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Abstract. We derive a probabilistic multi-scale model for contour completion
based on image statistics. The boundaries of human segmented images are used as
“ground truth". A probabilistic formulation of contours demands a prior model and

a measurement model. From the image statistics of boundary contours, we derive
both the prior model of contour shape and the local likelihood model of image
measurements. We observe multi-scale phenomena in the data, and accordingly
propose a higher-order Markov model over scales for the contour continuity prior.
Various image cues derived from orientation energy are evaluated and incorporated
into the measurement model. Based on these models, we have designed a multi-
scale algorithm for contour completion, which exploits both contour continuity
and texture. Experimental results are shown on a wide range of images.

1 Introduction

Traditionally there are two approaches to grouping: region-based methods and contour-
based methods. Region-based approaches, such as the Normalized Cut framework [19],
have been popular recently. Region-based methods seem to be a natural way to approach
the grouping problem, because (1) regions arise from objects, which are natural entities
in grouping; (2) many important cues, such as texture and color, are region-based; (3)
region properties are more robust to noise and clutter.

Nevertheless, contours, even viewed as boundaries between regions, are themselves
very important. In many cases boundary contour is the most informative cue in group-
ing as well as in shape analysis. The intervening contour approach [9] has provided a
framework to incorporate contour cues into a region-based framework. However, how
to reliably extract contour information, despite years of research, is largely an open
problem. Contour extraction is hard, mainly for the following reasons:

1. texture: natural scenes are often highly textured. Contour-based approaches often
have difficulty dealing with textured regions and find a lot of false positives, largely
because they do not have an inherent concept of texture.

2. low contrast: contrast varies a lot in natural scenes. For example, camouflage of
animals. In many cases, contours are perceptually salient only because they form a
consistent group.

The problem of contour completion has been studied extensivielvl[4]1417,13,20,5,18,2].
Most of these approaches are two-stage: an early stage of detection, where hard decisions
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are made locally and prematurely; and a later stage of linking or grouping. This two-stage
paradigm ignores the crucial fact that contour elements are not independent. A pixel is
an edge if and only if there is a contour passing through it. The probability of a pixel
being an edge is the posterior probability that there exists a contour passing through this
pixel given the image.

Based on this observation, we propose a multi-scale Bayesian approach to contour
completion and the classical problem of contour extraction. Two questions we need to
answer in a Bayesian framework: a prior model of contour shape; and a local model
of contour measurements, how the image arises from contours. These two questions
we answer by empirical measurements of contours in natural images. There have been
many recent studies on the statistics of natural imagesi[22,8,7,11,3] . In our work we
use the database of human segmented images reporifed in [11]. The contours in these
segmentations are explored to understand natural scenes and to motivate our contour
completion algorithm. Driven by this empirical analysis in Secfibnt8gher order
Markov models are proposed as the prior model for contour shape. This is a significant
distinction in our work from the related approaches such as Mumford [13], Williams
and Jacobs [21], who used a first-order Markov model for contour shape. We also make
use of the database of human segmented images to arrive at a measurement model,
incorporating various local cues such as orientation energy and textureness. Based on the
Markov assumption, we use dynamic programming to efficiently compute the posterior
probability. The multi-scale contour completion algorithm is presented in Sddtion 5.
Experimental results are shown in Secfidn 6.

2 Bayesian Contour Completion

In this section we give a formal analysis of our intuition in the introduction and motivate
our work on images statistics. The key is that how likely a pixel is an edge is quantified
by the posterior probability that there exists a contour passing through it:

Consider a pixep in a given imagd . Let M, denote the measurement, or a feature
vector, at the pixep, andM the collection{ M1, } for all p. Letb,, € {0, 1} be the binary
random variable which denotes the existence of a boundary contour ap pielat we
want to compute is the posterior distribution:

P(M,b,)

Plby|M) = =557

The posterior probability of the non-contour case is determined by our background
model. If we make the simplifying assumption tha§ = 0 does not constrain the
existence of contours at other pixels, we have

P(b, = 0|M) «P(M]|b, = 0)P(b, = 0)

2
=P (b, = 0)P(My|bp = 0)P(Mp\(})

By the law of large numbers, the marginal probability, can be well approximated by

an exponential functio® (M ,) ~ 714!, where| 4| is the number of pixels in the subset

