follows by substituting in the definition of w, recalling from
“(6.23) = (6.24)” that w € W;, and invoking the strict convexity of x*.
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Verifying (6.23) = (6.24) From the equations leading up to (6.21), we have, for each
w e W:

o (1 wean
= T4, - - W,
Kia : ZﬁGAj wa

. ) e Bew).p)
LK, (gza+ >, a(t)> e X B 1))

a’GAi_a

exp(—za(w(t). p)
venr xp(— Bz (wlt).p))

= _Kia -wa(t) —+ Kia . (gia + Z wa/(t)> . Z

a/eA;a

e S d(t)

Py + Wq
ZaeAia a’eA;l

= —K,, 'wa(t) + K, - (gia + Z wa’(t)> . Z eXp(—Bza(w(t),p))

venr xp(— Bz (w(t),p)

a’eA;a

+§a<t) ’ Z wa’(t)'

a’eAi_a

Fix any node i € I in the Condensed DAG, and consider the sum of the above equation over
the arc subset A;:

> thalt) = = 3 wlt) + (&‘“ )3 w&“)) SRED DRAD!
a'€A} a’€Af acA;, GEA;,
Rearranging terms, we obtain:
d
a’eAf acA;, a’€Af acA;,

Since w(0) € W by assumption, we have the initial condition (3. AF War — Y se A Wa =
9:)(0) = 0 for the above linear time-invariant differential equation. We thus conclude that,
for each ¢t > 0:

> walt) = D walt) - gi =0,

a’€Af acA;
a

Since this holds for any arbitrary node i € I, we have w(t) € W for all ¢ > 0.
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Verifying (6.25) = (6.26) We will show that:

(8101 (wia (1)) yp + VX (((g + ) we (t)) (6.28)
)

Iy,

a’€A;
exp(—Bzq(w ()’p) -0
Ko Snen bt ) )] 7"

which would a fortiori establish the desired claim (6.25) = (6.26)). To do so, first note that,
for each i # d, a € A}:

o’

1 1 W
8wa(w>26' [lnwa—i—l—ln Z Wq —1] :Bh'l (m) . (629)

aeAj'

X" exp(—Bzq(w, p))
@wa (((gla + Z Wq/ > aeA;; exp(—ﬁza(w7p)))a€A>

a'€A;
_ 1 exp(=Fu(w,p))
B\ Xacar exp(—Pza(w, p))

= — 2,(w,p) — lln Z exp(—pBza(w, p))

b acAf

Thus, we have:

= — z(w,p) + i, (W, p).

Concatenating these partial derivatives to form the gradient, we can now verify (6.28) by
observing that:

Iy,

(510 (i) + Plap) e n
() e
+VX (((gla +a’€ZA; a) ZaeAf’ exp(_ﬁza(w,p»)deA) aeA]

=Ty, (510 (Wia)) + Pla = 2a(w, P) + @i, (W, D)) .4
=Ty, (@i, (w, p) — @, (w,0)), .,

S () z%wp]

a€A acA

=1y,
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= HW5

acAy

+z<

Z#{Ovd} CLIEAj

=1Ly,

0,

a’eA}

Z pi(w, p)ea — Z pi(w, p)ea

acA;

i#{o,d}

- Z gpja(w7p)ed+ Z Soia/(wap)ea’

where the last equality follows by definition of IIyy,.

Verifying (626) = (627 We

VX (w) = Vx” (((1 -

will show that:

_ /U:} /
Za’eAia a

)

0+ goo(w,p)eA;r + Z 901(w7p> (eAi_ - eAz")

|

Kia : ZaeAj Waq

)=).)

which is equivalent to showing that (6.26)) = (6.27). From (6.29)), we have for each a € A:

ZGIGA.i ha/ (va)

()

ax” . 2wear, Mo (W.7) _1 Kia Xgeat a
ow, K;, - ZdGA'ﬁ‘ wa We = 3 n Za/EAi_a hgr (w,p)
ia acA ZELEA;‘; 1-— m Wg
Swen- hurlwp)
B 1 ! L= Kia'zaeAja w, ) We
3" e Far(w)
€Ay
1- Kigd peat Wa ' Zz‘zeA;z Wa
1 W
=—-In| =——
5 <ZaeAj; wa)
ox”
" ow (w).

The second equality above follows because, for each a € A

that (620) = (.29,

¥

1q”

we have i; = i,. This verifies

Above, we proved that the map F' strictly decreases along any trajectory originating in

W\{w”} and following the best-response dynamics [6.22] The convergence of the dynamics
to the Condensed DAG equilibrium (6.1.6)) now follows by invoking either Sandholm,
Corollary 7.B.6 93|, or Sastry, Proposition 5.22 and Theorem 5.23 (LaSalle’s Principle and
its corollaries) [94]. O
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Theorem 6.3.3. There exists some § > 0 such that for any initial p(0) € R0l satisfying
1p(0) — Pl < 3, where p € R4l denotes the socially optimal toll, and || -||., the continuous-
time dynamical system for the evolution of the tolls p(t) € Rl4ol

. dS[a] ~
Pla) = —Pia + By (p) - — = (101 (1)) (6.30)

converges to p € Rl4ol,
Proof. Define 1? : Rl4ol — R40 by:

dspq) , _
U ®) =0y () - L (wfy ().

for each p € R0l and [a] € Ao.
First, we claim that the eigenvalues of % are real and strictly negative, and thus lie on
the open left half complex plane. To see this, note that:

B ﬁ,ﬂ
%@) - D(p)cii—p@), (6.31)

where D(p) € R4olxl40l i 4 diagonal matrix with diagonal entries:

d2S [a]

dsi, _
_ [a] e (wi]<p))

Diaa(p) = — (@5,(p)) + @iy (p) -

for each [a] € Ap. Our approach for analyzing will be to show that D(p) and %(p)
are symmetric positive definite and symmetric negative definite, respectively. To this end,
note that since s, is strictly convex and increasing for each [a] € Ap, each Digq(p) is
non-negative, so D(p) is symmetric positive definite.

Meanwhile, to show that % is symmetric negative semidefinite, let C' € RIAIX4ol he
defined by Cy o == 1{a € [d¢']}, where 1{-} is the indicator function that returns 1 when
the input argument is true, and 0 otherwise. (Note that C' has full column rank, due to the

surjectivity of the map 7 : a + [a]). Then:

d® dw®
—(p) =CT—(p). 6.32
=0 =) (632
To characterize (p), we invoke the Implicit Function Theorem. As established in the proof

of Proposition|6.2.2] there exists a continuously differentiable function .J : R4l xRIAlI — RIAl
and matrices M € R4 and B € RIAX(41=4) such that J(p,w’(p)) = 0 for each p € R0l
the columns of B and the columns of M are orthonormal, R(M) and R(B) are orthogonal
subspaces whose direct sum is R/, and:

0J M7
- — |Afx|A]
aw(wap) [BTV?UF(U),]?)} ER ’
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where, as in the proof of Proposition |6.2.2] F : W x Rl4ol — R is given by:

Wia] 1
F(w,p) = Z / [0 (W) + ppay] du + BZ [ Z w, Inw, — < Z wa> In ( Z wa>].
[a]eAo 0 i#£d aEAj aGAj' aEAj

Thus, the Implicit Function Theorem implies that:

dw”
% (p) = -

g—i(wﬁ (p),p)] g—;(wﬁ (»).p)

=~ [BTVfUI*{V([;B(p%P)] _1 {Bﬁvwﬁwﬁ(p),p)} ’ (6:33)

where V,,F(w,p) € R4l and a%VwF(w,p) € R0l To study (6.33) further, we wish
to rewrite the B'VZF(w,p) term. To this end, note that since [M B] € R4>4l is an
orthogonal matrix, and V2 F(w, p) is symmetric positive definite (since F(p,-) is strictly
convex for each p € RI40l)| the matrix:

Q= []\g:} V2 F(@"(p),p) [M B] € RAXMI

is symmetric positive definite as well. Now, let Qi == M V2 F(w,p)M € R Q5 =
MT™V2F(w,p)B € R*UA=) and Qg = BTV2F(w,p)B € RIA=Ix(4=d) denote the
various block matrices of (), as shown below:

| Qu Qa2
Q_ { ]—2 QZJ'
We then have:
MT
BV = [0 1) [ | viFp
.
-0 1]

== QIQMT + QQZBTv

where the matrices O and i € I above are the zero matrix of dimension (|]A| — d) x d and
identity matrix of dimension (|A| —d) x (|A| —d), respectively. Substituting back into (6.33)),
we obtain:

dof MT ' 0
= BV Fw.p)| BTV, p)

MT ! 0
- [ LM+ Q22BT} [BTdipvwF(wap)]
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::‘<{éi 5;}[%:}>4[éilﬁfhi“wm>

=—[M B {_ ;Zl T 02_21] {O} CZOV F(w,p) (6.34)
= —BQyB'C (6.35)

B(B"V?F(w,p)B)"'B'C,

where the computation of %VWF (w, p) to show the equality between ((6.34)) and (6.35)) follows
by observing that, since for each a € A:

1 1
ai)aF(uJ,p) = 51) (W) + Py + Elnwa - Bln ( Z wa>,
a’eA;tl

we have (diprF(w,p))m[a,] =1{a € [d]} = Cupa, ic,, diprF(w,p) = C. Together, (6.32))
and ((6.35)) give:

d® dw®

=C'—(p) = -C'"BQ,,B'C
o ) o P Q2

= -C'B(B'QuB)'B'C,

This establishes that %(p) is symmetric negative semidefinite.