A, andr is the expected likelihood.
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In the contour casé@(b, = 1), we can not make the independence assumption.
Indeed,b, = 1 if and only if there is a boundary contour passing through the pixel
p. LetC = {v| v is a curve passing through} be the collection of all such contours.
Since one and only one such contour passes thrpuiglthe imagel, we have

P(M,b, =1) =Y P(M.7)
vec

For each such curve,
P(M,~) = P(M|y)P(v)
What we need in this probabilistic formulation is:

1. P(~), the prior model on contour shape;
2. P(M]~), the model of local image measurements conditioned on the presence or
the absence of a contour.

3 Modeling Contour Shape

The key fact we need to keep in mind when studying contours, or any object in natural
images, is that these objects are multi-scale. This multi-scale phenomenon mainly arises
from two sources:

1. Objects in the natural world are themselves multi-scale. For example, a object has
parts: the parts in the figure of a person include nose, head, torso, arm, hand, finger,
etc., all of which are different in scale.

2. Despite the possible bias introduced by the observer, objects are usually viewed
from an arbitrary distance and angle.

3.1 Scalelnvariance

Scale invariance in natural images has been reported by various authors. An in-depth
study of scale invariance in boundary contours is beyond the scope of this paper. We
study one phenomenon here: contours consist of segments, which roughly correspond
to the parts of objects or the scale of local details. We consider the decomposition
of contours at extremal points, i.e., the points whose curvatures are locally maximal.
Figurel(a) shows some examples of this decomposition. The distribution of the length
of the resulted contour segments reveals to us properties of the underlying mechanism
which generates the contours. For example, if a first-order Markov model were accurate,
then this distribution of segment length, or the time to wait until a high curvature event
occurs, is exponential.

Figure[1 (b) shows the distribution of contour segment length. Ignoring the range
where the length is small, in which the decompositions are not reliably, we observe from
this distribution the following power law:

1
(contour lengtht-994

frequencyx
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Fig. 1. Examples of the contour decomposition. High curvature points, where the contours are
segmented, are shown in the plots. The decompositions are consistent with human perception.

This power law is consistent with the distribution of region afea [11], and with the
intuition that natural objects are self-similar. We can formalize this intuition and give a
simple explanation: suppose we have a contour of fixed lelggiha base scale. When
viewed at scale ( says = d where d is the distance to the observer), its apparent length
islo/s. At the same time, because the field of viewigimes larger, the probability of
observing this contour increases4¥y Hence the frequency of observing this contour of
an apparent lengthis proportional tos? = (12)/(12). l.e., this contour induces a whole
distribution:

f() x /826lo(ls)ds = i—é

We take the expectation w.rit, to obtain the overall distribution. This does not change
the structure of the power law:

it still decreases quadratically with contour length

We can compare this inverse square law with the predictive first-order Markov model
as used by Mumford[13], Williams and Jacobsl[21]. In their work, curvature is assumed
to be white noise; hence the tangent direction is a Brownian motion. That would imply
that the frequency a contour appears decreases exponentially with its length. Exponential
models are common; they have the memoryless property and are easy to work with. We
would like to assume that. Howevd@hisis not true empirically.

The next question we want to exploresdf-similarity. We use region area as an
indication for the scale of the object. We study whether the distribution of the contour
segment length is the same for different ranges of region area. Our results, which we omit
here, show that the distributions are almost identical for groups of different region sizes.
This result justifies the intuition that objects themselves are multi-scale and self-similar
in nature.lt suggests that any algorithm for contour completion should beintrinsically
multi-scale.
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3.2 Higher-Order Markov Models

We have seen in the previous section that the Markov assumption is not accurate. In
this section we extend the first-order Markov model to high-order ones, and measure the
information these higher-order Markov models convey.

LetC(-) be the representation of the curve. This could be an intrinsic representation,
e.g., curvature parameterized by curve length. Or, in the context of contour completion,
to make the computation easier we represent the curve by its tangent directions parame-
terized by time. We adopt the random process view of contour generation, in which we
predictC(t + 1) based on the information we have up to time

We extend the basic Markov model over scale. C&Y = C be a curvey at the
base scaleCV), ..., C*~1 are the scaled versions of the original cusvéefine the
k-th Markov model over scales to be:

P(CO(t+1)ly) = P(CO(t+1)|CO (1), (1),--- ,C* D)) (3)

Figure2 shows the information gain when we extend the Markov model over scales.
We observe that there is a substantial gain from combining orientation information at
coarser scales. The use of higher-order Markov models is empirically justified by cross-
validation ( FiguréR (b) ). The intuition is that scaled curves, at coarser scales, combine
information in a neighborhood. For example¢if!) (¢) is to the left ofC(V) (¢), it makes
a left turn att and therefore> () (¢ 4 1) is more likely to turn to the left. This intuition
has been confirmed empirically from samples of conditional distributions, which we
omit here. Since long-range dependencies in contours is likely caused by interactions at
coarser scales, these models over scales are a natural choice for local contour modeling.
This is not intended to be a global model of contours, since in these models there is no
notion of topological constraints, such as closure and no self-intersection; nevertheless,
it is sufficient for our purpose of contour completion.

information gain
log likelinood
\ \

o

@
i
N

3 4 3 4
model order model order

(a) (b)

Fig. 2. (@) Information gain as the order of our Markov models increase. The model of brder
corresponds to the traditional Markov model. {b}fold cross validation of higher-order Markov
models. The log-likelihood is normalized by the length of contours.
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4 Local Measurement Model

We have seen the use of higher order Markov models to represent the prior distribution
of contour shape. In this section we turn to the images themselves. We study how the
contours locally give rise to image measurements. We formalize the problem as com-
puting the local posterior distribution of contour elements. In SeEfidn 4.1 we derive the
posterior model of local contour detection from image statistics of both the orientation
energy and textureness. In Secfiod 4.2 we derive a probabilistic model of positional un-
certainty to go beyond the assumption of conditional independence. And in Seclion 4.3
we derive in a similar fashion a model of local orientation uncertainty.

4.1 Detection Uncertainty

The use of orientation energy ( e.gl, [12,16] ) has been an essential part of computer
vision. The orientation energy at an angles defined as:

OF? = (I f10)> + (I * fa,0)* (4)

where f1 o and f, o are the second Gaussian derivative and its Hilbert pair oriented at
the angld. It has roots in biological vision, and it has proven to be extremely successful
in both contour and texture analysis. However, people have also realized the difficulties
which come with the success. One major problem is the wide existence of textured
regions, which typically have high responses to traditional contour-based techniques.
Recently people have started to look into the interaction of texture cues with contour
cues ( e.g., Malik et. al_T10]). They introduced the notiomgf, ..., based on thg?
distance of texton histograms ( see detailed explanations in their paper ):

1
R oty ©)

Ptexture

Theytarget at suppressigE responsesin homogeneous texture regions, by multiplying
Peon, @ NON-linear transform oD E, by p;csiure. IN this paper we extend the notion
Of Presture 10 be orientation dependent; i.a?  is computed for each angle Let
Peong = 1 —exp(—OEy/oc) asin [10] . We gate .o, 0 With pieziure 0 SEParately in
each angle

DPb,6 = Pcon,6 * (1 - ptemture,é)) (6)

After the gating, we take the maximupj = maxp ¢. Let 6* denote the angle where
Dp,6 @chieves the maximum, i.ey, g~ = pj.

In Figure[3, we show the power of this cue combination. At the back of the zebra, the
orientation energy is strong in the vertical direction. This is not the true direction of the
boundary contour ( in the scale where the human segmentations are done ). However,
Peezture 1S lOW 0ONly at the horizontal direction. This enables us to locally detect the
maximump;, in the correct direction.