Returning to our original objective of showing that the eigenvalues of % are negative,
recall that from (6.31]), we have:

dy® dw®
D(p)——

=
Now, consider the Lyapunov function V : R0l — R, given by:
V(p):=@-)'DO)"'p-5"

Given a square matrix M of any dimension, let oy, (M) denote the smallest singular values
of M, respectively. Let d; > 0 be given such that, for each p € R/l satisfying ||p — p|lo < d1:

[ol=l%

1005 D6l < ﬁﬁﬁfkl
“ap \P

Set:
_ O—min(D(ﬁ)_l)

DG, o€ ol
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Then, for any p € R4l such that ||p — pl|» < , we have:

”ﬁ _pHQ < 617
V(p) < ID(®) 20 = omn(D(P) ") - 61,

and:

dvT

V= % P
=2(p—p)'D(p)"'p
=2(p—p) DP) (—p+ ¢’ (p))
= =2(p—p)' DO (p—p)+20-p) ' DB (-p+ ¢’ (p))
=2V +2(p—p) ' D) (¥°(p) — D)
— 9V 12— )" D(p) 1@% )

=2V +2(p—p) D(p) /di 1—t))dt>(p—]5)

= 2V 42(p—p)" (/ D) 'D(tp+ (1 —t)p )dd—(tp+(1—t) )dt) (p—p)

_ v i2p—p)T ( gy 1—0)&)@—@

(/ D(tp+ (1 —t)p)" 1]

D@p+(1—0pVgﬁ<p+«1—t)>ﬁ>@> p)

Omin (D(P)~ H dd)ﬁ

B, _
“’p

< =2V +0+2[lp—pll3 -

= =2V + 0w (D)) lIp — P13
V4V

<
< -V

We now claim that if p(0) € RMol satisfies V(p(0)) < € := owmin(D(p))~" - 61, then
we indeed have V(p(t)) < € for each ¢ > 0, and thus V' < —V for each ¢ > 0, with
equality if and only if p = p. To see this, suppose by contradiction that V(p(t1)) > e
for some t; > 0. Since V(p(t)) is continuously differentiable, and V(p(0)) < €, we have

=inf{t >0:V >0} € [0,t1). Thus, for each t € [0, 7), we have V < 0; since V' (p(0)) < e,
we have V(1) < V(p(0)) < e. The continuity of V' then implies the existence of some
d > 0 such that V(p(t)) < € for each ¢t € [0,7 + d], and thus V' < 0 for each t € [0, 7 + J],
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contradicting the definition of 7. Thus, if V(p(0)) = (p(0) — p) " D(p) " (p(0) — p) < €, we
have V' < —V for all ¢ > 0, with equality if and only if p(¢) = p. This establishes the local
convergence (in fact, at an exponential rate) of p(t) to p, as claimed. ]

To conclude the proof of Theorem [6.3.1} it remains to check that the discrete-time dy-

namics ((6.14)-(6.15)), and the continuous-time dynamics (6.17])-(6.18)), satisfy the technical

conditions in Lemmas [6.3.4] and [6.3.5] In particular, Lemma [6.3.4] establishes that flows and
tolls are uniformly bounded across the arc and time indices, while Lemma [6.3.5] asserts that
the continuous-time flow and toll dynamics maps are Lipschitz continuous.

Lemma 6.3.4. The discrete-time flow and toll dynamics induced by (6.14)-(6.15) satisfy:

1. For each a € A: {My[n+ 1] : n > 0} is a martingale difference sequence with respect
to the ﬁltmtion Jrn = 0( UaeA (Wa[l]a 5[1],]7[1], ) Wa[n]7 5[71],]3[71]))

2. There exist Cy, Cy,, Cp, > 0, such that, for any node-dependent constants {K; : i € I},
each a € A and each n > 0, we have Wy[n| € [Cy, go], Pa[n] € [0,C,), |My[n]| < C,.

Likewise, the continuous-time flow and toll dynamics induced by (6.17) and (6.18|) satisfy
the following condition—For each a € A, t > 0, we have wy(t) € [Cy, go] and pa(t) € [0,C,).

Proof. Please see [20], Appendix B.2. ]
Lemma 6.3.5. The continuous-time flow dynamics (6.16]) and toll dynamics (6.18) satisfy:
1. The map &7 : Rl4ol — Rl s Lipschitz continuous.

2. For each a € A, the restriction of the cost-to-go map z, : W x Rl4ol 5 R to the set of
realizable flows and tolls, i.e., W' x [0, C,]l40l  is Lipschitz continuous.

3. The map from the probability transitions £ € Hie]\{d} A(A]) and the traffic flows
w € W s Lipschitz continuous.

4. For each a € A, the restriction of the continuous dynamics transition map p, : R4 x
RI4ol — R defined recursively by:

o exp(—PBzq.(w, p))
pa(€7p) T Kla ( 5‘7‘ + Za’eAf; eXp(_Bza’(w7p))> ‘

to the set of realizable flows and tolls, i.e., W' x |0, Cp]"%', is Lipschitz continuous.
5. For each a € A, the map 1y, : RI4ol x R0l defined by:

ds[a}
dw

7o) (p) = —Pla) + T (p) (w;)(p), Ya€ A,

18 Lipschitz continuous.

Proof. Please see [20], Appendix B.3. ]
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Table 6.2: Parameters for simulation.

Notation Default value

a0 0,1,0,1,1,0,1, 1, 1 (ordered by edge index)
0o 2,1,1,1,1,1, 2, 2, 2 (ordered by edge index)
g1 1

I6] 10

v 0.02

Ni, (1] Uniform(0,0.1), Va € A,i € I\{d}

6.4 Experiment Results

This section presents experiments that validate the theoretical convergence results of Section
. We present simulation results illustrating that, under —, the traffic flows and
tolls converge to a neighborhood of the socially optimal values, as claimed by Theorem [6.3.1}

Consider the network presented in Figure [6.1] following affine latency functions s,(w,) =
1w, + 040 With parameters given in Table To validate Theorem we evaluate
and plot the traffic flow values W,[n] and toll values P,[n| on each arc a € A with respect
to discrete time index n > 0. Figure presents traffic flow values at the condensed DAG
equilibrium (i.e., w?) for the original network before and after tolls. Meanwhile, Figure
and illustrate that w and p converge to the condensed DAG equilibrium in approximately
300 iterations. While the original traffic distribution is more concentrated on a few routes,
tolls can distribute the traffic more evenly. This shows that tolls can improve overall social
welfare by reducing congestion in over-utilized routes.

6.5 Discussion

This work introduces a discrete-time adaptive tolling scheme to minimize the total travel
latency in a general traffic network with bidirectional edges. Our model assumes that, at
each time, players near-instantaneously react via perturbed best response to the announced
tolls. Accordingly, we formulate a two-timescale stochastic dynamical system that describes
the joint evolution of traffic flow and tolls. We prove that the fixed point of these dynamics
is unique and corresponds to the optimal traffic flow allocation from the perspective of
minimizing the total travel time. Moreover, we prove that the stochastic dynamics converges
to a neighborhood of the unique fixed point with high probability. Finally, we present
simulation results that corroborate our theoretical findings.
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Figure 6.2: Steady state traffic flow on each arc for the original network before (left) and
after (right) tolls. Flows on arcs emerging from the same node are identically colored.
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Figure 6.3: Traffic flow W vs. time index n for the condensed DAG in Figure [6.1
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Figure 6.4: Toll P vs. time index n for the condensed DAG in Figure [6.1
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Chapter 7

Online Learning for Adaptive Tolling

Chapter [0] presented an adaptive tolling mechanism over a stochastic arc-based traffic assign-
ment model (TAM), in which commuters sequentially select among outgoing arcs at each
intermediate node from source to destination. In particular, an entropy parameter § > 0
is used to characterize stochasticity in the commuters’ arc selections. Unfortunately, the
deployment of the tolling scheme required the unrealistic assumption that the central tolling
authority possesses perfect knowledge of § the network latency functions.

To address this shortcomings, this chapter presents an online learning algorithm in the
framework of a stochastic, arc-based TAM, to simultaneously learn the latency function
and the entropy parameter, while implementing tolls that become increasingly effective at
reducing overall congestion in subsequent iterations. At each iteration, we first implement
tolls, constructed during the most recent iteration, on each arc in the network. We then
collect the resulting equilibrium traffic flow and latency data from each arc, and apply a
regularized least-squares method to update our estimates of the latency function parameters,
based on the collected data. In turn, the flow data and latency function estimates can then
be used to update our estimate of the entropy parameter g, using the Principle of Optimism
in the Face of Uncertainty. Finally, these improved estimates of the latency function and
entropy parameters are used to design an improved tolling strategy for the next iteration.

We define the stage-wise regret of our algorithm at each iteration ¢ to be the difference
between the following two quantities: (a) The overall latency in the network induced by
equilibrium flows corresponding to the toll implemented at iteration ¢, and (b) The minimum
overall latency attainable by the tolling mechanism if it possessed perfect knowledge of the
entropy parameter and each arc latency function. The cumulative regret is then computed
by summing the stage-wise regret across all iterations. Our algorithm incurs regret of order
O(VT In(T)|A| - max{|I|In(|A|/|I|), B}), where T' denotes the total iteration count, |A| and
|I| denote the number of arcs and nodes in the network, respectively, and B denotes the
number of arcs in the network used to construct the estimate of the entropy parameter [ at
each iteration.