Figurel4 shows the statistics pf,,, ¢ andpiesture 0. The likelihood ratio in Part (a)
is used in our contour completion algorithm. Part (c) and (d) justifies the multiplicative
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Fig. 3. lllustration ofp:esture,0- () @ patch from a zebraimage; we consider the pixel at the center.
(b) the distribution of rawcon,e ( NOt gated Withpiezture ), Maximal in the vertical direction. (c)

1 — Ptesture,0, maximal in the horizontal direction. (d) the prodwgls = peon,o (1 — Prexture,0),
sharply peaked in the horizontal direction.
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Fig. 4. Image statistics of orientation energy.(.,¢ ) and texturenes.crure,o )- (@) the marginal
distributions ofp..n,e, both the edge case and non-edge case. (b) the marginal distributions of
the x? distance used in Equation eqrefeq:ptexture to produge.ef... ¢. () the contour plot

of the likelihood ratio-ledge) (d) the contour plot of the multiplicative cue combination (

P(-|non—edge)
Equation [(6) ). !

form of our definition ofp, . We also empirically measure the information gain of the
cues from histograms of the joint distribution. In our experiments, the marginal entropy
of b,, edge vs. non-edge, is 0.2492 ( in bits ); the information gain O,y ¢ is 0.0425;

and the information gain Qficzture,0 OVEIPeon ¢ iS0.0091. These information-theoretic
measures illustrate the relative importance of these local cues.
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4.2 Positional Uncertainty

So far in our local model, the posterior probabilifyis estimated independently at each
pixel. We have ignored the important relationship: the correlation between neighbor-
ing pixels. Traditionally this is done by non-maximum suppression. However, due to
image noise we can never be certain about the contour localization. There is always a
positional uncertainty. To be consistent with our philosophy of avoiding local hard deci-
sions, we again make use of image statistics to derive a probabilistic model of positional
uncertainty, which serves as a soft non-maximum suppression.

We base our analysis on the quadratic model originally proposedlin [15]. Empirically
we have found it to perform well on real images. Their approach is to fit a parabola in
a local neighborhood, and use the information from the parabola fitting, sutHlzes
distance to the center of the parabola, anthe curvature of the parabola. Details are
omitted here. In Figurgl5 (a)-(c) we show the statistics of the various outputs from this
parabola fitting. In this study of non-maximum suppression, we compare the statistics of
edge pixels to near-edge pixels (i.e., pixels that are within a distanciah a human
marked contour ). The results are qualitatively different from what we have seen in the
previous section, where we compare edge pixels to non-edge pigeitone is not a
good cue for non-maximum suppression. Instead, both the disteug the curvature
c are informative. For edge pixels, the curvature tends to be negative, and the distance
to the center of the parabola tends to be small. In this work we chfdbke distance ,
for our model of positional uncertainty. We observe the following relationship

P(d,|M,,b
P(blep»dp) = P(blep)W
plVip

Accordingly we collect the statistics for the ratit{d,|p;, b, = 1)/ P(d,|p;, b, = 0),
as shown in Figurgl5 (d). Motivated by this statistics, we choose the following model to
updatep;:

ph 1 [(on + and) i @)

In this parametric model, whedhis large the multiplicative factor is small, ang is
suppressed. This suppression is more significant wheslarge.

4.3 Orientation Uncertainty

In the previous sections we have studied the posterior probability,afe., the existence

of a boundary contour at a pixel, as a functiopgf, ¢, pezture,0, andd (the distance to

the center of alocal parabolic fit). However, due to image noise and further complications
such as junctions, the true contour might not be oriente@* athe maximump ¢
orientation. We represent the orientation uncertainty with a distrib\tiph over ¢ at

each pixel. We further assume that this distribution is Gaussiang“aredan unbiased
estimate of the peak. We use two features to estimate the vargngg andp; . pi-

is defined as follows: if* is the angle of the maximum, o, we choose the angl*-
perpendicular t@* and definep;- = Py.o-- Figure[6 (a) shows the statistics of the
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Fig. 5. Image statistics for probabilistic non-maximum suppression. (a) the marginal distributions
of Pcon, edge vs. non-edge. Note here we are comparing edge pixels with near-edge pixels,
hence the orientation energy alone gives us little information. (b) the marginal distributions of the
distanced in parabola fitting. ¢) the marginal distributions of the curvatuie parabola fitting.

(d) the distributions of the likelihood ratio, as a function of the distafyanditioned orp; .

0
curvature of parabola

variance of local orientation for ea¢p;, pi-) pair. Motivated by this statistics, we use
a simple parametric model as shown in Fidure 6 (b) :

pZ)

2
0y = eXp(—
0 p( !

®)

Whenp; is large, the uncertainty is low; similarly whes is large, the uncertainty

is high. This simple parametric model has the desired properties; clearly other models
could be used as well. Once we obtain an estimate;pfve distribute the probability
massp; overf according to the uncertainty.

There are three important cases here: (1) when the contrastis high, we have areliable
estimate of local orientation; (2) when the contrast is low, local orientation can be
arbitrary; (3) at a junction, the, o profile is complicated. Building a local junction
detector is extremely difficult. Our approach is to make a soft decision locally, and let
contour completion to find the most probable orientation. This frees us from searching
for a precise solution for the distribution of orientatifpy }.

5 Multi-scale Contour Completion

To motivate the multi-scale model from a practical viewpoint, Fiflire 7 shows the output
of a single-scale contour completion algorithm on the same image scaled to different
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Fig. 6. The uncertainty of local orientatiosg as a function op; andp;i-. (a) the statistics from
real images. (b) fitting the parametric model ( Equatidn (8) ).

sizes. The results are dramatically different. At finer scales, the algorithm is unable to
complete contours over a long distance in the image. At coarser scales, the algorithm
is unable to properly detect and enhance curved contours. For any model based on the
Markov assumption and the underlying preference for straight lines, no matter how the
parameters are tuned, it only works at a certain scale, therefore unable to handle the wide
range of scales existing in natural images.

‘ . _I_I. | b pas r-‘.l il \_ i_
P ‘ [ gt l.f_h -_F,l \l'_' e
! I

: )
b b £ §
wa) o g g

— L

Fig. 7. A synthetic image and the outputs of a single-scale contour completion algorithm on this
image at different sizes. The figures correspond to completion over increasingly coarse scales.

We will start with a single-scale version of our probabilistic contour completion
algorithm and then extend it to multi-scale. The multi-scale property comes in two
ways: (a) contour propagation is done at each scale and the results are combined to
produce the final estimate; (b) prior models at finer scales are conditioned on the results
from coarser scales.

5.1 Single-ScaleVersion

We represent a curve by {q(t), T'(¢)}, whereq(t) denote the locations arifi(t) the
tangent directions of atq(t). Let Pengin(n) be the distribution of contour lengths and
|v| the length of the curve.The prior probability ofy can be written as

P(7) = Peng( [y ) P(T(-) P(y()IT(-)) ©)
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The conditional probability

P(M|y) = P(Mpgy) [ [ P(M,|T (1)) (10)

We approximate® (M (1) by rl/1=17, wherer is the expected likelihood in Sectigh 2.
Apply the Markov assumptlon here; Iet

9i = Procation(q(t + 1)|q(t), T(t))
9t = Plocation(q(t — 1)|q(t), T(1))
hi = Piangent(T(t+1)|T (1))
hi =  Prangent(T(t — 1)|T(t))
)

me = Pmeasurement (Mq(t)|T(t /T

Then we have the likelihood ratio:

P(M,~)
P(M,b, = 0)

P(My|v)
P(M,|byy =0)

<Pl 1) P(T(0) 3 5o (1)

X H gt_+1h1€_+1mt H 9?—1hj—1mt

t<0 t>0

L(M,y) = x P(v)

This is a Hidden Markov Model with(¢) andT'(¢) as hidden variables. Because of
the one-dimensional nature of contours, we can apply dynamical programming to solve
this computational problem, which is essentially the same as the alpha-beta algorithm or
the stochastic completion approachlinl[21]. The details are omitted herg' ldsnote
the partial contou{~y(¢); ¢ > 0}, andy~ for {(¢);t < 0}. Let¢(p, 6, k) be the sum of
the messages arriving @i, 0) at stepk. We maintain:

d(p, =0, k) o< P(M, 3y through(p, 0) s.t. [y " | = k)
¢(p, 0, k) oc P(M, 3y through(p, 0) s.t.|[y~| = k)

o(p, 0, k) are recursively computed using propagation and diffusion asiin [21,20]. Given
¢, we can calculate the likelihood ratig, = 1;%:7};%;3 as:

L, ocZP )P(M,|T(0) = 6)

n—2
X Z ( Iength Z ¢(p7 97 k)¢(p7 _07 n—k— 1))
k=1

n>1

12)

With this probabilistic interpretation, we can incorporate contour cues, avoid making
premature hard decisions, and readily extend the model to multi-scale.
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Fig. 8. Results on a few classical synthetic images.