On a technical level, our algorithm utilizes concepts familiar to the bandits community,
such as the regularized least-squares method for latency function estimation [48, 64, 1],
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and the Principle of Optimism in the Face of Uncertainty for entropy parameter estimation
and toll design. However, the problem formulation and proof methodologies considered in
this work differ significantly from the above literature. First, in our problem setup, the
decision maker’s actions are tolls, which induce equilibrium flows through a non-convex
map; in turn, the regret is defined from the overall network congestion generated by these
equilibrium flows. Similarly, the unknown entropy parameter estimated in our work affects
the cumulative regret in a complicated manner. These complex dependencies between the
actions, unknown parameters, and regret preclude the direct use of analysis techniques in the
bandit literature. Moreover, whereas the decision-maker in [48] estimates latency functions
in the context of a route-based TAM and implements optimal flow assignments directly,
our work estimates both the latency functions and entropy parameter 3 of an underlying
arc-based TAM, and implements tolls, which in turn induce an equilibrium flow from which
the regret is computed. In particular, to estimate the entropy parameter 3, we use a novel
approximation scheme beyond the methods in [4§].

Likewise, various works have investigated the problem of estimating the entropy param-
eter of softmax models in the context of traffic assignment models or other machine learning
problems [84), |82, |91]. However, these approaches usually use heuristic models to approxi-
mate the unknown parameter [84, 82|, or assume that the overall objective can be written
as a convex function of the entropy parameter [91]. These assumptions separate the above
methods from our work, since our formulation involves cost and equilibrium models that are
highly non-convex in the action variables (tolls) and in the unknown entropy parameter f3.

The remainder of the paper is structured as follows. Section introduces the traffic
network studied throughout the remaining sections, as well as the incentive structures faced
by the commuters traversing the network. Section presents our online algorithm. An
upper bound for the overall regret incurred by this algorithm is given in Section [7.4] Finally,
Section presents empirical evidence for the theoretical regret bounds on our algorithm,
while Section summarizes our work and presents avenues for future research. More
details can be found in Chiu and Sastry, “Parameter Estimation in Optimal Tolling for
Traffic Networks Under the Markovian Traffic Equilibrium” [19).

7.1 Preliminaries

Setup

Let G = (I, A) be a directed acyclic graph that describes a single-origin single-destination
traffic network, with I and A denoting the set of nodes and the set of arcs, respectively. For
each arc a € A, we denote the start and end nodes of a by i, and j,, respectively. For each
node i € I, let A;, A C A denote the set of incoming and outgoing arcs. Let g, > 0 denote
the traffic flow entering the network G at each iteration.

To traverse the network, commuters sequentially select from outgoing arcs at each inter-
mediate node, from the origin o to the destination d. Each arc a € A is associated with a
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positive, strictly increasing latency function s, : [0,00) — [0, 00), which captures the time
required to travel through arc a due to congestion produced by the traffic load w, > 0, and
a toll p, > 0, the monetary value each traveler must pay to access the arc. Throughout the
rest of the paper, we adopt a linear latency model, formally stated in the assumption below

[

Assumption 7.1.1 (Linear Latency Functions). For each arc a € A, there exists some
0, € R such that sq(wy) = O,w,.

The cost ¢, : [0,00)*> — [0,00) on each arc is then obtained by summing the travel time
and toll:

Ca(eaa wa»pa) = Sa<wa) +pa - Qawa +pa7

while the perceived cost ¢, additionally includes a zero-mean stochastic error term §, € R
that encapsulates variations in commuters’ perception of travel time:

6a(9a7 waapa) = sa(wa) +pa + 6a = Hawa + Da + 5(17

At every non-destination node i € I'\\{d}, commuters select among outgoing nodes a € A;
by computing their perceived minimum cost-to-go {Z, € R:a € A} on arc a:

Za(0,w,p) 1= Ca(0, Wa, pa) —|—E5[ min Z,(0,w,p)|, ju # d, (7.1)

a GA
2a(07w7p) = 5a((9, waapa)a ja =d.

In this work, we adopt the logit Markovian Model |2, |3|, under which the noise terms ¢, are
described by the Gumbel distribution with scale parameter § > 0. (We also call 5 > 0 the
entropy parameter.) As a result, the expected cost-to-go z, for each arc a € A admits the
following closed-form expression:

(0 w p) - Ca(gaawmpa ( Z e—ﬁz /@, w,p) (72)

a EAJr

As a result, the corresponding equilibrium flow, called the Markovian Traffic Equilibrium
(MTE) w%8(p) € R corresponding to the latency function parameters 6 € R4l entropy
parameter B > 0, and toll vector p € R4l is the unique flow vector satisfying the following
fixed point equation—For each non-destination node i € I'\{d} and outgoing arc a € A;:

. exp(—Bz,(0, 0% (p), p))
0. = g+ Y af Soen: P(— e B ) ) <

!For an extension of our least-squares-based latency function estimation method to higher-degree poly-
nomial latency functions, please see [48].

a EAj'
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where W is the constraint set that enforces the conservation of traffic flow:

W ::{w c RAl. Z Wy = Z Wq, V1 # 0,d, Z Wo = Go, Wy > 0, Va € A} (7.3)

aGA;F acA; aEA;*'

Socially Optimal Tolls

The objective of toll implementation is to realign commuter’s incentives and route selection
decisions, to induce perturbed social optimality with respect to the logit Markovian model
detailed in Section [7.1] as defined below.

Definition 7.1.1 (Perturbed Socially Optimal Flow). Let the perturbed total weighted
latency L : W x R4 x R — R be given by:

L(w,0,8) = well(w,) + 6*2[Zwalnwa—<2wa)ln<2wa>].

acA 1€I\{d} a€Af aeA?‘ acAf

We call w* € W the perturbed socially optimal flow with latency parameters 6 reqularization
parameter 5 > 0 if it solves min,eyw L(w, 0, ), with W given by (7.3)).

In the perturbed total latency L defined above, the first component is the total latency on
the network weighted by the traffic load on each arc, while the second component is a non-
positive entropy term that achieves its minimum when the traffic load at each non-destination
node allocates itself equally among all outgoing arc. Thus, the entropy parameter 5 weights
the total network latency against the tendency of commuters with imperfect information to
explore among outgoing arcs at each intermediate node.

Since the minimization problem posed by Definition is strictly convex, the perturbed
socially optimal flow exists and is unique. Moreover, |22} [20] establish that, given a traffic
network G = (I, A) with latency function parameters § € R4 and entropy parameter 3 > 0,
there exists an optimal toll p € R4l whose corresponding MTE @w?#(p) is perturbed socially
optimal, and a dynamic tolling scheme that converges to the optimal toll. Those results, in
the context of the online tolling problem considered in this work, are as summarized below.
For more details, please see [20)].

Proposition 7.1.2. There exists ® € W and p € R4 such that @ = w%#(p) and p, = w',-0,
for each a € A. Moreover, w is perturbed socially optimal, i.e., W = argmin,ew L(w, 8, 5).

Online Learning Problem

Here, we pose the online learning problem that forms the central focus of this work. Let
T denote the total number of iterations for which the algorithm is run. Consider a traffic
network G with known node and arc structure (I, A), but unknown latency function param-
eters {0 : a € A} and entropy parameter 5* > 0. We assume that 6* and $* are bounded,
as posed below.
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Assumption 7.1.2 (Parameter Bounds). There ezist constants cg, Cy,cg > 0 such that
0% € [cg, Cp] for each a € A, and B* > cz. The central authority has access to cg but not
necessarily co or Cy.

The above assumptions are not overly restrictive, since roads cannot be arbitrarily con-
gestive, and travelers usually have some non-zero proclivity for selecting cost-minimizing arcs
and routes. Moreover, as established in Section [7.2] the arc latency parameter estimation
errors ||6" — 6%, shrinks rapidly as ¢ increases. This allows the true, unknown temperature
parameter 5*, and thus a lower bound for 5*, to be estimated with increasing accuracy as
more data is collected.

Now, consider ourselves in the position of a central traffic authority that wishes to mini-
mize the perturbed total latency over the iterations ¢ € [T], despite initially lacking knowl-
edge of the function parameters § € Rl and the underlying entropy parameter 3. To
accomplish this, at each iteration ¢ € [T], we implement a toll vector p' € R4, and ob-
serve the resulting MTE traffic load allocation w! := w?#"(p') € W, as well as the random
realizations of the travelers’ latencies on each arc:

ffm = sq(wh) + EZJ.

for each j € [[w']], where ¢ ; are independent 1-subGaussian random variables. We then
use the flow data {w] : a € A} and the latency data {(} ; : a € A, j € [[w']]} to update our
estimates of the underlying, unknown latency function parameter * and entropy parameter
£*, and correspondingly design our toll to implement at the next iteration ¢ + 1. The

cumulative regret R over the iterations ¢ € [T'] is thus given by:

R :=

t

T
[L (wG*,ﬁ* (pt)7 0", B*) . L(wﬁ*ﬂ* (p*)7 0", 6*)} (75)
=1
The core tenet of the above framework is that, as we accumulate more data on the traffic
flow and realized latencies, we can construct increasingly accurate estimates of 6* and (5*,

and consequently adapt our tolls p’ to reduce congestion in an increasingly effective manner.

7.2 Main Algorithm

In this section, we present the main components of our algorithm. Section describes the
least-squares estimator used to approximate the arc latency functions from collected flow
data. Section then discusses our novel approximation scheme for the unknown entropy
parameter /3. Finally, we present our main algorithm in Section [7.2

Least-Squares Estimator for Latency Function Parameters

First, we present the regularized least-squares estimator for the arc latency coefficients {6, :
a € A}. At each iteration t € [T], for each arc a € A, we observe the traffic flow at the
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current iteration, wt

a’

and latency data {¢} . :a € A,k € [t],j € [w.]}, We then update the

regularized least-squares estimate ¢ > 0 for the true coefficient 6%, with regularizer A, > 0,
as follows P

t—1 szsz
0! = argmm (& = 0awl)? + Aa|0al]3
=1 k=1

The following lemma states that these estimates, across iterations ¢ € [T], lie within a
neighborhood of the true parameter 7.

Lemma 7.2.1. [64] For each iteration t € [T'] and arc a € A, define:

t—1
! :\/)\aC’g—i—\/anT—l—an(v;\ ), (7.6)

a

and let the “good event” E be defined by:

. t
= {Vt €[T,Yaec A: |0 -0 < L}
thl

|A]
Then P(E) > 1 — .

Proof. We first introduce some notation. At each iteration t € [T], for each arc a € A, the
regularized least-squares estimate 6% > 0 for the true coefficient 6%, with regularizer \, > 0,
is given by:

i—1 |wl

9 —argmlﬂ ZZ p — 0a03)” 4 Aall0all3

7j=1 k=1

Note that the cost objective in the above argmin expression is convex and quadratic. Thus,
by setting the gradient to 0, we can compute the optimal parameter estimate as follows (for
more details, please see Gollapudi et al. [48], Lemma 2):

t—1 - t—1 |w] ]
0! = (Aa+2(wg)3> Zw] Z@ (7.7)
j=1
For convenience, we define:

t—1
Vi= Aoty (wh)?, (7.8)
j=1

2We assume |w] > 1, i.e., each arc is traversed upon by at least one commuter per iteration.
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Wa= > (w))’, (7.9)
j=1
t—1 i)

Ub=> w)- Zeak, (7.10)
j=1
t—1 I_waJ ‘

St= ng : Z €k (7.11)
j=1 k=1

Thus, we can write (7.7 as:
0, = (V) ™'Us = (V) (Wi + S1)- (7.12)

For each arc a € A, the above process generates regularized least-squares estimates {éfl},
across iterations t € [T, for the true underlying parameter %. The following lemma demon-
strates that these estimates, across iterations ¢ € [T, lie within a neighborhood of the true
parameter 0.

The remainder of the proof parallels that of Gollapudi et al. [48], Lemma 3, and is
included for completeness. From ([7.12)), we have:

Vi, — 0]

A Wte + %) — 0|

= VIV TS, + (V)T Wi = 1)64

= VVHVHTSE+ (VHTHVE = M) — 1)6a

= VIV TS = Xa(V)) 6] (7.13)
= (VD215 + v/ Aaba.

To bound (V/!)~/2|S!|, define M!(z) := exp (25! — 3V!z?) for each z € R. Then, for any
fixed z € R:

| wi,
1
E[Mé(z”fé] = Mé_l(z) . E eXp w(tl . Z 627’62 . étw(tlj (w2>222 Fé
k=1
[w] .
= M) J] B fexp (wi el e — 5wl (w2)2z2) fé]
k=1

< M7 (2).

so M!(z) is a supermartingale adapted to the filtration F? := o(w},3}). Thus, so is M! :=

a’r<a

E.n0,1)[ME(2)]. Tt thus follows from Lattimore and Szepesvari [64], Theorem 20.4, that:

t
(VH2|8t < \/21nt+ln (%) (7.14)
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The proof now follows from ([7.13)) and ([7.14)). O

In other words, with probability at least 1 — %, for each arc a € A at each iteration
t € [T, the estimate 6 falls within the confidence interval [éz S S ] Below,

VRN

for convenience, we set:

Ve

Y

0h = 0

t
a

=

a

t
gt =gt 4 s
Vt

a

Entropy Parameter Estimation

Intuitively, the entropy parameter governs the degree to which travelers at an intermediate
node prefer to select an outgoing arc that minimizes the cost-to-go. Specifically, when
B — oo, travelers at node 7 select with probability 1 an outgoing arc a € A that minimizes
the cost-to-go; when § — 0, travelers at node 7 select from all outgoing arcs with equal
probability. As such, a natural approach for estimate § would begin by fixing a node 7*,
whose outgoing routes to the destination are relatively straightforward to describe. Then,
we can analyze data that characterize the traffic flows and costs among its outgoing arcs
at each iteration ¢ € [T, to gain insight into the strength of the commuters’ preference to
minimize their cost-to-go, i.e., to estimate (.

We thus begin with the following lemma, which states that regardless of the precise
structure of the traffic network GG, there must exist a node * € I with properties desirable
for estimating 8 > 0. For every node i* satisfying the conditions of Lemma [7.2.2] each
outgoing arc a’ € A, yields exactly one route from * to d. Thus, the route segments from
1* to d have structure akin to a parallel-link network, allowing the estimation of the entropy
parameter $* from * to be straightforward. Examples are furnished in Figure [7.1]

Lemma 7.2.2. There exists a node i* € I\{d} such that |Aj| > 2, and for each j € AL,
either j = d, or there exists only one route from j to d.

Proof. By assumption, the graph G contains more than one route from the origin o to the
destination d. Thus, there exists some a € A such that |[A] | > 2, so the quantity:

m* :=min{m, : a € A, |A]| > 2}

is well-defined. Now, fix any a € A such that m, = m*, and |A]| > 2. Tt suffices to show
that, for each j € A;-Z, there exists only one route connecting j to the destination d. Suppose
by contradiction that there exists some j' € AZ such that at least two distinct routes connect
j' to d. Let j € I\{d} denote any node at which these routes diverge. Then for any a € A%,

we have |A} | = [Af] > 2, and:

mg < Mg = m”,
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8o 8o

@
()
(2) 4

Figure 7.1: (Left) A parallel arc-network with 6 arcs; here, i* = 4;. (Right) A more general
network with 6 arcs; here, * = 75 since there exists two routes from i, to the destination iy
which do not share an arc.

a contradiction to the definition of m*. This concludes the proof. m

Below, we present assumptions that facilitate the estimation of the true, unknown tem-
perature parameter $*. First, for each node i* € I\{d}, and any arc latency parameter
estimate @ € R4 and temperature parameter 5 > 0 within a range of reasonable estimates
for the true parameters #* € R4 and 8* > 0, we assume that the MTE costs of the outgoing
edges A are not identical. In particular, for each such node *, among the outgoing arcs
A, there must be sufficiently differentiation, in the form of a strictly positive gap A, > 0,
between the minimum and maximum costs-to-go. This facilitates the estimation of the tem-
perature parameter in 5, and emphasizes its role in the stochastic route choices made on the
part of the travelers. Indeed, the temperature parameter 3 is not meaningful in networks
with route segments that are virtually indistinguishable in cost.

A A

Assumption 7.2.1. Let p(0, B) denote the optimal toll corresponding to an arc-based TAM
with entropy parameter B, over a network with latency function parameters 6. There exists
A, > 0, such that, for any node i* € I satisfying the conditions of Lemma and any
parameter estimates within known bounds, 6 [cg, Cy| and B € [c3,00), we have:

~

max z (0, 0”7 (p(0, 8)), (0, B))

a’EA;C,
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A A

— min Za’<07w0*76*<p(éa5)>aﬁ(e7ﬁ)) > Az

G/GA;L*

In the following lemma, we establish an estimator 3¢ for the temperature parameter
B at each iteration ¢t whose proximity to the true temperature parameter 5* is directly
proportional to the gap between the under- and over-estimators 8%~ € R4l and 64+ ¢ RI4
of the true arc latency parameter #*. The key intuition behind the estimator is that, if
the true latency function parameters 6* on each arc were known, the underlying entropy
parameter 5* can be perfectly recovered by comparing the flows of outgoing arcs at a non-
destination node, and the ratios between the costs-to-go of these arcs. However, since the
central authority lacks access to 6*, we instead use the upper and lower bounds of the
confidence interval at each iteration ¢, i.e., {#%* 0%~ : a € A}, to construct an estimate (3
of the underlying, unknown entropy parameter $*. Moreover, we construct the estimate 3
to provably under-approximate 3%, i.e., to guarantee that 3* < *. This can be viewed as
an extension of the Principle of Optimism in the Face of Uncertainty, since the total latency
is non-decreasing in the entropy parameter 5 (Recall that the entropy term, to which
the 1/5* factor is multiplied, is always non-positive).

Lemma 7.2.3. Let i* € I\{d} be any node satisfying the conditions in Lemma and
let:

a* € arg Fel,lélri zo (0%, 0", ph). (7.15)

Then there exists ' € [cg, *] such that:

exp(—f" - ze= (657, w', p')) B exp(—0* - 2o+ (6%, W', pY)) (7.16)
Za’eAZt exp(—0t - zy (06F, wt, pt)) Za/GAZt exp(—[0* -« zq (0%, wt, pt)) .
Moreover, let A(i*) denote the set of all arcs contained in a route from i* to d. Then:
t * B*9o t+ t—\,, b
8 =B 1< Z 7 2 O 8w (7.17)
a€A(i*)
Proof. Fix t € [T]. Define .. € R by:
. exp(—f* - 2o+ (6%, 0", p")) wk.

KL, = =
“ Za/eAit eXp(_ﬁ* : Za’<9*7 wtvpt>> Za’eAzt wé”

and let ft, gt : R x RAPRY 5 R he given as follows:

_Bt. o (O bt pt
ft<ﬂ,49+,8_) = exp( 5 Zat (6 >@tU >p)t) —,
D wenr, eXp(=B" - 20 (651, wh, pt))

g"(B,07,07) :=Inf1(B,07,07) —Ink!