5.2 Multi-scale Version

At the coarsest scale, the single-scale version of the contour completion algorithm is
applied. Suppose we have obtained the posterior distribuftghs” = 0|M(*)) and
P(T) | M) for scaless = 1,--- , k — 1. (noteY", P(T") = 6|M®)) = P(by®) =
1M©)).)

The prior distributions in Equatioi]l(9) is now all conditioned on the coarser scales.
We see that the message passing algorithm remains the same, except that the prior of
tangent direction®angenfd’|#) Now becomes

Pl 0'10) = E Pangenl0/|0,{T{"), 5 < k}] (13)

{1 s<k} [
We refer to this multi-scale processing mslti-scale conditioning. In practice, we
simplify the computation by conditionin@tgﬁgemat scalek only on Tq(k’l) at scale

k — 1, and use the maximum-probability directiﬁfﬁ(s) to replace the expectation over

all the possible directionfg.TqS)}. Some results obtained by the multi-scale algorithm
are shown in the next section. Finally, to combine the results from individual scales, we
have

P(M,T, =0) = Pscads) P (M, T, = 0)

where we use the self-similay s? distribution in Sectioh 311 foPscae

fIlINENE N Y

Fig. 9. A synthetic example of the use of multi-scale conditioning. (a) the original input. (b) the
completion at the coarse scale. (c) the completion at the fine scale without using the conditioning
in Equation [(IB). (d) the completion with the conditioning.
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Fig. 10. A further example of the use of multi-scale conditioning. It is a patch extracted from the
penguin image in Figuie_l1. (a) the original image. (b) the completion at the coarse scale. (c)
the completion at the fine scale without conditioning. (d) the completion with conditioning. (e)
the posterior log-likelihood at the pixels along the central low-contrast contour. Both algorithms
successfully complete the low-contrast contour in the middle of the patch. The signal is significantly
enhanced by the use of multi-scale conditioning at low-contrast locations.

s

Fig. 11. A complete example of multi-scale contour completion. The completion is done at three
distinct scales, from coarse to fine. We notice that the results are qualitatively different. At the
coarse scale, large gaps of low contrast contours are easily completed, and noise are generally
suppressed. But there are some details which we can only see at fine scales.
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Fig. 12. ROC-like curves for performance evaluation. (a) witk= 2 ( see text ). (b) witlm = 6.
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Fig. 13. More results on real images with low contrast contours and stochastic textures. (a) the
original images, at the resolution b9 x 115. (b) the thresholded results of our algorithm. (c) the
Canny edges with approximately the same number of pixels. Notice how the algorithm recovers
low-contrast contours and suppresses noise, for example, in the first row the back and the left leg
of the elephant; in the second row the branches on the right and the cheetah in the middle; and in
the third row the outline of the wolf.

6 Experimentsand Evaluation

Figure[8 shows our results on a few simple synthetic images with subjective contours.
Figure[® shows the use of multi-scale completion on a synthetic image. Eigure 10 shows
the use of multi-scale conditioning for real images. Fidure 11 shows the completion
results at various scales. And Figlre 13 contains more completion results. Please see the
interpretations therein.

We have quantitatively evaluated the performance of our algorithm on a large set of
images. We again turn to the ground truth from our segmentation database. The problem
of edge detection by itself is a classification problem. We define the following two
performance measurekit rate, the number of correctly labeled edge pixels divided
by the total number of edge pixels; afalse rate, the number of labeled pixels which
are not true edges divided by the total number of labeled pixels. Figlire 12 shows our
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results. The plots correspond to two different tolerance thresholds on localization error.
We declare a hit when a labeled pixel is within a distance &"fbm a true contour. We
can observe from the curves, that our algorithm consistently outperforms th@ Faw
cue. This advantage increases when the threshoidreases.

In summary, this paper has made the following contributions:

1. use ground truth on human segmented images to establish prior and measurement
models for boundary contours in natural scenes;

propose a multi-scale probabilistic model for contour completion;

3. evaluate the power of our contour completion algorithm on a wide range of images.

N

In this paper we made somewteat hoc choices of parametric forms for the terms
in the local model of image measurements. These can be replaced by suitable non-
parametric estimates.
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