CHAPTER 7. ONLINE LEARNING FOR ADAPTIVE TOLLING 127

= _B : Za*(e_awt>pt) —In Z eXp <_5 : Za’(9+7wtapt)) —In K’fz*

a’eA;C,

Note that ¢*(5%,07,07) = 0 holds if and only if f*(5*,0%,07) = k.. If one takes 7 = ¢+
and 6~ = 05T this becomes a restatement of . We note that z,(0,w, p) is continuously
differentiable for each a € A, § € R4 w € W, and p € R4, and the log-sum-exp function
is continuously differentiable in the entropy parameter 5. Thus, f! and ¢’ are likewise
continuously differentiable at each 8 > 0 and each 8%, € R

The remainder of the proof proceeds in two parts. We first prove that, given any fixed
values 0 > 0%, 0 < 0% for each a € A, there exists a unique fixed point solution /5 to the
function ¢*(5%, 6%,607) = 0. In particular, given 6% > 0% 6%~ < 6% for each a € A, there
exists a unique entropy parameter estimate 5° > 0 that solves g*(/5%,0%",6%7) =0, i.e., that
satisfies (7.16), and * is the unique entropy parameter value that satisfies ¢'(5*, 6*,6*) = 0.
We then bound the gap between 8* and 3 by bounding the difference between 6% and 6*,
and between 0%~ and 6*.

1. Claim—Given any fixed 61 > 0%, 0 < 0* for each a € A, there exists a unique fixed
point solution /3 to the function ¢*(g%,6%,607) = 0:
Proof: To show that, for any 0%, §%~ € R4l the fixed-point equation g*(5*, 64+, 05~) =
0, has a unique solution (or equivalently that f*(3,0%,67) = ! has a unique solution),
we first note that:

1 t
a7 ="
exp(—B* - 2o+ (6%, wt, p*))
T a5 (07wl )
< 1.

and that f%(0,0%7,607) = 1/|Aj|. Below, we establish that limg_., f*(3,07,07) =
1/|Af|, by lower bounding %—g‘;. The existence and uniqueness of a solution 5 to the
fixed-point equation f*(3,0%,607) = k'. then follows from the Intermediate Value The-
orem.

To compute derivatives of g¢, we observe that, since i,~ = * satisfies the conditions
of Lemma [7.2.2] for each o’ € A}, there exists exactly one route that connects j,; and

i
d. As a result, z, (6", w', p") equals the sum of latencies on a’ and on arcs comprising
that route, and therefore does not depend on the entropy parameter 5. Thus:

—B. t,— wt pt —
SO e BE 0wt (05wt pt)
a’eAj*

t
%(579+70_) = _Za*(e_awtapt) +

Z efﬁ'za’(gt’_»wt’pt)
a’GA;
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A0 whe) t— ot ot
= —2,(07, 0", p —|—Z Gy cza (007, wh p')

acAd,

* /€Al
Bza(et p) t,— t ,t t,— t .t
:Z Z 652;915 Jwt, t)'[zé(97awap)_za*(97>w>p)}
aeA* +
2 /eA
- Z Z w : |:Za(9 ) tupt> - Za*<9t777wt7pt)j|'
(lGAZ* IGA:;

The flow continuity equations imply that »_ . At wt, < go; together with the assump-
tion that w’ > 1 for each a € A, we have:

wt >1

t
Za’eA:& wa o

Combining this with the definition of A,, we obtain:

gt A,
95 —=(8,07,07) > o (7.18)

Thus, ¢*(5,0",67) increases to 400 as § — 0o, and therefore so does f*.

To reiterate for emphasis, this claim establishes the unique existence of a entropy
parameter estimate 5* > 0 that satisfies ¢*(-, 0", 6%~) = 0, or equivalently, (7.16)). This
claim also establishes that § = * is the unique solution to ¢'(-, 6*,6*) = 0.

2. Claim—We have:

s O S

2 acA(*)

Proof: For convenience, we denote 0+ := (§*,07) € R?4l. For any 6* ¢ R
such that 0+ > 0% and 0, < 6* for each a € A, let 5 = 3(6%,0) denote the unique
solution to g*(3,0%,07). Note that for any fixed w € W and p € R since 24+ (6, w, p)
is component-wise increasing in 6, we have f(0,67,607) < x! < f1(5*,607,67). It thus
follows from the Intermediate Value Theorem that 3(6%,67) € [0, 5*].

By (7.18)), we have 2% (B 0%,07) # 0 at each > 0. This allows us to apply the

Implicit Function Theorem, which yields that 3 is continuously differentiable in 6%,
with:

9, ‘g oy
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Now, define u, := 0%t — * and u_ := 6~ — *. We then have:

0
8" = B*| = aei(9++0u+,0 +ou_)" dt
0

' \ . g . . )
= /0 [ﬁ(ﬂe —ouy,0 —i—au_)] -%(5,9 +ou_,0” +ouy)

(O —0%,607 — 0% dt

1
Yo ag + - + *x N— *
< Jo, =J . _ _
<AL /0 aei(ﬁﬁ +ou_,0" +ouy)- (0 0,0~ —0%)|dt
1
— & . ag + - L (pt+ _ p*
N /0 ae;r(ﬂ,e +ou_,0" +ouy)- (6,7 —60%)
acA
2 (‘30 +ou_, 0" +ouy)- (057 —6%)|dt,

where the inequality follows from ([7.18)). Next, let A(:*) denote the set of all arcs along
routes from the node i* to the destination node d. Now, observe that, for any a € A,
B >0and#t,0- € R4

0
a;i (8,6%,67) = —pul, - Ha € A}
eXp(_B : Zﬁ(et’_a wtapt))
ZG/GA;Q exp(—ﬁ : Za’(et’ia wtapt))

I (8.0%,07) = Bt - 1{a € A}

89

Substituting into the above upper bound for |5" — 8*|, we obtain:

- prl < Lo /Z

(8,07 +ou_,0” +ou )‘-(92*—9*)

+
a€A(i%) a
+ Z ‘—5«9++0u_,6 +ouy)| - (0F —6L7)dt
ac€A(i*)
5o t+ t—\,
< Az ' Z (9a _ea )wa?
acA(ir)

as desired.
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The upper bound ([7.17) demonstrates that, by applying the least-squares estimator de-
scribed in Section , which ensures that ||0%F —0% ||, < O(1//t) as t — oo, we can likewise
ensure that |3t — 3*| < O(1/V/t) as t — oc.

Algorithm Overview

Armed with the estimation schemes for 6* and g* presented in Sections and [7.2], we pro-
ceed to present our online learning algorithm (Algorithm . At each iteration ¢, the central
authority uses latency function and entropy parameter estimates obtained in the previous
round to compute the corresponding optimal toll p* (Line . Observe that, for the latency
function parameter, we use the lower bound 6"~ of the confidence interval (6%, 6%"), in
accordance with the Principle of Optimism in the Face of Uncertainty. Commuters then
sequentially select arcs in the traffic network to minimize their average cost-to-go, resulting
in the MTE traffic allocation w! := w?#"(p*) (Line|3)). The central authority then collects
this data, and uses the regularized least-squares method in Section to construct an up-
dated estimate 6" of the underlying latency function parameters 6* (Lines . Finally, we
construct an update estimate 3¢ of the underlying entropy parameter 3* using the approach

in Section (Lines [13H14)).

7.3 Lemmas for Regret Analysis

Throughout this section, the notation z < y denotes that there exists some constant
K(X A, ¢y, Cy,cp, %), such that z < Ky.

This subsection presents preliminary lemmas that will facilitate the proof of Theorem
[7.4.1] which upper bounds the regret of Algorithm We begin with the following lemma,
which facilitates the decomposition of the regret into tractable terms.

Lemma 7.3.1. Suppose 6% > 0! for each a € A, and % > 8'. Then, for each w € W:
L(w,6",8") < L(w, 6%, 5?).
Proof. This follows by noting that w > 0, and that the entropy term in L is non-positive. [
Next, we present a result derived from the Fundamental Theorem of Calculus.

Lemma 7.3.2. If f : R" — R™ s continuously differentiable, then, for each x1,x5 € R":

Ny — 212
2

8—£(3:1 + t(zy — 1))

| f(x2) = f(z1)]2 £ max

te[0,1]

Below, we establish a collection of upper bounds that will be used repeatedly throughout
the remainder of the proofs (Lemmas [7.3.3| and [7.3.4]).
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Algorithm 14: Simultaneous Tolling and Parameter Estimation

[ N I VN

10
11
12

13

14
15

Data: i* €1, 8 :=c5>0, A\, VO =X\,, Q2 =0, and p? %~ >0, 6%+ > 0 (Va € A)

fort=1,---,T do
for a € A do
t t
baao o b

t,+ Nt—1
" — 0,7 +

0L QL/ V!
end

B! < max{cg, Bt}
end

a

p! < Solution to pt = A== - @ " (ph).
wt <+ w? P (p*) (Commuters’ flow allocation)

< Costs collected from arc a at iteration ¢

Ve VA Co + \/21nT+ln (%)
oL~ max{éf;l — O}

Vi

Ve

Vi
Ve e VI ()

a a

t

QL+ QU 4wt - el et

Bt + Solution to—Va € Al

wt, _ exp(—Bt 'Mza(é’t’_, w, pt))
> Wy > exp(=f z, (08, wt, pt))
a/ €A, @' €AY,

Lemma 7.3.3. For anya € A andt € [T:

Yo S VIn(Tyg,).

Proof. Recall the definition of 4% in (7.6). After taking A\, = 1, we have, for any ¢t > 2:

oA

Vi1
=V A\Cy + 21nT—|—21n(§\ >

a

t—1
= Cy+ QmT+2m<1+§:mgm%ﬁ>

t=1

< Gyt /2T + 2 (14 (t - 1)g2)

S VIn(Tg,).
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This result can be straightforwardly extended to the ¢ = 1 case by ensuring that the constant

encapsulated in the “<” is selected to be large enough. O

Lemma 7.3.4. For any a € A:
wg ] (wi)?
me{ v < In(Tg,).
Proof. First, observe that min{1, z} < ﬁ -In(1 + ) for each x > 0. Thus:
lwi) (wg)* | _ 1 Lwe | (w})?
> i {1 L] < Zm Ly Ll
VIl 4w t)2>

(
1 Vt 1 t)2
:E' Vt 1

1
< —. |
“In2 Z .
=— IV’

<—-ln(1—|—ng’)

< In(T'g,),
as desired. ]
Next, we bound the weighted sums of the magnitudes of the latency function parameter

errors 6~ — #* and entropy parameter ' — 3* across iterations ¢ € [T]. First, we require
the following lemma.

Lemma 7.3.5. Under the good event E, for any p > 0:

ZZ 10e™ P S Bl AVT In(Tg,). (7.19)

t=1 a€A
Proof. The desired result follows by taking p = 2 in Lemma [7.3.5] O
Lemma 7.3.6. Recall that B denotes the number of arcs along routes from i* to d, which
are used to construct an estimate of 5* at each iteration t. Under the good event E:

T

> 18" = B < 9. BVT In(T'gs).

t=1
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Proof. Let A(i*) denote the set of all arcs on routes from i* to d. By Lemma |7.2.3] under
the good event E, we have ' € [cg, 8*], so |5" — 5*] < B* — ¢g. Moreover, from ([7.17)), we
have:

8" =B S g0 > (05T — 05wl
a€A(i%)
We then have:

T

T
DB =B Sgo- Y |ming B —ca D (05T — 057w,
t=1

t=1 a€A(i*)

T
Sgo- Y mind 1, Y (05T — 6L )wl
t=1

a€A(i*)

Take @ € max,ea(ir {Zt (08t — «92’*)102}. Then:

T
1
§4g037§-ﬁ- Zmin 1, t—1(w(tz)2}

T
§4gong VT - Zmin

<goBVTn(Tg,)

where we have used the fact that |wf| > 1. O

7.4 Regret Analysis

In the main theorem below, we upper bound the regret incurred by Algorithm [14]

Theorem 7.4.1. There exists some constant K(\, A, cg, Cp, cg, 5*) > 0, dependent only on
the parameter bounds cy, Cy and cg, such that for any T' € N:

RS 200 ANT (T, - ma {110 (V1) 5},

where B := |A(i*)| denotes the set of all arcs used to construct the estimates [5*.
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Proof. As in Algorithm set pt € R4 and p* € R4 to be the unique solutions to the
following fixed-point equations:

Under the good event E described in Lemma
L(wﬁt’_ﬁt <pt)7 91&,—7 Bt) < L(U—)G*,B* (p*>, et,—,ﬁt) < L(wG*,ﬁ* <p*)7 9*75*)7

where the first inequality follows since Definition [7.1.1, Proposition [7.1.2}, and the definition
of p* (Algorithm Line [2) together imply that @’ % (p!) = arg min,ey L(w, 85, 8%, BY),
while the second inequality follows from Lemmas [7.2.1] and [7.3.1]

For convenience, we denote by y : W — R the entropy term in C, restated below:

x(w) = Z Z we Inw, — Z Wy | In Z Wq (7.20)

iel\{d} aeA;f aEA;r aeA;L

Thus, the regret R can be upper bounded and decomposed as follows:

R [L(@”7 (p"),60%,8%) = L(@” 7 (p*), 6%, 5")]

]~

t=1

[L(w” 7" (p), 0%, 8*) — L(a 7' (p'), 0", 3]

]~

~~
Il

1

[L('u‘)g*:ﬁ*(pt),@*,ﬁ*) . L(wa*,ﬁ*(pt%et,fjﬁt)]

E

~
Il

+ —_
[M] =

[L(@™7 ("0, 8) = L@ 7 ("), 07, 81)]

1

(]~

(0 — 05wy ™ (p')? (7.21)
t=1 acA
/1001
> (5 - E) (B () (7.22)
T
+ Y (L@ (ph), 0, 8Y) — L(w” 7 (p1), 057, 8Y)], (7.23)

t=1

where, in accordance with the notation in Algorithm , we set w! := w?" P (p'). Define the
three summands (7.21)), (7.22), (7.23) by R;, Ry, and Rjs respectively. The convergence rate
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of 6%~ — 6* and ' — 8* can then be analyzed to yield non-asymptotic bounds for R; and
Ry, respectively. In turn, these bounds are then employed to bound R3. Details of these

steps are presented in Lemmas [7.4.2] [7.4.4] and below. O

Remark 7.4.1. Compared to [48], our regret upper bound contains an extra term of the form
max{||In(|A|/|I|), B}, due to the following unique features of our problem formulation that
are not present in [48]: (1) The entropy parameter estimation process, which contributes the
network structure-dependent constant B, (2) The tolling authority affects the equilibrium flow
allocation indirectly, through tolls, instead of directly dictating commuters’ route selections,
(3) Mismatch between the latency function and entropy parameter estimates used by the
tolling authority to compute tolls (6%~ 5"), and the true parameters used by the commuters
to best-respond to the implemented toll (6%, 5*).

Lemma 7.4.2. Under the good event E:
T
Ry=) > (0 = 0:7)(wh)’ S ol AVT In(Tg). (7.24)
t=1 acA

Proof. Take @ € arg maxgea { ST (67— 0%~ )(wt)?}. Then, under the good event E:

T

Ry < [A[-) (65— 6;7)(w,)’

t=1

T
< [AV/go - 2(92 —077) (wy)*?

~—

< |l me{ceg?’/z W(wg 3/2}
< 2V2/Al5s - me{CegS/Z N }

where in the final inequality, we have used the fact that, since w’ > 1 by assumption, we
have w! < 2|w!|. Thus, the Cauchy-Schwarz inequality gives:

Ry < 2V2Cy|Alg2a7 - me{ \/1—1 \ L’wéJ‘wé}

< |Alg2\/n(Tg,) - VT - me{l,M}

Vt_l
< g AIVT In(Tgs),
where the final inequality follows from ((7.3.4)). O
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Next, recall that in ([7.20)), we defined the entropy term y : W — R as follows:

x(w) = Z Z Wy Inw, — Z w, | In Z W,

ieI\{d} CLEAZr aEA;L CLGAZr

Lemma 7.4.3. For any w € W, we have:

ol < g (1= ([ 4)

Proof. First, fix D > 0 arbitrarily, and consider the following constrained optimization

d d d
min Z r;lnx, — (Z ay) In (Z a:2>
i=1 i=1 i=1

r€R
d
s.t. Z z, =D
i=1
The Lagrangian of the above problem is given by:

Ll hp) leml (Z$>ln<2x>+)\<z$—D)+z::ux

The corresponding KKT conditions are therefore:

d
0= oL =z, +1—1n (Z:@) — 14X+ =1In <dei )+)\+Mi> Vi € [d],
.711']‘

problem on R¢:

1=

al[’i =
0 = iz, Vi e [d],
and Ele x; = D. The optimal solution is thus z* = %(1, -+« 1), with corresponding

minimum value:
d d D
¥ lnar — ¥ | In |l =d- —ln —DInD =—Dlnd.
3 et~ (S ) ($5) - G (7)

This implies that:

S - ( 3 wa) o ( 5 wa) <3 vl

aEA;." aEAj aEA:' aEAj



CHAPTER 7. ONLINE LEARNING FOR ADAPTIVE TOLLING 137

Summing over all non-destination nodes, we obtain:

b walnwa—<zwa> m(z wa)

iel\{d} aEA:r aEAZr aeAj

< > [ DD wa | InA7

iel\{d)} \aca}
Sgo' Z 1H|AZ+|
eI\{d}

<g, - |I\{d}| In H In | A [V
ieI\{d}

1 +
Sgo' |[\{d}|h’l |]\{d}| Zelz\{:d}|A1 ’

— g, - (|1] _1)1n(|l||A_|1) :

where the final inequality follows from the arithmetic-geometric inequality. O

Lemma 7.4.4. Under the good event E':

(Lo, wh) < o2 om (ALY T
Ry ._Z;(ﬁt 5*) x(w") < g5 B(|I] - 1)1 <|f|—1) VTIn(Tg,). (7.25)

Proof. From Lemma [7.3.6
T
D 18" = B £ g BVT In(Tg,).
t=1

This bound, together with the upper bound on y provided by Lemma [7.4.3] completes the
proof. O]

Next, we bound Rj3, as presented below.

Lemma 7.4.5. Under the good event E:
T
Ry:= |L(@"7 ("),0"7, ) — L(@” % (p"), 0", 5")] (7.26)
t=1

< gg 1n2(go)\A]\/Tln(Tgo) - max {|I[ In (”—ﬁ) 73} .
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Proof. Define the map @ : R4 x R x R4 — Rl by @(6, 8, p) := w%5(p). Observe that
L(-,0,B) is continuously differentiable on W, for any fixed 6 € R4, 5 > 0; later, we will
establish that w is continuously differentiable as well. Then, from the Fundamental Theorem
of Calculus to the maps L and w, we obtain:

L(a” % (p"), 0%, 8) — L(w" " (p"), 0%, 5)
= [L(@” 7 (p'), 0", 8Y) — L(@” 7 (p"), 6%, 5")]
+[L(@® P (ph), 05, 8Y) — L(a@® ™ (ph), 6%, 8Y)]

1 8.[/ et -4 * t,— t
— Y 00T u(0F—057),8 ot t,— nt
/0 u (7 (#"),0"".8") (7.27)

@
00
18[/ gtf t * t
00T B (B =B (ot gt~ At
+/0 8w(w (p), 0 ’ﬁ>

ow

o (07 B (5 = 8).p) du- (8" — 87).

(6“ +u(0* —0"7), ﬁt,pt) du - (0" —6"7)

For convenience, define:
Suo 1= {@" TG u e [0,1],
Sup = {@" I s w e 0,1},
S = SuweUSus,
So = {0 +u(®" —0") w01}
Sp = {Bt +u(B*— B uelo, 1]}
Then, by applying the Cauchy-Schwarz inequality to ([7.3.2), we obtain:
("% (p'),047, 8) — L(a" (). 0, 5')

oL
< t,— pt
< max || = (w, 67, 57) 2 (7.28)
ow * t * t,— ow * t * t
[raré%z( o (0:87.0") - (67— 0 >2+2é%§ aﬂw,ﬂ,p) 2 18 = B

We bound each of the max terms in ([7.28)) below.
1. Bounding max,egs,, Hg—i(w,etv_,ﬁt)ﬂz:
For each a € A, and any w € W, 6 € R4l and 5 > 0:

OL 1 w
—(w, 6 =20w, +—-In| = |.
awa (w7 76) W, + B n (Za/eA;' wa/>
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Note that [0%7| < Cy for each a € A, and that for any w € W, we have |w|z <
Y aea Wa < m(G)g,. Moreover, by Lemma [7.4.3] and the assumption that w, > 1 for
each a € A (note that the set {w € R : w, > 1,Va € A} is convex), we have for each

w e W:
w w
ml—"Y = N[ W
; (Za'eAi wa’) ‘ aGZA (Za’eAL wa’)
w
< — W In ‘
aGZA (Z:a’GAJr wa/)
=[x (w)]
A
<g,-(|I|—1)1 2
<gu- (111 = D1 (72 (7.20)
Meanwhile:
2
W, 9
d i | =] <*g)lA] (7.30)
a€A Za’EAja War
Thus, we obtain that, for any w € S,,:
oL
et,— t
Hawa (w, ) 2
1 . |A|
<2Cym(G)g, + - min In(go)v Al go(]1] — 1) In =1 ( (7.31)
5 _

2. Bounding maxges, |52 (0, 5*,p') - (0% — 6"7) ]|
First, we verify that w is indeed continuously differentiable, and compute the

Jacobians g—i, %—?, and g—’g. This requires the results of [20], Lemma 1, which we

summarize below. Define F : W x R4l x R4 x R x R4 — R as follows—For each:

F(w,0,5,p)
= /Q[Qaz—l—pa}dqulZ[Zwalnwa—<Zwa)ln<2wa>]
l[aleAo 7 ° p i#d LacAf acAf acAf

Note that F(-,6, 3, p) is strongly convex, with parameter at least cy.

Next, observe that W is a compact subset of a strict affine subspace in R/, Let
d be the dimension of the smallest affine subspace containing V. Then, there exist
M e RIAXIG with orthonormal columns, and b € RIM4H such that:

W={weR: MTw+b=0w, >0,Vac A}.
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Let B € RMXIAZINAD consist of orthonormal columns orthogonal to the columns
of M. We then use the theory of constrained optimization to completely characterize
w(0, B,p) = w¥?(p). In particular, w = w(6, 3,p) if and only if the following implicit
equation, characterized by the map J : Rl x R4 — R4l defined below, is satisfied:

B MTw+b _
J(w, 8, 8,p) := [BTVwF(w,H,B,p)l !

Moreover, the proof of [20], Lemma 1 establishes that, for any fixed § € RI4I, 3 > 0,
p € Rl

0. MY
a7 _ |Alx|A]
5,02 5:P) {BTng(w,e,ﬁ,p)} °H

is non-singular. By the Implicit Function Theorem, this establishes the continuous
differentiability of w. We can then compute %7 8“’ € ]R'AMA‘ at any (0, 3,p) € R4 x R x
Rl as:

ow

R

6.5, >] 220,60

—1
0
[BTVZ F(w,0, 8, )} [BT%VwF(w,G,&p)

B(B'"V2F(w,0,3,p)B)"'B" - %V F(w,0,8,p),

where we have used the fact that by construction, [M B] is an orthogonal matrix
(see [20], Appendix A).

Now, observe that the (a, a’)-entry of %VwF(w, 0, 3,p) € R4l is given by:
2

89a/ 0wa

F(w,0,8,p) =2w, -1{d’' =a}, Vae A,
Substituting back into ([7.28)) and applying the Cauchy-Schwarz inequality, we obtain
that, for each 6 € Sy:

ow
00
Applying the Cauchy-Schwarz inequality, we obtain:

(0, 68%p") - (0" —0"") =B(B'V.F(w,0,8,p)B)"'B" - ((6* — 0" )w Wy) e

O .
89(95 p') - (0* -0 )2

<[|B(B'V,F(w,0,8,p)B)"' B ||z - [|((0" — 0" )wg) .4l

max
0€Sy
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Since the columns of B are orthonormal, we have |B(B'V2 F(w,0,3,p)B) BT ||y <
V2 F(w,0,53,p)|2 < 1/cy. Moreover, we can upper bound |[|((6* — Ht”)wfl)aeAHg <
(07 = 6" )ws) oyl = Dea (6 — 67 )wl,. We thus obtain:

ow 1
0 B0 =0t < —- 0* — 6" \w! . .32
max || = (60, 5%, p") - ( <5 anA( ! (7.32)
3. Bounding maxges, Hg_g(g*’&pt) 18" = BY:
In the same manner that we used to compute 2 5 @ above, we can Compute e R

at any (0,5,p) € R4 x R x R4 as:

ow
9p

o0J o0J

(0,6,p) = 5 (9,&1))] @(97@1))7

—1 O
[BTWF (w, 8,8, )} {BTngF(w,G,ﬁ,p)}

B(B"V2F(w,0,3,p)B)'B" - %VF(@UG@ D),

Now, observe that the a-th entry of 8 V wF(w,0,5,p) € R4 is:

0? 1 W,
aﬁawaF(w,G,ﬁap) = —@ln <—Za/eAJ wa/> .

Using ((7.29) and - we obtain:

1 A
Haﬂv Pun0,6.9)| < 2 min {1t /ALt - o (25 )}
Finally, we conclude that:
<|B(BTVF(w,0,8.p)B)" B - H Vo F(w,0.8.p)| 15" 8
2
1 . A * t
< i ()AL - o (A s o

Substituting ((7.31)), (7.32)), (7.33)) back into ([7.28]), we obtain that:

Z!L o (ph), 00, BY) — L(a” 7 (p), 0", BY)]



CHAPTER 7. ONLINE LEARNING FOR ADAPTIVE TOLLING 142

< (@t a0 (11 - i (27 (734
-[é;(&*—ét’_)w(ZvLmin{an( o) - A, gO|I|1n( )} ZW @t]

Applying Lemmas [7.3.5] (with p = 1) and we obtain:

Rs; < (m(G)go + min { In(go)v/| 4], go| I| In (||?||) })

90| A|VT In(T'g,) + min { In(g,)v/|A, go|1| In (‘G‘") } - 9.BVT In(Tg,)

S gam(G)AVT (T g,) + g5 In(g,)m(G)v/|A|BVT In(T'g,)
+ a2l () VTN + 0,00 A1BVT (T,

< 92In*(g,)|A|VT In(Tyg,) - max{]]\ln(“?") B}.

Note that we have used the fact that m(G) < |I]. O

Finally, we combine the results of Lemmas [7.4.2], [7.4.4], and [7.4.5] in the above sections
to conclude our proof of Theorem

Proof of Theorem [7.4.1], Continued. Lemmas [7 4.4 and [7.4.5] we have:
Ry S g2|AVT In(Tg,),

Ry < g2 - B|I|In (lﬁ") VT n(Tg,),

Ro % 2 ANT () - maoc {1 (1) 5.
Note that R; < R3 and Ry < R3. We thus conclude that:

R=Ri+ Ry + R3

< ¢ n(g,) | AT In(Tg,) - max{uun("f") B}.
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7.5 Experiments

Here, we present numerical results on simulated traffic networks that validate the regret
bounds presented in Theorem [7.4.1} In particular, we run Algorithm for T = 2500
iterations, with g, = 100, on the parallel-arc network in Figure (left), with underlying
parameters 6* := (1.5,2.5,3.5,4.5,5.5,6.5) € R® and 8* = 0.25, and on the more general
network in Figure (right), with underlying parameters * := (0.6,0.4,0.4,0.4,0.6,0.6) €
RS, and 8* = 0.25. To suppress constants in the cumulative regret, we selected \, = 0.01
for each a € [6] .

For convenience, for each iteration ¢ € [T, let L' := L(w?" %" (p'),0*, 3*) denote the cost
incurred at iteration ¢, let L* := L(wa*’ﬁ* (p*), 0%, B*) denote the minimum possible cost, and
let R = 23:1 [L(w(’**ﬂ* (pT),G*,B*) — L(w(’*’ﬁ* (p*),@*,ﬁ*)] denote the cumulative regret
up to iteration t. In Figure , we detail the growth of the cumulative regret R! — L*t
as a function of t. We also provide logarithmic plots that describe the decay of the stage-
wise regret L' — L*, the magnitude of the latency function parameter estimation error ||6]|2,
and the magnitude of the entropy parameter estimation error |5* — §|. For both networks,
the cumulative regret increases as a sub-linear function of the iteration count, while the
cumulative regret, # estimation error, and S estimation error decrease gracefully to 0.

30 1 -1 2

L
|
In([6" — &*)2)

5 G
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Iteration (t) Iteration (t) Iteration (t) Iteration (t)

In([|6 — 6*]|2)

= = - -7 —6
0 500 1000 1500 2000 2500 ) 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Iteration (t) Iteration (t) Iteration (t) Iteration (t)

Figure 7.2: (Left to right) The cumulative regret R' — L*t, logarithm of stage-wise regret
In(L* — L*), logarithm of §-estimation error In(]|6" —6*||2), and logarithm of stage-wise regret
In(|8* — *]) for the parallel-arc network in Figure (top) and the more general network
in Figure (bottom). Note the sub-linear growth of the cumulative regret with respect
to the iteration count, and the rapid decay of the stage-wise regret, f-estimation error, and
[-estimation error to 0, as the iteration count ¢ increases.



CHAPTER 7. ONLINE LEARNING FOR ADAPTIVE TOLLING 144

7.6 Discussion

This work presents a novel online learning algorithm to learn the latency function and en-
tropy parameters that characterize commuters’ arc-selection decisions on a single source-
single destination traffic network, while simultaneously implementing tolls to minimize the
overall network congestion. We characterize a notion of regret using the accumulation across
iterations of the gap between the incurred and minimum costs, and prove that our cumu-
lative regret metric increases sub-linearly in the number of iterations ¢. Finally, we present
numerical results illustrating the performance of our regret algorithm on simulated traffic
networks.



145

Part IV
Future Work
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Chapter 8

Conclusion

The previous chapters of this thesis presented contributions towards safe and efficient societal-
scale autonomous navigation along three crucial dimensions—A fast and reliable optimization
template for localization and mapping (Part 1), dynamic game theory-based algorithms for
joint prediction and motion planning (Part 2), and adaptive tolling schemes to reduce con-
gestion on large transportation networks (Part 3). Below, we discuss promising directions of
future work aimed at bringing the promise of autonomous navigation closer to reality.

8.1 Part1l

Interesting avenues of ongoing work along the direction of localization and mapping include
establishing a rapprochement of learning-based and model-based state estimation meth-
ods for downstream path planning. Another interesting research direction involes deploy-
ing SLAM algorithms in challenging, high-speed settings, such as autonomous racing, to
stress-test their computational efficiency and robustness in extreme instances of autonomous
navigation, while ensuring safe operation at all times.

e Rapprochement of learning-based perception and model-based estimation.
An important open problem in my ongoing research is to enable robust state estimation
across a wide range of different environments, which necessitates a principled fusion of
learning- and model-based perception methods in a unified framework. Learning-based
perception can provide semantic interpretations of the environment, but often struggles
to perform accurate metric reconstruction when necessary, such as for the generation
of safe trajectories for an agent in cramped or cluttered surroundings. Meanwhile,
visual SLAM algorithms can generate consistent metric maps, but are often slow, and
do not provide semantic information relevant to the downstream navigation task. I
plan to investigate how these two approaches, learning-based and model-based, should
be combined, to support an autonomous navigation framework that is computation-
ally efficient, enjoys a high goal-reaching success rate, and is robust with respect to
challenging and unpredictable scenes.
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Figure 8.1: Indy Autonomous racecars in motion at the Las Vegas Motor Speedway racetrack.

e Autonomous Racing. In the Indy Autonomous Challenge (IAC), self-driving race
cars must complete laps around a professional racetrack at high speed (> 150 mph),
without incurring collisions or violating lane-following regulations (Figure . How-
ever, state estimation during racing poses an intimidating challenge, since motion blur
at such high speeds precludes the use of cameras for tracking lateral (perpendicular to
the race tracks) displacement. Moreover, the irregularly shaped tracks often lack easily
discernible features. To meet these challenges, my collaborators and I have proposed a
SLAM architecture that uses LiDAR sensor data for lateral tracking, and stereo cam-
eras for longitudinal tracking. We are excited to perform extensive experiments across
a wide range of autonomous racetracks, such as the Las Vegas Motor Speedway and
the Monza Racetrack in Italy.

8.2 Part 2

In the realm of dynamic game-theory-based motion planning algorithm design, many promis-
ing directions of future work await investigation. The first involves extending the defensive
driving and GTP-SLAM frameworks (Chapters |4 and [5)) to capture more nuanced multi-
agent interactions in real-world traffic scenarios. The second direction involves applying
iterative dynamic game algorithms to analyze control theory and mechanism design prob-
lems in societal-scale, non-atomic settings, such as adaptive tolling (Chapters |§| and @
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Figure 8.2: The Monza Motor Speedway racetrack is irregularly shaped, and lacks features
commonly used for localization in real-life traffic, such as traffic signals.

e Defensive Driving. I aim to explore more flexible approaches for encoding defensive
behavior in games. For example, in many real-life scenarios, vehicle dynamics should
be modeled with stochastic, partial observations, and should account for occlusions
and dynamic disturbances. Also, the ego agent may wish to select the adversarial
time horizon more flexibly. Of particular interest are cases where the ego agent may
choose to vary T,q, from one non-ego agent to another. For example, the ego may
observe that some non-ego agents are behaving more adversarially than others, and
respond accordingly by associating such players with higher values of T,q4,, compared
to other non-ego agents. In addition, the ego may wish to allocate different parts of
the overall time horizon to be adversarial, rather than simply the first 7,4, seconds.
For example, choosing the adversarial time horizon to be the final 7,4, seconds of the
overall time horizon, rather than the first T4, seconds, would transform the game from
an adversarial-to-cooperative type to a cooperative-to-adversarial type. This would be
useful in situations where the ego agent predicts that the surrounding non-ego agents
are currently cooperative, but may become momentarily distracted in the near future.
For example, such a formulation may motivate the ego agent to gradually approach an
intersection at which other agents might run a red light.

e SLAM with Game-Theoretic Priors. Regarding my work on SLAM algorithms
that use game-theoretic priors, our current experiments do not yet consider loop clo-
sures, which are essential for the long-term recovery of static scenes in SLAM tasks.
It is thus critical to study how to best incorporate game-theoretic priors when detect-
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ing and enforcing loop closures. Moreover, our current method was implemented in
full-graph optimization problems; in practice, however, SLAM graphs are often opti-
mized incrementally, as measurements are acquired in real-time. Our approach readily
extends to this setting. Finally, our method only computes open-loop game strate-
gies, corresponding to feedforward, rather than feedback, controls. Future work will
investigate game-theoretic SLAM priors in more complicated strategy spaces.

e Dynamic feedback large-scale games. Another promising direction for future re-
search is to design dynamic game theory-based algorithms to model non-cooperative
interactions between hundreds or thousands of self-interested dynamic agents. In the
literature, non-atomic games are generally solved under a static setting or an open-loop
information pattern, which generally struggle to capture more nuanced interactions be-
tween dynamic agents in atomic games. I aim to address this gap by developing algo-
rithms for solving dynamic feedback non-atomic games, to characterize the aggregate
behavior of non-cooperative, self-interested autonomous agents at large scales.

8.3 Part 3

Future work for adaptive toll design will target the removal of certain assumptions placed on
the formulation presented in Chapters [l and [7]] These assumptions may be overly stringent
in practice, or fail to account for aspects of social welfare, such as fairness.

1. Studying Transient Effects in Traffic. Chapters [6] and [7] focus on a static and
asymptotic model of social optimality. In other words, any tolling mechanism or route
assignment scheme that asymptotically steers the aggregate traffic allocation towards
latency-minimizing flow levels is declared to be socially optimal. This paradigm does
not capture certain complex, non-asymptotic phenomena that often cause significant
disruptions in traffic flow in real life. A prominent example is the occurrence of traffic
accidents that block several lanes on a busy highway, causing vehicular pileup, excessive
congestion, and possibly even additional accidents beyond the first. It is thus of interest
to develop arc assignment methods that can swiftly disperse vehicles towards alternate
routes when such an emergency event occurs at a crowded traffic scene.

2. Heterogeneous Tolling for Fairness and Robustness. The tolling mechanism
proposed in Chapter [6] assumes that in a transportation network with fixed tolls, all
travelers on the same arc perceive the same overall cost, obtained by summing the
toll and a monetary value associated with the travel time. However, in real-life traffic,
travelers may select routes in different, nuanced ways that are not well-modeled by
this simplified framework. For example, some commuters may take other factors of
the traffic network into account, such as paving quality or neighborhood safety, when
performing route selection. Moreover, individuals with lower income may respond
more drastically to the deployment of a toll, while individuals with higher income may
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completely ignore tolls imposed on the network. This example additionally raises issues
of fairness, since it is undesirable to considerably increase the commute costs faced by
low-income communities. Future work will aim to address the above concerns, to
implement an adaptive incentive design scheme on a transportation network that more
accurately captures nuances in the route selection decisions of different populations
of travelers, while ensuring that travelers from all communities are treated fairly and
humanely.

3. Online Learning for Adaptive Tolling. A natural avenue of future work, for
the online learning and adaptive tolling project (Chapter [7]), is to extend the online
learning algorithm of Chapter [7] to traffic networks with multiple origin-destination
pairs, and possibly bi-directional edges. Such settings pose particular challenges to the
estimation of the entropy parameters, since each arc in the network could be shared
among commuters representing a diverse range of travel histories and destinations. It
would also be interesting to explore whether one could relax the assumption that the
central authority possesses knowledge of a lower bound cg > 0 for f*. Yet another
direction of future inquiry would be to study the effect of a non-constant input flow
go on the growth of the cumulative regret. Finally, it would be interesting to run
Algorithm [14] on larger simulated or real-life traffic networks, to fully investigate the
empirical dependence of the cumulative regret growth on the network parameters.
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